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Hamiltonian-based quantum computation is a class of quantum algorithms in which the problem is
encoded in a Hamiltonian and the evolution is performed by a continuous transformation of the Hamilto-
nian. Universal adiabatic quantum computing, quantum simulation, and quantum annealing are examples
of such algorithms. Up to now, all implementations of this approach have been limited to qubits coupled
via a single degree of freedom. This gives rise to a stoquastic Hamiltonian that has no sign problem in
quantum Monte Carlo simulations. In this paper, we report implementation and measurements of two
superconducting flux qubits coupled via two canonically conjugate degrees of freedom—charge and
flux—to achieve a nonstoquastic Hamiltonian. We perform microwave spectroscopy to extract circuit
parameters and show that the charge coupling manifests itself as a σ yσ y interaction in the computational
basis. We observe destructive interference in quantum coherent oscillations between the computational-
basis states of the two-qubit system. Finally, we show that the extracted Hamiltonian is nonstoquastic over
a wide range of parameters.

DOI: 10.1103/PhysRevApplied.13.034037

I. INTRODUCTION

Early generation processors [1] for Hamiltonian-based
quantum computation were designed to perform quan-
tum annealing, a heuristic algorithm for finding low-
energy configurations of a system [2–4]. With additional
features, other applications such as quantum simulation
[5,6] and machine learning [7,8] have become possible.
Currently available large-scale quantum processors are
made from a network of radio-frequency superconduct-
ing quantum-interference devices (rf SQUIDs) [1,9,10].
Interaction between pairs of devices is realized through
tunable magnetic coupling of their flux degrees of freedom.
The low-energy dynamics of individual rf SQUIDs are
effectively captured with their two lowest-energy eigen-
states, allowing one to approximate rf SQUIDs as qubits,
described by Pauli matrices σ x, σ y , σ z. The computational-
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basis states |↑〉 and |↓〉 (eigenfunctions of σ z) correspond
to directions of persistent current in the body of the
rf SQUID. This network implements the transverse-field
Ising-model Hamiltonian:

H = −1
2

∑
i

�iσ
x
i +

∑
i

hiσ
z
i +

∑
i<j

Jij σ
z
i σ z

j , (1)

where �i and hi are the tunneling amplitude and energy
bias of qubit i, respectively, and Jij is the magnetic cou-
pling strength between qubits i and j . Quantum annealing
is performed by adjusting �i � hi, Jij at the beginning of
the annealing process and gradual evolution until �i �
hi, Jij at the end.

One important property of Hamiltonian (1) is that it
is stoquastic. A Hamiltonian is stoquastic if there exists
a local basis such that all off-diagonal elements of the
Hamiltonian are real and nonpositive [11–13]. A posi-
tive off-diagonal element would cause negative transition
probabilities, which cannot be simulated by stochastic
processes. This issue is called “sign problem” in stochas-
tic algorithms such as quantum Monte Carlo (QMC)
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algorithms [14], meaning that QMC algorithms cannot
simulate equilibrium properties of such a Hamiltonian
[15–17]. These algorithms typically operate in a local
basis, in which all basis vectors are product states of
individual qubits. Otherwise, representation of the basis
vectors requires exponential resources. If a Hamiltonian is
nonstoquastic, there should exist no local basis in which
all off-diagonal elements are negative or zero. For some
stoquastic Hamiltonians, finding the local transformation
that cures the sign problem is by itself intractable [12].
Therefore, proving that a Hamiltonian is nonstoquastic is
also intractable. To achieve nonstoquasticity, additional
interactions such as σ x

i σ x
j or σ

y
i σ

y
j are needed in Hamilto-

nian (1). Such interactions can enhance the performance of
quantum annealing [18,19], extend the range of quantum
simulations [20], provide a path toward annealing-based
universal quantum computation [21–23], and enable error
suppression in quantum annealing [24,25]. Nonstoquastic-
ity may also be achieved via nonadiabatic evolution [26].

II. HAMILTONIAN

To implement a nonstoquastic Hamiltonian, we use two
rf SQUIDs coupled both inductively, through a tunable
mutual inductance M12 [10], and capacitively, through a
fixed capacitance C12, as shown in Fig. 1(a).

The Hamiltonian of the system is

H =
2∑

i=1

[
Q2

i

2C̃i
+ (�q,i −�x

q,i)
2

2Li
− EJi(�

x
CJJ,i) cos

2π�q,i

�0

]

+ M12(�
x
co)(�q,1 − �x

q,1)(�q,2 − �x
q,2)

L1L2

+ C12 Q1Q2

C1C2 + (C1 + C2)C12
, (2)

where Qi and �q,i are charge and flux variables that sat-
isfy the commutation relation [�q,i, Qj ] = i� δij , �x

q,i and
�x

CJJ,i are external fluxes, and �0 = π�/e is the flux
quantum. Each rf SQUID is characterized by its capac-
itance Ci, inductance Li, and tunable Josephson energy
EJi(�

x
CJJ,i) ≈ (�0/2π)Ici cos(π�x

CJJ,i/�0) [9] (for a more
detailed description, see Appendix A 1). The tunable
mutual inductance M12 is adjusted with the coupler con-
trol bias �x

co. The renormalized capacitances are defined as
C̃1(2) = C1(2) + C12C2(1)/(C2(1) + C12). Capacitive coup-
ing was proposed and analyzed theoretically for flux qubits
in Refs. [27–30] and is commonly used in transmon qubits
[31,32].

The potential energy of each rf SQUID can have
a double-well shape [see the two-qubit potential in
Fig. 1(b)]. The barrier height of the potential is controlled
by �x

CJJ,i, which tunes the tunneling amplitude �i, but also
changes the persistent current. The potential is monos-
table when �x

CJJ,i = 0.5�0. The flux bias �x
q,i adjusts

(a)

(b)

Qubit 1 Qubit 2

FIG. 1. Schematic and potential energy of coupled rf SQUIDs.
(a) Schematic circuit of two rf SQUIDs coupled inductively via a
tunable coupler and capacitively via a fixed capacitor. (b) Effec-
tive potential energy of the circuit shown in (a). Arrows show
tunneling paths between |↑↑〉 and |↓↓〉 states within the two-
state approximation for each rf SQUID. The solid arrows indicate
tunneling due to two consecutive single-qubit flips facilitated by
σ x

i . The dotted arrow represents direct two-qubit cotunneling due
to σ x

1 σ x
2 and σ

y
1 σ

y
2 . The tunneling amplitudes may have opposite

signs, thus leading to destructive interference.

the tilt of the potential, setting hi. Both �x
q,i and �x

CJJ,i
are controlled by high-bandwidth coaxial lines, allow-
ing microwave operation and fast quench of the coherent
dynamics. At the end of the quench, which involves raising
the tunneling barrier rapidly, the persistent current is mea-
sured via a shift register coupled to a microwave resonant
readout [33,34].

