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We demonstrate the parametric amplification of an acoustic magnon mode induced by an optical
magnon mode in synthetic antiferromagnets, which was achieved by using the all-optical pump-probe
time-resolved magneto-optical Kerr effect. The acoustic and optical modes with low and high frequen-
cies, respectively, are clearly observed under different field directions and pump-laser powers. For a
relatively high laser power, the acoustic mode shows a temporal increase in amplitude in the time domain;
this is observed when the acoustic mode frequency is approximately half the frequency of the optical
mode. Correspondingly, we also observe a large enhancement in the spectral density of the acoustic
mode in the frequency domain. These data are supported by a numerical simulation using a macrospin
model; furthermore, the optical mode amplitude threshold for achieving the acoustic mode amplification
is also discussed. The parametric effect in synthetic antiferromagnets demonstrated here can be applied to
nanoscale parametric amplifiers and oscillators of magnons, which are the building blocks for spintronic
and magnonic computing beyond von Neumann architectures.
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I. INTRODUCTION

Exploration of energy-efficient spontaneous oscillation
of magnetization and/or magnon amplification is of funda-
mental and technological interest for utilization in numer-
ous applications, such as neuromorphic architectures [1]
and magnonic majority logic gates [2]. Such nonlinear
dynamics are typically approached with use of an electric-
current-induced spin torque [3—7] and a nonlinear magnon
process such as three-magnon splitting [8,9]. The latter
process was first explored in Suhl’s studies of the second-
order instability in ferromagnets (FMs) [10,11]. In this
phenomenon, two spatially nonuniform magnons with cer-
tain energies hw/2 and momentums +hk are formed by
the annihilation of one spatially uniform (hk = 0) magnon
with energy hw; however, this is observed only when the
amplitude of the latter magnon is larger than a certain
threshold [10]. Thus far, such parametric excitation and
amplification of ferromagnetic magnons has been widely
investigated in ferromagnets of various shapes, such as
slabs, thin films, strips, and disks [12—18].

In this article, we report the parametric amplification of a
magnon in a synthetic antiferromagnet (AFM). A synthetic
AFM is a stacked layer of FM;/nonmagnet (NM)/FM,,
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which is a useful structure for antiferromagnetic spintron-
ics [19]. The synthetic AFMs investigated in this study
have easy-plane magnetic anisotropy due to the large mag-
netization By in each ferromagnetic layer. The antiparallel
state of the two magnetization unit vectors m; and mj,
for FM; and FM; is stabilized by an effective magnetic
field B¢y due to interlayer coupling via the NM. Because a
synthetic AFM has two magnetizations, it exhibits acous-
tic and optical magnon modes, as studied before [20,21].
When a relatively weak external magnetic field By is
applied along the in-plane x direction [Figs. 1(a) and 1(b)],
it induces a canted state with a net magnetization vector
m = (m; + my)/2 parallel to the x axis at equilibrium.
m precesses about the x axis in the acoustic mode with a
lower frequency [Fig. 1(a)] and oscillates along the x axis
in the optical mode with a higher frequency [Fig. 1(b)].
These modes are analogous to the ferromagnetic and anti-
ferromagnetic resonances, which arise from the in-phase
and out-of-phase precessions of m; and m,, respectively.
These linear dynamics in the canted state were examined
using coupled macrospin equations of m and n = (m; —
m;y)/2 [21]. Herein we demonstrate that amplification via
nonlinear interaction of these two spatially uniform acous-
tic and optical magnon modes is possible, which enables
us to realize magnon amplification using synthetic AFMs
on the nanoscale.

© 2020 American Physical Society


https://orcid.org/0000-0001-9913-1833
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.13.044036&domain=pdf&date_stamp=2020-04-14
http://dx.doi.org/10.1103/PhysRevApplied.13.044036

A. KAMIMAKI et al.

PHYS. REV. APPLIED 13, 044036 (2020)

(a) x I By
m, film

7 Acoustic mode y 7 Optical mode

FIG. 1. (a) Acoustic and (b) optical modes for a synthetic AFM.
The z axis is parallel to the normal to the film. An external
magnetic field By is applied parallel to the x axis. m; (my) is
the magnetization unit vector for ferromagnetic layer 1 (2), and
m = (m; + my)/2. my is the x component of m at equilibrium.

I1. SIMPLE THEORETICAL ANALYSIS

To gain insight into the physics of the parametric ampli-
fication in this study, we approximately derive the equa-
tions beyond the linear regime in the large-B; limit and
under the application of an in-plane magnetic field By, as
shown in Fig. 1.

We consider the free energy F for the synthetic AFMs
expressed as

2
1
F = ; |:—MSB()X -m; + EMSBS(mj . z)2:|

Jex
+ = m; - my, (1)
dem

where M, = 'Bs, Jux (greater than 0) is the antiferro-
magnetic interlayer exchange coupling constant, and dpy
is the magnetic layer thickness. Bex is given as Bex =
Jex/Mdpy. In the polar coordinate system, the following
equations corresponding to the Landau-Lifshitz-Gilbert
equations are generally obtained [22,23]:

do; 1 OF LoF
— =Y — — Yy— —,
ar U Mysing o9, 7O M, 06,
dg; oF 1 oF

sing 2 v o8 1 oF 3)
dt M; 906; M sin6; d¢;

withm; = (cos ¢; sinf;, sin¢; siné;,cosé;). Here y is the
gyromagnetic ratio and « is the Gilbert damping constant
for the FM. We consider the case where the easy-plane
magnetic anisotropy is very strong, By < 2B.x < B;. Then
we obtain coupled second-order differential equations from
Egs. (1)~(3) with the approximation of 6; >~ 7 /2 using a
method similar to that in Ref. [22]:

2y 2 ~
7 = —y~“ByBscos ¢, sing,, — aopy By———, (4)

dt

¢,
dr?

