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Although the main loss channel of planar microwave superconducting resonators has been identified to
be related to an external coupling to a two-level system (TLS) bath, the behavior of such resonators in
the presence of an off-resonant pump has yet to be fully understood. Alongside the well-known power-
dependent damping, we observe a frequency shift with a conspicuous maximum for intermediate pump
power that is attributed to a spectrally asymmetric saturation of the TLSs. We derive a semiclassical model
that describes both of these effects quantitatively. The model is validated experimentally by performing a
two-tone spectroscopy of several resonators fabricated on various substrates. Together with the provided
analytic formulas, the technique proposed here is a simple yet powerful tool to unambiguously identify
the presence of a limiting TLS bath, and to characterize various properties thereof, such as its average
dephasing rate.
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I. INTRODUCTION

Microwave superconducting resonators are an ubiqui-
tous resource in various quantum devices, ranging from
kinetic inductance bolometers [1,2] and parametric ampli-
fiers [3,4], to embedded circuits for cavity quantum elec-
trodynamics [5–7]. In addition, they play a central role
as a microwave interface in hybrid quantum systems such
as solid-state spins [8], mechanical resonators [9,10], and
ferromagnetic magnons [11,12]. Owing to the very low
resistivity of superconducting materials, combined with
advanced electromagnetic engineering to reduce radiation
losses, the dominant loss channel of such resonators is
the dielectric loss due to the presence of a two-level sys-
tem (TLS) bath in amorphous materials [13]. A salient
feature of this loss mechanism is its nonlinear nature.
Indeed, the damping of TLS-limited cavities is shown to
depend on resonator occupancy, originating from ther-
mal fluctuations [14], from resonant excitation [15,16],
or from nondegenerate resonant-mode occupancy [17,18].
The characterization of the microscopic properties of indi-
vidual TLSs probed under stress [19] or dc voltage bias
[20] is an active field of research, and considerable exper-
imental efforts have been devoted to the characterization
[21–23] and mitigation [24–28] of TLS-related losses for
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superconducting resonators in the single-photon regime.
In many applications, however, strong microwave tones
are applied with significant frequency detuning from the
resonance frequency in order to activate a parametric inter-
action between the resonator mode and various degrees of
freedom, such as a mechanical resonator [9], an auxiliary
microwave cavity [29], or a superconducting qubit [30]. In
this configuration, the off-resonant microwave tone respon-
sible for the saturation of the TLS bath is spectrally distinct
from the resonant mode subjected to the losses, simultane-
ously giving rise to a shift of the resonance frequency and
a modification of the population dependence of the quality
factor.

In this paper, we propose a scheme to probe the
energy relaxation and frequency-shift properties of an off-
resonantly driven microwave cavity due to the presence of
a TLS bath. A semiclassical model that describes the modi-
fied susceptibility is derived and compared to experimental
data obtained on several resonators fabricated on differ-
ent substrates. Contrary to earlier works where a pump
tone was injected at resonance with specifically engineered
cavity modes [17,18], our technique is readily applica-
ble to any kind of resonator, which makes it a versatile
approach to identify a TLS loss mechanism, and quantify
its contribution to the total resonator loss, a key capability
for the design and optimization of high-Q cavities. More-
over, the ability to continuously scan the pump detuning
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allows us to determine the average dephasing rate of the
TLS bath by relating it to a well-controlled experimental
parameter.

The paper is organized as follows: in Sec. II, we describe
the lumped-element resonators on which the measure-
ments have been conducted. We then present in Sec. III the
two-tone characterization scheme, and discuss a distinctive
feature of this pump-probe technique: a pump-induced fre-
quency shift of the resonator’s frequency. In Sec. IV, we
propose a semiclassical model that accounts for the mod-
ified susceptibility of a microwave resonator due to the
presence of a pump tone, and investigate numerically the
validity of this model. Finally, in Sec. V, we summarize the
results obtained by fitting our model on various datasets
obtained with different resonators fabricated on three dif-
ferent substrates. Together with the analytical formulas
provided in Sec. IV, the proposed two-tone technique con-
stitutes a simple characterization method for the design of
superconducting resonators, and an alternative tool for the
investigation of amorphous materials.

II. SAMPLE DESIGN AND FABRICATION

Our samples are compact resonators, made of a mean-
der inductor in parallel to an interdigitated capacitor with
a tooth period as small as 1 μm (see Fig. 1). These res-
onators have been initially optimized to maximize the
coupling of the microwave mode to an external degree of
freedom such as localized emitters [31,32] or the motion
of a planar dielectric membrane placed in the evanescent
field of the circuit via dielectric gradient forces [33]. Due
to the evanescent profile of the electric field around the
interdigitated capacitor [34], the electric field is strongly
confined in the direction transverse to the electrode plane.
As a concomitant effect, the participation ratio of the sur-
face interfaces and any deposited dielectric layers is thus
enhanced in this geometry, which leads to an intention-
ally larger TLS signal in the form of resonator frequency
shift and damping. Microwave radiation is coupled in and
out of the resonator with a coplanar-waveguide feedline
inductively coupled to the resonator.

