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We propose a robust strategy for transforming the Hamiltonian of a metallic structure expressed in
a nonorthogonal density-functional-theory (DFT) basis into a low-dimensional space compatible with
electron-transport simulations. This mode-space approximation is applied locally to inhomogeneous
material stacks including amorphous phases and interfaces. The contacts and periodic parts of the device
are transformed into the subspace created, while the active inhomogeneous regions remain represented
in real space. The various regions are connected to each other through mode-space–real-space hybrid
blocks of the Hamiltonian and overlap matrices. This approach allows harnessing of the full flexibility
of DFT combined with the power of the nonequilibrium Green’s function formalism at a moderate cost.
In particular, for a realistic resistive random-access memory cell composed of 3390 atoms, a performance
improvement by a factor of 136 compared with a pure real-space treatment is demonstrated, with an error
of less than 2%.
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I. INTRODUCTION

Because of the continuous decrease in the dimen-
sions of integrated circuits, quantum-mechanical simu-
lation approaches have become essential for predicting
the performance of nanoscale components and optimizing
their “current versus voltage” characteristics. Moreover,
the emergence of alternative technologies to conventional
complementary-metal-oxide-semiconductor devices, such
as nonvolatile-memory (NVM) cells relying on the relo-
cation of a few atoms in complex material stacks [1,2],
makes accurate simulations even more challenging. The
often little-explored materials and interfaces encountered
in these memory cells and the stochastic nature of atomic
relocations call for ab initio modeling approaches. The
latter are crucial not only for determining observable
quantities, but also for shedding light on the underly-
ing physical principles of operation, which are, to date,
not fully understood. Density-functional theory (DFT) [3]
satisfies the requirements for atomistic simulations with-
out the need for parameterization. Coupling DFT to the
nonequilibrium Green’s function (NEGF) [4] formalism
gives rise to a powerful tool for performing electrical,
thermal, and coupled electrothermal device investigations
of any kind of nanostructure [5,6]. Such simulations are,
however, typically limited to a small number of atoms,
in the range of few hundreds to thousands, because of
their heavy computational burden [7]. Particularly, the

*fabian.ducry@iis.ee.ethz.ch

presence of electron-phonon scattering may represent an
insurmountable computing obstacle [8]. Taking account
of these dissipative interactions is essential for evaluat-
ing electrothermal effects such as self-heating, which are
responsible for possible device failures.

The computational intensity can be decreased by reduc-
ing the size of the Hamiltonian matrix describing the
system of interest through, for example, the mode-space
(MS) approximation [9–11]. This technique decomposes
a real-space (RS) domain into two directions, a transport
and a transverse one, the two being orthogonal to each
other. Only a small set of the transverse modes need to
be retained to accurately reproduce the RS results within
a limited energy window. The transverse modes represent
the band structure of a unit cell, extracted along the plane
orthogonal to the transport direction. It is important that
the unit cell can be periodically repeated so that its band
structure is unambiguously defined. As a consequence,
interfaces and amorphous layers cannot be transformed
into MS. Such arrangements are, however, present in many
realistic applications that are of great interest to industry
and thus to the device-modeling community, e.g., tunnel
and break junctions [12,13], grain boundaries and inter-
faces in interconnects [14,15], and emerging NVMs and
structures with surface roughness [16]. A prime example is
conductive bridging random-access memories (CBRAMs)
[2], a type of emerging NVM where a layer of amor-
phous oxide separates two metallic electrodes. Through
the controlled growth and dissolution of a metallic fila-
ment between the contacts, the resistance state of the cell
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can be modulated. Computing the electrical or electrother-
mal properties of CBRAMs at the ab initio level requires
an enormous amount of computational power, which pre-
vents large-scale investigations of their I -V operational
principle.

On close examination of the open boundary conditions
employed in the NEGF, it turns out that every quan-
tum transport simulation contains at least two periodic
regions, the semi-infinite leads that are implicitly attached
to the central device region. Sometimes, parts of the
device region are also made of repeated unit cells. To
exploit this property, we propose a hybrid scheme in which
a MS transformation is applied to the periodic regions
of the simulation domain, while the RS description of
any nonperiodic features along the transport direction is
retained. This enables the application of a MS transforma-
tion to the Hamiltonian for any device geometry, while
retaining the advantages of the underlying DFT frame-
work. Therefore, even though the interface and amorphous
layers of the targeted CBRAM cells are inherently non-
periodic, the corresponding Hamiltonian matrix exhibits
local periodicity at least in the metal contacts. This fea-
ture can be leveraged by transforming only the periodic
sub-Hamiltonian composing the contacts into MS. The
amorphous layer and its interfaces with the metal elec-
trodes are left untouched and remain represented in RS
[17]. This approach offers two key advantages over pure
RS simulations. First, the reduction in the size of the
Hamiltonian drastically improves the memory footprint
required to perform NEGF calculations and offers signif-
icant speedups in solving the resulting equations with, for
example, the recursive-Green’s-function [18] algorithm.
Secondly, as the contact regions are periodic, much smaller
boundary Hamiltonian blocks are obtained, rendering the
computation of the open boundary conditions (OBCs) [19]
much more affordable.

Furthermore, we demonstrate the successful applica-
tion of MS transformations to metallic layers, which
have so far not received as much attention as semicon-
ductors. To do so, we develop a scheme to carefully
select all parameters needed to transform a RS block into
a MS one, thus leading to efficient and reliable trans-
formations without having to manually sweep a large
parameter space. The proposed scheme is applied to a
CBRAM cell and benchmarked against a pure RS ref-
erence in terms of speed and accuracy. Besides report-
ing significant speedups, we also provide insight into
the electrical properties of the metallic filaments present
in CBRAM cells based on ballistic quantum transport
simulations.