= —yzBoBs coS ¢, Sin ¢,

Aoy
+ yzBest sin 2¢n - O[())/BS%, (5)

where we introduce the variables ¢,, = (¢ + ¢,)/2 and
¢n = (¢1 — ¢2)/2. We consider the Taylor series of the
small deviations around the equilibrium values, which are
expressed as ¢, (£) ~ 8¢, (f) and ¢, (£) = pno + 5, (¢).
Then the following equations for the acoustic and optical
modes are obtained from Eqs. (4) and (5) with the lowest
order of the nonlinear cross (mode-mixing) term for the
acoustic mode (see Appendix A for details):

d*sm, ) , 2 dém
= —w? (1 4+m ) dm.)dém, — ——=, (6
dr ‘Uac( +my m) my e dl (6)
d?8m, ) 2 dém,
5 = —wydmyy — — s 7
ar Cop®lte = Tt M

respectively. Some quantities are transformed into those
in x-y-z coordinates with use of the following defini-
tions: myo = COS ¢po, Nyo = SiNP,g, My = —8¢, sin Py,
and m, = 8¢,, cos ¢,9. Here the equilibrium angle of the
canted state ¢, is determined by the relation cos ¢,y =
Bo/2Bex. The angular frequencies of the two modes are
expressed as

Wac = 27[fac = mxoy 2Best> (8)
wop = 2 fop = yo¥v/2BexBs. )

Finally, the relaxation times of the two modes are
expressed as

1/Tac = 1/‘L—op = aOVBs/z‘ (10)

The higher-order terms in Egs. (6) and (7) are disregarded
because we discuss an initial process of the parametric
amplification of the acoustic mode by the optical mode in
this study.

When the optical mode amplitude §m, is small enough,
the nonlinear cross term ém.6m, in Eq. (6) is negligi-
ble and the two modes are decoupled. The value of m,
increases as the magnetic field increases, which implies
that the canted state gradually changes to a parallel state
[Fig. 1(a)]. This change causes a linear increase in the
acoustic mode frequency w,. [Eq. (8)], as shown in
Fig. 2. On the other hand, the optical mode frequency w,,
decreases as the magnetic field increases via a decrease in
nyo [Eq. (9)], as shown in Fig. 2. In the large-B; limit, the
relaxation times for the two modes are identical [Eq. (10)];
however, they are generally different.

When the optical mode amplitude &m, is not small
enough, the nonlinear cross term ém,ém, in Eq. (6) starts
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FIG. 2. Theoretical frequencies of the acoustic mode w,. and
the optical mode w,, as a function of the magnetic field By for
the in-plane-magnetized synthetic AFM in the large-B limit.
The data for the acoustic and optical modes are calculated with
Egs. (8) and (9), respectively, with B /2B.x =~ 2.2. The frequency
and magnetic field are reduced by y2B.x and 2B, respec-
tively. The dashed line denotes the magnetic field, on which the
condition of wyp, = 2w, is satisfied.

playing an important role. Indeed, Eq. (6) for the acous-
tic mode is the Mathieu equation that predicts a parametric
instability. Therefore, Egs. (6) and (7) predict a parametric
instability of the acoustic mode that is induced by the opti-
cal mode. This is the mathematical analog of a suspended
pendulum with periodically changing length [24]. Here we
assume that a certain magnetic field is applied so as to sat-
isfy the condition of wep, = 2wy, as denoted in Fig. 2 by
the dashed line. We also consider that the optical mode is
continuously excited by an external torque, and then ém,
is expressed as

Smy = Sy COS 2wy, (11)

where §my is the oscillation amplitude of the optical
mode. Substituting Eq. (11) into Eq. (6), one can find the
solution for the oscillation amplitude of the acoustic mode
dmy,, which is proportional to the exponential factor [24]

exp [(—1/Tac + wacm;ol5mx0/4) f]. (12)

Equation (12) indicates that the relaxation time of the
acoustic mode apparently increases and becomes negative
as the optical mode amplitude §m, increases. This appar-
ent negative relaxation time corresponds to the acous-
tic mode instability or amplification, which occurs when
the optical mode amplitude §m,y overcomes a threshold
determined by the following relation:

1/Tae — wac g 81y /4 < 0. (13)

In transient dynamics, the optical mode is not continu-
ously excited and its amplitude decays exponentially, such
as exp(—1/Top). Even in this case, Eqs. (12) and (13) are
approximately valid, because the decay of the optical mode
amplitude is much slower than its oscillation frequency.
Thus, the amplification may be observed for some duration
during which the optical mode amplitude §m, is larger
than the threshold. The acoustic mode grows exponentially
in the initial process [Eq. (12)] but eventually its amplitude
is saturated by higher-order nonlinear terms, which is not
described above. It should also be noted that the above-
mentioned parametric amplification is unique to synthetic
AFMs, because the nonlinear cross term in Eq. (6) vanishes
when the exchange coupling J. is of the ferromagnetic
type (see Appendix A for details).

Although the basic physics of the parametric amplifi-
cation in this study is understood as mentioned above, the
theoretical expressions described in this section are derived
for in-plane-magnetized synthetic AFMs in the large-B;
limit. Thus, we also describe a more-general case that is
based on the macrospin models for synthetic AFMs to
achieve the simulation and analysis of the experimental
data, as found in Appendixes B and C, respectively.

III. EXPERIMENTAL METHODS

The dynamics are investigated with an all-optical pump-
probe technique in which transient dynamics are induced
by the pump pulse and detected by the delayed probe
pulse via the magneto-optical Kerr effect [25-28]. We
use the standard optical technique with a Ti:sapphire
pulsed laser and a regenerative amplifier, as used in pre-
vious studies [29,30]. The output laser wavelength, pulse
width, and repetition rate are approximately 800 nm,
approximately 120 fs, and 1 kHz, respectively. The
spot diameter of the pump (probe) laser is approxi-
mately 1.1 mm (0.12 mm.) The incident angle of the
probe beam is approximately 5°, and the measured Kerr
rotation angle is proportional to the z component of
the magnetization vectors [Fig. 3(a)]. The film stacking
is Ta(3 nm) /FegyCo20B2¢ (3 nm) /Ru(0.4 nm) /FegyCo,9B2g
(3nm)/Ta(3 nm), which is deposited by magnetron sput-
tering on thermally oxidized Si substrates. B; ~ 1.57 T and
Bex of approximately 0.4 T for the sample are evaluated
from magnetization measurements at room temperature
using vibrating-sample magnetometers. The magnetiza-
tions for the sample are also measured with a physical
property measurement system (PPMS) at 300400 K.

