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Tunable disorder-engineered materials offer the opportunity to add functionalities for finely tailored
dynamic wave control to applications inevitably or voluntarily based on random materials. Exciting
prospects are tailored channel matrices that optimally multiplex information on multiple incoming spatial
channels across multiple spatial or configurational channels on the receive side. Here we demonstrate the
latter at microwave frequencies based on a chaotic cavity equipped with tunable reflect-array metasurfaces
that are configured using a judiciously tailored coding sequence. The results have immediate technological
relevance in computational imaging and sensing, since they enable the single-port acquisition of large-
aperture spatial information with the lowest possible latency and processing burden. A reduction of the
necessary number of measurements by a factor of 2.5 compared with state-of-the-art approaches is found
in in situ experiments. The proposed concept and platform set the stage for “on-demand” realizations of
desired channel-matrix properties and provide fundamental insights into the role of engineered disorder in
the interplay of different types of degrees of freedom in mesoscopic physics. The principle is also expected

to inspire novel multimode-fiber-based tailored-multiplexing schemes in the optical domain.
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The multiplexing of information carried by waves
as the waves interact with a complex material (e.g., a
multiply scattering layer, a chaotic cavity, a multimode
fiber) is a phenomenon underpinning crucial applications
such as communication, imaging, and energy transfer [1].
Across disciplines, initial wave-engineering efforts sought
to compensate for this information scrambling by shap-
ing the waves incident on the medium. Examples include
time-reversal focusing pioneered in acoustics [2], beam
forming for wireless communication at radio frequen-
cies [3], and wave-front shaping in the optical domain
[4,5]. Later, it became clear that a material’s complex-
ity offers wave-manipulation possibilities beyond those
available in homogeneous media, leading to applications
in which materials causing wave scrambling are intro-
duced on purpose. For instance, subwavelength focusing
in optics [6], multispeaker listening in acoustics [7], and
computational microwave imaging [8,9] are all enabled by
deliberately harnessing a complex medium’s property to
scramble waves in a seemingly arbitrary manner.

Computational microwave imagers leverage a special
case of information scrambling: multiplexing of spatial
information with spectral measurement diversity (see
Fig. 1). Waves carrying spatially encoded information
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about the scene are scrambled by a complex medium and
the resulting field is probed at a single position at multi-
ple independent frequencies. This circumvents the need for
coherent measurements across large apertures, which are
notoriously difficult at radio frequencies. The underlying
mechanism is the complete mixing of degrees of free-
dom (DOF) in complex media irrespective of their nature
(e.g., spatial, spectral, polarization), which had previously
been evidenced in demonstrations of temporal focusing
using spatial DOF and vice versa [10—13]. The frequency
diversity of pioneering materials and devices used for
multiplexing in the context of computational microwave
imaging relied on metamaterial apertures [8,14] or chaotic
cavities [9,15,16] with small spectral correlation lengths.
More recently, the use of engineered disordered mate-
rials rather than just seemingly arbitrary complex media
is emerging in wave engineering. The disorder can be
engineered either from scratch [17,18] or through the
addition of a tuning mechanism to an initially random
medium [19-23]. In the microwave domain, the latter was
enabled largely through the emergence of tunable meta-
surfaces. These artificially engineered ultrathin structures
can control electromagnetic wave fronts in a reconfig-
urable manner and are known as “tunable-impedance sur-
faces” [24], “programmable-coding metasurfaces” [25], or
“spatial microwave modulators” [26]. Combining the
tunable-metasurface concept with the complexity of a
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FIG. 1. Principle of information multiplexing with different
types of measurement diversity. A complex medium scrambles n
pieces of spatially (rrx;, blue) encoded information. To recover
these inputs, the scrambled wave field is probed with p inde-
pendent measurements, which can be of spatial nature (rgrx;,
blue) or spectral nature (f;, red) or can correspond to different
configurations of the complex medium (PC;, green).

chaotic cavity yields what we refer to as a “programmable-
coding metacavity” (PCM) in this work: by partially cov-
ering the cavity walls with a reconfigurable reflect-array
metasurface as shown in Fig. 2(a), the cavity bound-
ary conditions become programmable, thereby offering
large control over the cavity wave field [26—28]. Since
a sequence of random PCM coding patterns results in a
series of mutually distinct fields inside the PCM, the notion
of programmable-coding (PC) measurement diversity can
be introduced [29-31].