To test the ability of our technique to discriminate
between the properties of various dielectric materials, we
fabricate resonators on three different substrates: a 250-
μm-thick substrate of float-zone- (FZ) grown (100) intrin-
sic silicon, with a resistivity of more than 10 000 � cm
(substrate referred to as Si), 500-μm-thick substrate of
FZ-grown (100) P-doped type-n silicon, with a resistiv-
ity of more than 10 000 � cm, with 2 μm of SiO2 from
thermal oxidation (substrate referred to as Si/SiO2), and
finally, a 650-μm-thick substrate of Czochralski- (CZ)
grown (100) silicon, with P/boron doping and a resistiv-
ity of 1–30 � cm, with 200 nm of Si3N4 deposited through
low-pressure chemical vapor deposition (substrate referred
to as Si/Si3N4).

(a)

(b) (c)

FIG. 1. (a) Optical micrograph of the microwave cavity. (b)
Dielectric environment of the capacitor and profile of the elec-
tric field mode profile (magnitude square), which exhibits, in
good approximation, an exponentially decaying z dependence.
Silicon is represented in purple, niobium is represented in gray,
and the optional (SiO2 or Si3N4) amorphous dielectric layer is
represented in green. (c) View of the capacitor using electron
microscopy.

The resonators are fabricated via e-beam lithography
on a 100-nm-thick niobium layer evaporated using a
Plassys system under ultra-high vacuum (approximately
equal to 5 × 10−10 mbar). For each substrate, ten res-
onators are multiplexed on the same coupling waveguide
and their resonance frequency is staggered by increment-
ing the capacitor’s area by steps approximately equal to
2.5%. The coupling-limited quality factor is designed to
be approximately equal to 2 × 104.

III. PUMP-PROBE CHARACTERIZATION

Each sample is placed in a 3He cryostat with a 330-
mK base temperature, and probed by a two-tone excitation
[see Fig. 2(a)]: a strong pump with a fixed detuning in an
interval spanning from several linewidths below to sev-
eral linewidths above the cavity resonance, saturates the
TLS bath and a weak probe is used to measure the res-
onance frequency ωc and damping �tot of the resonator
[see Fig. 2(b)]. An example of the complex probe trans-
mission T recorded for various pump power is represented
in Fig. 2(c). Using a fit formula [35,36] that properly takes
into account the effect of standing waves in the coupling
waveguide, we can separate the contributions of the cou-
pling waveguide �ext and internal damping �int in the total
cavity linewidth �tot = �int + �ext.

Figure 3(a) shows the frequency shift �ωc and inter-
nal damping �int measured by the probe for various pump
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(a)

(c)

(b)

FIG. 2. (a) Experimental setup: the output of a network analyzer (probe) is combined with that of a signal generator (pump) to drive
the sample placed in a 3He cryostat. NA, network analyzer. (b) Experimental protocol: a strong pump field is applied with a given
detuning from a microwave cavity resonance, while a weak probe field is swept across the cavity resonance to measure its transmission
spectrum T . (c) Real (top) and imaginary part (bottom) of the probe transmission for a pump detuning of 4 MHz at various (pump)
intracavity photon numbers.

powers and detunings �. Even with the large pump detun-
ing, we observe a decrease of the resonator losses for
increasing pump power. This effect can be attributed to
the saturation of the TLS bath by the intracavity pump
tone. To deconvolve the filtering of the detuned incoming
pump tone by the cavity linewidth, the pump power is con-
verted into intracavity photon number n̄ via the formula
n̄ = 2�ext|ain|2/(�2

tot + 4�2), where |ain|2 is the incoming
photon flux in photon/s as determined by an independent
calibration experiment (see Appendix C). Furthermore, to
measure the correct intrinsic damping at low power, the
probe beam is ensured to be sufficiently weak to prevent it
from saturating the TLS bath.

A noticeable feature of this pump-probe experiment is
the pump-dependent frequency shift observed in Fig. 3(a).
This result is in contrast with single-tone experiments
where the interaction with the TLS bath is only affecting

the resonator damping. Moreover, the observed frequency
shift has a nonmonotonous behavior, with a maximum
(respectively, minimum) resonator frequency observed for
a given pump power at positive (respectively, negative)
pump detuning �.