To achieve parametric amplification conditions while
maintaining a sufficiently large signal-to-noise ratio for
both modes, we measure the dynamics while systemati-
cally varying the magnetic field angle 63 under fixed By
of 0.32 T for different pump-laser powers P [Fig. 3(a)].
In this case, the out-of-plane component of By is sig-
nificantly smaller than the out-of-plane saturation field
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Bgat = 2Bex + B; for the synthetic AFM in this study, so
the magnetizations for the synthetic AFM are nearly in
the film plane, as depicted in Fig. 3(a). Consequently, the
magnetic field By in the relations for the mode frequencies
given by Egs. (8) and (9) is approximately regarded as its
in-plane component; that is, By sin 8z (see Appendix C for
details). By changing 05, we vary the mode frequencies via
the change in the in-plane component of the magnetic field,
as discussed in Sec. II. Therefore, the condition wop = 2w,
is satisfied at a certain angle 05.

IV. EXPERIMENTAL RESULTS AND DISCUSSION

Figures 3(b)-3(m) display the time-domain data
recorded at typical values of 6z for various values of
P. The laser-induced changes in the Kerr rotation angle
A¢g in the figures are normalized at the saturation value
of the polar Kerr rotation angle ¢x¢. For most of the
angles, the data show damped periodic changes with dif-
ferent frequencies [Figs. 3(b)-3(e) and 3(j)-3(m)]. These
are the weighted sums of the acoustic and optical modes

of the time-domain data for A¢x/¢ko. The bright and
less-intense curves are attributed to the acoustic and opti-
cal modes, respectively. The experimental 6p variations
of fac and fo, are qualitatively consistent with being pro-
portional to sinfp and show no significant change in n,
under relatively small By, as described in Secs. 11 and III.
Figures 4(e)-4(h) and 4(i)—4(1) display the absolute detun-
ing |fop — 2fac] and SDs obtained from the two mode
peak positions and heights in the frequency-domain data,
respectively. The condition fo, 2 2f;. is achieved at a cer-
tain magnetic field angle, and we define this angle as 6,,
as shown in Figs. 4(e)—4(h). At fo, > 2f;c, the SDs for the
acoustic mode increase remarkably for the 7- and 10-mW
data, which correspond to the time-domain data shown in
Figs. 3(h) and 3(i), respectively.

To understand the amplitude behavior of the two modes
in the time and frequency domains, we simulate the
dynamics using a numerical integration of the coupled
macrospin equations for m and n in the thin-NM limit [21]
(see also Appendix B):

dm
that are excited by the pump pulse and subsequently i —ym x [By — By;(m -2)z] + yB;(n-z)n x z
decay with damping. On the other hand, for the data at ! J J
angles of approximately 45°—60°, the oscillation ampli- + ap (m , o 41 x _n) (14)
tudes show nonmonotonic decays [Figs. 3(H)-3(i)]. In dt dt
this case, the amplitude first increases within 0.1-0.2 ns dn
and then decreases for 10 mW at 45° [Fig. 3(i)]. This 7R [Bo — By(m - )z — 2Bexm] + y Bs(n - Z)m
behavior becomes less pronounced with decreasing P dn Jm
[Figs. 3()-3(h)]. X Z 4 (oo + orgp) (m X m +n x E)
Figures 4(a)4(d) show the spectral densities (SDs) J J
of |A¢x/dkol in the frequency f domain as a function _ im- nx m o in- mx ™,
of the angle 05 for different pump-laser powers P. The %o m? dt + n? dt ’
SDs are obtained with use of a fast Fourier transform (15)
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FIG. 3. (a) The coordinate system for the optical measurement. The field angle 6 is measured relative to the film normal (z axis).

(b)+(m) Normalized laser-induced change in the Kerr rotation angle A¢g /¢ko versus delay time Af measured at typical 6g values for

different pump-laser powers P.
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FIG. 4.

(a)«(d) SDs of the laser-induced change in the Kerr rotation angle A¢g/¢xo as functions of the frequency /' and the field

angle 6. 6 variation of (e)~(h) the absolute detuning |fo, — 2fac| and (i)~(1) the SDs for the acoustic (ac; circles) and optical (op;
squares) modes. The solid and open symbols denote the experimental and simulated data, respectively. (a),(e),(i) for P of 3 mW;
(b),(£),(j) for 5 mW; (c),(g),(k) for 7 mW; and (d),(h),(1) for 10 mW. 6. in (e)~(h) denotes the field angle 85 at which f,,, is equal to 2f;..

where o, is the additional Gilbert damping constant due to
the spin-pumping effect [31]. The laser-induced changes
in the effective fields are phenomenologically modeled,
as explained below. Ultrafast demagnetization and recov-
ery [26,32] are taken into account with use of the relation
By (t) = Byy — AByc(t), with the mean value By and reduc-
tion at the zero delay AB,. The temporal change used in
Ref. [33] is approximated as

€o

H=(1-cpe " + ——m—
c®) =1 —cpe Tl

(t>0), (16)

where the first and second terms represent rapid and slow
recoveries, respectively. These recoveries are character-
ized by the amplitude constant ¢y (< 1), picosecond relax-
ation time 7, and relatively long heat-diffusion time #,. The
initial femtosecond-to-subpicosecond change is simplified
as a step function. B also decreases with rising temper-
ature [34,35], so the relation Bey(f) = Bexo — ABexc(2) is
also used similarly to its use in previous studies [36,37].

Here Bexo and AB. are defined similarly to By(¢). Our
simulation focuses on the dynamics on a timescale of
hundreds of picoseconds and is irrelevant to the details
of microscopic modeling [26,38,39], which takes into
account the femtosecond-to-picosecond dynamics of elec-
tron, spin, and lattice temperatures. The observed quantity
is computed with use of the relation

Ad AB,
—_— = |:1 — C(t)] [mz(t) + rmnnz(t)] — My, (17)
®xo Byo

where 7,,, (much less than 1) is the ratio of the Kerr rotation
angle of n, and m,, which stems from the two magnetic
layers located at different depths [40] (see also Appendix
D for details).

The data obtained in the simulation using reasonable
parameters (see Table I and its legend) are similar to the
experimental data [Figs. 4(i1)-4(1)]. The broad 05 variations
of the simulated SDs originate from the 6 variation of
myo, Mo, and the magnitude of the laser-induced torques.
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TABLE I. The parameters used in the simulation. We use
y/2mr =29.5GHz/T, By = 1.57 T, ¢g = 0.01, ¢y = 0.01, 7 =
1.5 ps, tp = 30 ps, and r,,, = —0.065 for any P values. AB,/By,
¢y, T, and ¢, are obtained from the time-domain data below
the 20-ps regime (see Appendix E). y, ap, and ay, are evalu-
ated with use of the experimental data at 3 mW (see Appendix
F). Bexo is determined by our fitting the detuning values in
Figs. 4(e)}4(h). ABe and r,,, are obtained by our fitting the SDs
in Figs. 4(i4(D).