A. Parameter extraction

Before characterizing the circuit parameters, we cali-
brate the tunable magnetic coupler, which provides the
function M12(�

x
co) as discussed in Ref. [10]. For the rest

of the paper, we treat the coupler as a simple tunable
mutual inductance, assuming the dynamics of the coupler
are significantly faster than single-qubit and coupled-qubit
dynamics (Born-Oppenheimer approximation). Next we
measure the persistent current of each qubit for a range
of �x

CJJ in a regime where its tunneling amplitude is neg-
ligible and the other qubit is kept monostable. We fit
these measurements to a classical rf-SQUID model [9] and
obtain Ic,1 = 3.227 μA, L1 = 231.9 pH, Ic,2 = 3.157 μA,
and L2 = 239.0 pH.
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To extract the remainder of the circuit parameters, we
perform microwave spectroscopy on the single-qubit and
two-qubit systems [35]. Applying a fixed �x

CJJ,2 to the sec-
ond qubit, we sweep the barrier height of the first qubit,
controlled by the external flux bias �x

CJJ,1. At every �x
CJJ,1,

a long microwave pulse (1 μs) is applied to the first qubit
to excite the two-qubit system. The energy eigenstates are
read out by our applying an adiabatic tilt to both qubits
to transform the energy eigenstates into persistent-current
states, followed by a quench to freeze the dynamics of
both qubits before readout. The pulse sequence is shown
in Fig. 2(a). The excited-state population of each qubit
serves as a signal for detecting the energy spectrum of
the coupled system. We collect effective single-qubit data
by removing the potential barrier of the other qubit, mak-
ing it monostable, and perform two-qubit spectroscopy
for various �x

CJJ,2. In both sets of experiments we keep
�x

q,1 = �x
q,2 = 0 and M12 = 0 pH, while the capacitive

coupling is always present. Jointly fitting the effective
single-qubit and two-qubit spectroscopy data to the cou-
pled rf-SQUID model, Eq. (2), we obtain the rest of the

circuit parameters, C1 = 119.5 fF, C2 = 116.4 fF, and
C12 = 132 fF.

Figures 2(b)–2(d) show two-qubit-spectroscopy data
along with the numerical fit obtained with the rf-SQUID
model (2). One can see a clear �2-dependent anticrossing
that is in good agreement with simulations (solid lines).
Without any type of coupling, the spectral lines represent-
ing the first excited states of noninteracting qubits would
cross as shown by the dashed lines [36]. The anticrossing
is therefore a signature of capacitive coupling (at M12 = 0)
and its energy gap is a measure of the coupling strength.
The extracted anticrossing gaps of 0.77, 1.14, and 1.78
GHz at �2 = 1.5, 2.0, and 3.0 GHz, respectively, suggest
a strong capacitive coupling.

B. Reduction to qubit model

We now reduce the continuous rf-SQUID model to
a two-state (qubit) model, which is relevant for quan-
tum computation. Although the continuous Hamiltonian
(2) is stoquastic [13], the reduced qubit Hamiltonian will

(a)

(b) (c) (d)

FIG. 2. Microwave spectroscopy of the coupled two-qubit system at M12 = 0 and �x
q,1 = �x

q,2 = 0. (a) Pulse sequences for two-
qubit microwave spectroscopy. At �CJJ,monostable the tunneling barrier is at its lowest, resulting in a monostable potential. At �x

CJJ,latched
the tunneling barrier is high and the tunneling amplitude is negligible. The effective single-qubit spectroscopy has the same pulse
sequence except for �x

CJJ,2 = 0.5�0. (b)–(d) Two-qubit-spectroscopy energy versus �x
CJJ,1, which controls the qubit-1 barrier height.

Qubit 2 is kept at �x
CJJ,2, corresponding to effective single-qubit tunneling amplitudes (b) �2 = 1.5 GHz, (c) �2 = 2.0 GHz, and (d)

�2 = 3.0 GHz. Energies are measured relative to the ground state. The solid lines are obtained by our fitting the rf-SQUID model,
Eq. (2), to the experimental data. Dashed lines represent the excited-state energies of uncoupled qubits (M12 = 0, C12 = 0) given the
other fitting parameters.
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have nonstoquastic terms. The flux degree of freedom is
described by σ z

i , with σ z
1σ z

2 representing the inductive cou-
pling. The charge operator Qi = −i�(∂/∂�i), on the other
hand, is related to σ

y
i since both are complex in the com-

putational basis. Thus, the electrostatic coupling between
the rf SQUIDs gives rise to a σ

y
1 σ

y
2 interaction. This term

describes direct two-qubit cotunneling. In addition, a σ x
1 σ x

2
term is obtained that reflects cotunneling mediated by
the high-energy states of the rf SQUIDs. The effective
two-qubit Hamiltonian can be represented as

H = −�1

2
σ x

1 − �2

2
σ x

2 + h1σ
z
1 + h2σ

z
2 +

∑
α,β

Jαβσ α
1 σ

β

2 ,

(3)

where α, β = {x, y, z}. Since the continuous Hamiltonian
(2) is real, the reduced Hamiltonian will also be real in
the basis chosen; therefore, Jαy = Jyα = 0 for α �= y. The
parameters of Hamiltonian (3) are derived from the rf-
SQUID model through a reduction technique described in
Appendix A 2. The circuit parameters of the rf-SQUID
model are extracted by fitting energy levels calculated
using Eq. (2) to experimental data obtained from uncou-
pled (M12 = 0) rf SQUIDs.

III. EXPERIMENTAL RESULTS

In this section, we show that the reduced Hamiltonian
(3) can explain experimental observations with no further
fitting parameters.

A. Microwave spectroscopy

Figures 3(a)–3(c) depict two-qubit spectra at nonzero
energy bias (hi �= 0). The solid white lines correspond

to numerical simulations obtained with Hamiltonian (3)
with no fitting parameters. The presence of a nonzero lon-
gitudinal field is necessary for nonstoquasticity, as there
exists a unitary transformation that can remove positive
off-diagonal elements at hi = 0 (see Appendix A 3). The
experimental parameters in Fig. 3(a) are the same as those
in Fig. 2(b), except for the flux bias �x

q,i determining hi.
This nonzero bias manifests itself in Fig. 3(a) as an avoided
level crossing between the second and third excited states.
Figure 3(b) shows the energy as a function of �x

q,1 when
�x

q,2 = 0.1 m�0 and M12 = 0.55 pH. The top-two energy
levels cross when �x

q,1 = −�x
q,2. The energy as a func-

tion of M12 is presented in Fig. 3(c). As in Fig. 3(a), the
avoided level crossing observed at M12 = 0.55 pH is a
result of nonzero energy bias (hi ≈ 0.15 GHz at this point).
Zero-bias simulations are shown by the dashed lines. One
can clearly see that the capacitive coupling introduces an
asymmetry between the antiferromagnetic and ferromag-
netic sides of the magnetic coupling. Without the coupling
capacitor, the energy spectrum is expected to be symmet-
ric about M12 = 0. The theoretical (solid) lines in Fig. 3(c)
are produced with the reduced Hamiltonian (3) with the
coupling parameters shown in Fig. 3(d). In Figs. 3(a)–3(c),
theory agrees well with experiment, with no additional
fitting.

B. Coherent oscillations

Finally, we measure quantum coherent oscillations in
the coupled two-qubit system. Qubits are initialized in a
computational-basis state by applying a strong flux bias
�x

q,i. The coherent oscillations are induced by quickly
(within 200 ps) pulsing down the barriers of both qubits
simultaneously. Before we lower the barriers, the flux bias

(a) (b) (c) (d)

FIG. 3. Two-qubit spectra at nonzero energy bias hi �= 0. In all cases, qubit 2 is biased away from degeneracy with �x
q,2 = 0.1 m�0

and �x
CJJ,2 is set such that the effective single-qubit tunneling �2 = 1.5 GHz. Energy is measured relative to the ground state. Solid

white lines correspond to numerical simulations obtained with the two-qubit Hamiltonian (3) with no fitting parameters. (a) Energy as
a function of �x

CJJ,1 at fixed �x
q,i = 0.1 m�0 and M12 = 0. (b) Energy as a function of �x

q,1 at M12 = 0.55 pH and effective single-qubit
�1 = 1.5 GHz. The vertical dotted line goes through �x

q,1 = 0 to highlight the asymmetry in the spectrum due to fixed �x
q,2 = 0.1 m�0.