The paper is organized as follows. In Sec. II, the RS-
to-MS transformation and the scheme for parameter selec-
tion are introduced, before the MS-RS hybrid approach is
described and simulation results are shown in Sec. III. The
paper is concluded in Sec. IV.

II. MODE-SPACE TRANSFORMATION

Electron-transport calculations can usually be restricted
to a small energy window around the Fermi energy, as
only the partially filled states in this window contribute to
the current. DFT simulations, on the other hand, require
the consideration of all bands below the Fermi energy as
well as some above it. This results in the presence of many
energy states in the Hamiltonian matrix that are irrelevant
to transport simulations with, e.g., the NEGF. Thus, the
latter simulations become unnecessarily expensive. One
remedy for this situation consists of projecting the Hamil-
tonian onto a reduced basis that encompasses only the
states relevant to electron transport.

Such order-reduction schemes are available for periodic
structures only, as is the case for the MS approximation:
based on the eigenvectors of certain Hamiltonian blocks,
a small basis of transverse modes can be constructed that
reproduces the band structure within the energy window
of interest [9]. Using the resulting transformed matrices,
device characteristics can be computed to high accuracy,
but with low cost. The speedup can reach multiple orders
of magnitude [10,11]. The fact that real devices very often
feature inhomogeneities precludes the use of MS. This is
the case for CBRAMs, which contain metal-oxide inter-
faces and an amorphous layer with no periodicity. The
contacts, however, can be treated as periodic. A major dif-
ficulty with the contacts comes from their metallic nature.
Because of this, procedures for constructing a MS basis
for metallic contacts have not yet been demonstrated. The
CBRAM cell studied in the present work is illustrated in
Fig. 1(a). The unit cells delimited by black boxes are per-
fectly periodic, with a local block structure as shown in
Fig. 1(b). Taking advantage of this, a MS basis can be
created for the contacts of the device.

(a) (b)

FIG. 1. (a) Atomistic representation of the Cu/a − SiO2/Cu
CBRAM cell structure studied in the present work with the
help of the proposed hybrid mode-space–real-space approach.
The structure is composed of 4449 atoms, with the large white
spheres representing Cu atoms (with 25 orbitals per atom), the
orange lines representing bonds between Si and O atoms, and
the small orange spheres representing Si and O atoms (both with
13 orbitals per atom). The black rectangles mark the periodic
Cu contact blocks. (b) Block pentadiagonal structure of the real-
space Hamiltonian matrix H corresponding to the structure in (a).
Each block represents a unit cell (three Cu layers). Because of
long-range interactions, each unit cell is connected to NN = 2
neighboring cells.
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A. Atomic device structure

To explain the RS-to-MS transformation and the hybrid
coupling and to demonstrate the applicability of the
scheme, a CBRAM cell made of two Cu contacts sur-
rounding a layer of amorphous silicon dioxide (a − SiO2)
is used [20,21]. The a − SiO2 is generated with the help
of a melt-and-quench approach [22], with melting at
4000 K for 800 ps and quenching at a rate of 30 K/ps,
using classical molecular dynamics as implemented in
the QuantumATK 2017.1 [23,24] package and force-field
parameters from Ref. [25]. The final atomic structure of
the CBRAM cell is obtained by attaching two Cu elec-
trodes to the slab of a − SiO2. The metallic filament is
inserted by converting all Si and O atoms within a pre-
defined cone to Cu. The structure is then annealed with the
ab initio molecular dynamics solver of the CP2K package
[26] for more than 4 ps at 500 ◦C. The Perdew-Burke-
Ernzerhof exchange-correlation functional [27], double
zeta-valence polarized Gaussian-type orbital (GTO) basis
sets [28], and Goedecker-Teter-Hutter pseudopotentials
[29] are employed for this purpose. Two variants, A
and B, of the same material stack are used. The length
of the oxide Lox in structure A is 3.5 nm, and the size of
the cross section is 2.1 × 2.3 nm2. The resulting device is
schematically illustrated in Fig. 1(a). The contacts are in
fact longer than shown in Fig. 1(a) and each feature seven
unit cells of Cu. The total number of atoms in the contacts
and oxide for structure A is 4449. For a direct compari-
son of RS and hybrid simulations, the smaller structure B
is required. The number of Cu unit cells in the contacts is
reduced to six on either side, and Lox is shortened to 1.6
nm, while the cross section remains the same. This brings
the number of atoms in structure B down to 3390.

The RS-to-MS transformation is performed on one
unit cell of the Cu contact, which is extracted from the
CBRAM cell. The unit cell is composed of 240 atoms, with
25 orbitals each. This unit cell corresponds to the region
encapsulated in a black box in Fig. 1(a) and is identical in
the two variants (A and B) of the cell.

B. Transformation matrix

Converting a RS Hamiltonian HRS, as produced by
CP2K, to its MS equivalent HMS requires one first to
construct a transformation matrix U such that HMS =
U†HRSU. To obtain this transformation matrix, we fol-
low the procedure developed by Shin et al. in Ref. [11].
Equations are repeated where needed to facilitate the
understanding of our approach, but no formal derivations
are given. The procedure depends sensitively on a num-
ber of parameters that can be chosen freely. In the next
section, we provide guidance for the selection of these
parameters, avoiding time-consuming searches for suitable
configurations.