P (mW) BexO (T) ABex /Bex() AB‘Y /BS() Co
3 0.355 0.075 0.028 0.58
5 0.350 0.12 0.042 0.59
7 0.340 0.16 0.055 0.61
10 0.325 0.29 0.11 0.66

The sharp peaks of the simulated SDs near 6. are caused
by the nonlinear mode coupling. The slight change in the
simulated 6, with increasing P is due to the reduction
of fop via that of By (Table I) [see Eq. (9)]. This Bexo
reduction indicates a rise in the time-averaged temperature
under laser illumination for higher P. A similar reduction
in B is observed at a temperature slightly higher than
room temperature in our magnetization measurements (see
Appendix G).

Figures 5(a)-5(d) and 5(e)}-5(h) show the simulated
time-domain data in the vicinity of 6. at different pow-
ers P for the laser-induced change in the Kerr rotation

~ 04 4.0
£ 02 g 30 (e)
&£ 00 s 20
S & 1.0
< -0.2 (a) ~ 0.0
< _04 -1.0
.0 0.2 0.4 0.6 0.8 1. .
S
<
<
<
9
$
<
]
R 2
X
X RS
S -20 5.0
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
At (ns) At (ns)
FIG. 5. Simulated time-domain data. Laser-induced change in

the Kerr rotation angle A¢xk /¢pxo for (a) 57.5° at 3 mW, (b) 55.0°
at 5 mW, (c) 52.5° at 7 mW, and (d) 47.5° at 10 mW. (e)—+(h)
The corresponding optical mode amplitude ém,. The dashed
lines in (f),(g),(h) denote the threshold 8m,g .. The arrows denote
increases in the amplitude.

angle A¢g/¢ko and the corresponding optical mode dmi,
(= m, — myy), respectively. Initial increases in the ampli-
tude of A¢x/dko on the negative sides are observed in
Figs. 5(c) and 5(d), as indicated by arrows, which well cap-
ture the experimental observations in Figs. 3(h) and 3(i).

As discussed at the end of Sec. II, such initial increases
can be observed for some duration where the optical mode
amplitude dm, is larger than the threshold. To evaluate
the threshold, we extend the nonlinear theory described
in Sec. II to the more-general case with the weak mag-
netic field applied obliquely (see Appendix C for details).
Then we obtain approximate analytical expressions for the
threshold as well as the mode frequencies and relaxation
times. The threshold in the present case is derived from the
instability condition at fo, = 2f;c, given by

1 4m 0
8mx0,c = T u 5 (18)
l — p~* WacTac
with the acoustic mode frequency
Wae = 27 foc = py By sinbp (19)
and its relaxation time:
1/Tae = a0y Belmiy + p* (1 — my)]. (20)

Here m,o and m,y are the x and z components of m at
equilibrium, respectively [Fig. 3(a)],

myy = (Bo/2Bex) sinbp, 1)
Mz = p~2(Bo/2Bex) cos O, (22)

and p is the acoustic mode ellipticity,
p = (1+B/2B)"". (23)

Equations (19)~21) become identical to the correspond-
ing equations described in Sec. Il when we set the large-B,
limit and 5 = 90° in Egs. (19)+21).

We estimate the threshold dmyg. =~ 0.054 from
Egs. (18)~23) with the parameters in this study, as shown
in Figs. 5(f)5(h) by the dashed lines. Initial increases
in the amplitude of A¢g/dxo [Figs. S(c) and 5(d)] occur
when 6m, moves across the threshold [Figs. 5(g) and 5(h)].
Therefore, the initial temporal increase in the amplitude
[Figs. 3(h) and 3(i)] and the sharp peaks of the SD
[Figs. 4(k) and 4(1)] for the experimental data at 7 and
10 mW are evidence of parametric amplification of the
acoustic mode. The optical mode amplitude in the sim-
ulated 3- and 5-mW data is smaller than the threshold
[Figs. 5(e) and 5(f)] and, therefore, the small increase in
the simulated SDs in the vicinity of 6, [Figs. 4(i) and 4(j)]
may be understood as an effective increase in the acous-
tic mode relaxation time due to nonlinear interactions that
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is not large enough to overcome the threshold. A more-
quantitative discussion of the threshold requires further
investigations that are beyond the scope of this study.

Finally, it is worthwhile commenting on the possibility
of observing the amplification in synthetic AFMs by means
of the conventional radio-frequency (rf) technique. In the
three-magnon-splitting or subsidiary absorption experi-
ments in ferromagnets, as described at the beginning of
Sec. I, the rf magnetic field is applied perpendicular to the
direction of the static magnetic field. When the magnitude
of the rf magnetic field exceeds the threshold, parametric
instability of ferromagnetic magnons occurs. This thresh-
old depends on the sizes, shapes, and material parameters
of ferromagnets. Typical values for the threshold of the rf
magnetic field were reported as approximately 0.1-0.6 mT
for thick permalloy films [12] and approximately 1-3 mT
in strip-shaped permalloy films [17]. In the case of syn-
thetic AFMs, the optical mode can be excited when the
rf magnetic field is applied parallel to the direction of the
static magnetic field, so-called longitudinal pumping [20].
The typical threshold of the rf magnetic field for the syn-
thetic AFMs is evaluated as about 1.5 mT for the present
synthetic AFM sample when the optical mode is reso-
nantly excited by longitudinal pumping (see Appendix H
for details). This threshold is comparable to the above-
mentioned value in strip-shaped permalloy films [17].
Thus, the parametric amplification in synthetic AFMs can
be observed with a rf setup similar to that in Ref. [17].

V. SUMMARY AND OUTLOOK

We investigate the dynamics of acoustic and optical
magnon modes in synthetic AFMs with the all-optical
pump-probe technique. We clearly observe acoustic and
optical modes with low and high frequencies for different
field directions and pump-laser powers. We find that the
acoustic mode amplitudes temporally increase in the time
domain at a relatively high laser power P and fo, > 2f;c.
Correspondingly, large enhancements in the SDs are also
observed in the frequency domain. These are character-
istics of parametric amplification of the acoustic magnon
mode induced by the optical magnon mode. The numer-
ical simulation using the macrospin model well explain
the experimental frequency-domain and time-domain data,
and we also discuss the threshold necessary to realize the
amplification.

