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Band engineering near Dirac points is an emerging topic in condensed matter physics and photonics,
enabling multifaceted devices of record-high conductivity and zero refractive index in both electronic and
photonic structures. Recently, an extended class of Dirac cone, type I, II, or III, has attracted much attention
with its controlled directionality of singular wave behaviors near the Dirac points. However, despite the
significance of the discovery and applications of each type of Dirac cone, the theoretical framework and
unified design structure bridging different types of Dirac cones have not been clearly elucidated. Here, we
propose a universal design platform for all types of photonic Dirac cones and reveal the key parameter
determining their types and transformations. Starting from the accidentally induced photonic Dirac cone,
we show that the inverse design of an optical potential landscape enables the deterministic control of the
spectral ordering, which leads to designer construction of each type of Dirac cone. This approach will
pave the way for the design of artificial degeneracies with tunable anisotropy for general wave systems.
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I. INTRODUCTION

A Dirac cone, a conical dispersion with point degener-
acy (Dirac point; DP), has been a focus of research in con-
densed matter physics with its unique property of massless
transport of electrons [1]. This novel feature, originating
from the sublattice symmetry in a honeycomb lattice, has
led to significant advances in high-performance graphene
electronics [2,3] and spintronics [4,5]. Because of the uni-
versality of band theory in wave phenomena, the physics
and applications of DPs have also been widely reproduced
in other wave systems, including photonic [6–9], phononic
[10,11], and circuit [12,13] structures. In particular, the
photonic Dirac cone (PDC), accidentally induced at the
�-point with an additional flat band, became a represen-
tative optical counterpart of massless electronic transport,
achieving amplitude-phase-conserved wave propagation
with a zero refractive index. The Dirac frequency in the
PDC then operates as an electromagnetic resonant fre-
quency where the effective electric and magnetic dipole
moments simultaneously cancel external fields, defining
the phase transition for optical materials between negative
and positive refractive indices [7,8].

The physics and its applications near DPs have been fur-
ther extended by imposing a perturbation on the perfect
conical band structure [Fig. 1(a)], which derives signifi-
cant phase change around the DP. For example, in quantum
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mechanics, a band-gap opening realized by broken time-
reversal symmetry with an external magnetic field gives
rise to nonzero Chern numbers and topological edge states
[14]. Similar band manipulations by artificial gauge fields
have also been reported with the emergence of nontrivial
spin Chern numbers and the analogy of the quantum spin
Hall effect in classical wave systems: photonics [15,16],
acoustics [17,18], and electric circuit systems [12,13]. Dif-
ferent classes of tilted Dirac cones have also attracted
much recent interest with their anisotropic Fermi surfaces.
In terms of the band slopes near DPs, Dirac cones are clas-
sified by type I, II, or III, each having opposite signs, the
same signs, or a zero of group velocities [Figs. 1(b)–1(d)],
resulting in different anisotropic Fermi surfaces (or isofre-
quency contours; IFCs) at the Dirac frequency [19,20].
While tilted type-I and type-III (as an extreme case of type-
I) DPs are realized by imposing smooth deformations on
structures in both quantum systems [21,22] and photon-
ics [20,23,24], it is only recently that type-II Dirac-Weyl
points with extreme nonreciprocity have attracted attention
[19,25], reproduced in photonics [26–29] and acoustics
[30–32]. While each type of tilted Dirac cone in given
structures has been well elucidated in terms of its mech-
anisms and behavior and is also considered a promising
platform for imposing directionality on Dirac cones, the
study of the relationships between different type of DPs in
terms of physics and platform compatibility is rare.

In this paper, we present an integrated analysis for all
types of tilted PDCs and thus achieve a universal design
framework to enable the deterministic realization of and
transition between different types of tilted Dirac cones.
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FIG. 1. (a) Band dispersion of a photonic Dirac cone with acci-
dental triple degeneracy ωs = ωpx = ωpy along the �X and �Y
paths. ωs and ωpx,py are the eigenfrequencies of a monopole and
dipoles at the �-point, and �, X (Y) are the reciprocal points in
the square Brillouin zone. (b)–(d) Schematics of vertical cross
sections for tilted PDCs: (b) type I, (c) type II, and (d) type III.