(c) Energy as a function of M12 at �x
q,i = 0.1 m�0 and �i = 1.5 GHz. The dashed lines correspond to numerical simulations at

zero energy biases. The observed avoided crossing at M12 = 0.55 pH is due to nonzero biases. The vertical dotted line separates
ferromagnetic (FM) and antiferromagnetic (AFM) regions. The asymmetry in the data with respect to this line is due to capacitive
coupling. (d) Extracted interaction parameters in Hamiltonian (3) that provide the theoretical (solid) lines in (c). The Hamiltonian is
nonstoquastic in the white unshaded area according to Ref. [13].
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(a) (b) (c)

(d) (e) (f)

FIG. 4. Two-qubit coherent oscillations as a function of mutual inductance. (a) Population of state |↓↑〉 when the system is initialized
in |↑↓〉. (b),(c) Population of state |↓↓〉 when the system is initialized in |↑↑〉. The final flux bias on qubits for (c) is set to 0.1 m�0,
corresponding to Figs. 3(c) and 3(d). For (a),(b) the final flux bias is zero. (d)–(f) Numerical simulations corresponding to (a)–(c),
obtained with the reduced four-level model given in Eq. (3), respectively.

�x
q,i on each qubit is changed from its value at the prepara-

tion pulse to its final value. Since the computational-basis
states are not the eigenstates of the total Hamiltonian,
the system undergoes coherent oscillations between these
states. After some dwell time τ , the qubits are simultane-
ously quenched by rapidly raising their energy barriers via
�x

CJJ,i, followed by qubit-state readout. We repeat this pro-
cess for a range of dwell times τ and coupling strengths
M12.

In Figs. 4(a) and 4(b), we show the measured state
population P↑↓ and P↓↓ for qubits initially prepared in
|↓↑〉 and |↑↑〉 configurations, respectively, for hi = 0. The
agreement between time-domain experiments and numeri-
cal simulations, shown in Figs. 4(d) and 4(e), justifies the
two-qubit Hamiltonian (3) as a valid description of the cir-
cuit in Fig. 1(a). Deviation between theory and experiment
can be attributed to decoherence, which is absent in simu-
lations. Single-qubit measurements reveal relaxation and
dephasing times of T1 = 17 ns and T2 = 16 ns, respec-
tively. These timescales are consistent with measurements
of isolated flux qubits manufactured in the same stack but
without the capacitive coupling.

Features of the energy as a function of M12 [Fig. 3(c)]
are reflected in coherent oscillations [Figs. 4(c) and 4(f)].

The initial configuration, |↑↑〉, has significant overlap with
the second and third excited states in the antiferromag-
netic region (M12 > 0). The low oscillation frequency in
the right half of Figs. 4(c) and 4(f) is therefore related
to the gap between these two states. The minimum gap
at M12 ≈ 0.55 pH in Fig. 3(c) corresponds to the maxi-
mum slowdown at the same point in Figs. 4(c) and 4(f).
When h1 = h2 = 0, this gap vanishes [see the dashed
lines in Fig. 3(c)], nullifying the oscillations as seen in
Figs. 4(b) and 4(e). This is a result of the destructive inter-
ference between the two-qubit cotunneling channels due
to σ x

1 σ x
2 and σ

y
1 σ

y
2 terms and the indirect tunneling chan-

nels through sequential single-qubit flips caused by σ x
1 and

σ x
2 terms in Hamiltonian (3), as schematically illustrated in

Fig. 1(b). Moreover, we see an additional signature of Jyy ,
since without such coupling Fig. 4(a) would be a reflection
of Fig. 4(b) with respect to M12 = 0 (see Appendix D).

IV. STOQUASTICITY

While the existence of Jxx or Jyy coupling is a neces-
sary condition for nonstoquasticity, it is not sufficient. One
needs to show that the sign problem survives all local
transformations. While this is intractable at large scales
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[12], it is feasible for two qubits [13]. To demonstrate
this, we extract coefficients in Hamiltonian (3), which
describes Fig. 3(c). Figure 3(d) plots interaction param-
eters except for Jxz and Jzx, which are negligibly small.
Other parameters are provided in Appendix A 2. We see
that the electrostatic coupling between the rf SQUIDs
gives rise to a pronounced Jyy that is almost constant over
the whole range of M12. The two-qubit cotunneling medi-
ated by the higher-energy states of the rf SQUIDs leads to a
σ x

1 σ x
2 coupling with coefficient Jxx. Both Jxx and Jzz depend

on M12 and therefore cannot be tuned independently. The
magnitude of Jxx is comparable to that of Jyy for large anti-
ferromagnetic coupling. For rotations in the x-z plane, the
Jxx and Jzz terms can both reduce the nonstoquastic contri-
bution of Jyy . The Hamiltonian becomes stoquastic if either
of them exceeds Jyy in magnitude, as highlighted by the
shaded area in the Fig. 3(d). Applying all possible local
unitary transformations outlined in Ref. [13], we confirm
nonstoquasticity in the unshaded region. Note that �, Jxx,
and Jyy depend on the barrier heights, with � and Jyy being
proportional to each other (see Appendix A 3). As a result,
the width of the nonstoquastic region changes with �x

CJJ,i,
which controls the qubit tunneling amplitudes �.

V. CONCLUSION

In summary, we fabricate two superconducting flux
qubits coupled both inductively and capacitively. Start-
ing from a rf-SQUID model, with experimentally extracted
circuit parameters, we obtain a reduced two-qubit Hamil-
tonian with σ x

1 σ x
2 , σ

y
1 σ

y
2 , and σ z

1σ z
2 interactions. We show

that the reduced Hamiltonian can explain the findings
of spectroscopy and the coherent-oscillation experiments.
Considering all local transformations, we prove that the
Hamiltonian is nonstoquastic over a wide range of parame-
ters. Equilibrium statistics of such nonstoquastic quantum
processors cannot be simulated by QMC methods due to
the sign problem. Implementation of couplings via con-
jugate degrees of freedom such as charge and flux is an
important step toward the development of universal quan-
tum annealers [21–23]. Our implementation is based on
current, scalable superconducting fabrication technology
that is ready to be expanded to a large number of qubits.
Finally, for large-scale systems, having σ

y
i σ

y
j terms can

make QMC simulation intractable even if the Hamiltonian
is stoquastic. This is because finding a local transforma-
tion to cure the sign problem at large scale is by itself
intractable [12].
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APPENDIX A: SYSTEM HAMILTONIAN

Our goal here is to derive a Hamiltonian of two rf
SQUIDs that have both, inductive and capacitive, cou-
plings.

1. rf SQUID with a compound Josephson-junction loop

We begin with a description of a single rf SQUID having
a symmetric compound Josephson-junction (CJJ) loop, as
outlined in detail in Ref. [9] (see Fig. 1). The Hamiltonian
of this system has three components:

H = Hq + HCJJ − EJ cos
(

π�CJJ

�0

)
cos

(
2π

�q

�0

)
.

(A1)

Here the Hamiltonians Hq and HCJJ describe the main
body of the qubit and the CJJ loop, respectively. They are
expressed as

Hκ = Q2
κ

2Cκ

+ (�κ − �x
κ)

2

2Lκ

, κ = {q, CJJ}. (A2)

The third term in Eq. (A1) introduces an interaction
between these two loops. The fluxes in the main body
of the qubit and in the CJJ loop are denoted as �q and
�CJJ, and their inductances are Lq and LCJJ, respectively.
The external fluxes applied to the main body of the qubit
and to the CJJ loop are �x

q and �x
CJJ. The CJJ loop has

two symmetric branches a and b. Each of them has one
Josephson junction, with capacitance Ca (Cb) and with a
persistent current Ia (Ib). The total current flowing through
both branches of the CJJ loop is denoted as Ic = Ia + Ib,
with the total Josephson energy EJ = �0Ic/2π , where
�0 = π�/e is the flux quantum, where e is the electron
charge. The effective capacitances of the main qubit and
the CJJ loop are Cq = Ca + Cb and CCJJ = CaCb/(Ca +
Cb), respectively. The charge, Qκ = −i�(∂/∂�κ), and
flux, �κ , are conjugate operators obeying the commutator
[�κ , Qκ ]− = i�.