As mentioned in Sec. I, a parametric amplifier or
oscillator is one of the fundamental building blocks to
develop computers beyond von Neumann architectures.
One interesting device concept is the magnonic majority
logic gate, in which the phases of ferromagnetic magnons
are used as the information encoded into the inputs and
the parametric amplifier of ferromagnetic magnons is
used for nonlinear bistable phase elements [2]. This is a
magnonic parametron in a modern sense, being analogous

to the parametron using ferrite cores invented in the past
[41]. Similarly, one can design a synthetic-AFM-based
magnonic parametron by utilizing the parametric ampli-
fication of the acoustic magnon mode. Synthetic AFMs
show relatively strong nonreciprocity in magnon prop-
agation [42—45], so the synthetic-AFM-based magnonic
parametron could have an input or output isolation better
than that of the ferromagnet-based one. In addition, our
study naturally suggests that synthetic AFMs also work as
parametric nano-oscillators. Nano-oscillators play a major
role in some types of modern reservoir computing. Such
computing architecture is being extensively studied using
nanoscale dc-biased spin-torque oscillators (STOs) [1,46]
and large numbers of arrays of nano-STOs [47]. The auto-
oscillation of the acoustic modes in synthetic AFMs can be
driven by the wireless rf magnetic field via optical mode
pumping. Thus, synthetic-AFM-based oscillator arrays are
free from complicated wiring issues and simple and low-
cost integrations would be possible. The above-mentioned
threshold of the rf magnetic field can be reduced by a fac-
tor of about 100 in the case of synthetic AFMs composed
of low-damping magnets with ¢ of about 0.001 or less
[48-52]. Therefore, an energy-efficient nanoamplifier or
nano-oscillator of magnons is feasible.
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APPENDIX A: SOME DETAILS OF THE
ANALYSIS IN SEC. II

In Egs. (4) and (5), we consider the Taylor series of the
small deviations around the equilibrium values, which are
expressed as ¢, (£) =~ 8¢y, (f) and ¢y, (£) = Puo + 5@y, (2).
Then the following equations are obtained with the lowest
order of the nonlinear cross (mode-mixing) terms:

d* 8y, ) sin ¢y
= — B BS n 1 - 8 n 8 m
o Yy BoBscos ¢, o( oS o ¢ ) )
ddo,,
— B, , Al
oy di (Al)
d*s¢ 5 1 cos?gno
" — 2B, BsinZg, (1 — = T8¢ | 8¢,
2 ¥ *2BexBssin® ¢y ( 2 s, ¢m) ¢
1, . 2 ddy,
+ 4 B()BS smq&nOqum — O[())/BS—. (AZ)

2 dt

By transforming some quantities into those in the x-y-z
coordinates, as performed in Sec. II, we obtain Egs. (6)
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and (7), as follows:

T (1 mgam) o, 2Oy
dz;% = _w(2>p (1 — %ny_&(smi) Smy, — %wazcniom;o35m)2,
B fip d(ilrtnx’ (A4)

~ —wgpémx — %di”:lx' as)

Here we use the expressions for wyc, Wop, Tac, and 7, as in
Egs. (8)(10). In Eq. (A4), the terms 8m; and 8m,ém; are
negligible when we discuss an initial process of parametric
amplification of the acoustic mode by the optical mode in
this study. The nonlinear cross term in Eq. (A1) vanishes
for the case of ferromagnetic coupling because sin ¢, = 0,
as mentioned in Sec. II.

APPENDIX B: COUPLED MACROSPIN
EQUATIONS WITH THE SPIN-PUMPING EFFECT
USED IN THIS STUDY

We consider the case where an external magnetic field
By is applied in an arbitrary direction. As described in
Sec. 11, the free energy F is expressed as

2
F= Z |:—Ms30“ -m; + %MYBS(“‘J 'Z)z]
=1

J
Jex

+
dFM

m; - my, (B1)

where u is the unit vector for the direction of the exter-
nal magnetic field. The Landau-Lifshitz-Gilbert equation
for the jth ferromagnetic layer without the spin-pumping
effect is expressed as

dmj dmj .
7 = —ym; X Bj +oz0m_; X 7 (] = 1,2)- (BZ)

Here the effective magnetic field B; is given as B; =
—M;'9F /om;. From Egs. (B1) and (B2), the two coupled
equations for m and n without the spin-pumping effect are
derived as

d
7‘?:—Qmeu+QB[(m~z)mxz—|—(n-z)nxz]

( dm dn)
oy MX —+nx—|,

B3
dt dt (®3)

dn

E:—QLnxu+QB[(m-z)nxz+(n‘z)mxz]

20 xm+ M ax ™) B
Nl X M mx —+nx — |,
0 d d

where we define Q; = y By, Qp = yB,, and Q¢x = Y Bex.
When the spin-pumping effect is taken into account, extra
torque terms are added to Eqs. (B3) and (B4) [21]:

dm dn
T, = a, mx—t-i-n

n 1 dm
—n-{IMmX — | N
1+ n(m? —n?) dt ’

T dn+ dm
L=, [mx —4+nx —
dt dt

where some quantities are expressed as

o = a18r
" 14 g, coth (dam/24)°
o = 18
" 1 + g.tanh (dxm/21)°
n= &
sinh (dnm/A) + g cosh (dxm /)’
L (L 2( 7!
o] = — S
! yMdeM 2e p
g = 2pAG,.

Here dny is the thickness of the nonmagnetic layer, A is
the spin-diffusion length, n is the back-flow efficiency of
the spin current, p is the resistivity of the nonmagnetic
layer, and G, is the real part of the mixing conductance
for the FM/NM interface. In our case, we take the limit
of dam/A — 0 because A in the case where the NM is Ru
is larger than dyy of 0.4 nm in this study [53]. Then, the
additional damping «,, is ignored, and 7 is taken as unity.
Consequently, we obtain T,, = 0, and T, is expressed as

dn dm
Tnz()lsp me—l-nXE — Osp

1 dm 1 dn
X %m HXE m—i—n—2n me nj,

(B3)
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where we use m? + n> = 1 and define the additional damp-
ing o, as

1 h 22G
gy = — ..
P vadFM 2e

The value of ag, is independent of the resistivity of the
NM p in this case. Equations (B3) and (B4) with Eq. (B5)
correspond to Egs. (14) and (15), respectively.