Starting from the effective Hamiltonian theory, we first
classify deformed band structures of the accidental PDC
[7] in terms of the spectral ordering of eigenvalues at the
�-point. We then propose a perturbative inverse-design
method that utilizes the spatial profile of a target eigen-
mode, achieving the successful generation of deformed
dispersions that cover all types of tilted PDCs. Under the
same template, we also study and reveal the frequency-
dependent topological transition of IFCs in the momentum
space. The effect of mirror symmetry breaking is also dis-
cussed in regard to the opening of the symmetry-protected
band gap.

II. EFFECTIVE HAMILTONIAN DESCRIPTION

Without loss of generality, we consider a two-
dimensional square-lattice photonic crystal consisting
of isotropic and nonmagnetic materials for transverse-
magnetic propagations. In these platforms, the application
of the k · p perturbation theory allows the approximation
of band structures in the vicinity of the �-point, using
eigenmodes and corresponding eigenfrequencies at the
�-point [33]. For nearly degenerate dipole modes |px,y〉
and monopole mode |s〉, the effective Hamiltonian for the
eigenvalue equation H(k) |uk〉 = ω(k) |uk〉 then becomes

H(k) =
⎡
⎣

ωs vxkx vyky
vxkx ωpx 0
vyky 0 ωpy

⎤
⎦ , (1)

where the diagonal terms (ωs and ωpx,py) are the unper-
turbed eigenfrequencies of a monopole and x and y dipoles
at the �-point, respectively, satisfying H(0) |s〉 = ωs |s〉
and H(0) |px,y〉 = ωpx,py |px,y〉. The off-diagonal terms
(vxkx and vyky) are k-dependent perturbations to the �-
point Hamiltonian with group velocity coefficients vx,y
[34]. For other lattice structures such as hexagonal [16]
and rhombic [35] lattices, a similar formulation using their
eigenmodes can be developed in a similar way.

For simplicity, we focus on the band structures along the
kx axis (ky = 0). Along this axis, Hamiltonian H is decom-
posed into a 1 × 1 scalar operator for the py mode and a
2 × 2 Hamiltonian matrix for the coupled s and px modes.
Three bands of the Hamiltonian are then obtained as a
decoupled flat band ωflat(kx; ky = 0) = ωpy and the other
coupled bands:

ω±(kx; ky = 0) = ωs + ωpx ± √
(ωs − ωpx)2 + 4v2

x k2
x

2
(2)

with corresponding eigenmodes |flat〉 = |py〉 and |±〉 =
c(±)

s |s〉 + c(±)
px |px〉 for some normalized coefficients c(±)

s

and c(±)
px . We note that the geometry of the coupled bands

ω± near the �-point is mainly determined by the “diago-
nal” components ωs and ωpx,py of the Hamiltonian.

According to Eq. (2), we note that three-level band
structures of PDCs can be generally classified into the
following five regimes, with respect to �-point spectral
distributions: (A) ωpx = ωpy = ωs [Fig. 1(a)], (B) ωpx =
ωpy < ωs [Fig. 2(a)], (C) ωpy < ωpx < ωs [Fig. 2(b)], (D)
ωpy < ωpx = ωs [Fig. 2(c)], and (E) ωpy < ωs < ωpx [Fig.
2(d)]. In terms of this spectral ordering, it now becomes
easier and clearer to classify different types of PDC. First,
class A, known as the accidental degeneracy [7,8], cor-
responds to the type-I PDC with an additional flat band
[green band in Fig. 1(a)]. Classes B–E correspond to the
deformed dispersion of the accidental PDC (class A). Typi-
cal C4v-symmetric photonic crystals exemplify case B with
parabolic dispersions due to nonzero ωpx,py − ωs [Fig. 2(a)]
[36], while case D signifies the directional Dirac dispersion
at the �-point [37]. In view of the inverse-design approach
of the PDC, which will be expanded in Sec. III, it is worth
mentioning that the �-point eigenfrequencies ωpx,py and ωs
strongly affect the effective electric and magnetic responses
of materials and the detailed band geometry [37,38]. Also
see Note S1 within the Supplemental Material [39].