This novel type of DOF enabled a refinement of
computational microwave imaging toward single-port
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FIG. 2. (a) The programmable coding metacavity (PCM) is an
irregular metallic cavity containing scattering objects and two
walls are covered by reconfigurable reflect-array metasurfaces.
(b) Eight signals, modulated in situ by eight in-phase and quadra-
ture (IQ) modulators, excite the cavity via eight antennas. A ninth
antenna probes the resulting cavity wave field for different PCM
configurations.

single-frequency operation by multiplexing spatial infor-
mation across a sequence of random PCM coding patterns
[29] (see Fig. 1). However, to date the use of PCMs has yet
to reap all the benefits offered by the device’s programma-
bility. Rather than solely generating a random channel
matrix, the PCM can serve as an intelligent platform to
custom-tailor the channel-matrix properties through a judi-
ciously chosen coding sequence. Using a tailored coding
sequence rather than a random coding sequence does not
entail additional hardware cost (both rely on the same
PCM) or any speed penalty during operation (both rely on
time-sequential measurements).

In this Letter, we report an experimental study of
custom-tailoring the space-to-PC channel matrix in a PCM
through an optimized coding sequence, considering for
concreteness the example of analog multiplexing of spa-
tial information across PCM states. This specific scenario
is relevant to computational imaging [29-32] as well
as other microwave sensing and metrology applications,
such as antenna-array characterization. We show that to
match key performance metrics of a channel matrix con-
structed from a tailored PCM coding sequence, one would
have to use a significantly longer random PCM coding
sequence, entailing longer acquisition times, greater power
consumption, and a larger processing burden. The under-
lying framework, however, is more general and can be
applied to a number of other desirable channel-matrix
properties in other contexts [33] that can impact future
wave-engineering efforts.

To formalize the concept, we turn to the usual matrix
formalism Y = HX + N, where the channel matrix H links
the n incoming spatially encoded pieces of information
entering the PCM, X, to the p outgoing measurements
with PC diversity through which information is extracted,
Y. N denotes the measurement noise vector. The outgoing
PC-diverse measurements are taken in a time-sequential
manner: each measurement corresponds to a different PCM
configuration from the p-element coding sequence; thus,
each row of H is part of a different system’s scatter-
ing matrix S. This observation differentiates space-to-PC
multiplexing from space-to-space multiplexing (encoun-
tered, for instance, in wireless communication), where the
entire channel matrix is part of a single system’s scattering
matrix. The profound implications of this difference for the
control over H that can be achieved by judiciously tuning
the system’s randomness [22] will become clear later.

In analog multiplexing, the overarching goal is to mini-
mize the error of the reconstruction of the incoming spatial
information. For the sake of generality, we do not assume
any a priori knowledge of X or the sensing task motivat-
ing us to recover X in the following [34,35]; moreover, we
take H to not be underdetermined (i.e., p > n). Then, the
lowest achievable normalized mean squared error (NMSE)
x of a reconstruction via Tikhonov regularization [36] can
be shown [37] to be directly related to the singular-value
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(SV) spectrum of the channel matrix:

1 1
= S 1
X nglﬂlgp (1)

where o; is the ith SV of H, p = | X||?/n¢? is the
signal-to-noise ratio (SNR), and ¢ = ||N||//p. The recon-
struction is thus mainly corrupted by the smallest SVs,
which are strongly affected by noise. Ideally, the SV
spectrum would therefore be as flat as possible with
SV magnitudes as large as possible. Since most prac-
tical systems yield a downward-sloping SV spectrum,
a conventional method to strengthen the weakest SVs
relies on resorting to an overdetermined system (p > n)
because the smallest normalized SV scales with y = p/n

as omin/\/(1/n) Y1, 02 = 1 — /1]y [38]. However, this

strategy entails costs associated with more measurements.
Moreover, the parameter p does not offer flexible and pre-
cise control over the SV spectrum. In contrast, with a judi-
ciously chosen PCM coding sequence, the channel-matrix
properties can be tailored almost at wish and without using
more measurements.

Without knowledge of the SNR and the exact bounds
on realizable SV distributions in a given PCM, an opti-
mal accessible SV spectrum cannot be derived analytically
from Eq. (1). We hypothesize that at moderate SNRs,
maximizing the flatness of the SV spectrum will yield
significant improvements of the reconstruction quality by
lifting the smallest SVs above the noise level without sig-
nificantly deteriorating the strongest SVs. Our focus on
moderate SNRs is justified since at very high SNRs the
smallest SVs are not significantly affected by noise any-
way, while at very low SNRs even the strongest SVs are
substantially perturbed by noise. To quantify the flatness,
we compute the “effective rank” [39] of the channel matrix:
Reff = eXp (— er‘lzl 6',‘ In 5’1‘), where 5’,‘ = O’l‘/ Z?:l gj. This
metric, essentially the entropy of the SVs, should not
be confused with the matrix rank: only a perfectly flat
SV spectrum corresponds to Regy = n. Rer iS @ noninteger
quantity suitable for optimization.