APPENDIX C: THEORETICAL ANALYSIS FOR
THE CASE OF APPLICATION OF A RELATIVELY
WEAK OBLIQUE MAGNETIC FIELD

We consider the case where a relatively weak mag-
netic field is applied in the x-z plane. To obtain some
approximate analytical expressions, the vectors m and n
are expressed as the sum of the equilibrium and time-
dependent parts: m (f) = my + ém (f) and n (¥) = ny +
dn (7). Substituting these quantities into Egs. (14) and (15)
and using the equilibrium conditions, we obtain m and n
at equilibrium, which are expressed as my = m,oX + myz
and ny = n,0y. Each component is given as follows:

By 1)
x0 — ZBex X9
By ©2)
my;y = ———Ug,
"7 B, + 2B
ny =4/1— m)zc0 — m307 (C3)

where u, = sinfp and u, = cos 8z with the magnetic field
angle 65 with respect to the film normal, and the rela-
tion m? + n> = 1 is used. Subsequently, from the equation
of the first order and second order for §, we obtain the
following six coupled equations:

dém, dém,
o = Qpnyodn; — 2Qexmzdm, — aghzg o
dén,
+ ATy = (C4
dém,
dt = - (QL”x + QBme) 81112 + 2S-zexmz()gl”/lx
dém, n ddmy b
— oMyog——— oom,g——— — myomy,
oMo 0mz0— B
(C5)
dém, O udm + dém, dén, (C6)
= Qudm, + apgmyy—— — aon ,
dt LRy TR0 00 gt
dén, dén
dt = (Rp + 2Qe) ny()(smz - (ao + O[sp) szTty
dém,
+ (o0 + atsp) my0 (C7)

dt ’

d51’ly 19 s ( + ) dénz
= — myopon, — (& Ogp ) My ——
o7 B0 0 P 0 dt
dén,
+ (ao + asp) Mo - (C8)
dén, dén,
7 = —2Qexn,00my + (oto + Otsp) mx07
dém,
- (ao + asp) ) (C9)

dr

Here we use Eqgs. (C1) and (C2) and the definitions of
Q; =vBy, Qp=yB;, and Q¢ = YBex, as defined in
Appendix B. In Egs. (C4)HC9), we take only the term
—Qpém,.dm, as a leading nonlinear term, according to the
analysis in Appendix A. In Egs. (C4)+C9), we drop the
last term of Eq. (15) because this term is negligibly small
in this study.

In this study, m.¢ is on the order of 0.1, which is smaller
than m,o and n,o for most of the 65 values. Thus, we solve
Egs. (C4)~«C9) in a perturbative way:

sm () ~ sm® (t) + modm (&) + m2)om@ @) + - - -,
sn (7)) = n? (1) + moénV () + m*, @ () + - - - .

Substituting §m(#) and én(¢) into Egs. (C4)HC9), we
decouple the six coupled equations [Egs. (C4)+C9)] into
two sets of three zeroth-order coupled equations for each
acoustic and optical mode, except for the nonlinear cross
term:

d(Sm)(CO) (0) d(sn;())

e Qpnyodn,”’ + agnyg a (C10)
dsn® dénl”

dty = —Qpm,Sn" — (o + atsp) me%: (C11)
dsn©® dsn®
% = —2Qexny08mf€0) + (010 + asp) M0 dty

dsm©®
— (a0 + asp) nyOTtx (C12)

for the optical mode, and

dsm®
dty = — (Quux + Qpmyo) Sm” — QpsmP sm”
dsm©®
_ . z Cl13
oMy dt ( )
dsm® o dsm©® dsn?
7 = QLuXSmy + aomyg I — aOny()Ta
(C14)
dSnf{O) (0) dsmg())
o =Gt 2Qx) nyodmy” + (a0 + etsp) Mo
(C15)
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for the acoustic mode. Finally, we obtain two coupled
second-order differential equations for the optical and
acoustic modes from Egs. (C10){C12) and (C13)HC15),
respectively, with the condition that «y and a, are much
smaller than unity:

d*sm 2 dsm®
T e (C16)
dr Top dt
d*5m
d’;z = —? (1 + esm®) sm®
2 démgo)
-=—r (C17)
ac

Here the acoustic and optical mode angular frequencies are
expressed as

Wae = / Quity (Rt + Qpmyg), (C18)
Wop = Myov/282ex 2. (C19)

The relaxation times of the acoustic and optical modes are
expressed as

Tiac - %060 [0 2201t + Qmao) + 1 (2 +220) |
(C20)
1 1 5 3
;p = 5% [QBmxo + (Q2p + 2Q2) nyo]
1 2 2
+ S (mxo + ny0> . (C21)

The coupling constant of the acoustic and optical modes €
in Eq. (C17) is given as
€ = Quu,Qpw’. (C22)

Consequently, the following relation is obtained from
Eq. (C17) in a way similar to the description in Sec. II:

1
L nedmy < 0. (C23)
T,e 4
From Eq. (C23), the threshold is given as
4
6I’nxO,c = . (C24)
a)acface

We note that Egs. (18), (19), (20), (21), and (22) are rewrit-
ten using Egs. (C24), (C18), (C20), (C1), and (C2) with
ellipticity p [Eq. (23)], respectively. The ellipticity p of

the acoustic mode in the linear regime without damping is
derived from Egs. (C13) and (C18) as

(0)
8my

8m§0)

QLMX + QBmxo BS
= = /1 . (C25
Wac * 2Bex ( )

p:

In the large-B; limit, m.” is much larger than §m{” from
Eq. (C25), so the acoustic mode can be approximated as
described in Sec. II.

The first-order equations are written as

dsmV
dty = — (Q2puy + Qpmy) 5"1;1) + 2Qex5m)(c0) +---,
dsmV
z 0
yrae QLuxémy + -

These equations mean that the optical mode is hybridized
into the acoustic mode as the first-order correction:

ZQeXQLux

2 2
ac — Pop

Sm, > my 8m§0).

Thus, the optical mode has a z component under the appli-
cation of an oblique magnetic field, the amplitude of which
is proportional to m.. The perturbation corrections for
the frequency, the relaxation time, etc. are also inversely
proportional to the mode separation in their frequencies
Wop — wac. Therefore, as an approximation these correc-
tions are ignored here. This is because By is small enough
and no frequency degeneracies for the acoustic and optical
modes are observed in this study.