Classifying the various dispersions of deformed PDC
structures with the single Hamiltonian formulation, we
search for the variations of tilted PDCs. For anisotropic
classes C–E with broken C4v symmetry, type-III PDCs
can be achieved away from the �-point [black circles and
arrows in Figs. 2(b)–2(d)]. As an example, we consider
the emergence of a type-III PDC in class D of �ωpy =
ωpy − ωs < 0 [Fig. 2(c)], away from the �-point. For this
case, since the band dispersions are given by ωflat(kx; ky =
0) = ωpy and ω±(kx; ky = 0) = ωs ± |vxkx| from Eq. (2),
there exists a single intersecting point between ω−(kx; ky =
0) and ωflat(kx; ky = 0) bands at kx = kx0 ≡ |�ωpy/vx|. In
contrast, a nonzero ky in the effective Hamiltonian leads to
anticrossing between two bands with the frequency split-
ting |ω− − ωflat| ∼ √

2vyky with mode coupling [Fig. 2(e);
also refer to Appendix A for the derivation]. The cross-
ing and anticrossing depending on ky prove that there is
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FIG. 2. (a)–(d) Deformed band structures with �-point spectral
distributions ωpx = ωpy < ωs, ωpy < ωpx < ωs, ωpy < ωpx = ωs,
and ωpy < ωs < ωpx, respectively. The dotted circles and arrows
in (b)–(d) indicate the emergence of type-III PDCs through
anisotropic deformations. (e) Projections of band structures on
the normalized kx-ω plane, near the type-III PDC in (c), describ-
ing the band crossing and anticrossing depending on the val-
ues of ky . The graded color of lines represents the values of
normalized ky .

a point degeneracy at k = (kx0, 0) for the formation of a
PDC. Because of the zero group velocity ∂ωflat/∂kx = 0,
the band structures near this band-crossing point are clas-
sified as type III, which is also discussed in a similar way
in Ref. [20]. We further note for later discussions that the
bending of the flat band ωflat(kx) also allows the transition
of type-III PDCs to type-I or type-II PDCs. Most impor-
tantly, we show that this transition between different types
of the PDCs can be controlled by the spectral separation
�ωpx,py ≡ ωpx,py − ωs.

III. INVERSE DESIGN OF TILTED DIRAC CONES

To achieve the optical potential for the target Hamil-
tonian in Eq. (1), we apply the inverse molding of the
potential landscape from the spatial profile of an eigen-
mode, which has been adopted in the design of disordered
structures [40], non-Hermitian potentials [41], and the
transverse spin of light [42]. For the Helmholtz equation
[∇2 + k2

0ε(r)]Ez(r) = 0, the target profile of the Bloch
wave Ez(r) = eik·ruk(r) at the design point (k, ω) provides
a necessary landscape of permittivity in a unit cell:

ε(r) = (k2 − ∇2)uk − 2ik · ∇uk

k2
0uk

, (3)

(r
)
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FIG. 3. (a) Dielectric rod structure on a square lattice (radius
r0 = a/5, dielectric constant ε = 12.5) [7] as a seed potential
for class A in Fig. 1(a). (b) Three eigenmode profiles (one
monopole s0 and two dipoles px0,y0) at the �-point for the poten-
tial in (a), with degenerate eigenfrequency ωa/2πc = 0.541.
(c)–(e) Inverse design schematics. (c) The unperturbed PDC
potential ε0(r) (lower) and its s-mode profile (upper). (d) The
C2v-symmetric perturbation function f (r) with control param-
eters δx and δy . (e) A new target s-mode profile (upper) and
the inversely designed potential with the fixed eigenfrequency
ωs = ωs0 (lower). The target mode is defined by multiplying the
perturbation function f (r) with the unperturbed s-mode profile.

where k = |k|, k0 = ω/c, and the modal profile inside the
unit cell uk(r) has the same periodicity as ε(r). For the
three eigenmodes [Fig. 3(b)], the inverse design process
allows the designer alteration of the two px,y eigenmodes
and their eigenfrequencies using the spatial profile of target
s mode us(r) = 〈r|s〉.