The energy-momentum dispersion of a RS Hamiltonian
with a periodicity along the x direction can be computed
from the following generalized eigenvalue problem:

Hkx�kx = E(kx)Skx�kx , (1)

where Hkx and Skx are the kx-dependent Hamiltonian and
overlap matrices, respectively, while E(kx) is the energy of
the transverse mode �kx at momentum kx. The matrix Hkx
is given by

Hkx = HCu +
NN∑

n=1

(
Hneinkx + H †

n e−inkx
)

. (2)

Here, NN represents the number of connected neighboring
cells. Also, in Eq. (2), HCu is the on-site RS Hamiltonian
block corresponding to a periodic unit cell of width Lx,
as depicted in Fig. 1(a). It is connected to its nth nearest-
neighboring cell, situated at a distance nLx from it, through
the RS Hamiltonian block Hn. The structure of HRS with
a contact with a periodic nature is illustrated in Fig. 1(b).
Note that the overlap matrix Skx , which is equal to the iden-
tity matrix in the case of an orthogonal basis set, has the
same form as Hkx .

To construct an initial guess U0 for the transformation
matrix U, Eq. (1) is solved for all energies within a prede-
fined window with upper and lower limits E1 and E2, and
for a set of nk kx-points selected according to

kxj = 2π j /(nk − 1) − π , j = 0, . . . , nk − 1. (3)

Overall, for each kx-point, a total of m(kx) modes �(kx)

is calculated, which satisfy E1 ≤ E ≤ E2. A basis �

= [�kx1,1(E), �kx1,2(E), . . . , �kx1,m(kx1)(E), �kx2,1(E), . . . ,
�kxnk ,m(knk )(E)] is formed by grouping all these modes.
It is orthonormalized using singular-value decomposition
(SVD). To reduce the size of the MS basis when building
U0, only those modes corresponding to the largest singular
values (SVs) are retained, and all the others are discarded.

After the MS transformation of Hkx with U0, the band
structure computed with the reduced kx-dependent Hamil-
tonian blocks contains unphysical (spurious) states in addi-
tion to the real ones. This is illustrated in Fig. 2(a) for a
contact of the device in Fig. 1. To eliminate these unphys-
ical energies and obtain the final transformation matrix U,
a refinement procedure must be applied. This is achieved
through the iterative addition of carefully selected modes
to U0, which shifts the unphysical energies below E1 or
above E2, until no unphysical energies remain between E1
and E2. The cleaned band structure is shown in Fig. 2(b) for
the same cell with 240 Cu atoms. Finding these modes is
done by minimizing the following functional F(C) [10,11]
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(a) (b)

(c) (d)

FIG. 2. (a) Band structure of a Cu cell containing 240 atoms
as computed in RS (large red dots) and MS (small black dots).
The unphysical energies coming from the initial MS transforma-
tion are shown as green crosses. (b) As (a), but after applying
the basis refinement in Eq. (4). No unphysical energies remain.
(c) Distribution of singular values (normalized by their largest
entry) resulting from the orthonormalization of the basis � cor-
responding to a Cu cell made of 240 atoms. Sets with different
values of nk from 48 to 192 are presented. The inset shows the
same data enlarged around the range 320–390. (d) Maximum
number of unphysical energy levels at a single k-point (left axis)
and maximum energy error (right axis) when the RS and MS
bands are compared as a function of the number of initial modes
NM composing U0.

of a column vector C:

F(C) = 1
nz

nq∑

q=1

nz∑

j =1

CTA(kq, zj )C
CTB(kq, zj )C

+ (CTC − 1)2. (4)

The procedure starts with a set of nq trial k-points kq, where
nq is not necessarily equal to nk. The zj are nz points on
a complex contour around the energy (E1 + E2)/2 [10].
Equation (4) involves matrices A and B, defined as [11]

A(kq, zj ) = (zj − εc)�
†(�U�̃−1U†SkqU�̃−1U†�

− S†
kq

U�̃−1U†� − �U�̃−1U†Skq + Skq)�,
(5)

B(kq, zj ) = �†(� − �U�̃−1U†�)�, (6)

where εc, zj , and the matrices � and �̃ obey the following
equations:

εc = E1 + E2

2
, (7)

zj =
[
εc +

(
E2 − E1

2

)]
e2π i(j −1/2)/nz , (8)

�(kq, zj ) = zj Skq − Hkq , (9)

�̃(kq, zj ) = U†�U. (10)

Each individual mode added to U is given by

�C, (11)

where � is a trial basis. As A and B appear only in
quadratic form, i.e., CTAC and CTBC, in Eq. (4), they can
be symmetrized without loss of generality. This trick is
found to improve the stability of the minimization, and it
simplifies the form of the analytical derivative of F(C) to

∂F(C)

∂C
=

∑

q

∑

z

[
CTA(q, z)

CTB(q, z)C
− CTA(q, z)C

(CTB(q, z)C)2 CTB(q, z)
]

+ 4(CTC − 1)C. (12)

With this form of ∂F(C)/∂C and the use of a derivative-
based minimizer such as the Broyden-Fletcher-Goldfarb-
Shanno algorithm [30–33], the calculation of the C that
minimizes F can be considerably accelerated. The suc-
cess of the minimization, however, depends strongly on the
quality of the initial guess for C.

