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Optical resonant cavities play an important role in electromagnetic wave control; they can confine
electromagnetic waves and improve the interaction between light and matter. However, because of the
limitations of the standing-wave formation conditions for Fabry-Perot-type resonance, the miniaturization
of optical resonant cavities formed using traditional materials is difficult. Recently, the miniaturization of
three-dimensional optical resonant cavities has been demonstrated based on electric hyperbolic metama-
terials (HMMs); their isofrequency contour takes the form of an open hyperboloid because the principal
components of the permittivity tensor have opposite signs. Here, based on the permeability tensor, we
propose theoretically and verify experimentally a planar magnetic hyperbolic cavity with a subwavelength
scale, (λ/12) × (λ/17), using a circuit-based HMM in the microwave regime. Furthermore, the anoma-
lous scaling laws in the circuit-based magnetic hyperbolic cavities are studied. As the frequency increases,
the mode order decreases, which is markedly different from traditional cavities. It is also possible to realize
size-independent cavity modes based on the HMMs by design. In addition, by considering a composite
structure that contains two hyperbolic cavities, the coupling of two hyperbolic cavity modes in the near-
field regime is demonstrated. The circuit-based hyperbolic cavities not only extend previous research work
on hyperbolic cavities to magnetic HMMs, but they also have a planar structure that is easier to integrate
and has a smaller loss. Finally, the hyperbolic cavities may enable their use in some microwave-related
applications, such as in high-sensitivity sensors, resonance imaging, and miniaturized narrowband filters.
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I. INTRODUCTION

Advances in the fields of hyperbolic metamaterials
(HMMs) have greatly improved the ability to control elec-
tromagnetic waves in previously inaccessible ways [1–6].
By using the abnormal dispersion property of HMMs, flex-
ible control of the propagation of electromagnetic waves
is realized, such as negative refraction [7–9], collimation
[10,11], beam splitting [12–14], and anomalous scattering
[15,16]. Importantly, HMMs support propagating high-k
modes and possess an enhanced photonic density of states
[17,18], leading to promising applications that include
hyperlenses that can overcome diffraction limits [19–21],
sensors [22,23], the giant Unruh effect [24], fingerprint-
ing [25], and long-range energy transfer [26–30]. It is
well known that the isofrequency contour (IFC) of normal
materials (such as air) is a closed sphere, where the allowed
wave vectors are limited. However, the IFC of HMMs
forms an open hyperbolic curve that allows propagating
waves with large wave vectors. The mismatch between the
high-k modes in HMMs and the modes with limited wave
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vectors in the surrounding medium lead to total internal
reflections. Therefore, HMMs with high-k modes can also
be used to design high-performance optical devices, such
as waveguides with high confinement [26–33] and reso-
nant cavities with a high quality factor and a small modal
volume [34–37].

Hyperbolic cavities have attracted considerable interest
because of their anomalous scaling laws (ASLs), where
a high-order resonance mode corresponds to a lower fre-
quency, and cavities with different sizes can resonate at
the same frequency and the same mode order [34–37].
ASLs have also been studied because of the abnormal
whispering-gallery modes in HMM cavities with spherical
[38,39] and tubular geometry [40]. In particular, hyper-
bolic cavities with an ultrasmall size can greatly enhance
light-matter interactions, including increasing the rates of
spontaneous emission [37,39,41,42], which may be use-
ful in the field of cavity quantum electrodynamics and
lasers [43–45]. However, there are some aspects of hyper-
bolic cavities that should be noted. (1) To date, nearly all
hyperbolic cavities use hyperbolic dispersion caused by
an electric response, which restricts the functionality of
the hyperbolic cavity to transverse-magnetic (TM) polar-
ized waves with an electric field parallel to the optical
axis in the principal plane. To overcome this limitation
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and extend their application to transverse-electric (TE)
polarized waves, magnetic HMMs (the principal com-
ponents of its permeability tensor have opposite signs)
[46] are needed to construct magnetic hyperbolic cavi-
ties. (2) Hyperbolic cavities have been studied based on
three-dimensional (3D) structures using dielectric/metal
multilayered structures [35] and nanowire structures [34].
Along with the development of planar HMMs in recent
years [47–53], the study of planar hyperbolic cavities may
be easier to integrate and have a smaller loss. (3) Reso-
nant hyperbolic cavities can be seen as meta-atoms, which
may play an important role in classical analog quantum
optical phenomena, such as HMM-assisted electromag-
netic induced transparency (EIT) [30] and Fano resonance
[54,55]. Therefore, the near-field coupling between surface
waves at the resonant hyperbolic metasurface is also a very
interesting topic of research [47,48].