In detail, we introduce a C2v-symmetric perturbation
f (r) [Fig. 3(d)] to the s mode of the potential [Fig.
3(c)] for class A [Fig. 1(a)]. This wave function pertur-
bation on a target eigenmode |s〉 = exp[f (r)] |s0〉 [Fig.
3(e), upper] then leads to the designed potential landscape
ε(r) [Fig. 3(e), lower], with Eq. (3) at fixed momentum
and frequency (k, ω) = (0, ωs0). We emphasize that the
inverse-designed potential from this C2v-symmetric pertur-
bation maintains the original C2v symmetry while keeping
the orthogonality between the bases of the Hamiltonian in
Eq. (1). Critically, their mode frequencies are adjusted by
the modified effective index for each mode, in such a way
to derive the nonzero dipole resonance shifts �ωpx,py �= 0
and the zero monopole mode resonance shift �ωs = 0,
thereby breaking the accidental degeneracy. To achieve
the target �ωpx,py , we utilize parameters (δx, δy) that sep-
arately determine the strength of the perturbation f (r) in
each axis, as described in Appendix B with detailed numer-
ical treatment. See also Note S2 within the Supplemental
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FIG. 4. Inverse design of the deformed structures using parameters (δx, δy). (a) Contour lines of the modal separations �ωpx,py
as a function of (δx, δy). The phase diagram in (δx, δy) space represents the deformation classes A–E. Representative design points
P1 = (0.03, −0.48), P2 = (−0.06, 0.52), and P3 = (−0.02, 0.06) correspond to the type-I-, type-II-, and type-III-like DPs. Design
point Q = (−0.20, −0.46) corresponds to another DP in relation to mirror symmetry breaking in Sec. IV. (b)–(d) Potential differences
�ε(r) = ε(r) − ε0(r) inversely designed from P1,2,3, respectively. Circles indicate the size and the position of the seed rods. (e)–(g)
Band dispersions along the kx axis of photonic crystals corresponding to P1,2,3. (h)–(j) Band dispersions near the DPs with IFCs (black
dots) around the Dirac frequencies for P1,2,3, respectively.

Material [39] for a dipole-based design approach, where
the perturbation is applied to the px mode.

To verify the proposed idea, the dipole frequency shifts
�ωpx,py are calculated with the finite element method
(FEM) [43] as a function of (δx, δy). The contours of
modal separations �ωpx (dashed lines) and �ωpy (solid
lines) in Fig. 4(a) are almost perpendicular to the δx
and δy axes, respectively, proving the nearly indepen-
dent control of ωpx and ωpy with respect to the fixed ωs.
We emphasize that all five classes discussed in Figs. 1
and 2 are classified as different regimes in the (δx, δy)

plane [Fig. 4(a): �ωpx = �ωpy = 0, point A; �ωpx =
�ωpy , line B; �ωpx�ωpy = 0, lines D; gray and yel-
low regions C, E], proving the emergence of entire
classes of the deformed structures within a single plat-
form.

Because the flat band has a nonzero curvature in a
real structure, especially for large k values, other types
of PDC having a positive or negative slope are expected
to emerge, as derivatives of type III. For precise analy-
sis beyond the k · p effective Hamiltonian for large k, we
use the FEM in the analysis of the dispersions. The result
of the FEM analysis produces a small but positive group
velocity 0 < ∂ωflat/∂kx 	 |vx| as expected, providing an
additional degree of freedom for the design of tilted PDCs.
For instance, we consider three cases P1,2,3 of deformation,
class D in Fig. 4(a), having �ωpya/2πc = +0.02, −0.02,

and +0.003 [Figs. 4(e)–4(g)], respectively, while preserv-
ing �ωpx = 0. As shown in Figs. 4(e)–4(g), the dispersion
and type of the PDC are then controlled by �ωpy , which
determines the relative position of the flatlike band fre-
quency: below, above, or near the frequency ωs = ωpx ∼
0.541 × 2πc/a for points P1,2,3, respectively. The flat band
for each point then intersects with different dispersion
bands having opposite slope ω±(kx) ≈ ωs ± |vxkx|: P1 for
ω+ and P2,3 for ω−. Further, it is noted that these spec-
tral relations follow the general classification of the tilted
PDCs: type I [∂ωflat/∂kx > 0, ∂ω−/∂kx < 0, Fig. 1(b)] for
P1, type II [∂ωflat/∂kx > 0, ∂ω+/∂kx > 0, Fig. 1(c)] for
P2, and type III [∂ωflat/∂kx ∼ 0, ∂ω+/∂kx > 0, Fig. 1(d)]
for P3. Further discussions on the control of the group
velocity ∂ωflat/∂kx [44] are given in Note S3 within the
Supplemental Material [39].