In the next section, we give a detailed theoretical
description of the pump-probe experiment, and we propose
an analytical model that can be used to link the previ-
ous experimental signatures with various properties of the
bath, such as the average TLS dephasing rate.

IV. THEORETICAL ANALYSIS

Here, we derive analytical formulas for the frequency
shift and damping induced by an ideal bath of TLSs. These
are characterized by a uniform frequency distribution of
density P0/2π (in Hz−1), a coupling g to the resonator
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d

(a)

(b)

(c)

(d)

FIG. 3. (a) Frequency shift and (b) damping of the resonator, versus the number of intracavity photons. Each color corresponds
to a different pump detuning ranging from −20 to +20 MHz (color bar). Points correspond to experimental data, while solid lines
correspond to fits by the model [Eqs. (3) and (4)]. (c),(d) Ground-state population distribution of the TLSs versus their frequency
detuning ωq − ωc calculated with Eq. (1). The various curves have been calculated for various intracavity pump photon numbers and
the related points in (a),(b) are highlighted with the corresponding color circles. This measurement is performed on a Si/SiO2 sample,
with ωc/2π = 7.521 GHz (see circled point in Fig. 5).

assumed to be identical for all TLSs in the distribution,
and a damping (dephasing) rate �1 (�2). This is a simpli-
fying assumption since the real TLS population has some
statistical variation in these parameters (for instance, the
coupling g of individual TLSs to the resonator depends on
the value and orientation of the electric field at the TLS
location). However, by neglecting these effects, we can
provide analytical formulas, which are numerically veri-
fied in Sec. IV D with a more realistic TLS bath, and found
to be in good agreement provided the fitted parameters are
interpreted as averaged values over the TLS distribution.

A. Analytical formula for a uniform TLS bath

As the weak probe has a negligible effect on the TLS
bath, the pump affects the population imbalance 〈σ z(ωq)〉
according to the saturation law for a TLS at frequency ωq

〈σ z(ωq)〉 = 〈σ z〉th

[
1 − �2

2 n̄/ns

(ωq − ωp)2 + �2
2(1 + n̄/ns)

]
,

(1)

where 〈σ z〉th = − tanh
(
�ωq/2kBT

) ≈ −0.52 is the ther-
mal imbalance resulting from the Fermi-Dirac distribution

at the base temperature T = 330 mK of our 3He cryo-
stat, �2 (�1) the TLS dephasing (energy relaxation) rate,
g the coupling rate, n̄ the number of intracavity photons,
ns = �1�2/4g2 the number of photons required to satu-
rate the TLS transition. In turn, the population imbalance
〈σ z(ωq)〉 of a single TLS induces a shift of the complex
cavity frequency [18]

δωc = g2〈σ z(ωq)〉
ωq − ωc + i�2

. (2)

The frequency shift and damping, as measured by the
probe beam, are related to the real and imaginary parts of
δωc. The total frequency shift and damping are obtained by
integrating the contribution of individual TLS, assuming
a flat spectral distribution of density P0, uniform coupling
rate g, and no interaction between individual TLSs, leading
to (see Appendix B)

�ωc = −�0

2
(�/�2) (n̄/ns)√

1 + n̄/ns

[
(�/�2)

2 + (
1 + √

1 + n̄/ns
)2

] ,

(3)
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�int = �0

[
1 − n̄/ns√

1 + n̄/ns

1 + √
1 + n̄/ns

(�/�2)
2 + (

1 + √
1 + n̄/ns

)2

]
.

(4)

In these formulas, in addition to the dephasing rate �2,
the TLS bath is described by two characteristic parame-
ters: �0 = P0g2 |〈σ z〉th|, the maximum damping produced
by the TLS bath at the temperature T, that acts as a scaling
factor on the curves �ωc(n̄, �) and �int(n̄, �), and ns, that
corresponds to a scaling of the curves with respect to the
axis n̄.

Equations (3) and (4) agree well with the experimen-
tal observations of the previous section. The solid lines in
Figs. 3(a) and 3(b) are a simultaneous fit of the experi-
mental points to Eqs. (3) and (4) with �0, �2, and ns as
free parameters. The small (approximately 5%) discrep-
ancy between the measured damping and the fits at low
pump power is attributed to the residual saturation of the
TLS bath by the probe tone. We also observe a residual
loss at high pump power, that represents approximately
10% of the low-power value and that is attributed to a loss
mechanism unrelated to the TLS bath. The smaller overall
variation of the measured damping cannot be captured by
the model since we perform a common fit on both damping
and detuning points. We nonetheless observe a decrease
of this discrepancy as the probe power is weakened, con-
sistent with the hypothesis of a residual saturation of the
bath by the probe field. Since the detuning curve is not
affected by these artifacts, we attribute a 90% weighting to
the detuning data in the global fit, and ignore these effects
in our model for simplicity. In the following sections, we
give a qualitative explanation of the phenomena captured
by our model and derive simple formulas in two limiting
cases.