Transmission lines (TLs) with lumped elements
can realize various electromagnetic parameters [56,57].
Specifically, HMMs can be well constructed using circuit-
based metamaterials in the microwave regime [58–62].
So far, circuit-based HMMs have been widely used to
study many interesting phenomena, such as crosslike emis-
sion [58], topological transition of the IFC [59], and
the photonic spin Hall effect [60]. Here, by using two-
dimensional (2D) TLs with lumped elements, circuit-based
magnetic hyperbolic cavities are designed and fabricated
with subwavelength-scale properties and planarization.
Based on the near-field detection method, we demonstrate
the ASLs in the circuit-based hyperbolic cavities. Further-
more, a study of the coupling between two hyperbolic
cavities is presented, which is particularly relevant for clas-
sical EIT and Fano resonance based on metamaterials. Our
findings not only present a type of hyperbolic cavity with
ASLs, but are also very useful for a variety of applica-
tions in planar integrated photonics, including for sensors,
detectors, and switches.

This work is organized as follows: Sec. II covers the
design of the circuit-based magnetic hyperbolic cavity; in
Sec. III, the physical mechanism of the ASLs in the 2D
optical resonant cavity is analyzed, and both simulations
and experiments are carried out to verify the anomalous
scaling laws; in Sec. IV, the coupling between two hyper-
bolic cavities is studied, and destructive interference and a
tunable quality factor for the hyperbolic cavity modes can
be realized. Finally, Sec. V summarizes the conclusions of
this work.

II. PLANAR MAGNETIC HYPERBOLIC CAVITY
REALIZED USING CIRCUIT-BASED

METAMATERIALS

Circuit-based magnetic HMMs are designed by load-
ing lumped elements into the 2D TLs, as shown in Fig. 1.
Here, the hyperbolic cavity is marked by the purple dashed
line and the outside region is the circuit-based background
medium. The structure is constructed on a commercial
printed circuit board, F4B (relative permittivity εr = 2.2
and loss tangent tan δ = 0.0079), with a thickness of h =
1.6 mm. The width of the microstrip is w = 2.8 mm and the
length of a unit cell is p = 12 mm. The dimensions of the
structure in the x and z directions are 172.4 and 123.6 mm,
respectively. In the proposed structure, the effective HMM
is realized by loading series lumped capacitors of C = 5 pF
in the x direction, and no capacitors are loaded in the
background medium.

The effective circuit models of the HMM and back-
ground medium are shown in Fig. 2(a). The structural
factor of the TL is defined as g = Z0/ηeff, where Z0 and
ηeff are the characteristic impedance and effective wave
impedance of the TL, respectively [63–65]. The structure
factor of the designed structure is g ≈ 0.255 [12]. Because
the unit size in the TL system is much smaller than that
of the wavelength, the effective permittivity of the 2D TLs

FIG. 1. Schematic of the TL-based struc-
ture, in which the HMM is embedded in
the background region. d1 = 172.4 mm, d2 =
123.6 mm, p = 12 mm, w = 2.8 mm, C =
5 pF, and R = 71.4 �. Unit structures of HMM
and background medium are enlarged on the
right.