Furthermore, each type of achieved PDC leads to
the different classes of the topological transition in k
space [42,45,46] around the DPs: elliptic-to-elliptic [Fig.
4(h)], hyperbolic-to-hyperbolic [Fig. 4(i)], and asymmet-
ric hyperbolic-to-hyperbolic [Fig. 4(j)] transitions, respec-
tively, for types I–III. Thus, the successful design of
all types of PDCs in a single platform and the sub-
sequent tunable topological transition in the momentum
space are proved, importantly, in addition to signifi-
cantly distinct IFCs at the Dirac frequency (single-point,
two-line, and asymptotically single-line IFCs in types
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I–III, respectively). We emphasize that the distinctive IFC
of each Dirac cone is determined by the separation of
participating states [yellow, green, or blue colors in Figs.
4(e)–4(g)]; type I and II each shows the ω-domain and
k-domain separation of states, respectively, while type
III presents the simultaneous separation in both k and ω

domains. Near these distinctive IFCs, a significantly dif-
ferent momentum distribution around the original DP can
be achieved even with the small frequency shift of the
flat band. Although the observed transition corresponds
to the small-signal momentum perturbation around the
Dirac momentum state, when the time-reversal symme-
try is broken and thus a similar transition can occur at the
�-point DP, the abrupt material phase transition with pos-
itive (elliptic) to negative (hyperbolic) refraction can also
be realized with broken reciprocity.

IV. BAND-GAP OPENING IN TILTED PDCs

Band-gap opening at the DPs arises from the introduc-
tion of symmetry breaking, which leads to anticrossing
of the degenerate bands, such as the inversion symmetry
in a honeycomb lattice [47,48] or a square lattice [24].
The transition from Dirac cones with linear dispersions to
band gaps with parabolic dispersions has enabled various
practical applications in graphene switching devices [49]
and tuning of Purcell factors [50]. In the proposed univer-
sal platform, we investigate the realization of a band-gap
opening in tilted PDCs by breaking the mirror symmetry
of C2v . We impose the following modification: δx,y(1 ±
ρx,y) on the original perturbation for the type-III PDC

(a) (b) (c)
y

x
x(1– x)

x(1+ x) 0 1(d) (e) (f)

yx

x,y

FIG. 5. (a)–(c) The profiles of mirror-symmetry-broken per-
turbations: (a),(c) perturbation functions f (r) obtained with the
asymmetry parameters ρx or ρy for the mirror symmetry break-
ing of (b) the original C2v-symmetric perturbation function f (r).
(d)–(f) Corresponding dispersion relations of the lowest two
bands for (a)–(c): (d),(f) the variations of the dispersion relations
with gradual increases in ρx,y ≤ 1, from (e) the dispersion rela-
tions for the perturbation point Q in Fig. 4(a). The rectangle in
(e) shows the magnified range for (d),(f).

[Fig. 5(b)] to obtain new mirror-symmetry-broken pertur-
bations [Figs. 5(a) and 5(c)], where ρx,y allows the mirror-
asymmetric potential in the unit cell. Due to the inherent
anisotropy of the tilted PDC, the response of the PDC to
the mirror-symmetry-broken modification is different for
each case of ρx �= 0 and ρy �= 0. First, for |flat〉 = |py〉 and
|±〉 = cs |s〉 + cpx |px〉 with arbitrary coefficients cs and
cpx, the y-directional symmetry breaking (ρy �= 0) for the
original PDC [Fig. 5(e)] derives the anticrossing on the
kx axis [Fig. 5(f)] through the coupling between |py〉 and
|s〉 of each band, leading to the band-gap opening. How-
ever, the x-directional symmetry breaking almost preserves
the original PDC [Fig. 5(d)] due to the conservation of
the orthogonality between |py〉 and |s〉 (or |px〉) (refer to
Appendix C for derivation).