Our experimental setup, depicted in Fig. 2 and detailed
in Ref. [37], consists of a metallic cavity that con-
tains scattering objects and two of its walls are cov-
ered with reconfigurable reflect-array metasurfaces. Here,
n = 8 monopole antennas inject signals that are individ-
ually modulated in situ in phase and amplitude into the
PCM, while a ninth antenna probes the scrambled wave
field. Given the lack of a forward model linking the cod-
ing sequence to the resulting channel matrix, we opt for an
experimental iterative optimization of the coding sequence
as detailed in Ref. [37].

The average downward-sloping SV spectrum of a
space-to-PC channel matrix based on a random coding

sequence is shown in Fig. 3(a). In an ideal PCM, a per-
fectly stirred open chaotic system with considerable loss,
one would expect to obtain entries of H distributed as inde-
pendent zero-mean Gaussian random variables (Rayleigh
model) [40,41]. For finite n, such a random matrix has
nonvanishing correlations between its rows. Hence, mea-
surements with a random coding sequence inevitably con-
tain some redundant information that does not help to
recover X, and consequently the effective rank of such a
matrix is never full. We show in Ref. [37] that (R.x) =
0.8n for a random »n x n matrix. Although the distribu-
tion of the corresponding eigenvalues of H in the inset
appears to be roughly uniform upon visual inspection, the
average effective rank R.g = 5.7 £ 0.3 is clearly below
the value of 6.5 £ 0.2 expected for a random matrix. We
attribute this to the persistence of an unstirred field compo-
nent in the PCM yielding even more correlations between
different rows of H (see Ref. [37]), adding more redun-
dancy and ultimately resulting in an even lower effective
rank. As a consequence, the strongest SV is detached
from the others (see also the SV distribution in Fig. S5
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FIG. 3. Dynamics and outcome of tailoring the channel
matrix. (a) SV spectra for random channel matrices with y = 1
and y = 2.5 (averaged over 25 realizations), as well as for a
channel matrix with y = 1 tailored to maximize R or 7, respec-
tively. The shaded areas indicate the standard deviations for the
cases with random coding sequences. The insets indicate the dis-
tribution of the eigenvalues A; of H in the complex plane for 25
random channel matrices with y = 1 (top left), for the channel
matrix tailored to maximize Ry (top right), and for the chan-
nel matrix tailored to maximize T (bottom). For reference, an
orange circle is indicated, whose radius is the average magnitude
of the eigenvalues for the channel matrix tailored to maximize
R.. (b) Evolution of Rt (top row) and 7 (bottom row) over
the course of the iterative optimization of the coding sequence
to maximize Reg (left column) or 7 (right column). The shaded
area and the continuous black line indicate the standard deviation
and average, respectively, of the values of Ry and T obtained
in 100 random realizations. cod. seq., coding sequence; max.,
maximize.
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[37]). Upon increasing y = p/n from unity to 2.5, the
SV spectrum is shifted upward but retains its downward-
sloping character. Increasing y raises the effective rank to
6.6 £ 0.2 and raises the “transmittance,” defined as 7 =
S 2 Hy P =30 of, from 0.11 £ 0.01 10 0.28 &
0.03.

Example dynamics of the iterative tailoring of the
coding sequence to maximize the effective rank can be
seen in Fig. 3(b) to converge to the optimum of Ry =
n = 8 after roughly 1200 iterations. Very similar results
are obtained in multiple repeats. We observe in Fig. 3(b)
that 7' decreases slightly as we maximize R.g, however
not below the minimum value obtained with 100 random
coding sequences. Indeed, the final value of 7= 0.09 is
only slightly below the average value for a random cod-
ing sequence; only the first two SVs are weaker than their
random counterparts, whereas the remaining six are sig-
nificantly enhanced. The final SV spectrum is flat, and the
corresponding complex eigenvalues of H are equidistant
from the origin of the complex plane. Our tailored cod-
ing sequence ensures true orthogonality: measurements do
not overlap at all such that no redundant information is
acquired and we can hope to achieve a given reconstruction
quality using fewer measurements.

To put the change in T into perspective, as well as
to demonstrate the generality of our approach, we also
tailor a coding sequence to maximize 7 instead of Reg.
After 4500 iterations the optimization does not appear to
have converged yet but has already reached 7 = 0.76. This
huge increase is largely driven by a substantial enhance-
ment of the strongest SV—at the expense of the weaker
SVs, which are the most vulnerable to measurement noise.
Correspondingly, the anticorrelation between T and R
is even more striking here: the effective rank drops to
4.2. If we assume that distinct PCM configurations can-
not yield exactly the same 7; = Y ©_ | |H;;|%, it is clear
that all p entries of the optimal coding sequence to max-
imize T would be identical to the coding pattern that yields
the largest value of 7;; this observation implies that the
global optimum to maximize 7 inherently corresponds to
Res = 1. This argument highlights a unique feature of a tai-
lored space-to-PC channel matrix, clearly distinguishing it
from a space-to-space channel matrix in a programmable
environment [22]. In the context of analog multiplexing,
the SV spectrum for the coding sequence tailored to max-
imize T can be expected to yield worse results than a
random coding sequence, since its smallest SV is even
lower.