044024-2



CIRCUIT-BASED MAGNETIC. . . PHYS. REV. APPLIED 13, 044024 (2020)

(a) (b)

(c) (d)

FIG. 2. (a) 2D circuit models of the HMM and background medium. (b) Effective anisotropic electromagnetic parameters based on
TL when capacitors are loaded in the x direction. (c) 3D dispersion relationships of the TL-based metamaterials with the loaded series
lumped capacitors. (d) Cross graphs of the 3D dispersion relationships for some frequencies in (c).

for a quasistatic TE polarized solution can be written as
[10–12]

ε = 2C0g/ε0, μx = L0
gμ0

,
μz = L0

gμ0
− 1

ω2Cdgμ0
,

(1)

where ε0 and μ0 are the permittivity and permeability of
vacuum, respectively; ω is the angular frequency; and C0
and L0 denote the per-unit length capacitance and induc-
tance of the TL, respectively [10–12]. From Eq. (1), ε ≈
3.63 (red dashed line), μx = 1 (green dot dash line), and
the dependence of μz on the frequency (blue solid line) are
drawn in Fig. 2(b). By tuning the sign of μz from posi-
tive to negative, a topological transition of the IFC from
closed elliptical to open hyperbolic dispersion can be gen-
erated. The gradient color from green to yellow in Fig.
2(b) corresponds to the regime from hyperbolic to ellip-
tical. Notably, this change is a topological transition and

it is described as the metric signature transition [17]. In
particular, μz ≈ 0, when the frequency is 1.14 GHz, which
is marked by the green dotted line. When the frequency
is smaller than this critical value, μz has a negative value.
The dispersion relation of the circuit-based metamaterials
is described by [10–12]

k2
x

εμz
+ k2

z

εμx
=

(ω

c

)2
, (2)

where kx and kz are the x and z components of the wave
vector, respectively, and c is the speed of light in vacuum.

Based on Eq. (2), we calculate the 3D dispersion rela-
tionship of the 2D TL with lumped capacitors in the
x direction, as shown in Fig. 2(c). A topological transition
of an IFC from an elliptical dispersion to a hyperbolic dis-
persion is produced by varying the frequency. The critical
phase (f = 1.14 GHz) of this topological transition cor-
responds to an anisotropic mu-near-zero material. Here,
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(a) (b)

(c) (d)

FIG. 3. IFCs for the dielectric
(a),(b) and HMM (c),(d), where
the solid and dashed lines corre-
spond to the values at frequencies
ω and ω + δω, respectively. Dot-
ted line in each graph is used to
represent the determined kx or kz .

we focus on the hyperbolic dispersion, so only the cases
with a frequency lower than 1.14 GHz are considered,
and the HMMs realized by the TL have wide-band char-
acteristics. Eight different IFCs of the HMMs are used as
examples, as given in Fig. 2(d). It can be seen that as the
frequency increases, the opening angle of the hyperbola
along the z direction becomes smaller and smaller. The
background medium realized by the circuit-based structure
is an isotropic medium (ε ≈ 3.63, μ = 1), with an IFC
corresponding to a closed circle [6]. The mode mismatch
between the HMM and the background medium causes the
inner HMM to function as a planar magnetic hyperbolic
cavity.

At the end of this section, we illustrate the analogy
between wave propagation in a homogeneous 3D HMM
and that in its 2D circuit-based counterpart. It is clear
that the cross-section surface of a hyperboloid is a hyper-
bola [6]. Therefore, a homogeneous 3D HMM can be
extended to its 2D circuit-based counterpart, when the
wave propagates in a special plane. As an example, the
similarity between electromagnetic wave propagation in
a 2D circuit-based HMM [12] and that in a 3D structure
[14] is demonstrated. However, it should be noted that
the bulk-wave propagation in the homogeneous 3D HMM
and surface-mode propagation along the 2D circuit-based
HMM can differ significantly. In the homogeneous 3D

HMM, the bulk wave can only propagate within a certain
range of angles, and the field perpendicular to the hyper-
bolic asymptotes is much stronger than that elsewhere
because of the larger optical density of states [60]. How-
ever, the excitation and propagation of the surface mode
in 2D circuit-based HMMs is constrained by the boundary
conditions, and the field strength decreases exponentially
in the direction perpendicular to the interface. Specifically,
the 2D circuit-based HMMs are demonstrated to realize
interesting hybrid TE-TM polarization surface waves [62].