B. Small detuning limit

When the pump detuning is small compared to the TLS
dephasing rate (� � �2), the TLSs that are affected by
the pump are the same as in a single-tone experiment. In
particular, since an equal number of TLSs are excited by
the pump on either side of the cavity, the frequency shift
vanishes in this regime:

�ωc = 0, (5)

�int = �0√
1 + n̄/ns

. (6)

Equation (6) is the well-known power-dependent absorp-
tion of the TLS bath derived in the context of single-tone
experiments [37].

C. Large detuning limit

In the large detuning limit (� � �2), the effect of the
pump field on the TLS distribution is more subtle: as

the intracavity field resonates at a frequency ωp that is
significantly different from ωc, a depletion in population
imbalance 〈σ z(ωq)〉 occurs for TLSs that have a frequency
ωq close to ωp . More quantitatively, the width of this
Lorentzian dip is given by the generalized Rabi frequency
�2

√
1 + n̄/ns. Consequently, the frequency pull exerted

by TLSs that are above the cavity frequency will not be
perfectly compensated by those that are below, result-
ing in a net shift of the cavity resonance. At even larger
pump power, the width of the dip in population imbal-
ance exceeds the pump detuning, such that the asymmetry
decreases. Qualitatively, the maximum cavity frequency
shift occurs when the pump creates a depletion of popula-
tion imbalance 〈σ z(ωq)〉 of spectral width �. In the current
limit, this occurs when n̄ ≈ ns (�/�2)

2. This effect is illus-
trated in Figs. 3(c) and 3(d), where the ground-state pop-
ulation is calculated using Eq. (1) for two different pump
detunings, and various pump powers spreading below and
above this value.

Further, we can note that Eqs. (3) and (4) can be
approximated in the large detuning limit by

�ωc = −�0

2
δ

δ2 + 1
, (7)

�int = �0
δ2

1 + δ2 , (8)

with the dimensionless parameter δ = √
ns/n̄�/�2.

Hence, in the regime � � �2, the curves �ωc(n̄, �) are
invariant under the transformation (n̄, �) → (

√
αn̄, �/α),

where α is an arbitrary positive number. In particular, the
maximum frequency shift and damping are independent of
the pump detuning provided it greatly exceeds the dephas-
ing rate �2 of the bath and their ratio is a nonadjustable
prediction of the model:

�ωc(δ = 1)

�int(n̄ = 0)
= 1/4. (9)

We find experimentally max(�ωc)/ max(�int) ≈ 0.23 with
the data presented in Figs. 3(a) and 3(b).

By capturing the transition between these two distinct
regimes, the fit with the full Eqs. (3) and (4) performs a
direct comparison between the TLS bath dephasing rate
�2, and the known pump detunings �. The two-tone exper-
iments, therefore, give direct experimental access to �2, a
parameter that is elusive to the single-tone probing of a
TLS bath.

D. Effect of the nonuniform TLS distribution

1. Monte Carlo simulations

The model derived in the previous section is based
on the assumption that the bath is composed of a large
number of TLSs with identical properties. In this section,
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we study numerically how a nonuniform distribution of
TLS parameters affects the previous findings. We per-
form a Monte Carlo simulation where we randomly pick
an ensemble of N TLSs characterized by the parameters
{ωq,i, gi, �1,i, �2,i}i∈[1,...,N ]. The individual TLS frequencies
ωq,i are drawn from a uniform distribution of density P0.
The couplings gi are chosen randomly in a uniform distri-
bution on the intervals [0, gmax]: this distribution would be
rigorously justified for a bath of TLSs with random orien-
tations in a uniform electric field. The energy damping and
dephasing rates �1,i and �2,i are drawn from a log-normal
distribution, where the standard deviation of the variable’s
logarithm is fixed to 1/2.

The TLS spectral density P0 is not constrained by our
model, we thus choose a starting value P0/2π = 1 kHz−1

large enough to ensure that the numerical results are insen-
sitive to the sampling noise associated with the random
realization of TLSs. In practice, we choose 106 TLSs in

a 1-GHz interval around the cavity frequency. Moreover,
we choose the mean values of the probability distributions
such that �̄0 = |〈σ z〉th| P0〈g2

i 〉, �̄2 = 〈�2,i〉, and n−1
s =

〈4g2
i /�1,i�2,i〉 match the values fitted with our model on

the experimental data of Fig. 3.
The expected frequency shift and damping are then com-

puted on a regular grid of pump detuning and intracavity
power by summing the contribution of individual TLSs
using Eq. (2). The resulting graph is represented in Fig. 4,
together with a fit using the analytic Eqs. (3) and (4). We
observe a very good agreement between the fits and the
values calculated with the simulations; the fitted values of
�0, �2, and n−1

s match to within 15% of the average values

�̄0, �̄2, and n−1
s of the distributions sampled in the Monte

Carlo simulation. This indicates that although the Eqs. (3)
and (4) were rigorously derived with the assumption of a
unique value of g2, �1 and �2, they well describe the effect