C. Selection of a robust set of parameters

Equations (1)–(12) are sufficient to implement the
desired MS transformation. Six parameters need to be care-
fully selected for the process to be successful, namely (1)
nk in Eq. (3) for the calculation of the RS band structure,
(2) the number NM of modes composing U0, (3) the trial
k-point set kq used for the refinement procedure, (4) the
integration points zj , (5) the initial guess for C in Eq. (4),
and (6) the trial basis �. We now provide guidelines for
selecting all these parameters for transforming RS Hamil-
tonian blocks corresponding to metallic cells to their MS
equivalents. The strategy discussed here does not neces-
sarily return the set of minimal parameters, but it returns
one that leads reliably to a clean MS band structure without
unphysical states, as shown in Fig. 2(b).

First, nk is chosen based on the SVD of the basis of
transverse modes �. This choice should ensure that the
SVs are converged in the sense that adding more modes
�kx to � does not change the SVs anymore. This concept
is illustrated in Fig. 2(c), where the SVs of � are plotted for
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several values of nk, using a rectangular Cu cell with 240
atoms as shown in Fig. 1(a). For nk = 96 and 192, the SVs
hardly change anymore, indicating that nk = 96 is a robust
choice, whereas any lower value might cause convergence
issues.

To find the number of modes NM included in U0, the
MS band structure must be computed as a function of this
quantity with

[U†
0Hkx (E)U0]�kx (E) = E [U†

0Skx U0]�kx (E), (13)

and compared with the RS reference obtained from Eq.
(1). With increasing NM , the error in the physical ener-
gies computed in MS is reduced. Hence, NM should be
large enough that the largest error, measured as the differ-
ence between the RS and physical MS energies, decreases
to below 5 meV. To find the physical MS energies, each
RS energy level is mapped to the closest MS energy. Con-
sequently, all MS energies without a corresponding RS
energy are termed unphysical. Increasing NM beyond the
minimum value satisfying the aforementioned conditions
improves the accuracy of the final U, but at the cost of
its size and of computational time. Following the same
trend as the error in the energies, the number of unphys-
ical bands, i.e., the number of spurious bands that exist
only in MS, decreases as NM increases, reducing the num-
ber of refinement iterations required. The dependence of
the error in the physical energies, i.e., those present in both
RS and MS, and the number of unphysical states on NM
is illustrated in Fig. 2(d). The smallest NM allowing a reli-
able refinement is marked with a vertical dashed black line.
The impact of NM on the result of the refinement procedure
is summarized in Table I. A suitable guess for NM corre-
sponds to the number of normalized SVs that are larger
than 10−2.

Selecting the proper set of trial k-points kq has a
large impact on the refinement procedure, regarding both
convergence and computational resources. A large nq is

TABLE I. Comparison of the efficiency of the real-space-to-
mode-space transformation as a function of the size of U0 for a
rectangular Cu cell with 240 atoms. The energy window covers a
range of ±0.5 eV around the Fermi energy. A total of nk = 96 k-
points is used to sample the band structure of the Cu cell. The
original RS Hamiltonian block size is equal to 6000, made up
of 240 atoms times 25 orbitals per atom. Using a larger initial
guess leads to a reduction in both the number of refinement iter-
ations and the error in the resulting MS band structure, but it also
increases the MS block size.

Size of initial guess (NM ) 350 380 390

Refinement iterations 38 34 26
MS block size 388 414 416
Size reduction (%) 93.5 93.1 93.1
Max. error (meV) 0.89 0.62 0.34

needed for a comprehensive sampling of the k-space when
kq is selected with the help of Eq. (3). To overcome this
limitation, Huang et al. [34] suggested choosing kq accord-
ing to the position of the unphysical energies. To do that, a
nonhomogeneous k-point grid is necessary. In the absence
of equidistant k-points, however, instabilities can occur
during the minimization, which may lead to divergence
of the refinement procedure. We opt for an intermediate
scheme where the kq are selected based on Eq. (3) with
nq = 5. Such a grid is too coarse to sample all unphysi-
cal bands and does not guarantee convergence on its own.
This shortcoming is eliminated by augmenting kq with
points based on an analysis of Eq. (13). The ±kx that
correspond to the positions with the largest number of
unphysical energy states are added to kq. At every itera-
tion of the refinement procedure, the MS band structure
must be recomputed with the updated U0, and ±kx must be
adjusted accordingly. This scheme ensures the same stabil-
ity as that obtained with a regular k-point grid, it converges
through sampling of at least one unphysical band at a time,
and it keeps nq small for computational efficiency.

The number of integration points in Eq. (4), nz, is not a
critical parameter. With nz = 6, convergence can be read-
ily achieved. Increasing nz could avoid the addition of
a few modes to the final transformation matrix, but this
rapidly increases the computational cost.

Minimizing Eq. (4) is a challenging task, as the func-
tional has many local minima. This is one of the biggest
issues encountered in the refinement procedure, as there is
no algorithm available that guarantees that the global min-
imum is identified if the sum in Eq. (4) has more than one
term [35]. Having a good initial guess is thus essential for
finding a mode that improves the MS band structure. From
numerical testing, it appears that the rows of U form a suit-
able initial guess for the C’s. To enable fast convergence
of the refinement with the lowest possible number of iter-
ations, we solve Eq. (4) with multiple initial guesses and
always select the mode that produces the smallest value
of F(C). To reduce the computational burden, we perform
the minimization with the first 10% of the rows of U.