We now turn to the improvements in reconstruction
quality enabled by tailoring the channel matrix to maxi-
mize R.y. We inject in situ different input vectors X into
the PCM and reconstruct X using Tikhonov regulariza-
tion based on the measurements Y for a random or tailored
coding sequence [37]. Figures 4(a) and 4(d) present typi-
cal reconstructions for two inputs at the highest achievable
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FIG. 4. Reconstruction quality with a random (purple) versus
a tailored (orange) channel matrix. (a)~(f) Sample reconstruc-
tions of two injected signals (smiley, circle) at three distinct
SNRs: 56.4 dB (left), 50.0 dB (middle), and 40.0 dB (right). p =
56.4 dB is the highest realizable SNR in our experiment. The dis-
played realizations are chosen such that their reconstruction error
is closest to the average reconstruction error. (g) Dependence of
the average NMSE, x, on the SNR, p. The corresponding curves
for a reconstruction based on in situ measurements (continuous
lines) are contrasted with the curves dictated by the theory from
Eq. (1) (dashed lines). The difference between the two curves
for random versus tailored coding sequences is plotted in green.
(h) Minimum number of measurements pp,;, necessary to guaran-
tee a given reconstruction quality x at the SNR at which p = n
guarantees this reconstruction quality using the tailored coding
sequence. The shaded area indicates the standard deviation when
random coding sequences are used. (i) Lowest necessary SNR
Pmin that guarantees a given reconstruction quality x for a sys-
tem with y = 1 for the case of using a random coding sequence
or a tailored coding sequence.

experimental SNR p of 56.4 dB. We then add synthetically
more noise to the measurements to study the performance
at lower SNRs; examples for p = 50 dB and p =40 dB
are shown in Figs. 4(b) and 4(¢) and in Figs. 4(c) and 4(f),
respectively. The relation between the NMSE yx and the
SNR p, as recovered from the in situ measurements, is
plotted in Fig. 4(g), in excellent agreement with the the-
ory from Eq. (1). As expected, our tailored channel matrix
yields the highest enhancements in reconstruction fidelity
at moderate SNRs: Ay = 24% is achieved around p =
26 dB.

Figure 4(h) compares the minimum number of measure-
ments needed to ensure a given reconstruction quality x
at the same SNR. In our experiment, 20 measurements
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(y = 2.5) using a random coding sequence are needed
to match the performance of eight measurements with a
tailored coding sequence. Alternatively, we can ask what
minimum SNR is necessary using a random versus a tai-
lored coding sequence of fixed length to guarantee a given
reconstruction quality x. As evident in Fig. 4(i), to ensure,
for example, x < 5% in our experiment, using eight mea-
surements from a tailored coding sequence rather than a
random coding sequence reduces the minimum necessary
SNR from 45.6 to 32.4 dB. The superior characteris-
tics of a tailored coding sequence can thus be leveraged
to reduce—without any loss in performance—either the
number of measurements or the minimum necessary SNR.

Our discussion also highlights that a mathematically rig-
orous definition of the number of “degrees of freedom”
must go beyond an integer quantity directly related to the
size of H, and hence physical parameters (n, p). Instead, it
should be based on the SV spectrum of H using noninte-
ger metrics such as the effective rank or the eigenchannel
participation number that account for any intrinsic corre-
lations [42,43]. Then the tailored coding sequence can be
interpreted as increasing the number of DOF relative to the
number available with a random coding sequence, in our
case from 5.7 & 0.3 to the highest possible value of 8.

To summarize, this Letter demonstrates with in situ
experiments in the microwave domain that using a tailored
PCM coding sequence rather than a random PCM coding
sequence significantly enhances the performance of analog
space-to-PC information multiplexing—without any addi-
tional hardware cost or speed penalty during operation.
Truly independent measurements are enabled with such a
tailored coding sequence. Future work should systemati-
cally explore the range of realizable SV spectra in a given
PCM, as well as other channel-matrix properties, using
learned [44] forward models of a PCM or models captur-
ing the PCM’s statistical behavior based on random-matrix
theory [45,46]. We also expect our work to inspire concep-
tually similar efforts in the optical domain, for instance,
based on multimode fibers tuned with piezoelectric or
acousto-optical modulators [23,47]. Within the more gen-
eral perspective of engineered wave chaos, the use of
reinforcement learning to adapt the tailored PCM coding
sequence on the fly to a dynamically evolving application
(multiplexing or other) holds great promise.
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