For qubits 1 and 2 studied in the main text we have
LCJJ,1 = 17.0 pH and LCJJ,2 = 17.2 pH, while the body
inductances are L1 = 231.9 pH and L2 = 239.0 pH. When
LCJJ � Lq, the dynamics of the fast degrees of freedom
described by the operator �CJJ is determined by the ground
state of the Hamiltonian HCJJ (see Ref. [9]). This ground-
state adiabatically follows the flux degrees of freedom, �q,
in the main body of the rf SQUID. One can then ignore the
kinetic part of the Hamiltonian HCJJ and define an effec-
tive potential of the main loop by finding the minimum
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potential energy of the system (A1) for each given flux �q:

Ueff(�q) = min
�CJJ

U(�q, �CJJ), (A3)

where

U(�q, �CJJ) =
∑

κ=q,CJJ

(�κ − �x
κ)

2

2Lκ

− EJ cos
(

π�CJJ

�0

)
cos

(
2π

�q

�0

)
. (A4)

This leads to the following effective Hamiltonian for the rf
SQUID:

H = Q2
q

2Cq
+ Ueff(�q). (A5)

As a rough approximation, the effective potential energy of
the rf SQUID can be written as

Ueff(�q) = (�q − �x
q)

2

2Lq
− EJ (�

x
CJJ) cos

(
2π

�q

�0

)
,

(A6)

with a tunable Josephson energy

EJ (�
x
CJJ) = �0Ic

2π
cos

(
π

�x
CJJ

�0

)
. (A7)

However, in our simulations, we do not use the above
approximation but actually do the minimization with
respect to �CJJ as given in Eq. (A3) and described in detail
in Ref. [9].

We now analyze two rf SQUIDs connected by a mutual
inductance M12 and by a capacitor C12 as depicted in
Fig. 1(a). The inductive coupling between the main loops
of the SQUIDs is given by the formula

UM = M12

L1L2
(�q,1 − �x

q,1) (�q,2 − �x
q,2), (A8)

where Li ≡ Lqi (i = 1, 2).
The kinetic energy of two electrostatically coupled

SQUIDs, with capacitances Ci ≡ Cqi, has the form

K =
∑

i

Ci�̇
2
q,i

2
+ C12(�̇q,2 − �̇q,1)

2

2
, (A9)

where we use the relation Vi = �̇q,i between a voltage Vi

on the ith junction and the flux �q,i. Charge Qi = ∂L/∂�̇q,i
of the ith qubit is defined as a derivative of the two-qubit

Lagrangian

L = K −
2∑

i=1

Ueff,i(�q,i) − U12, (A10)

where Ueff,i(�q,i) is the effective potential energy of the i
qubit [see Eqs. (A3) and (A6)]. Using Eqs. (A9) and (A10),
we obtain the relation between charge and time derivatives
of flux:

Q1 = (C1 + C12)�̇q,1 − C12�̇q,2,

Q2 = (C2 + C12)�̇q,2 − C12�̇q,1.
(A11)

We can now write the total Hamiltonian of two coupled rf
SQUIDs, H = ∑

i �̇q,iQi − L, as

H =
2∑

i=1

Hi + UM + UC. (A12)

Here

Hi = Q2
i

2C̃i
+ Ueff,i(�q,i) (A13)

is the Hamiltonian of the i qubit. The qubits are now
characterized by the loaded capacitances:

C̃1 = C1 + C12C2

C2 + C12
,

C̃2 = C2 + C12C1

C1 + C12
.

(A14)

The inductive interaction between qubits is given by (A8).
The capacitive coupling is determined by the potential

UC = C12 Q1Q2

C1C2 + (C1 + C2)C12
. (A15)

At large scales, the capacitative network renormalizes the
capacitances of each rf SQUID. In addition, capacitative
loading should reduce the sensitivity of the qubits to charge
fluctuations, thus making this device more immune to
charge noise.

2. Reduction approach

Diagonalizing the single-SQUID Hamiltonian Hi (A13),
we obtain a set of energy eigenstates, |χ i

μ〉, and eigenener-
gies, εi

μ, such that

Hi =
Ni∑

μ=1

εi
μ |χ i

μ〉 〈χ i
μ| . (A16)

For each SQUID we take into account a large number,
Ni � 1, of the energy eigenstates and write the Hamilto-
nian (A12) of two coupled rf SQUIDs in the basis formed
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by direct products |χ1
μ ⊗ χ2

ν 〉 ≡ |χ1
μ〉 ⊗ |χ2

ν 〉:

H =
N1∑

μ=1

ε1
μ |χ1

μ〉 〈χ1
μ| +

N2∑
ν=1

ε2
ν |χ2

ν 〉 〈χ2
μ| + UM + UC.

(A17)

Here charge and flux operators should be also written in the
|χ1

μ ⊗ χ2
ν 〉 basis. The eigenstates, |ηa〉 , of the Hamiltonian

(A17) become

|ηa〉 =
N1∑
μ

N2∑
ν

ca
μν |χ1

μ ⊗ χ2
ν 〉 , (A18)

where the amplitudes are given as

ca
μν = 〈χ1

μ ⊗ χ2
ν |ηa〉. (A19)

The two-SQUID Hamiltonian,

H =
N∑

a=1

εa |ηa〉 〈ηa| , (A20)

is characterized by the energy spectrum εa, with a total
number of levels N = N1N2.

Working with continuous models becomes computation-
ally challenging beyond a small number of coupled rf
SQUIDs. With the goal to use rf SQUIDs as qubits, one
needs to reduce the continuous Hamiltonian to a discrete
(qubit) Hamiltonian. For uncoupled SQUIDs, we choose
the following superpositions of the two lowest-energy
states with the mixing angle θi:

|↓〉i = cos θi |χ i
1〉 + sin θi |χ i

2〉
|↑〉i = − sin θi |χ i

1〉 + cos θi |χ i
2〉 .

(A21)

The basis states |↓i〉 and |↑i〉 correspond to the left and
right circulating currents, or, equivalently, to the left and
right sides of the SQUID potential well. The mixing angle
θi is chosen to maximize the left-well population in the
state |↓i〉 and thus the right-well population when the
SQUID is in the state |↑i〉 . The interaction Hamiltonian
mixes the states |↓i〉 , |↑i〉 with higher-energy states of the

individual rf SQUIDs that one needs to take into account
for a correct description of the coupled system.

Since we are interested in the low-energy spectrum of
the coupled system, the number of eigenstates taken into
account in Eqs. (A16) and (A17) can be truncated to
just two states for each rf SQUID. With this truncation,
four eigenvectors, |ηa〉 (a = 1, . . . , 4), of the two-SQUID
system are approximated as

|ηa〉 � 1
Na

2∑
μ=1

2∑
ν=1

ca
μν |χ1

μ ⊗ χ2
ν 〉 , (A22)

where the amplitudes ca
μν are given in Eq. (A19), and the

normalization coefficient is calculated as

Na =
√√√√ 2∑

μ=1

2∑
ν=1

|ca
μν |2.