APPENDIX D: SOME DETAILS OF THE
MAGNETO-OPTICAL KERR EFFECT

The polar magneto-optical Kerr rotation angle ¢x in
the synthetic AFMs is the weighted sum of the angles
from each ferromagnetic layer. This is proportional to the
z component of the magnetization:

ok (t) = ar(Omi-(H) + ar(Hmo- (1), (D1)

where a; (j = 1,2) is a proportionality factor that depends
not only on the optical and magneto-optical parameters of
jth ferromagnetic layer but also on those of other layers
[54]. By introducing the quantities a,, = (a; + a»)/2 and
a, = (a1 — ap) /2, we rewrite Eq. (D1) as
¢K(t) = Zam(t) [mz(t) + rmn”z(t)] . (D2)

Here we approximate r,,, = a,/a,, as a constant. In the
conventional manner, Eq. (D2) is expressed as
¢k (1) = 2bB,(1) [m-(8) + rmmn-(1)], (D3)

with the constant proportionality factor b. The laser-
induced change in the Kerr rotation angle A¢g in the
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experiments is expressed as

Ak () = ¢k (1) — Pk (—0)
= 2st(t) [mz(t) + rmnnz(t)]

- 2st0 (mZO + rmnnz()) . (D4)
Using the relations ¢xo = 2bByy and n, (—0) = 0, we
obtain the expression

A (1) _ By (9)
ko By

We finally obtain Eq. (17) by substituting B, (f) = By —
ABgc (¢) into Eq. (D5).

The very small factor r,, originates from the small
difference in the magneto-optical Kerr rotation angle
between FM; and FM, located at different depths
[40]. To examine the validity of the r,, value of
—0.065 used in the simulations (see the legend for
Table I), we perform a numerical calculation of 7,
using the standard magneto-optical theory for multi-
layer films [54,55]. We consider the model stacking of
Si substrate/Si0;(100)/Ta(3 nm) /FegyCoz0B2¢ (3 nm)/Ru
(0.4 nm) /FegyCo20B20(3)/Ta(1.5 nm)/Ta-O(1.5 nm)/air,
where we take into account the oxidation of the Ta cap-
ping layer. The literature values of the complex refractive
indices for the materials at a light wavelength of 800 nm
are used, as shown in Table II. The value of the com-
plex magneto-optical constant Q for FegyCoo9Byg at a light
wavelength of 800 nm is unknown. Therefore, we evalu-
ate r,,, using several values (—Q' = 0.035 — 0.020, Q" =
0.005 — 0.014) expected from the values of the complex
magneto-optical constant Q for those alloys measured at a
light wavelength of approximately 630 nm [56]. The val-
ues of r,, are evaluated as 0.04-0.05, meaning that the
Kerr rotation angle of the top FegyCo,9B5 layer is slightly
larger than that of the bottom FegyCoy9Byo layer. This
value is in rough agreement with the 7, value used in the
simulations. The sign of r,,, depends on the definition of
the positions of FM; and FM; (i.e., top or bottom) in the
macrospin model. Thus, it is irrelevant to the discussion in
this study.

[mz(t) + rmnnz(t)] — My. (DS)

APPENDIX E: THE PARAMETERS RELATED TO
THE DEMAGNETIZATION AND RECOVERY

Figure 6 shows the time-domain data near zero delay
for the synthetic AFM sample measured with a magnetic
field of approximately 2 T applied perpendicular to the
film plane with different pump-laser powers P. The rapid
change of A¢g at At of about 0 ps is due to the ultrafast
demagnetization induced by the pump laser. Subsequently,
A¢x shows relatively slow change. The curves in Fig. 6
show the calculated data for c(¢) obtained with Eq. (16)
and are fitted to the experimental data. Here we assume

that v and #; are approximately independent of P. From
this fitting we obtain 7, #;, and c¢, as shown in Table I and
its legend.

From Eqgs. (17), (22), and (23), we obtain the relation for
the demagnetization and the magnetic field angle:

Ag(t=0)  AB,

- ~Mmy = —npCoS 0p. (El)
®ko By
Here we define the factor 1, which is expressed as
AB B
np=—— . (E2)

BSO BSO + 2Bex0 .

Using Eq. (E1), we obtain the np value from the experi-
mental data for the 6 variation of A¢g/¢ko at zero delay
measured at 0.32 T for each laser power P. Then we extract

TABLE II. Refractive indices for the materials used in the cal-
culation of the magneto-optical effect for the synthetic AFM
sample in this study.

Material Refractive index Reference
Ta,Os5 2.10 +i0.00128 [57]
Ta 1.11 4+ i3.48 [58]
Ru 3.95 +i5.34 at 633 nm [59]
Fe60C020B20 3.40 4+ i4.30 [60]
SiO, 1.45 [61]
Si 3.68 4 i0.0054 [62]
T T T T E
' b\.‘—.——.——-’_(:)__:
0.5F o .

e M‘—o—ft
05 =
e ’\"—-ﬁ——lo——o—f:
0.5 =

Normalized Agx
o

o ! | !
o I’\‘——f——lo—.—fi_
0.5 =
0% ' 0 20
At (ps)

FIG. 6. Time-domain normalized values of the laser-induced
change in the Kerr rotation angle A¢x near zero delay with a
pump-laser power P of (a) 10 mW, (b) 7 mW, (¢) 5 mW, and (d)
3 mW. The data are measured with a magnetic field of approx-
imately 2 T applied perpendicular to the film plane. The curves
represent the calculated data fitted to the experimental data.
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value of AB,/Byy from the np value using the values for
Bexo for each laser power P, By, and By that are input into
the simulation.

APPENDIX F: ANALYSIS OF THE
EXPERIMENTAL DATA OBTAINED AT 3 MW IN
THE TIME AND FREQUENCY DOMAINS

Figure 7 shows the typical time-domain and frequency-
domain data measured at a pump-laser power P of 3 mW.
As described earlier, the measured time-domain data are
normalized by the saturation Kerr rotation angle. Sub-
sequently, we obtain the SD in the frequency domain
using the fast Fourier transform with zero padding [63].
In the absence of both nonlinear effects and large tem-
poral changes in the magnetic moment values, the data
can be analyzed by the summation of the following func-
tions for the two modes with a proper offset function, as
conventionally performed:

o e T sinQ2nf; + ¢;) (F1)
for the time-domain data A¢g (f)/¢ko, and
«[@m( -+ (F2)

for the frequency-domain data |A¢x(f )/dxol. Here f; is
the frequency, t; is the relaxation time, and ¢; is the phase
for the acoustic mode (i = ac) or the optical mode (i =
op). The results of the fittings using Eqs. (F1) and (F2)
are shown in Figs. 7(a) and 7(b), respectively by the solid
curves.