V. CONCLUSION

To summarize, we successfully design all types of tilted
PDCs in a single platform of a square-lattice photonic crys-
tal by developing a Hamiltonian-based analysis in view
of the inversely designed spectral ordering. Specifically,
we first classify the deformed band structures of the triply
degenerate PDC and then verify the inverse-design method
for the complete and deterministic design of optical struc-
tures. Through this process, the design of type-I, type-II,
and type-III PDCs on the kx axis is achieved by exploit-
ing the nonzero slope of the flat band, achieving a tunable
topological transition in k space. The effect of mirror sym-
metry breaking in relation to band-gap opening is also
addressed for prospective applications. By extending our
proposal to non-Hermitian systems of larger design free-
dom [34,35], we expect the realization of and transition
between different types of Fermi arcs in a single platform.
Likewise, by exploiting time-reversal symmetry breaking,
our approach should be applicable to the design of a tilted
PDC with extreme nonreciprocity at the �-point, which
derives the unidirectional material phase transition around
the zero index.
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APPENDIX A: DERIVATION OF BAND
ANTICROSSING NEAR A TYPE-III DIRAC POINT

The effective Hamiltonian for the deformation class D
(without loss of generality, ωs = ωpx > ωpy) can be written
using the �-point basis as the sum of on-axis Hamiltonian
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for ky = 0 and the other terms:

H(k) = Haxis + V =
⎡
⎣

ωs vxkx 0
vxkx ωs 0

0 0 ωpy

⎤
⎦

+
⎡
⎣

0 0 vyky
0 0 0

vyky 0 0

⎤
⎦ . (A1)

The unperturbed Hamiltonian Haxis has three eigenfrequen-
cies ω±(kx) = ωs ± |vxkx| and ωflat(kx) = ωpy with corre-
sponding eigenmodes |±〉 = [1 ±1 0]T/

√
2 and |flat〉 =

[0 0 1]T, which form a single intersection point between
the bands of ω− and ωflat, at kx = kx0 ≡ |(ωs − ωpy)/vx|.

For the perturbation with nonzero ky , the first-order
degenerate perturbation theory [33] derives the matrix
elements of V with regard to |−〉 and |flat〉 as

〈−|V|−〉 = vyky

2
[

1 −1 0
]
⎡
⎣

0 0 1
0 0 0
1 0 0

⎤
⎦

⎡
⎣

1
−1
0

⎤
⎦

= 0 (A2)

and 〈flat|V|flat〉 = 0, 〈−|V|flat〉 = 〈flat|V|−〉 = vyky/
√

2
in a similar way. Using the basis W = {|−〉 , |flat〉}, the
perturbation is represented by

[V]W = vyky√
2

[
0 1
1 0

]
, (A3)

which splits the degenerate frequency by new eigenvec-
tors and corresponding eigenvalues: ω↑ = vyky/

√
2, ω↓ =

−vyky/
√

2, |↑〉 = (|−〉 + |flat〉)/√2, and |↓〉 = (|−〉 −
|flat〉)/√2. The band anticrossing near the DP is then
given by |ω↑ − ω↓| = √

2|vyky |, which originates from the
coupling of the degenerate modes at the DP.

APPENDIX B: PERTURBATIVE INVERSE DESIGN
METHOD

We employ a C2v-symmetric multiplicative perturbation
function f0(r) with parameters (δx, δy):

f0(r) = δx

[
φ

(
x − d

σ
,

y
σ

)
+ φ

(
x + d

σ
,

y
σ

)]

+ δy

[
φ

(
x
σ

,
y − d

σ

)
+ φ

(
x
σ

,
y + d

σ

)]
, (B1)

where d = a/3, σ = 0.035a, and φ(ξ , η) = e−(ξ2+η2)/2.
Because our design is restricted in the finite unit cell
r ∈ [−a/2, a/2]2 with periodic boundary conditions, we

use a differentiable form at the boundary (∂f /∂n ∼ 0) by
symmetrizing for the boundary:

f (r) =
∑

R

f0(r − R), (B2)

where R = a(nx, ny) represents a few lattice vectors for
integers nx,y = 0 or ±1.