III. SIMULATION AND EXPERIMENTAL
VERIFICATION OF THE ABNORMAL SCALING

LAW

The ASL of the 2D hyperbolic cavity can be explained
very well by the IFCs. For a traditional cavity made of a
dielectric, the corresponding IFC is a closed circle, which
can be seen in Figs. 3(a) and 3(b). The dashed lines denote
the IFC at a frequency slightly above the frequency of the
solid lines. In this medium, when the wave vector in the
x direction is fixed (marked by a blue dotted line along
the z direction), the wave vector at a higher frequency is
larger than one at a lower frequency, kz2 > kz1, as shown
in Fig. 3(a). Because the dielectric is isotropic, when the
wave vector in the z direction is fixed (which is marked by
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a blue dotted line along the x direction), the wave vector
in the x direction similarly meets kx2 > kx1, as shown in
Fig. 3(b). Therefore, both the wave vectors in the x and
z directions increase as the frequency increases for the
dielectric. The wave-vector property for the anisotropic
HMM is clearly different for the two different directions.
In the HMM, when the wave vector in the x direction is
fixed, the wave vector at a higher frequency is larger than
that at lower frequency (kz2 > kz1) in Fig. 3(c), which is
similar to the dielectric in Fig. 3(a). However, when the
wave vector in the z direction is fixed, the wave vector
in the x direction meets kx2 < kx1, as shown in Fig. 3(d).
Therefore, in the HMM, the wave vectors in the z and x
directions increase as the frequency increases and decrease
as the frequency decreases, respectively. In other words,
the normal and abnormal scaling laws are applicable to the
z and x directions in the HMMs, respectively. The normal
and abnormal properties of the wave vectors are marked
by a “+” and “−,” respectively, in Fig. 3.

To demonstrate the abnormal scaling law in the HMM,
using the commercial software package (CST Microwave
Studio), the hyperbolic cavity modes are excited by a cur-
rent source close to the center of the structure. In the
simulation, the perfect matching boundary condition is
used [63–65]. The response of the system is probed in
the vicinity of the structure surface in Fig. 4. The simu-
lated out-of-plane electric field Ey spectrum is probed at
the center of the cavity and then it is plotted as a func-
tion of the frequency. In the simulated Ey spectra, the
cavity modes with high electromagnetic confinement can
be clearly identified. From Fig. 4, it can be found that
there are 11 peaks within a certain frequency range. In
particular, eight cavity modes are marked, according to
the mode order in Fig. 4, and these modes will be used
to demonstrate the anisotropic scaling law for the circuit-
based hyperbolic cavity. These cavity modes are labeled as

FIG. 4. Simulated Ey spectra for the hyperbolic cavity modes.
Eight modes are marked by different order numbers.

Cmn, where m and n represent the order of multipolar res-
onances along the x direction and z direction, respectively
[66].

First, the ASL of the circuit-based magnetic hyperbolic
cavity is studied along the x direction. In Fig. 4, we first
consider four cavity modes that are marked by red arrows
and the corresponding order numbers are labeled C71, C51,
C31, and C11. The electric field Ey distributions of these
modes are shown in Fig. 5; here, it can clearly be seen
that the higher-order mode is found at a lower resonant
frequency in the hyperbolic cavity. The hyperbolic cavity
is marked by the pink dashed line. For example, the fre-
quency of the high-order mode C71 is 0.297 GHz, while
the frequency of the low-order mode C11 is 0.543 GHz.
By comparing modes C71, C51, C31, and C11, the anoma-
lous property of the HMM mode order in the x direction is
demonstrated. Moreover, the confinement strength of the
different cavity modes can be clearly observed from the
evanescent fields that extend outside the hyperbolic cavity
in Fig. 5. The higher order mode has a stronger confined
capacity, which is consistent with the spectrum in Fig. 4.