The last parameter to be selected is the trial basis �. Two
different matrices can be used for that purpose,

�(U) = (I − UU†)[S−1
k1

Hk1 , S−1
k2

Hk2 ]U (14)

or

�(U) = (I − UU†)[S−1
k1

Hk1 ⊕ S−1
k2

Hk2 ]U, (15)

where I is the identity matrix of appropriate size, [, ] is
the commutator, and [⊕] is the concatenation operator. We
find that the small variational space of Eq. (14) is suffi-
cient and often outperforms that of Eq. (15) in terms of
accuracy, besides offering lower computational cost. It is
possible, however, that towards the end of the refinement,
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the � obtained from Eq. (14) does not give enough degrees
of freedom anymore. Thus, when Eq. (4) stops providing
modes satisfying F(C) < −1, we switch to Eq. (15) to
determine �. To fully define �, wave vectors k1 and k2
must be selected; the first corresponds to the position with
the highest number of unphysical states in the initial MS
band structure, and the second is fixed at the � point.

The computational resources required to obtain the MS
transformation matrix and to eliminate spurious states from
the band structure depend on the size of the matrices HRS
and SRS, on the width of the energy window [11], and on
the choice of the parameters discussed in this section. With
these, the times needed to acquire the MS transformation
matrix for the band structure shown in Fig. 2(b) are listed
in Table II. The time per refinement iteration, 65.4 s, is
roughly split in half between solving Eqs. (5)–(10) and
minimizing Eq. (4), both needing around 30 s. Calcu-
lating the MS band structure, on the other hand, hardly
contributes to the computational effort. The 38 refinement
iterations needed to clean up the band structure add up
to 3644 s. Together with the computation of the RS band
structure, the entire procedure takes 4740 s.

We verify that the strategy discussed in this section
can be applied to metals featuring more complex band
structures, e.g., Pt, with its d-like bands around the Fermi
energy. Without modification of the approach, the MS
bands accurately reproduce the RS ones. The sizes of the
transformation matrix and of the MS Hamiltonian, how-
ever, are directly related to the density of bands within
the energy window of interest. Therefore, metals with
densely packed bands around the Fermi energy require
one to include far more transverse modes than, e.g., Cu
does. A substantial reduction in the matrix size can still
be achieved, but the benefit of the MS transformation is
limited in these cases.

TABLE II. Timing data for the MS transformation procedure.
The profiling is performed on a workstation featuring two Intel
Xeon E5-2680 v4 CPUs with 28 cores in total, and the procedure
is implemented in MATLAB 2018b. The refinement iteration is
broken down into parts: (1) the preparation of the matrices A and
B, (2) the global minimization, and (3) the calculation of the band
structure. The numbers in the first column correspond to the time
needed for the execution of one iteration of a task on one CPU,
e.g., one k-point on one CPU. The second column specifies the
time needed to perform the entire computation, parallelized over
28 cores.

Per task and core Total

RS band structure (s) 167.7 1096.7
Initial guess U0 (s) 155.7 19.4
Refinement iteration (NM = 350) (s) 65.4
(1) Matrices A and B (s) 56.9 28.3
(2) Minimization of F(C) (s) 10.4 34.1
(3) MS band structure (s) 0.05 3.0

III. ELECTRON TRANSPORT

For electron-transport simulations, the time-independent
Schrödinger equation has to be solved in the presence of
OBCs [4]. This equation takes the following form:

[ES − H − 	R(E)]
(E) = Inj (E). (16)

In Eq. (16), 	R(E) is the retarded boundary self-energy
and Inj is the injection vector; both of these arise from
the OBCs and are defined in Ref. [19]. The Hamiltonian
matrix H can be expressed in any RS basis (effective-mass
approximation, tight-binding, DFT) or MS. This equation
needs to be solved for a set of discrete energies E that
belong to the range where electron transport happens, i.e.,
around the Fermi energy. In the ballistic limit, all energies
are independent and Eq. (16) can be solved directly for the
wave function 
. This approach is known as the quan-
tum transmitting-boundary method (QTBM) [36]. In the
absence of scattering, the NEGF [4] formalism is equiva-
lent to the QTBM. It relies on the solution of the following
system of equations:

[ES − H − 	R(E)]GR(E) = I ,

G<(E) = GR(E)	<(E)GA(E).
(17)

The Green’s functions here can be the retarded (GR),
advanced (G>), or lesser (G<) Green’s function. The same
holds true for the self-energies 	(E). An advantage of
the NEGF over the QTBM is its ability to describe elec-
tron transport in the presence of scattering, which can be
included naturally via self-energies. Here, we restrict our-
selves to ballistic transport, where the QTBM offers greater
computational efficiency. Once Eq. (16) or (17) is solved,
the current and electron density can be extracted from the
Green’s function or the wave function [37,38]. Using the
QTBM, computing 	<,R(E) and solving Eq. (16) are per-
formed in parallel on CPUs and graphics processing units
(GPUs), respectively. In a postprocessing step, the two
solutions are combined. The resulting transmission func-
tion T(E) and the density of states (DOS) can then be
calculated [39].

In general, H is a function of the electron density ρ,
which can be extracted from G<(E) or 
(E) and changes
under the application of an external bias. This creates an
interdependence between H(ρ) and G<(E) that must be
resolved self-consistently [5]. Previous studies have shown
that this effect can be treated properly in MS calculations
by transforming the charge density from MS back into RS
to solve Poisson’s equation in RS [11]. The same proce-
dure can be applied to the MS part of the MS-RS hybrid
scheme introduced in the next section. However, in the
present work all simulations are performed in the low-bias
regime, where the charge is close to its equilibrium value,
so that H can be assumed to be constant, thus avoiding the
need for a self-consistent solution.