We apply the Gram-Schmidt procedure to the four states
given in Eq. (A22) to obtain the orthonormalized set of the
two-qubit basis states obeying the relation 〈ηa|ηb〉 = δab.
This reduction approach works only in the limit where
Na ≈ 1 for a = 1, . . . , 4. In this case most of the population
of the two-SQUID system is distributed over the tensor
products |χ1

μ ⊗ χ2
ν 〉 of the two lowest eigenstates of the

isolated rf SQUIDs (μ, ν = 1, 2).
To derive the reduced Hamiltonian of two coupled

SQUIDs we start with a Hamiltonian (A20) truncated to
the four lowest-energy states. In the energy basis this
Hamiltonian is described by the diagonal matrix: H =
diag(ε1, ε2, ε3, ε4). The Hamiltonian H can be written
in the χ basis formed by the four vectors |χ1

μ ⊗ χ2
ν 〉

(μ, ν = 1, 2) by applying the rotation matrix R1 =
(|η1〉 |η2〉 |η3〉 |η4〉) such that Hχ = R1HRT

1 . Finally, the
unitary matrix R2 = (|1〉 |2〉 |3〉 |4〉) rotates the Hamilto-
nian into the computational basis, formed by the vectors:

|1〉 = |↓1 ⊗ ↓2〉 , |2〉 = |↓1 ⊗ ↑2〉 ,

|3〉 = |↑1 ⊗ ↓2〉 , |4〉 = |↑1 ⊗ ↑2〉 .
(A23)

After this rotation the Hamiltonian H = R2HχRT
2 can be

represented by the 4 × 4 matrix,

H =

⎛
⎜⎝

Jzz − h1 − h2 −�2/2 −�1/2 Jxx − Jyy
−�2/2 −Jzz − h1 + h2 Jxx + Jyy −�1/2
−�1/2 Jxx + Jyy −Jzz + h1 − h2 −�2/2

Jxx − Jyy −�1/2 −�2/2 Jzz + h1 + h2

⎞
⎟⎠ , (A24)
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or by the Hamiltonian of two coupled spins (qubits):

H = −�1

2
σ x

1 − �2

2
σ x

2 + h1σ
z
1 + h2σ

z
2 +

∑
α,β

Jαβσ α
1 σ

β

2 ,

(A25)

where α, β = x, y, z. We use the following representation
of the Pauli matrices:

σ x
i = |↓i〉 〈↑i| + |↑i〉 〈↓i| ,

σ
y
i = i(|↓i〉 〈↑i| − |↑i〉 〈↓i|),

σ z
i = |↑i〉 〈↑i| − |↓i〉 〈↓i| .

(A26)

The parameters of the Hamiltonian (A25) are extracted
by comparing the operator H = R2HχRT

2 with the matrix
(A24). Note that Jyx = Jxy = Jyz = Jyz = 0, since the
Hamiltonian is real and the coefficients Jxz and Jzx are neg-
ligible: Jxz, Jzx � �1, �2. The non-negligible parameters
of the Hamiltonian H describing interactions between the
qubits are shown in Fig. 3(d).

Figure 5(a) shows how the Hamiltonian parameters
change during the annealing, which is performed by chang-
ing �x

CJJ,i. All off-diagonal terms vanish as �x
CJJ,i varies

from right to left as the annealing proceeds. Linear depen-
dence of Jxx and Jyy on �i is evident from Fig. 5(b).

One can equivalently use the projection technique in
Ref. [37] to derive a reduced Hamiltonian for two interact-
ing subsystems, namely, our SQUIDs. The reduced Hamil-
tonian obtained with the projection approach agrees with
the two-qubit Hamiltonian given by Eqs. (A24) and (A25).

3. Unitary transformations and stoquasticity

Hamiltonian (A24) can have positive off-diagonal
matrix elements under several conditions but not all of
those make the Hamiltonian nonstoquastic. One has to
take into account all local transformations of the basis
before deciding about nonstoquasticity of the Hamilto-
nian. Using the unitary transformation H → U†HU, with
U = ⊗i(σ

z
i )(1−sign �i)/2, one can make all �iσ

x
i terms in

the Hamiltonian nonpositive regardless of the sign of �i.
Hamiltonian (A24) has positive matrix elements if |Jyy | >

|Jxx|, since matrix elements H14 and H23 have opposite
signs, due to Jyy , making one of them positive. How-
ever, this condition is not sufficient for nonstoquasticity.
To demonstrate this fact, we apply a Hadamard rotation on
both qubits turning the x axis to the z axis and vice versa, so
that σ x

i = τ z
i , σ

y
i = τ

y
i , and σ z

i = −τ x
i . Here τ x

i , τ y
i , and τ z

i
are Pauli matrices of the i qubit in the rotated frame. After
the Hadamard rotation the two-qubit Hamiltonian has the
form

H =

⎛
⎜⎝

Jxx + �1/2 + �2/2 −h2 −h1 Jzz − Jyy
−h2 −Jxx + �1/2 − �2/2 Jzz + Jyy −h1
−h1 Jzz + Jyy −Jxx − �1/2 + �2/2 −h2

Jzz − Jyy −h1 −h2 Jxx − �1/2 − �2/2

⎞
⎟⎠ . (A27)

This Hamiltonian has positive matrix elements at |Jyy | >

|Jzz|. At nonzero biases, hi �= 0 (and at non-zero �i), only
rotations in the x-z plane are allowed [13] since rotations in

(a) (b) (c)

FIG. 5. (a) Two-qubit-Hamiltonian parameters as functions of �x
CJJ,i, which controls the barrier height, at zero flux bias and zero

inductive coupling. (b) Jxx and Jyy as a function of �i for the same setting as in (a). (c) The nonstoquastic region as a function of
mutual inductance and �x

CJJ,i for nonzero flux bias. The Hamiltonian is nonstoquastic in the white area.

the x-y and z-y planes introduce complex matrix elements
in the Hamiltonian. In Fig. 3(d), we search over all pos-
sible local rotations outlined in detail in Ref. [13] and
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find, in particular, that at the borders of the nonstoquastic
range the σ zσ z coupling is on order of the σ yσ y interaction
strength: |Jzz| ∼ |Jyy |. Figure 5(c) is an extension of this
figure, displaying the nonstoquastic region as a function
of M12 and �x

CJJ,i, which varies during annealing. It fol-
lows from Figs. 5(a) and 5(c) that during the critical region
of annealing, when off-diagonal elements of the Hamil-
tonian are present, the Hamiltonian can be nonstoquastic
depending on the magnitude of the coupling.

The matrix (A27) also provides the intuition necessary
to see the effects of the Jxx, h1, and h2 terms on experimen-
tally measured spectra. When Jzz = 0 and h1 = h2 = 0, the
Hamiltonian is block diagonal as there is no interaction
between aligned and antialigned states. In the absence of
the Jxx term, the eigenvalues of the Hamiltonian become

±
√

J 2
yy + [(�1 ± �2)/2]2. Without the Jxx term, the two

highest eigenvalues can cross only if �1�2 = 0. However
we see a clear level crossing in the energy-versus-�x

CJJ,1
plots in Figs. 9(d)–9(f), where �i �= 0. This is a clear sig-
nature of a Jxx-type interaction. Furthermore, the second
and third excited states, which cross in the presence of Jxx,
belong to two separate blocks of the Hamiltonian. When
hi �= 0, the Hamiltonian is no longer block diagonal and
the two highest excited states start interacting. Hence, the
avoided crossings visible in the energy-versus-�x

CJJ,1 and
energy-versus-M12 plots in Figs. 3(a) and 3(c) are clear
signatures of nonzero h1 and h2 .

APPENDIX B: QUBIT AND COUPLER
PARAMETER CHARACTERIZATION

1. Coupler characterization

We follow Ref. [10] for the characterization of the tun-
able magnetic coupler. In Fig. 6, we show the measured
coupler M12 versus the coupler flux bias �x

co.
The data are fitted to a classical model:

M12 = M 2
co,q

Lco

β cos ϕx
co/2

1 + β cos ϕx
co/2

+ M (0)

12 , (B1)

FIG. 6. Measured coupler M12 versus coupler flux bias �x
co and

a fit to the classical model of the coupler.

where Mco,q is the mutual inductance between the
qubit and the coupler, Lco is the coupler inductance,
β = 2πLcoIc,co/�0, M (0)

12 is the stray mutual inductance
between the qubits, and ϕx

co = 2π�x
co is the normalized

external bias of the coupler. From the fitting, we obtain
M 2

co,q/Lco = 10.77 pH, β = 1.416, and M (0)

eff = 1.848 pH.
Using Eq. (B1) and the above fitting parameters, we can
set the coupler to any coupling strength within the range
|M12| ≤ 8.145 pH.