To further explain this phenomenon, the cases for orders
three and five in the z direction are also studied in Fig. 6.
Considering order three in the z direction and comparing
Figs. 6(a) and 6(b), we find that the order of the hyper-
bolic cavity mode decreases with increasing frequency in
the x direction. Similarly, for order five in the z direction,
this abnormal scaling law is still observed when compar-
ing Figs. 6(c) and 6(d). Therefore, the abnormal scaling
law in the x direction of the hyperbolic cavity is fully
demonstrated by three different orders (1, 3, and 5) in the
z direction. Moreover, by considering the same mode order
in the x direction, the mode order related to frequency in
the z direction can be studied. By comparing Figs. 5(a),
6(a), and 6(c), we find that, for the same order in the x
direction, the order of the hyperbolic cavity mode increases
with increasing frequency in the z direction. For exam-
ple, the frequency of the high-order mode is 0.297 GHz,
while the frequencies of the low-order modes C71 and is
0.297 GHz, while the frequencies of the low-order modes
C73 and C15 are 0.744 and 0.936 GHz, respectively. There-
fore, the anisotropy of the hyperbolic cavity mode and the
scaling laws in the x and z directions are anomalous and
normal, respectively.

Next, the dependence of the hyperbolic cavity mode on
the structure size is studied. The size of the hyperbolic cav-
ity is identified by the number of unit cells in the x and
z directions. Two cavities with different sizes are taken
as examples and are characterized by Nx = 7, Nz = 5 and
Nx = 4, Nz = 4 in Figs. 7(a) and 7(b), respectively. The
influence of shortening the length of the hyperbolic cavity
in the x and z directions on the cavity mode is then consid-
ered. First, the length in the z direction is fixed at Nz = 5,
and the Ey spectra for the two cavities with Nx = 5 and
Nx = 7 are shown in Fig. 7(c). The cavity modes C11 in
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(a) (b)

(c) (d)

FIG. 5. Simulated near-field dis-
tributions of Ey at four different
frequencies: (a) 0.297 GHz (order
C11), (b) 0.333 GHz (order C71),
(c) 0.408 GHz (order C31), and
(d) 0.543 GHz (order C11). Order
number for each case is shown at
the lower left of each figure.

the two cavities are marked by red circles for visualization.
From Fig. 7(c), it can be seen that the frequency of mode
C11 blueshifts with decreasing length in the x direction.
Next, the length in the x direction is fixed at Nx = 7, and
the Ey spectra for the three cavities with Nz = 1, Nz = 3,
and Nz = 5 are shown in Fig. 7(d). From Fig. 7(d), it can be
seen that the frequency of mode C11 redshifts with decreas-
ing length in the z direction. By comparing Figs. 7(c) and

7(d), we find that the dependence of the frequency of mode
C11 on the structure’s size is opposite to that in the x and
z directions. Therefore, for hyperbolic cavities with differ-
ent size combinations (including in the x and z directions),
identical optical modes with the same resonant frequency
and the same mode order can be realized with the proper
design. Figure 7(e) shows this ASL of the hyperbolic cav-
ity for the different structure sizes. While the size of the

(a) (b)

(c) (d)

FIG. 6. Simulated near-field dis-
tributions of Ey at four different
frequencies: (a) 0.744 GHz (order
C73), (b) 0.795 GHz (order C53),
(c) 0.936 GHz (order C75), (d)
0.975 GHz (order C55). The order
number for each case is shown at
lower left of each part.
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(a) (b)

(c) (d)

(e) (f)