APPENDIX C: EFFECT OF MIRROR SYMMETRY
BREAKING

In this appendix, we examine quantitatively the effect of
mirror-asymmetric function. For example, broken mirror
symmetry in the y direction can be achieved by rewriting
the perturbation function in Eq. (B1) as

f0(r) = δx

[
φ

(
x − d

σ
,

y
σ

)
+ φ

(
x + d

σ
,

y
σ

)]

+ δy(1 + ρy)φ

(
x
σ

,
y − d

σ

)

+ δy(1 − ρy)φ

(
x
σ

,
y + d

σ

)
(C1)

with nonzero asymmetry parameter ρy . This modifies the
on-axis Hamiltonian in Eq. (A1) to

Haxis = H (0)

axis + Vy =
[
H (0)

axis + V(+)
y

]
+ V(−)

y = H ′
axis + V(−)

y ,

(C2)

where

H (0)

axis =
⎡
⎣

ω(0)
s v(0)

x kx 0
v(0)

x kx ω(0)
px 0

0 0 ω(0)
py

⎤
⎦ (C3)

is the kx-axis Hamiltonian when ρy = 0, Vy is the per-
turbation by turning on the parameter ρy , V(±)

y = (Vy ±
PyVyPy)/2 are the even (+) and the odd (−) part of
Vy with respect to y-inversion operator Py , satisfying
V(±)

y Py = ±PyV(±)
y , and

H ′
axis =

⎡
⎣

ωs vxkx 0
vxkx ωpx 0

0 0 ωpy

⎤
⎦ (C4)

is a new kx-axis Hamiltonian in which the even part of
perturbation V(+)

y is taken into account for a new set of
�-point eigenfrequencies (ωs, ωpx, and ωpy) and velocity
coefficients (vx, vy). It is noted that the nonzero ρy cannot
ensure that the perturbation is fully odd; however, the even
part V(+)

y does not change the symmetric properties signif-
icantly because it is still C2v-symmetric due to even parity
in x direction as well as y direction.
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The perturbation by the odd part V(−)
y is applied to the

DP on the kx axis, which is defined by the new Hamil-
tonian H ′

axis. Without loss of generality, the DP is made
up of two degenerate states |−〉 = cs |s〉 + cpx |px〉 and
|flat〉 = |py〉 with arbitrary coefficients cs and cpx. From
symmetry considerations of V(−)

y such that V(−)
y (x, y) =

+V(−)
y (−x, y) = −V(−)

y (x, −y) in the position-space repre-
sentation, we obtain the following matrix elements:

〈−|V(−)
y |flat〉 = c∗

s 〈s|V(−)
y |flat〉 �= 0 (C5)

due to the fact that
∫ a/2

−a/2
u∗

pxV(−)
y upy dx = 0,

∫ a/2

−a/2
u∗

s V(−)
y upy dx(dy) �= 0,

(C6)

while 〈−|V(−)
y |−〉 = 〈flat|V(−)

y |flat〉 = 0. The nonzero off-
diagonal matrix element 〈−|V(−)

y |flat〉 thus means the band
anticrossing even on the axis.

On the other hand, the Hamiltonian with broken x mirror
symmetry is written as

Haxis = H (0)

axis + Vx =
[
H (0)

axis + V(+)
x

]
+ V(−)

x = H ′
axis + V(−)

x

(C7)

for a modified perturbation function with nonzero ρx:

f0(r) = δy

[
φ

(
x
σ

,
y − d

σ

)
+ φ

(
x
σ

,
y + d

σ

)]

+ δx(1 + ρx)φ

(
x − d

σ
,

y
σ

)

+ δx(1 − ρx)φ

(
x + d

σ
,

y
σ

)
. (C8)

In this case, the matrix elements are determined by

〈−|V(−)
x |−〉 = 2 Re 〈s|V(−)

x |px〉, (C9)

which is not necessarily zero, and 〈flat|V(−)
x |flat〉 =

〈flat|V(−)
x |−〉 = 0 from similar symmetry considerations

with Eq. (C6). There is a significant difference from the
previous case of y mirror symmetry breaking; the possi-
bly nonzero matrix element in Eq. (C9) is at the diagonal
position, which just shifts the band ω− but does not lead
to the coupling between the two bands. Therefore, they
still maintain the “crossing” state. The FEM calculations
in Figs. 5(d) and 5(f) verify this result.
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