(a)

(b)

(c)

(d)

(e)

(f)

FIG. 4. (Left) Numerical validation of the model: the points in (b),(c) are the frequency shifts and dampings calculated with a
Monte Carlo simulation for various pump power and detuning. The TLS frequencies are sampled from a flat distribution of density
P0/2π = 1 kHz−1. A 10-MHz fragment of the sampled TLS frequencies is visible as a collection of blue crosses in (a), as well as
an enlargement of a 40-kHz-wide region. The average values (�̄0, �̄2, n−1

s ) of the sampled population (see legend) match the values
obtained with the experimental fit of Fig. 3. The full lines are fits with Eqs. (3) and (4) (fitted parameters are also indicated in the
legend). (Right) Random sampling effects at low TLS density: the points in (e),(f) are the typical Monte Carlo results for the same
parameters as in (b),(c), except for a lower spectral density P0/2π = 1 MHz−1. In this particular realization, the reduced damping and
positive frequency shift at low pump power results from a deficit of TLSs on the low-frequency side of the cavity [see sampled TLS
frequencies over a 10-MHz fragment in (d)].
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of a nonuniform TLS bath, provided the fitted values are
interpreted as average values over the TLS distribution.

2. Effect of random sampling

Our model is insensitive to the spectral density of
TLSs: the scaling (P0, g, �1) → (αP0, α−1/2g, α�1) with
α an arbitrary positive number, leaves the parameters
�0, �2, ns unchanged. However, the smaller the density P0,
the smaller the number of resonant TLSs that will con-
tribute to the complex frequency pull. When only a handful
of TLSs contribute to the effect, we observe the signatures
of the random sampling in the Monte Carlo simulation.
Figures 4(e) and 4(f) show the typical shape of �ωc(n̄, �)

and �int(n̄, �) for a TLS density as low as 1 MHz−1. We
observe an asymmetry in the frequency shift of the res-
onator: at low pump power, the frequency shift is mainly
governed by the few TLSs that are located within a fre-
quency difference �2 from the resonator. An excess on one
side of the cavity leads to a constant shift of the cavity fre-
quency. On the other hand, in the large pump power limit,
the cavity recovers its unshifted frequency since all the
TLSs in a large frequency span around the cavity are satu-
rated. Depending on the particular frequencies of the TLSs
close to the cavity resonance, the low-power shift can be
either towards low or high frequency. These effects have
not been observed in our experiments, and we thus con-
clude that the TLS density P0/2π � 1 MHz−1. This result
is consistent with other work from the literature [38], that
found a typical surface density for resonant TLS of approx-
imately 1 μm−2 (resonant TLSs are those with a detuning
|ωq,i − ωc| � �2, that contribute significantly to the low-
power damping effect). With this estimate, we can infer
that approximately 5000 TLSs contribute to the resonator

shifts, or equivalently, a frequency density P0/2π in the
kHz range.

V. MEASUREMENT RESULTS

To evaluate the dispersion in the parameters estimated
by our technique, we repeat the fit presented in Fig. 3 on
various resonators. Out of the ten resonators fabricated
on each of the Si/SiO2, Si/Si3N4, and Si substrates, we
observe three, four, and six resonances, respectively. We
attribute the missing resonances to the presence of short
circuits in the interdigitated capacitors.

The three parameters (�0, �2, ns) extracted from the fit
of each operative resonator are represented as a point in the
(�2, �0) and (ns, �0) planes in Figs. 5(a) and 5(b), respec-
tively. The resonators fabricated on Si/SiO2, Si/Si3N4, and
Si substrates are represented in red, green, and blue points,
respectively. For a given substrate, the standard deviation
of each parameter is represented as an error bar on the
corresponding plot. Table I also summarizes the values
extracted and the corresponding standard deviations for
the different substrate types. The large dispersion of the
parameter ns, in particular for the Si/SiO2 and Si/Si3N4
substrates, is likely due to systematic errors in the cali-
bration of n̄. Indeed, the determination of �ext is difficult
for these largely undercoupled resonators (for some res-
onators, we find a contribution of the coupling to the
waveguide as low as approximately 3% of the total damp-
ing). However, since this effect only corresponds to a
global shift of the curves �ωc(n̄, �), �int(n̄, �) towards
lower occupancies n̄, the determination of �0 and �2 is
not affected by this inaccurate calibration. The losses �0
are typically higher by a factor 5 with the Si/Si3N4 and
Si/SiO2 substrates as compared to Si. This indicates that