2. Quasistatic qubit characterization

When the tunneling barrier is high, where the single-
qubit tunneling is largely suppressed, the properties of a
flux qubit can be described by a classical model [9]. In this
regime, we measure persistent current versus �x

CJJ across
a range of three flux quantum �0. Fits to the classical
model (see Fig. 7) yield the following qubit parameters:
Ic,1 = 3.227 μA, Ic,2 = 3.157 μA, L1 = 231.6 pH, and
L2 = 239.0 pH.

3. Single-qubit spectroscopy

The qubit energy eigenstates can be characterized by
microwave spectroscopy. In Fig. 8(a), we show the pulse
sequence for measuring the qubit spectra and the effec-
tive qubit potential at each segment of the pulse sequence.
The qubit is first initialized in its ground state by adia-
batically preparing a symmetric double-well potential with
a relatively low tunneling barrier. In this limit, the qubit
frequency, which is set by the tunneling amplitude, is
much larger than 1 GHz (� � kBT). Then we apply a
microwave pulse �x

q to excite the qubit to its excited state.
We sweep the frequency of the microwave pulse from 0.5
to 8 GHz to probe all excited states in that range. After the
microwave pulse, an adiabatic tilt followed by a quench,
which increases the barrier height, is applied to the qubit to
project the qubit ground and excited states to the clockwise
and counterclockwise persistent-current states for readout.
The same pulse sequence was used in Ref. [35]. In this

FIG. 7. Measured persistent current Ip versus �x
CJJ , which con-

trols the barrier height of the double-well potential, and a fit to
the classical model of qubit 1.
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(a)

(b) (c)

FIG. 8. (a) Pulse sequence and the effective qubit potential
at each pulse segment for the single-qubit-spectroscopy experi-
ments. (b) Color plot of the microwave-spectroscopy data versus
the flux bias �x

CJJ, which controls the barrier height for qubit
1. (c) Extracted spectroscopy peak positions that represent the
qubit frequency versus �x

CJJ and a fit to the numerical rf-SQUID
model.

experiment, we use a rise time of 1 ns for both the adia-
batic tilt and the quench on the barrier height. Throughout
the single-qubit-spectroscopy experiments, we keep the
magnetic coupling strength at M12 = 0 and the other qubit
at �x

CJJ = 0.5�0. In Fig. 8(b), we show the energy ver-
sus �x

CJJ,1 for qubit 1. The extracted qubit frequency from
Fig. 8(b) and the fit to the rf-SQUID numerical model are
shown in Fig. 8(c).

Effective single-qubit � corresponds to the energy gap
between the ground state and the first excited state in the
single-qubit-spectroscopy measurements. Once we have
an accurate model that predicts the location of the first
excited state, the appropriate �x

CJJ,i that needs to be applied
to set the qubit to a given � is determined with the model
extracted above. Note that the effective single-qubit �

is influenced by the capacitive coupling that is always
present. As a result, the individual qubit dynamics are
always affected by the presence of the secondary qubit
even if it is in a monostable state (�x

CJJ = 0.5�0).

4. Two-qubit spectroscopy

The coupled-system energies can be probed by
microwave spectroscopy in a way that is similar to
single-qubit spectroscopy. In the main text we show the

pulse sequence for the two-qubit spectroscopy. Although
a microwave pulse is applied only to qubit 1, the energy
eigenstates of both qubits are read out by simultaneous
adiabatic tilts followed by a quench. Figure 8(b) shows
spectroscopy data plotted as energy versus �x

CJJ, which
controls the barrier height of qubit 1. The barrier height
of the second qubit is set to an effective single-qubit tun-
neling amplitude of �2. Using the previously extracted
circuit parameters and initializing the fitting procedure by
the design values for the unknown parameters, we extract
C1 = 119.5 fF, C2 = 116.4 fF, C12 = 132.0 fF, LCJJ,1 =
17.016 pH and LCJJ,2 = 17.175 pH. At this point, we have
all the circuit parameters of this system as summarized in
Table I.

We also perform similar two-qubit spectroscopy for var-
ious �2 and M12 at h1 = h2 = 0 and compare the system
energy spectra with numerical simulations using previ-
ously extracted parameters. In Fig. 9, we show the two-
qubit-spectroscopy data and calculated energy spectra of
the system for all combinations of �2/h = 1.5, 2.0, and
3.0 GHz and M12 = 0 and ±2 pH. Very good agreement
between the numerical model and the data is achieved.
In all figures the solid (dashed) lines represent excitations
from the ground (first excited) state.

APPENDIX C: PULSE-DISTORTION
COMPENSATION FOR COHERENT

OSCILLATIONS

Distortion of a short-duration pulse (10 ns or less)
imposes a great limitation on the fidelity of coherent qubit
operation. In our experiment, the qubit control involves
applying fast pulses to lower and raise the tunneling bar-
rier of the flux qubits. These pulses have short rise and fall
times (approximately 200 ps). Here we discuss our method
of measuring and correcting pulse distortion in situ.

We first measure the single-qubit coherent oscillations
at �/h = 5 GHz, where the qubit population in the com-
putational basis is supposed to oscillate at frequency �.
Pulse distortion is caused mainly by reflections. As a result,
the �x

CJJ(t) signal reaching the qubit deviates from the
ideal square pulse, which may distort the frequency of the
coherent oscillations from the target � at a given time τ .
To measure the distorted pulse in the time domain, we
slice the coherent-oscillation data into small time win-
dows, typically with a length of 400 ps, that contain
more than one period of oscillation. We then extract the

TABLE I. Extracted parameters for the circuit in Fig. 1(a).

Qubit Ic,i (μA) Li (pH) LCJJ,i (pH) Ci (fF) C12 (fF) |M12| (pH)

1 3.22697 ± 4.1 × 10−5 231.633 ± 4.5 × 10−3 17.02 ± 6 × 10−2 119.5 ± 0.89 132.0 ± 1.54 ≤8.145
2 3.15711 ± 3.6 × 10−5 238.981 ± 4.1 × 10−3 17.17 ± 7.9 × 10−2 116.4 ± 1.04
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 9. Two-qubit-spectroscopy energy versus �x
CJJ,1 at (a) �2/h ≈ 1.5 GHz and M12 = −2.0 pH, (b) �2/h ≈ 2.0 GHz and M12 =

−2.0 pH, (c) �2/h ≈ 3.0 GHz and M12 = −2.0 pH, (d) �2/h ≈ 1.5 GHz and M12 = −0.0 pH, (e) �2/h ≈ 2 GHz and M12 = 0.0 pH,
(f) �2/h ≈ 3.0 GHz and M12 = 0.0 pH, (g) �2/h ≈ 1.5 GHz and M12 = 2.0 pH, (h) �2/h ≈ 2.0 GHz and M12 = 2.0 pH, and (i)
�2/h ≈ 3.0 GHz and M12 = 2.0 pH. The solid and dashed lines represent numerical calculations of energy differences. The solid lines
correspond to excitations from the ground state and the dashed lines correspond to excitations from the first excited state.

coherent-oscillation frequency �(τ) in each slice start-
ing at time τ and treat this frequency as a measurement
of the instantaneous �m(τ ) = �(τ). The pulse distor-
tion at any given time is then calculated by δ�x

CJJ(τ ) =
[�m(τ ) − �]/(∂�/∂�x

CJJ), where ∂�/∂�x
CJJ can be eval-

uated numerically with the qubit model. To correct for
the pulse distortion, we simply apply the first-order cor-
rection to the applied pulse with �x

CJJ,corr(τ ) = �x
CJJ(τ ) +

δ�x
CJJ(τ ) at the same time τ . As the above correction

at time τ may lead to distortions at times t > τ , we

iterate the entire measurement and correction procedure
until the corrected pulse converges. In practice, this pulse-
distortion correction procedure converges within five itera-
tions. In Fig. 10, we show the coherent-oscillation data and
the extracted instantaneous tunneling amplitude �m with
uncorrected (blue) and corrected (green) pulses �x

CJJ. The
measured tunneling amplitude �m/h is fixed to the target
value of 5 GHz after the pulse-distortion compensation is
applied, which greatly increases the fidelity of the coherent
oscillation.