044067-6



HYBRID MODE-SPACE–REAL-SPACE APPROXIMATION... PHYS. REV. APPLIED 13, 044067 (2020)

A. Hybrid mode-space–real-space device hamiltonian

The Hamiltonian and overlap matrices H and S in Eqs.
(16) and (17) are first computed with DFT, as explained
in Sec. II A, using a localized GTO [28] basis set. Such a
basis has the advantage of producing a banded HRS that is
directly suitable for Eqs. (16) and (17) without further pro-
cessing [5,6]. To reduce the size of the matrices H and S,
the MS transformation introduced in Sec. II B is employed.
Because these matrices are not homogeneous throughout
the device structure, the transformation is applied locally.
In the contact extensions, the diagonal and off-diagonal
blocks of HMS are given by

Hn = U†HnU. (18)

The Hn in Eq. (18) correspond to an on-site term
(n = 0, H0 = HCu) and to the coupling of one Cu unit cell,
with 240 atoms, to its nth nearest neighbor (n > 0). The Cu
blocks at the SiO2 interface and the oxide regions remain
in RS. At the transition between the periodic area of the
device, which is transformed into MS, and the RS active
region, the off-diagonal blocks must be treated carefully, as
they exhibit a hybrid character. They undergo a one-sided
transformation

HRM,n = U†Hn, HMR,n = HnU. (19)

The subscript RM indicates that HRM,n connects a RS to
a MS region. The MS transformation is not optimized
for the surface blocks of the Cu contacts, which are in
direct contact with the SiO2 layer and whose atomic struc-
ture is different from that of the other Cu cells due to the
additional relaxation imposed by the neighboring oxide.
Still, the MS transformation can theoretically be applied
to them using the same matrix U as for the other Cu cells
because they are made of the same number of atoms. In the
next section, we present two strategies, one with all metal
blocks transformed into MS and one with one metal block
at the oxide interface remaining in RS. The sparsity pat-
terns of the RS and the two hybrid Hamiltonian matrices
are depicted in Fig. 3. The large Cu blocks at the interface
between the RS and MS domains disappear and become
rectangular. Only the active region, through which a metal-
lic filament grows and then dissolves, remains in RS. As
this region is not affected by the MS transformation, the
matrix U does not need to be recomputed when structural
changes occur within the oxide, e.g., atomic relocations.
This feature is especially appealing when one is consid-
ering components whose atomic geometry evolves with
time, such as CBRAM cells.

An alternative more general approach is to treat the
entire simulation domain in RS and compute only the
OBCs in MS. The coupling between MS and RS is
achieved by transforming the boundary self-energies from
MS to RS with 	R

RS(E) = U	R
MS(E)U† or by constructing

N
RS

 =
 7

8
84

6

N
M

S =
 2

3
50

2

RS copper
RS oxide

RS copper
RS oxide

(a) (b)

FIG. 3. Sparsity patterns of (a) the RS and (b) the
hybrid MS-RS Hamiltonian matrices corresponding to the left
half of structure B defined in Sec. II A. The presence of
second-nearest-neighbor block connections translates into a
pentadiagonal matrix structure, with on-site blocks (black),
first-nearest-neighbor blocks (red), and second-nearest-neighbor
blocks (blue). The contact of the hybrid Hamiltonian is composed
of six MS blocks and one RS block. The overall matrix size is
reduced from 78 846 to 23 502. Although the contact region is
transformed into MS, the active device area remains in RS, which
is recognizable from the much larger block sizes. The hybrid off-
diagonal blocks connecting the RS and MS take the form of long
thin rectangular blocks.

hybrid blocks connecting the MS boundary self-energy to
the RS central part of the device. The benefit from the eval-
uation of the OBCs in MS is equal to that offered by the
first approach. Solving the transport equations [Eq. (16)
or (17)], on the other hand, does not benefit from the MS
transformation. While providing a lower gain in computa-
tional efficiency, this method is generally applicable to any
quantum transport simulation, regardless of the length of
the contacts. As such, the proposed MS-RS scheme finds
applications beyond the CBRAM cells considered.

It should be noted that the two contacts are independent
of each other. While the device illustrated in Fig. 1(a) fea-
tures two identical electrodes, the proposed hybrid scheme
does not enforce such a constraint. The MS transformation
matrix can be computed and applied to the two con-
tacts independently by transforming the respective blocks
obtained from the Hamiltonian and overlap matrices with
Eqs. (18) and (19).

B. Ballistic-simulation benchmark

In the present section, we benchmark the MS-RS hybrid
scheme and compare two different versions of it with a
RS reference, in terms of both accuracy and computational
efficiency. The first hybrid version, MS-RS1, has all con-
tact blocks transformed into MS using Eqs. (18) and (19),
except for the surface Cu blocks, which form the interface
with the insulating layer. In the second version, MS-RS2,
all metal blocks, including those in contact with SiO2, are

044067-7



DUCRY, BANI-HASHEMIAN, and LUISIER PHYS. REV. APPLIED 13, 044067 (2020)

(a) (b) (c)

FIG. 4. (a) Ballistic transmission through the device structure shown schematically in Fig. 1 with different representations of the
Hamiltonian. The RS reference curve is plotted in black, while the red and blue dashed curves correspond to the hybrid models
MS-RS1 and MS-RS2, respectively. (b) Low-field current versus applied voltage between the Cu electrodes for the same structure and
Hamiltonian matrices as in (a) (with the same plotting conventions). (c) Relative error between the hybrid models 1 (dashed red curve)
and 2 (blue curve with small dashes) and the reference RS results.

transformed into MS. A single transformation matrix U is
used in all cases.