(a) (b) (c)

FIG. 5. Fit results: each point in the scatter plots represents the result of a fit similar to that in Figs. 3(a) and 3(b). Resonators
fabricated on a Si/SiO2, Si/Si3N4, and Si substrates are represented by red, green, and blue points, respectively. The coordinates
(�0, �2) and (�0, ns) extracted on each sample are represented in (a) and (b), respectively. The same data points are represented in the
(P0�1, �0) plane in (c), see text for details. The mean and standard deviation of each ensemble is represented as thick crosses in each
of the plots. The starred data point is the result of the fit presented in Figs. 3(a) and 3(b).
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TABLE I. Extracted parameters of the TLS bath for the three types of substrates. The confidence intervals are the standard deviation
of the measurement clusters.

Type of wafer �0/2π (MHz) �2/2π (MHz) ns (ph) P0�1 Q(330 mK) Q(0 K)

Si/SiO2 1.1 ± 0.098 1.76 ± 0.013 22.8 ± 13 115 ± 68 6800 ± 400 3300 ± 100
Si/Si3N4 0.823 ± 0.16 2.02 ± 0.24 6.12 ± 6.6 23.2 ± 24 7400 ± 1300 3000 ± 500
Si 0.194 ± 0.029 1.07 ± 0.13 7.92 ± 2.2 15.7 ± 4 27 500 ± 3000 10 000 ± 900

most of the TLSs are indeed located in the amorphous
layers SiO2 and Si3N4. Moreover, we find a dephasing
rate �2/2π in the MHz range for the three kinds of sub-
strate, with a consistent variation from 1.07 ± 0.13 MHz
for Si substrates, 1.76 ± 0.013 MHz for the SiO2 sub-
strates, and 2.02 ± 0.24 MHz for the Si3N4 layers. This
points towards different TLS microscopic nature in the var-
ious materials. Even though the TLS spectral density P0
cannot be resolved by our technique, a normalized TLS
spectral density P0�1 = 4�0ns/�2|〈σ z〉th| can be calcu-
lated from the fitted parameters (�0, �2, ns). Figure 5(c)
represents the same experimental points as in Figs. 5(a)
and 5(b) in the (P0�1, �0) plane. For the three substrate
types the normalized TLS spectral density is comprised
between approximately 10 and approximately 200 TLSs
per intrinsic linewidth. As for the parameter ns, the rela-
tively large scatter observed for the Si/Si3N4 and Si/SiO2
substrates results from the poor determination of �ext for
these resonators. The lowest values are found on the Si
and Si/Si3N4 substrates and the largest values on the
Si/SiO2 substrates. The low spectral density of TLSs on
the Si/Si3N4 (comparable to the bare Si substrate) is likely
due to the small thickness of the amorphous Si3N4 layer on
these samples: the TLSs contributing to the damping are
relatively rare, but strongly coupled to the resonator due to
their proximity to the interdigitated capacitor.

The low-power internal quality factor Q(330 mK) =
ωc/�0, and the quality factor extrapolated at zero temper-
ature and zero pump power Q(0 K) = Q(330 mK) |〈σ z〉th|
is also presented in separate columns. The relatively low
value of approximately 104 even for the samples fabri-
cated on Si is likely due to the unusually small pitch of
the interdigitated capacitors studied here [35], along with
the absence of a chemical surface treatment prior to metal
deposition [27].

Although recent experiments conducted on state-of-the-
art high-Q resonators have seen evidence of TLS-TLS
interactions in the spectrum of resonator frequency fluctu-
ations [39,40], or on the power dependence of the damping
rate in single-tone experiments [38], we do not observe
such signatures in our experiments. In particular, the gen-
eralized tunneling model proposed in Ref. [41] predicts
a logarithmic dependence of the resonator damping as a
function of n̄. The absence of such a signature in the sam-
ples fabricated on amorphous substrates such as Si/SiO2 or
Si/Si3N4 is not surprising as the density of TLSs in bulk

amorphous material is too low to induce strong coupling
between neighboring TLSs [41]. On the other hand, the
dominating TLSs for the Si substrates are likely located at
the oxide interface layers and should thus induce the same
nontrivial power dependence of the damping rate. The dis-
crepancy between our experiment and these recent works
is probably due to the lack of chemical surface treatment
prior to metal deposition in our sample processing. How-
ever, extending our simple model to the case of interacting
TLSs could provide useful insight on the physics of these
complex systems. In particular, the two-tone experiment
demonstrated here may be useful to test some of the
underlying hypotheses of the generalized tunneling model,
such as a temperature-dependent dephasing rate of the
TLSs [41].