034037-12



DEMONSTRATION OF A NONSTOQUASTIC HAMILTONIAN... PHYS. REV. APPLIED 13, 034037 (2020)

(a)

(b)

(c)

FIG. 10. Characterization and compensation of pulse distortion. (a) The coherent-oscillation data, (b) measured tunneling amplitude
�m, and (c) applied barrier pulses without (blue) and with (green) pulse-distortion corrections.

APPENDIX D: COHERENT-OSCILLATION
PROTOCOL

The pulse sequence and the effective two-qubit potential
at each pulse segment of a coherent-oscillation protocol are

shown in Fig. 11. The qubits are initialized in two steps. A
large flux bias, �x

q,prep, is applied to tilt the potential in its
monostable state. Next the tunneling strength is reduced,
keeping the potential tilted. Once both qubits are prepared
in a computational-basis state controlled by the signs of

(a)

(b)

(c)

(e) (f)

(d)

FIG. 11. (a) The effective qubit potential during each segment of the coherent-oscillation pulse shown in (b). The potential landscape
represents a cut across the landscape depicted in Fig. 1(b). Its direction depends on the initial tilt pulse applied on the two qubits.
Two-qubit coherent oscillation between the computational-basis states with strong (c) ferromagnetic coupling at M12 = −2 pH and
strong (d) antiferromagnetic coupling at M12 = 2 pH versus time. Color plots of the two-qubit coherent oscillation versus the magnetic
coupling strength M12 with the system initially prepared at (e) | ↓↓〉 and (f) | ↓↑〉.
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�q,prep pulses, the tilts are removed. The coherent oscilla-
tions are induced by reducing the barriers of both qubits
simultaneously to allow quantum fluctuations to drive the
coherent dynamics of the system. As the computational-
basis states are not the eigenstates of the total Hamilto-
nian, the system undergoes coherent oscillations between
the computational-basis states with near-degenerate Ising
energies. After some time τ , the states are read out by
measuring qubit persistent currents after simultaneously
quenching both qubits. The rise and fall times of the pulse,
about 200 ps, are much faster than the dynamics of the
qubits to snapshot the qubit population at the end of evo-
lution. We repeat this process for a range of dwell times
τ and magnetic coupling strengths. This protocol works
equally well for a single-qubit if the qubit potential is kept
in its monostable state.

In coherent-oscillation experiments, the system is pre-
pared and measured in one of the four computational-basis
states | ↑↑〉, | ↑↓〉, | ↓↑〉, and | ↓↓〉. In Fig. 11, we show
that the coherent oscillations are indeed mostly between
the two low-energy configurations for strong magnetic
couplings. For strong ferromagnetic coupling with M12 =
−2 pH, the coherent oscillations occur between | ↑↑〉 and
| ↓↓〉, whereas the coherent oscillations occur between
| ↑↓〉 and | ↓↑〉 for strong antiferromagnetic coupling with
M12 = 2 pH.

APPENDIX E: COHERENCE

The phase coherence time T2 between the energy eigen-
states of each qubit can be characterized by measuring
single-qubit coherent oscillations. As in Eq. (A21), at
zero bias we define the computational basis as |↑〉 =
(|χ1〉 + |χ2〉)/

√
2 and |↓〉 = (|χ1〉 − |χ2〉)/

√
2 for each

qubit. In Fig. 12, we show the coherent oscillations of
qubit 1 at �1 = 2 GHz. A fit to the decay envelope of

(a)

(b)

FIG. 12. T1 and T2 measurements on qubit 1 at � = 2 GHz
and at zero bias, h1 = 0. (a) By fitting the decay envelope of the
coherent oscillation to an exponential function, we obtain T2 =
16.2 ns. (b) By fitting the energy relaxation of the first excited
state, we obtain T1 = 17.5 ns.

the oscillations yields T2 = 16.2 ns. The energy relaxation
time T1 at the same operation point is characterized by
measuring the qubit excited-state population versus the
delay time between initialization and readout. By fitting the
excited-state population decay to an exponential function,
we extract T1 = 17.5 ns. We perform the same characteri-
zation on qubit 2 and obtain T2 = 14.3 ns and T1 = 17.4 ns
at �2 = 2 GHz. We also fabricated uncoupled qubits with
the same parameters and observed the same coherence
parameters, confirming that the capacitive coupling does
not degrade qubit coherence.

[1] M. W. Johnson et al., Quantum annealing with manufac-
tured spins, Nature 473, 194 (2011).

[2] T. Kadowaki and H. Nishimori, Quantum annealing in the
transverse Ising model, Phys. Rev. E 58, 5355 (1998).

[3] E. Farhi, J. Goldstone, S. Gutmann, J. Lapan, A. Lundgren,
and D. Preda, A quantum adiabatic evolution algorithm
applied to random instances of an NP-complete problem,
Science 292, 472 (2001).

[4] G. E. Santoro, R. Martonak, E. Tosatti, and R. Car, Theory
of quantum annealing of an Ising spin glass, Science 295,
2427 (2002).

[5] R. Harris et al., Phase transitions in a programmable quan-
tum spin glass simulator, Science 361, 162 (2018).

[6] A. D. King et al., Observation of topological phenomena
in a programmable lattice of 1,800 qubits, Nature 560, 456
(2018).

[7] A. Mott, J. Job, J.-R. Vlimant, D. Lidar, and M. Spirop-
ulu, Solving a Higgs optimization problem with quantum
annealing for machine learning, Nature 550, 375 (2017).

[8] M. H. Amin, E. Andriyash, J. Rolfe, B. Kulchytskyy, and
R. Melko, Quantum Boltzmann Machine, Phys. Rev. X 8,
021050 (2018).

[9] R. Harris, J. Johansson, A. J. Berkley, M. W. Johnson, T.
Lanting, Siyuan Han, P. Bunyk, E. Ladizinsky, T. Oh, I.
Perminov, E. Tolkacheva, S. Uchaikin, E. M. Chapple, C.
Enderud, C. Rich, M. Thom, J. Wang, B. Wilson, and G.
Rose, Experimental demonstration of a robust and scalable
flux qubit, Phys. Rev. B 81, 134510 (2010).

[10] R. Harris, T. Lanting, A. J. Berkley, J. Johansson, M. W.
Johnson, P. Bunyk, E. Ladizinsky, N. Ladizinsky, T. Oh,
and S. Han, Compound Josephson-junction coupler for flux
qubits with minimal crosstalk, Phys. Rev. B 80, 052506
(2009).

[11] S. Bravyi, D. P. DiVincenzo, R. I. Oliveira, and B. M.
Terhal, The complexity of stoquastic local Hamiltonian
problems, Quantum Inf. Comput. 8, 0361 (2008).

[12] M. Marvian, D. A. Lidar, and I. Hen, On the computa-
tional complexity of curing non-stoquastic Hamiltonians,
Nat. Commun. 10, 1571 (2019).

[13] J. Klassen and B. M. Terhal, Two-local qubit Hamiltonians:
When are they stoquastic? Quantum 3, 139 (2019).

[14] E. Y. Loh, J. E. Gubernatis, R. T. Scalettar, S. R. White, D.
J. Scalapino, and R. L. Sugar, Sign problem in the numeri-
cal simulation of many-electron systems, Phys. Rev. B 41,
9301 (1990).