FIG. 7. Schematic of the
TL-based structure with hyper-
bolic cavities of different
sizes: (a) Nx = 7, Nz = 5, (b)
Nx = 4, Nz = 4. (c) Simulated
Ey spectra for the hyperbolic
cavities with different Nx, and
the cavity modes blueshift with
decreasing Nx. (d) Similar to
(c), but for different Nz , and
the cavity modes red-shift with
decreasing Nz . (e) Simulated Ey
spectra for Nx = 4, Nz = 4 and
the frequency of the C11 mode is
the same as that of the C11 mode
in the hyperbolic cavity with
Nx = 7, Nz = 5. (f) Simulated
near-field distribution of Ey at
0.55 GHz (order number C11), for
Nx = 4, Nz = 4.

cavity with Nx = 7, Nz = 5 is significantly larger than that
of the cavity with Nx = 4, Nz = 4, the frequency of mode
C11 is the same for both cavities. The fixed frequency
(0.55 GHz) of mode C11 is marked by the red arrow in
Fig. 7(e). The corresponding electric field Ey distribution
for the cavity with Nx = 4, Nz = 4 is shown in Fig. 7(f)
and is very similar to the cavity with Nx = 7, Nz = 5 in
Fig. 5(d) at the same frequency. In particular, for the hyper-
bolic cavity mode C71 in the cavities with Nx = 4, Nz = 4
and Nx = 7, Nz = 5, the cavities have dimensions down to
(λ/17.5)2 and (λ/12) × (λ/17), respectively.

The near-field microwave photonic mode plays an
important role from long-distance communications to
quantum interactions. With the development of on-chip
miniaturized microwave photonic devices, the realiza-
tion of subwavelength optical mode localization becomes
a very important scientific problem. The technologies
require the miniaturization of cavities, which usually leads
to a decrease in the quality factor. Therefore, it is very
important and meaningful to evaluate the Q/V relation in

practical applications, where Q and V correspond to the
quality factor and mode volume (the length is normalized
to wavelength), respectively. For example, in the field of
sensors, the cavity is usually required to have high Q and
small V to increase the sensitivity of the sensor [66]. In
addition, there are the same requirements in microwave
resonance imaging [67] and miniaturized narrowband fil-
ters [68]. However, for the usual resonant structure, the
value of Q of the cavity mode tends to decrease with a
decrease in V. Fortunately, the miniaturized high-Q cav-
ity mode in the hyperbolic cavity provides a good solution
for the realization of large Q/V. In Fig. 7(c), for Nz = 5,
the Q/V values of the C11 cavity mode in the hyperbolic
cavities with Nx = 5 and Nx = 7 are 524.71 and 438.61,
respectively. The Q/V value of the cavity mode can be
effectively increased when the structure size is reduced
in the x direction. Similarly, in Fig. 7(d), for Nx = 7,
the Q/V values of the C11 cavity mode in the hyper-
bolic cavities with Nz = 1, Nz = 3, and Nz = 5 are 1822.73,
481.29, and 438.61, respectively. The Q/V value of the
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cavity mode can also be effectively increased when the
structure’s size is reduced in the z direction. In addition,
in Fig. 7(e), the Q/V values of the C11 cavity mode in
the hyperbolic cavities with Nx = 4, Nx = 4 and Nx = 7,
Nz = 5 are 1691.63 and 438.61, respectively. It is fur-
ther determined that Q/V can be effectively increased by
reducing the size of the hyperbolic cavity. Hence, the
experimental realization of magnetic hyperbolic cavities
on a planar circuit-based metamaterial offers great practi-
cal advantages in the technology and potential microwave
applications, such as high-sensitivity sensors, resonance
imaging, and miniaturized narrowband filters. In addi-
tion, the proposed circuit-based hyperbolic cavities give
important potential to accelerate the development of highly
integrated functional devices and circuits in the microwave
regime.