10 20 30
f (GHz)

FIG. 7. Typical data obtained with a pump-laser power P of
3 mW at a magnetic field angle 05 of 75° in the time domain (a)
and the frequency domain (b). Solid curves represent the theo-
retical data and are fitted to the experimental data. The data near
zero delay are removed in (a).

Figure 8 displays the frequencies f and relaxation times
7 for the acoustic and optical modes as a function of the
magnetic field angle 5. Here we show the data obtained
from the fitting to both the time-domain data and the
frequency-domain data. The data for the 65 dependence
of fac, fop, and 1/7,. obtained from the time-domain data
are nearly equal to those obtained from the frequency-
domain data, as shown in Figs. 8(a) and 8(b). However,
there are relatively large uncertainties in the data for the
0p dependence of 1/7,,, as shown in Fig. 8(c). This is
because the z component of the amplitude for the optical
mode observed in our measurement is much smaller than
that for the acoustic mode. We also show the data calcu-
lated using Egs. (C18)C21) with the parameters given
in Table I and its legend. The theoretical data for f,. are
in accordance with the experimental data for most of the
0p values [Fig. 8(a)]. The experimental 1/7,, values are

40 — T T T T 1

I K 101 O QIO O IO KT QY
Optical mode

f (GHz)

81 (b) -
6 [ Acoustic mode ]
4l o . -'
o 4
0 gﬂw
= -
% 0 L | L | L | L |
@ 8 _(c)' T T T T .I T T ]
b 5 i Optical mode b
M| . ° ]
[ ] ® Y [ ]
4k °e® ®ect08,
[ - 8 O‘ o o [oXe) o ]
2 O~Y0po0 —
0 I | | L | | i
0 20 40 60 80
65 (deg)
FIG. 8. Dependence of (a) the mode frequencies f* and relax-

ation time 7 on the magnetic field angle 6 for the (b) acoustic
mode and the (c) optical mode evaluated with the time-domain
data (solid circles) and the frequency-domain data (open cir-
cles) measured at a pump-laser power P of 3 mW. Solid curves
represent the theoretically calculated data.
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approximated by the theoretical values [Fig. 8(c)]. The
experimental data for fo, and 1/7, slightly and system-
atically deviate from the theoretical values at 6 >~ 0°, as
seen in Fig. 8(a) and 8(b), respectively. The increase in
the experimental 1/7,. values at 6z ~ 0° [Fig. 8(b)] may
stem from some magnetic inhomogeneities in the present
sample, because a similar behavior is observed in the
magnetization dynamics in ferromagnets as an increase of
the ferromagnetic resonance linewidth in a low-frequency
regime [63]. On the other hand, the inconsistency between
the experimental and theoretical data for the fo, values
[Fig. 8(a)] is not yet clear. This is not due to the approx-
imation accuracy of Eq. (C19) since the exact theoretical
values of f, show a difference of only a few percent from
the values calculated with Eq. (C19) (not shown here). We
believe this discrepancy for f, will not significantly influ-
ence the discussion of the parametric amplification in this
study, since we focus on the data at 6 of about 40°—60°,
where the theoretical values are not very different from the
experimental ones.

The fitting using Eq. (F1) did not work well for the
data measured at a magnetic field angle 6 near 6, with
higher pump-laser powers P. This is because the ampli-
tudes of the optical mode are much smaller than those of
the acoustic mode with larger P at 6 =~ 6,.. In addition, the
temporal change of the measured Kerr rotation angles for
the acoustic mode are very different from Eq. (F1) at larger
P, as seen in Figs. 3(g)-3(i), because of the effect of the
parametric amplification on its amplitude.

APPENDIX G: TEMPERATURE DEPENDENCE OF
THE INTERLAYER COUPLING

Figure 9 shows several values for the effective mag-
netic field due to the interlayer coupling B in the syn-
thetic AFM sample in this study obtained at different
temperatures, which are evaluated from the out-of-plane

0.4}

of 110

0
200 300 400 500
T(K)

Bex (T)

FIG. 9. Effective magnetic field due to the interlayer coupling
Bex as a function of the temperature 7 in the synthetic AFM
sample in this study.

saturation magnetic field By, with the relation By =
2Bcx + Bs. The large reduction of B¢, with increasing tem-
perature is similar to that reported in Ref. [35]. We also
confirm that the temperature dependence of B, is negligible
in this temperature range.

APPENDIX H: THE PARAMETRIC
AMPLIFICATION IN rf EXPERIMENTS

We consider the in-plane-magnetized synthetic AFM
under static magnetic field Box (i.e., 03 = 90°) and rf
microwave magnetic field §b,(?)x; namely, longitudinal
pumping [20]. By adding the external torque due to the
rf field yn, 08D, () to Eq. (C12), we obtain the equation
corresponding to Eq. (C16):

d?sm, 5
= —w
dr? ©

2 domy \ pntoysby(t). (HI)
my — — —— n (7).
P Top dt BlyoY

By substituting the sinusoidal rf magnetic field with its
frequency tuned to that of the optical mode, &b, (f) =
8byo sinwept, we obtain the sinusoidal solution of the
optical mode, such as Eq. (11), from Eq. (H1), whose
amplitude §my is expressed as

2 -1
Smyy = <—wop> Qpn}yy 8bxo, (H2)

Top

where 8by is the amplitude of the rf magnetic field.
With the condition we, = 2w,c, we obtain the threshold
of the rf-magnetic-field amplitude §b, . for the parametric
amplification of the acoustic mode by substituting Eq. (H2)
into Eq. (18):

Awop Ay 4 My

YRy 1—p2 ”ﬁo,

Shrg. = (H3)

where Aw,. = 2/7, is the full linewidth of the rf absorp-
tion for the acoustic mode and Aw,, = 2/1,,, is that for the
optical mode in the frequency domain.

For the present synthetic AFM sample with the param-
eters given in Table I and its legend, wq, = 2w, =
29 GHz is evaluated at By = 0.27 T at 05 = 90° from
Egs. (C1)HC3), (C18), and (C19). Under this condition,
8byo. 1s evaluated as about 1.5 mT from Eq. (H3) with
the relaxation times for the acoustic and optical modes
evaluated from Egs. (C20) and (C21).
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