To reduce the size of the RS simulations and fit the
matrices into memory, structure B, the shorter version of
the CBRAM cell introduced in Sec. II A, is used as a test
bed. The length of the oxide layer is 1.6 nm, and the Cu
contacts include six blocks, resulting in a total of 3318
atoms. The number of Cu atoms per contact cell is still
equal to 240, so that the same transformation matrix U as
before can be used.

The quantities of interest are the ballistic transmission
function and the current flowing through the device. The
transmission function is shown in Fig. 4(a) within the
energy window where the MS transformation is valid.
The MS-RS1 model agrees almost perfectly with the RS
reference; MS-RS2, on the other hand, shows some dis-
crepancies. The latter are attributed to the fact that pro-
jecting the relaxed surface block onto the same MS basis
as for the perfectly crystalline Cu blocks does not work
fully. The same behavior is reflected in the ballistic current

in Fig. 4(b), where it can be seen that MS-RS1 follows
almost exactly the RS reference, while MS-RS2 slightly
underestimates the current. The observed error is quanti-
fied in Fig. 4(c), where the relative differences between the
currents obtained from the hybrid and the RS simulation
are reported. For MS-RS1, this error does not exceed 2%
at very low bias, and vanishes at larger voltages. MS-RS2
displays deviations of up to 8%.

All calculations are performed on CPU-GPU hybrid
nodes with 64 GB of memory each, using 20 CPUs and
2 GPUs to treat each energy point. These computational
resources are distributed over as few nodes as possible,
while accommodating memory constraints. Detailed tim-
ings are recorded in Table III. The size of the matrices is
reduced by factors of 3 and 7 for MS-RS1 and MS-RS2,
respectively. The number of nonzero elements is cut down
by even more, by factors of 6 and 25, reducing the memory
requirement accordingly. The times required to calculate
the OBCs are equal for the two hybrid schemes, as they
depend only on the size of the boundary blocks, which is

TABLE III. Summary of computing times for the RS and the different RS-MS hybrid approaches. The calculation of the OBCs
and the solution of the resulting linear system of equations are done in parallel, the former on CPUs, the latter on GPUs. The total
time includes the aforementioned components plus postprocessing, such as the extraction of the density of states and the transmission
function. The numbers are averaged over the calculation of 20 energy points. The number of nodes required to run the simulation is
directly related to the memory needed to store and process the data. It shrinks with the number of nonzero elements in the Hamiltonian
matrix. The total cost of the simulation, given as run time × number of nodes, is reduced by 2 and almost 3 orders of magnitude with
the help of the MS-RS1 and MS-RS2 schemes, respectively.

RS MS-RS1 Gain vs RS MS-RS2 Gain vs RS

Total matrix size 78 846 22 726 3.47 11 502 6.86
Nonzero elements 673.8 × 106 104.9 × 106 6.43 27.5 × 105 24.51
Time for OBCs (s) 308.8 1.61 191.5 1.84 167.5
Time for linear system (s) 273.9 5.72 47.9 1.44 190.7
Time for T(E) and DOS (s) 27.2 6.58 4.14 1.66 16.35
Total time (s) 336.0 12.3 27.3 3.52 95.5
Nodes 20 4 5 2 10
Cost (time × nodes) 6720 49.3 136.4 7.19 954.9
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the same in both cases. A speedup of more than 150 is
achieved there. Solving the linear system resulting from
Eq. (16) is shortened by factors of 48 and 191. The gain
in overall computational time, on the other hand, is less
significant than could be expected from the timings for
the OBCs and the linear system, with speedups of 27 and
95 for MS-RS1 and MS-RS2, respectively. In effect, in the
current implementation of the algorithm, the postprocess-
ing stage, where T(E) and the DOS are derived from the
wave function, does not offer a substantial speedup in MS,
as that depends mainly on the number of states injected
into the simulation domain. This number is the same in
RS and MS. The postprocessing accounts for less than
10% of the run time in the RS simulation, but it increases
to about 50% of the time in both of the MS approaches.
Addressing this bottleneck and optimizing the underlying
algorithms for the hybrid scheme could lead to an even
larger speedup. This is, however, outside the scope of this
paper.

Other than the timing, the memory footprint is a large
cost factor. While the RS simulations need to be performed
on 20 nodes, the MS-RS simulations can run on 4 or 2
nodes, depending on the model used (1 or 2), adding to
the cost reduction. Combining these two aspects into a
cost function “run time × number of nodes,” we report a
reduction factor of 136 and 955 for MS-RS1 and MS-RS2,
respectively.

C. Ballistic transport characteristics of the filament

In this section, we leverage the efficiency of the hybrid
MS-RS approach to investigate how current flows through
a filament formed in a CBRAM cell and how the surround-
ing oxide affects the transport properties. In accordance
with the results in the previous section, the MS-RS1 model
is employed, with one RS metal block at the interface
between the MS region and the amorphous oxide.