To end this section, experimental work demonstrating
the ASL of the circuit-based magnetic hyperbolic cavity is
discussed. The sample (same as that schematically illus-
trated in Fig. 1) and a schematic of the near-field detection
system are shown in Fig. 8(a). The size of the circuit-based
hyperbolic is Nx = 7, Nz = 5. In the experimental process,
signals are generated from a vector network analyzer (Agi-
lent PNA Network Analyzer N5222A). A subminiature
version A (SMA) connector that functions as the source
for the system is placed at the center of the sample as
a vertical monopole to excite the circuit-based prototype.
A small homemade rod antenna of 2 mm is employed to

measure the out-of-plane electric field Ey at a fixed height
of 1 mm from the planar microstrip. The measured nor-
malized Ey spectrum for the hyperbolic cavity is shown
in Fig. 8(b). In a certain frequency region, four cavity
modes can be seen and they are all marked based on the
mode order. The corresponding electric field Ey distribu-
tions are shown in Figs. 8(c)–8(f). In our experiments, the
sample is placed on an automatic translation device that
makes it feasible and accurate to probe the field distribu-
tion through near-field scanning measurements. The spatial
steps for near-field scanning are set at 1 mm in the x and
y directions. The field amplitudes are normalized accord-
ing to their respective maximum amplitude. The measured
field distributions of the cavity modes C71, C51, C31, and
C11in Figs. 8(c)–8(f), respectively, show that the higher
order mode is found at a lower resonant frequency, which
agrees well with the simulation results in Fig. 5. Therefore,
the anomalous mode-order property of the hyperbolic cav-
ity in the x direction is experimentally demonstrated in the
circuit-based system.

IV. NEAR-FIELD COUPLING BETWEEN TWO
HYPERBOLIC CAVITIES

Recently, technology has required the miniaturization of
cavities, and this usually leads to a decrease in Q. Specif-
ically, an alternative way to confine subwavelength light
with high Q is to use destructive interference in the regime

(a) (b)

(c) (d)

(e) (f)

FIG. 8. (a) Experimental
schematic of the TL-based hyper-
bolic cavity. Insets show the
amplified real structure photos of
HMM and background medium,
respectively. (b) Measured
normalized Ey spectra for the
hyperbolic cavity modes. (c)–(f)
Measured near-field distributions
of Ey at four different frequencies:
(c) 0.295 GHz (order C71),
(d) 0.331 GHz (order C51), (e)
0.401 GHz (order C31), and (f)
0.550 GHz (order C11). Order
number for each case is shown at
the lower left of each part.

044024-8



CIRCUIT-BASED MAGNETIC. . . PHYS. REV. APPLIED 13, 044024 (2020)

of bound states in the continuum (BIC) [69,70]. This mech-
anism is the result of the destructive interference between
two modes of the same cavity, which is mainly imple-
mented using high-index all-dielectric structures [69,70].
Here, we use the destructive interference between two
hyperbolic cavity modes to provide a completely different
approach, with the same the goals, to create simultaneously
a subwavelength and high-Q cavity. With the assistance
of the high-k modes, the hyperbolic cavity can overcome
the size limitations of the traditional cavity [34,35]. The
ultrasmall hyperbolic cavity can be used as a meta-atom,
which may be useful to study many interesting fields of
physics, such as the classical analogy of quantum optics
[71], non-Hermitian optics [72], and topological photonics
[73] in the near-field regime. In this section, the fundamen-
tal near-field coupling between two hyperbolic cavities is
studied. The model of a metamolecule constructed from
two hyperbolic cavities is shown in Fig. 9(a), where the

near-field coupling between the two cavity modes results
in frequency splitting. The size of each hyperbolic cavity
used in the section is Nx = 7, Nz = 1. In Fig. 9(b), the two
hyperbolic cavities are marked as cavity 1 and cavity 2.
Because the loaded lumped capacitors in the two cavities
are identical, C1 = C2 = 5 pF, the frequencies of the cav-
ity modes in the two hyperbolic cavities are the same. The
excitation source is placed at the center of cavity 1, which
can be directly excited. After cavity 1 is excited, it can
interact with cavity 2. The Ey spectra for cavity 1 alone and
the composite structure with the two cavities are shown in
Fig. 9(c). From the black dashed line, we can see cavity
mode C71 (0.7188 GHz) for cavity 1. When the two hyper-
bolic cavities are coupled, an EIT-like spectrum with an
EIT window of about f0′ = 0.7176 GHz appears. The EIT-
like spectrum originates from the interference between the
two identical hyperbolic cavities. The two typical split-
ting peaks at lower and higher frequencies correspond to