VI. CONCLUSION

In conclusion, we present an experimental method to
characterize the nonlinear properties of a TLS bath—the
dominant loss channel of planar superconducting res-
onators. The method is applied to lumped-element res-
onators that have been specifically optimized to confine
the electric field in a small region around the substrate
surface. By selectively saturating a fraction of the TLSs
that are resonant with a detuned-pump field, and simul-
taneously measuring the cavity spectrum with a weak
probe field, we observe clear signatures of “spectral hole
burning” in the TLS frequency distribution. The details
of the evolution of the resonance frequencies and damp-
ing as a function of the pump detuning can be used to
infer physical properties of the bath, such as its average
dephasing rate �2. This technique requires only standard
microwave equipment and it is readily applicable to a
large range of microwave resonators. Beyond their interest
for the investigation of amorphous materials, the experi-
mental signatures reported in this work can be used as a
method to unambiguously identify the precise contribu-
tion of the TLS bath to the total resonator loss, and thus
gives a useful insight into the design and optimization of
superconducting cavities.

Furthermore, the physical situation considered here is
ubiquitous in parametrically coupled systems where a par-
ticular interaction is activated by a strong pump field
detuned with respect to the resonant-mode frequency. This
is notably the case in reservoir engineering, where the
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mode of interest inherits a nontrivial dissipation mech-
anism from the parametric coupling to an intentionally
low-Q microwave mode [42]. In this regime, the coupled
dynamics of the resonant mode and TLS bath have to be
carefully studied since pump photons can be scattered to
the resonator via the interaction with TLSs, leading to an
effective heating process. This phenomenon is currently
under theoretical investigation [43] and its characteriza-
tion, which requires a quantum-limited readout to resolve
the associated fluctuations, will be the subject of future
work.
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APPENDIX A: MAXWELL-BLOCH EQUATIONS
IN THE PRESENCE OF DEPHASING

The interaction of a single TLS with the cavity is
described by the Jaynes-Cummings Hamiltonian (in a
frame rotating at the pump frequency ωp ):

H = �(ωp − ωc)a†a + �(ωp − ωq)

2
σ z

+ i�g(a†σ − aσ †) + i�J
(
a† − a

)
,

where J = ain�ext/
√

2 is supposed to be real without loss
of generality (the factor

√
2 accounts for a “hanger-type”

waveguide coupling). The dissipation is described by the
Lindblad equation:

dρ

dt
= − i

�
[H, ρ] + �↑↓(nth + 1)Dσ (ρ) + �φ

2
Dσ z (ρ)

+ �↑↓nthDσ †(ρ) + �extDa(ρ),

with nth = 1/(e�ω/kT − 1) the occupation number of the
TLS, �ext the damping of the cavity in the absence of TLS,
�φ the eventual TLS dephasing rate, �↑↓ its energy loss

rate at zero temperature, and

DA(ρ) = AρA† − 1
2
(A†Aρ + ρA†A).

Using the formulas 〈A〉 = Tr(Aρ) and (d/dt)〈A〉 =
Tr[A(d/dt)ρ], one can compute the Maxwell-Bloch equa-
tions

d〈a〉
dt

=
(

−i� − �ext

2

)
〈a〉 + g〈σ 〉 + J (A1)

d〈σ 〉
dt

= [−i(ωp − ωq) − �2
] 〈σ 〉 + g〈aσ z〉 (A2)

d〈σ z〉
dt

= −2g(〈a†σ 〉 + 〈aσ †〉) − �1 (〈σ z〉 − 〈σ z〉th) ,

(A3)

where we define �2 = (�↑↓/2)(1 + 2nth) + �φ , �1 =
�↑↓(1 + 2nth), 〈σ z〉th = − 1/(1 + 2nth) = − tanh(�ω/

2kBT) and � = ωp − ωc.

APPENDIX B: FULL DERIVATION OF THE
MODEL

To transform this system [(A1), (A2), and (A3)]
into a closed set of equations, we neglect the correla-
tions and factorize the products 〈aσ z〉 = 〈a〉〈σ z〉, 〈a†σ 〉 =
〈a†〉〈σ 〉, and 〈aσ †〉 = 〈a〉〈σ †〉. Moreover, we decom-
pose the mean values into semiclassical stationary and
modulated components 〈a〉 = α + δα(t)e−i�t, 〈σ 〉 = σ0 +
δσ (t)e−i�t, 〈σ z〉 = σz0, and with δα(t) and δσ (t) slowly
varying complex functions. The equations for the station-
ary components then read

0 = (−i� − �ext/2)α + gσ0 + J , (B1)

0 = [−i(ωp − ωq) − �2]σ0 + gασz0, (B2)