034037-14

https://doi.org/10.1038/nature10012
https://doi.org/10.1103/PhysRevE.58.5355
https://doi.org/10.1126/science.1057726
https://doi.org/10.1126/science.1068774
https://doi.org/10.1126/science.aat2025
https://doi.org/10.1038/s41586-018-0410-x
https://doi.org/10.1038/nature24047
https://doi.org/10.1103/PhysRevX.8.021050
https://doi.org/10.1103/PhysRevB.81.134510
https://doi.org/10.1103/PhysRevB.80.052506
https://doi.org/10.1038/s41467-019-09501-6
https://doi.org/10.22331/q-2019-05-06-139
https://doi.org/10.1103/PhysRevB.41.9301


DEMONSTRATION OF A NONSTOQUASTIC HAMILTONIAN... PHYS. REV. APPLIED 13, 034037 (2020)

[15] S. V. Isakov, G. Mazzola, V. N. Smelyanskiy, Z. Jiang,
S. Boixo, H. Neven, and M. Troyer, Understanding Quan-
tum Tunneling through Quantum Monte Carlo Simulations,
Phys. Rev. Lett. 117, 180402 (2016).

[16] E. Andriyash and M. H. Amin, Can quantum Monte Carlo
simulate quantum annealing? arXiv:1703.09277 (2017).

[17] T. Albash and D. A. Lidar, Demonstration of a Scal-
ing Advantage for a Quantum Annealer Over Simulated
Annealing, Phys. Rev. X 8, 031016 (2018).

[18] L. Hormozi, E. W. Brown, G. Carleo, and M. Troyer, Non-
stoquastic Hamiltonians and quantum annealing of an Ising
spin glass, Phys. Rev. B 95, 184416 (2017).

[19] H. Nishimori and K. Takada, Exponential enhancement
of the efficiency of quantum annealing by nonstoquastic
Hamiltonians, Front. ICT 4, 2 (2017).

[20] R. Babbush, P. J. Love, and A. Aspuru-Guzik, Adiabatic
quantum simulation of quantum chemistry, Sci. Rep. 4,
6603 (2014).

[21] D. Aharonov, W. van Dam, J. Kempe, Z. Landau, S. Lloyd,
and O. Regev, Adiabatic quantum computation is equiva-
lent to standard quantum computation, SIAM J. Comput.
37, 166 (2007).

[22] J. D. Biamonte and P. J. Love, Realizable Hamiltonians for
universal adiabatic quantum computers, Phys. Rev. A 78,
012352 (2008).

[23] S. P. Jordan, D. Gosset, and P. J. Love, Quantum-Merlin-
Arthur-complete problems for stoquastic Hamiltonians and
Markov matrices, Phys. Rev. A 81, 032331 (2010).

[24] M. Marvian and D. Lidar, Error Suppression for
Hamiltonian-Based Quantum Computation Using Subsys-
tem Codes, Phys. Rev. Lett. 118, 030504 (2017).

[25] Z. Jiang and E. Rieffel, Non-commuting two-local Hamilto-
nians for quantum error suppression, Quantum Inf. Process.
16, 89 (2017).

[26] W. Vinci and D. A. Lidar, Nonstoquastic Hamiltonians in
quantum annealing via geometric phases, npj Quantum Inf.
3, 38 (2017).

[27] L. S. Levitov, T. P. Orlando, J. B. Majer, and J. E. Mooij,
Quantum spin chains and Majorana states in arrays of cou-
pled qubits, arXiv:0108266 [cond-mat.mes-hall] (2001).

[28] A. Lyakhov and C. Bruder, Quantum state transfer in arrays
of flux qubits, New J. Phys. 7, 181 (2005).

[29] T. Satoh, Y. Matsuzaki, K. Kakuyanagi, K. Semba, H. Yam-
aguchi, and S. Saito, Ising interaction between capacitively-
coupled superconducting flux qubits, arXiv:1501.07739
[quant-ph] (2015).

[30] A. J. Kerman, Superconducting qubit circuit emulation of a
vector spin-1/2, New J. Phys. 21, 073030 (2019).

[31] F. Yan, P. Krantz, Y. Sung, M. Kjaergaard, D. L.
Campbell, T. P. Orlando, S. Gustavsson, and W. D.
Oliver, Tunable Coupling Scheme for Implementing High-
Fidelity Two-Qubit Gates, Phys. Rev. Appl. 10, 054062
(2018).

[32] M. Kounalakis, C. Dickel, A. Bruno, N. K. Langford, and
G. A. Steele, Tuneable hopping and nonlinear cross-Kerr
interactions in a high-coherence superconducting circuit,
npj Quantum Inf. 4, 38 (2018).

[33] J. D. Whittaker et al., A frequency and sensitivity tunable
microresonator array for high-speed quantum processor
readout, J. Appl. Phys. 119, 014506 (2016).

[34] A. J. Berkley, M. W. Johnson, P. Bunyk, R. Harris, J.
Johansson, T. Lanting, E. Ladizinsky, T. Tolkacheva, M.
H. S. Amin, and G. Rose, A scalable readout system for
a superconducting adiabatic quantum optimization system,
Supercond. Sci. Technol. 23, 105014 (2010).

[35] C. M. Quintana et al., Observation of Classical-Quantum
Crossover of 1/f Flux Noise and its Paramagnetic Tem-
perature Dependence, Phys. Rev. Lett. 118, 057702
(2017).

[36] Although the capacitive coupling is off, the capacitive
loading on the individual qubits is kept in the simulation.

[37] M. H. Amin, A. Yu. Smirnov, N. G. Dickson, and M. Drew-
Brook, Approximate diagonalization method for large-scale
Hamiltonians, Phys. Rev. A 86, 052314 (2012).

034037-15

https://doi.org/10.1103/PhysRevLett.117.180402
https://doi.org/10.1103/PhysRevX.8.031016
https://doi.org/10.1103/PhysRevB.95.184416
https://doi.org/10.3389/fict.2017.00002
https://doi.org/10.1038/srep06603
https://doi.org/10.1137/S0097539705447323
https://doi.org/10.1103/PhysRevA.78.012352
https://doi.org/10.1103/PhysRevA.81.032331
https://doi.org/10.1103/PhysRevLett.118.030504
https://doi.org/10.1007/s11128-017-1527-9
https://doi.org/10.1038/s41534-017-0037-z
https://doi.org/10.1088/1367-2630/7/1/181
https://doi.org/10.1088/1367-2630/ab2ee7
https://doi.org/10.1103/PhysRevApplied.10.054062
https://doi.org/10.1038/s41534-018-0088-9
https://doi.org/10.1063/1.4939161
https://doi.org/10.1088/0953-2048/23/10/105014
https://doi.org/10.1103/PhysRevLett.118.057702
https://doi.org/10.1103/PhysRevA.86.052314

	I. INTRODUCTION
	II. HAMILTONIAN
	A. Parameter extraction
	B. Reduction to qubit model

	III. EXPERIMENTAL RESULTS
	A. Microwave spectroscopy
	B. Coherent oscillations

	IV. STOQUASTICITY
	V. CONCLUSION
	ACKNOWLEDGMENTS
	A. APPENDIX A: SYSTEM HAMILTONIAN
	1. rf SQUID with a compound Josephson-junction loop
	2. Reduction approach
	3. Unitary transformations and stoquasticity

	B. APPENDIX B: QUBIT AND COUPLER PARAMETER CHARACTERIZATION
	1. Coupler characterization
	2. Quasistatic qubit characterization
	3. Single-qubit spectroscopy
	4. Two-qubit spectroscopy

	C. APPENDIX C: PULSE-DISTORTION COMPENSATION FOR COHERENT OSCILLATIONS
	D. APPENDIX D: COHERENT-OSCILLATION PROTOCOL
	E. APPENDIX E: COHERENCE
	. References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