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 9. (a) Model of metamolecule constructed by two hyperbolic cavities. (b) Schematic of the TL-based structure with two hyper-
bolic cavities of the same size Nx = 7, Nz = 1 and C1 = C2 = 5 pF. (c) Simulated Ey spectra for the single hyperbolic cavity with
Nx = 7, Nz = 1 and the coupled structure in (b). Interaction between the two cavity modes leads to bonding and antibonding modes
in the whole coupled structure. (d)–(f) Simulated Ey spectra of the structure in (b) at three typical frequencies of the EIT spectrum.
(g)–(i) Corresponding surface current density distributions. Black lines (arrows) indicate the directions at the center of the cavities.
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(a) (b) FIG. 10. (a) Simulated Ey spec-
tra of cavity 1 (pink dashed line),
cavity 2 (orange dot dash line),
and the whole structure (green
solid line). Two cavities of the
same size Nx = 7, Nz = 1. How-
ever, there is a small detun-
ing of the lumped capacitor for
the two hyperbolic cavities C1 =
5 pF, C2 = 4.89 pF. (b) Magnifi-
cation of the curve of the normal-
ized narrow peak in (a).

f− = 0.7159 GHz and f+ = 0.7204 GHz, respectively. For
the two peaks in the spectrum, it can be seen that the local
fields are concentrated inside the two cavities in Figs. 9(d)
and 9(f). In particular, the bonding and antibonding modes
are formed at f− and f+, which are shown in Figs. 9(d)
and 9(f). From the dip in the spectrum, it is clear that
cavity 1 is weakly excited and the local field is mainly
concentrated inside cavity 2, as shown in Fig. 9(e). Figures
9(g)–9(f) indicate the corresponding surface current den-
sity of modes at f−, f0

′, and f+. The directions of the surface
current show that the bonding and antibonding modes form
at f− and f+. Black lines (arrows) indicate the directions at
the center of the cavities.

As mentioned above, an EIT-like response arises in the
composite structure with two identical hyperbolic cavi-
ties. If the loaded capacitors in cavity 2 are changed to
C2 = 4.89 pF, the frequency of cavity mode C71 in cav-
ity 2 changes to 0.7265 GHz. The individual Ey spectra of
single cavity 1 and single cavity 2 are marked by the pink
dashed line and orange dotted-dashed line in Fig. 10(a),
respectively. For the composite structure with two hyper-
bolic cavities, their corresponding modes couple with each
other and the symmetry of the spectrum will be broken,
which is marked by the solid green line in Fig. 10(a). It is
the interference of the above two cavity modes with differ-
ent frequencies that generates the Fano resonance [71,74].
Therefore, the spectrum of the Fano resonance experi-
ences a large change over a very narrow frequency range
because of the destructive interference between the two
hyperbolic cavity modes. The Q factor of the sharp reso-
nance is extracted from the intensity spectrum as 660 in
Fig. 10(b).

V. CONCLUSION

A circuit-based magnetic HMM based on the TL system
is set up in this work. Based on the planar structure, the
abnormal resonant property is experimentally observed to
be associated with the frequency, direction, and size; this
agrees with the theoretical predictions that the scaling laws
are anisotropic for different directions in the hyperbolic
cavities. An effective hyperbolic cavity is experimentally
fabricated and an ASL in the x direction is demonstrated.

Moreover, this ultrasmall hyperbolic cavity is used to con-
trol the spectral response based on near-field coupling. The
results for the circuit-based magnetic hyperbolic cavity not
only provide a good platform to study physical phenom-
ena, such as ASLs, but may also be very useful in various
applications in planar integrated microwave photonics,
such as high-sensitivity sensors, resonance imaging, and
miniaturized narrowband filters.
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