Structure A, introduced in Sec. II A, is used for this anal-
ysis. The oxide thickness is set to 3.5 nm, and the cross
section of the overall structure to 2.1 × 2.3 nm2; the thin
filament embedded in the SiO2 matrix has a conical shape
and is composed of 96 Cu atoms. The filament extends
through the entire oxide layer and creates a conductive path
between the two metallic electrodes, as shown in Fig. 1(a).
A rendering of the lines of the current field in RS is plot-
ted in Fig. 5(a). As the oxide layer and the immediately
surrounding Cu cells are still in RS, the extraction of the
RS current is straightforward; no scheme to transform the
results back from MS to RS is needed. It can be observed
that the current is confined within the filament. The field
lines are focused onto the tip of the filament, where the
highest current density is found. These lines also reveal
that a substantial part of the current flows through the
oxide around the tip, so that the narrowest current distri-
bution happens slightly before the filament tip. The current

(a)

(b)

FIG. 5. (a) Rendering of the current field lines for the device
shown in Fig. 1(a) under an applied bias of 1 mV. The large
gray spheres represent Cu atoms, and the small spheres Si and
O atoms. The current follows a “curly” path through the fila-
ment and is focused at the tip before spreading again through the
right contact. Not all Cu atoms carry current; in particular, sur-
face atoms and certain atoms at the tip are avoided, such as the
ones circled in red. (b) Conductance versus �x, the gap created
at the filament tip when atoms are removed. Each point corre-
sponds to a different filament configuration. The first point on
the left represents the conductance of the device in part (a), and
the second point the same structure but with one atom less at the
tip of the filament. This procedure is repeated until a gap length
�x = 1.8 nm is obtained.

is rather “curly,” and not all atoms appear to contribute to
the current.

The hysteretic I -V characteristics of CBRAM cells arise
due to the relocation of atoms, a phenomenon that is com-
putationally expensive to account for in ab initio quantum
transport (QT) simulations [40], where atoms are typi-
cally considered to be static. The simplest method for
implementing the dissolution of metallic filaments directly
within a QT framework (QTBM or NEGF) consists of
removing the electronic representation of the affected
atoms from the Hamiltonian matrix. This trick enables
one to monitor the electronic current during an on→off
switching process at the atomic level. The filament is short-
ened by removing atoms from its tip, one by one, and the
conductance of the remaining structure is recorded. Results
are reported in Fig. 5(b) as a function of the length of the
gap that is formed between the filament tip and the closest
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metallic electrode. The conductance decreases exponen-
tially as the gap increases, showing the same dependence
as the current produced by the tunneling of an electron
through a potential barrier. The decrease is, however, not
uniform. It resembles a steplike process, as indicated by the
presence of multiple plateaus in Fig. 5(b). The removal of
certain atoms does not reduce the conductance, thus lead-
ing to the observed behavior. The atoms whose absence
does not affect the conductance are those that do not carry
any current in Fig. 5(a), i.e., those that are not crossed by
field lines and that are circled in red.

Close investigations of experimental on→off switch-
ing characteristics in Ag/a − SiO2/Pt CBRAM cells [41]
show the same qualitative behavior. The conductance in a
voltage-sweep experiment does not decrease continuously,
but instead shows a steplike descent, just as observed in
the simulation. In the experiment, this characteristic was
attributed to discrete relocations of filament atoms that
change the electrical properties of the filament. In the sim-
ulation, the deletion of a filament atom corresponds to the
relocation of a Cu atom out of the simulation domain, thus
mimicking the experimental diffusion.

IV. CONCLUSION AND OUTLOOK

We develop a robust scheme to select parameters for
successful MS transformations of metallic layers. Based
on a nonorthogonal DFT RS Hamiltonian, a size reduction
of over 90% can be achieved. We also introduce a scheme
to locally transform the Hamiltonian matrix of a device
into MS. This hybrid MS-RS approach extends the use of
MS to structures with inhomogeneities such as interfaces
along the electron-transport direction. Numerical bench-
marks against a RS reference reveal the accuracy of the
proposed method, with relative errors of the electrical
current remaining below 2%. The gain in computational
efficiency together with the reduction in the memory foot-
print results in performance improvements by 2–3 orders
of magnitude.

More generally, if the region transformed to MS and the
energy window of interest remain the same, as in most
resistive switching memory cells, the same transformation
matrix can be reused each time the active layer undergoes
a structural change. This feature renders our approach very
powerful for investigating dynamically evolving devices.
Here, this is demonstrated with a simplified model for the
switching of a CBRAM cell. We find a steplike noncon-
tinuous decrease in the conductance as the central metallic
filament dissolves. We attribute this behavior to the pres-
ence of conductive and nonconductive atoms within the
filament.

Apart from CBRAMs, the hybrid MS-RS approach is
especially appealing for investigating devices with metal-
lic contacts, where the treatment of these contacts dom-
inates the overall computational time. This could allow,

for instance, the characterization of the contact resistance
for a multitude of materials. While this resistance is often
ignored in quantum transport simulations, it can severely
limit device performance in reality.

To further improve the hybrid MS-RS approach, a
scheme for including scattering through self-energies
should be introduced. Mil’nikov et al. [10] demonstrated
the feasibility of including scattering in pure mode-space
simulations, but the proposed technique needs careful
adjustments and verifications in the hybrid approach.
Moreover, the Hamiltonian is not treated self-consistently
in the present work. Shin et al. [11] performed self-
consistent mode-space-only calculations. Errors in the
charge density arising from the partial mode-space treat-
ment of the simulation domain, even though small,
could affect the electrostatic potential. Fully self-consistent
hybrid simulations should be performed and compared
with real-space simulations to verify the correctness of the
approach. Solving the Poisson equation would enable the
simulation of larger bias voltages than those considered
here.
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