0 = −2g(α∗σ0 + ασ ∗
0 ) − �1(σz0 − 〈σ z〉th). (B3)

From Eq. (B2), we get

σ0 = gασz0

i(ωp − ωq) + �2
, (B4)

and from Eq. (B3), we obtain the population imbalance
resulting from the saturation of the transition by the pump
field

σz0 = 〈σ z〉th

[
1 − �2

2 n̄/ns

(ωq − ωp)2 + �2
2(1 + n̄/ns)

]
, (B5)

where n̄ = |α|2 is the mean photon number in the cavity
and n−1

s = 4g2/�1�2 the number of photons required to
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saturate the TLS transition. We then solve for the modu-
lated parts by adiabatically eliminating the TLS dynamic
(dδσ/dt = 0). From Eq. (A1), we obtain

˙δα = −�extδα/2 + gδσ , (B6)

and from Eq. (A2)

δσ = gσz0δα

−i(ωc − ωq) − �2
. (B7)

By substituting Eq. (B7) into Eq. (B6), we obtain

˙δα =
[
−�ext/2 + g2σz0

i(ωc − ωq) + �2

]
δα. (B8)

Hence, the complex frequency pull is given by

δω = g2σz0

(ωq − ωc) + i�2
. (B9)

In turn, the population difference 〈σ z(ωq)〉 of a single TLS
induces a shift of the complex cavity frequency [18]

δω = g2〈σ z(ωq)〉
ωq − ωc + i�2

. (B10)

We also compute the total frequency shift and damping by
summing the individual contributions of all the TLSs. If
we assume a homogeneous distribution of frequencies of
the TLS, with a density P0, we have the following:

δωc =
∫ ∞

−∞
dωq

P0

2π

g2σz0

ωq − ωc + i�2

=
∫

〈σ z〉th

[
1 − �2

2 n̄/ns

(ωq − ωp)2 + �2
2(1 + n̄/ns)

]

× P0g2

(ωq − ωc) + i�2

dωq

2π
.

This integral can be interpreted as the convolution product

δωc(�) = 〈σ z〉thP0g2

×
{[

1 − �2
2 n̄/ns

ω2 + �2
2(1 + n̄/ns)

]
⊗ 1

ω + i�2

}
(�).

Using standard Fourier transforms and the convolution
theorem, we derive the expression

δωc = −P0g2〈σ z〉th/2

×
[

i + n̄/ns√
1 + n̄/ns

1
�/�2 + i

(
1 + √

1 + n̄/ns
)
]

.

The real and double-imaginary parts of this expression,
given by formula (3) and (4), correspond to the frequency
shift and damping induced by the TLS bath.

APPENDIX C: PHOTON-NUMBER CALIBRATION

The intracavity photon number at cryogenic temperature
can be precisely quantified with the calibration of the total
attenuation required for signal thermalization. To achieve
this, we perform a separate experiment shown in Fig. 6(a)
where a temperature-controlled 50-� termination is placed
instead of the sample.

The emitted Johnson-Nyquist noise is used as a cal-
ibrated signal to extract the gain of the amplification
chain G. The power spectral density measured by a spec-
trum analyzer depends on the temperature of the 50-
� resistor according to S[ω, T] = G{�ωc[exp(�ωc/kBT −
1)]−1 + Samp}, where Samp is the spectral noise density
added by the amplification chain. The measured power
spectral density is shown in Fig. 6(b) as a function of
the temperature of the 50-� termination, the temperature
is cycled up and down with a 5-min thermalization time
for each value. The temperature sweep enables us to sep-
arate the contribution of the Johnson-Nyquist noise from
the noise added from the amplification chain. Moreover,
a probe is added to track slow drift of the gain of the
amplification chain during the calibration. We obtain an
amplification chain gain of G = 61.8 dB and an added
noise corresponding to Samp = kB × 4.4 K in agreement
with the specification of the HEMT amplifier. Assum-
ing that the amplification chain remains unchanged with
respect to the setup presented in Fig. 2(a) of the main text,
we are able to extract the total attenuation of the thermal-
ization chain of 52 dB and therefore infer the photon flux
at the input of the superconducting resonator |ain|2. Thus,
the intracavity photon number can be extracted according
to the following equation:

n̄ = 2�ext|ain|2
�2

tot + 4�2
, (C1)

H
C

(a)

(b)

FIG. 6. (a) Setup used for the calibration of the amplification
and attenuation chain. SA, spectrum analyzer. (b) Experimental
results, for increasing and decreasing temperatures, with added
fit.
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where the coupling rate �ext, the total decay rate �tot, and
the cavity detuning � are extracted from experimental fits
such as those presented in Fig. 2(c) of the main text.
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