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Computation of drag force due to oscillation of a beam or any other solid structure near or away from
the fixed surface is very important in controlling the performance of most microelectromechanical and
nanoelectromechanical systems. Although there exist many formulations for drag-force computations near
and away from the fixed bottom surface, they are limited to a single element. In this paper, we present
a systematic formulation for arriving at a modified formula for drag force based on experimental and
numerical simulations that can be used in computing forces in an array of microelectromechanical and
nanoelectromechanical system beams. To develop the model, we first obtain an approximate analytical
model for uniform as well as nonuniform motion of a cantilever beam. After validating the numerical
model with experimental and analytical results for a single beam, we modify the formula to consider
different boundary effects and then apply it to compute drag forces in an array of beams. Finally, we also
modify the formulas to include the nearby wall effect. The formula developed works excellently when the
interbeam gaps are small. However, the percentage error increases with interbeam gap and is found to be
between 5% and 14%.
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I. INTRODUCTION

With the growing need for realizing high-bandwidth
devices for imaging and characterization [1,2], the focus
has shifted toward utilizing microelectromechanical sys-
tem (MEMS) and nanoelectromechanical system (NEMS)
arrays [3,4]. Recently, researchers have been exploring an
array of microcantilevers of different materials to improve
the performance of MEMS-based sensors and actuators.
Walters et al. [5] have investigated an array of silicon
nitride cantilevers having different lengths ranging from
23 to 203 μm for application in atomic force microscopy
(AFM). Schneider et al. [6] demonstrated parallel imag-
ing of large sample areas using arrays of polymer SU-8
microcantilevers. They have investigated cantilevers with
different SU-8 thicknesses. Using an array of five AFM
microcantilevers, Somnath et al. [7] demonstrated paral-
lel topographic imaging and nanolithography. In another
study, to improve the size of measurement area and scan
speed, Seong et al. [8] proposed an array of 30 micro-
cantilevers in order to acquire an image of size 0.510 ×
0.425 mm2, which is much larger than a conventional AFM
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image. Further, Maris et al. [9] presented a new design
consisting of arrays of piezoresistive cantilevers for large-
area imaging in air as well as liquid. Although there are
many studies utilizing arrays of cantilevers, the various
coupling effects have been ignored. Most coupled field
analyses in microelectromechanical cantilever beam arrays
are limited to structural and electrical coupling effects
in frequency tuning. In this paper, we develop a model
to compute drag forces that can be used to study fluid-
structure interaction in microcantilever beams arrays and
can be further utilized in improving the performance of
many devices such as the scanning characteristics of AFM
cantilevers in biological applications, the frequency band-
width of energy harvesters, the switching characteristics of
array-based MEMS devices, etc.

Microcantilever structures operating in ambient con-
ditions are mostly damped due to fluid-based damping
mechanisms such as squeeze-film damping and drag forces
[10]. While the squeeze-film damping dominates when
the vibrating structure is very close to a fixed wall, the
damping due to drag forces is common when the vibrating
structures are away from the fixed surfaces. As the drag
force has been historically significant in understanding
various fluid-structure interaction phenomena, we perform
numerical and analytical analyses of drag forces in single

2331-7019/20/13(3)/034003(14) 034003-1 © 2020 American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.13.034003&domain=pdf&date_stamp=2020-03-02
http://dx.doi.org/10.1103/PhysRevApplied.13.034003


ASHOK AKARAPU et al. PHYS. REV. APPLIED 13, 034003 (2020)

as well as arrays of MEMS structures with or without
nearby wall. A few decades ago, Landau and Lifshitz [11]
presented a theoretical analysis of the drag on a vibrat-
ing sphere under the assumption of low Reynolds number.
Ikehala et al. [12] studied the influence of size and mode
effect on the drag forces. They found that the quality fac-
tors based on drag forces are a strong function of length,
width, and mode shapes. Verbridge et al. [13] measured
the quality factor by varying the gap as well as width of
the beam. They found that the quality factor first increases
with an increase in beam width and then starts decreasing.
Recently, Vishwakarma et al. [14] quantified the interplay
of damping due to drag force and squeeze film as the beam
width increases. They found that the drag force dominates
the squeeze film when the width is very small, and the
squeeze film takes over for larger widths. Newell [15] pre-
sented a frequency-independent approximate expression
for the quality factor based on the drag forces in a rect-
angular beam. Bullard et al. [16] obtained the drag-force
formula based on similarity laws. Sader [17] presented a
detailed theoretical analysis of a vibrating cantilever beam
immersed in a fluid. He expressed the fluid forces in terms
of a complex hydrodynamic function to quantify the drag
forces and mass loading effect. Maali et al. [18] systemati-
cally computed the values of constants associated with the
hydrodynamic function used in the drag force by curve-
fitting the numerical results for a beam with rectangular
cross section. Xia and Li [19] compared the computed and
measured values of drag forces on a beam by converting
it into a dish-string model. They studied the influence of
flexural as well as torsional mode on drag forces. Zhang
and Turner [20] developed a theoretical model of drag
force and added mass effect based on the theory presented
by Landau and Lifshitz [11]. After finding an expres-
sion for the forces, they validated the theoretical model
with experimental results. Subsequently, they developed a
numerical model to find the drag forces due to the vibra-
tion of beams with different cross-section shape such as
rectangular, elliptical and circular. They found that the dif-
ference in damping coefficients due to change in cross
section is less than 5% [21] Moreover, they mentioned that
the effect of beam width on its thickness ratio on damping
becomes invariable if its ratio is more than 5. However,
all the above approaches are used to find drag forces in
a single beam of different shapes and sizes. To obtain the
drag force in a multibeams array, Basak and Raman [22]
solved the unsteady Stokes equation using a boundary inte-
gral technique to obtain the numerical simulation. They
described the influence of the hydrodynamic coupling on
damping and added mass effects as a function of frequency,
gap, and relative phase and amplitude of two nearby beams
[22]. Although the model is very important in finding drag
forces in an array of beams, it is not very straightforward
to apply. Hence, we focus on developing a simple empiri-
cal model based on experimental and numerical simulation

that can be used to compute drag forces in an array of
multibeams with or without lower wall.

In this paper, we first fabricate a single cantilever beam
and arrays of two and three beams using a wet-etching pro-
cess [23]. We measure frequencies and quality factor of
beams using a Polytec laser vibrometer in ambient and vac-
uum. Then, using the drag-force model for uniform motion
of a rigid cylinder developed by Zhang and Turner [20], we
first develop an analytical model for computing drag forces
in a cantilever beam with approximate mode shape. We
compare the results with experimental and numerical mod-
els. On validating the numerical models with analytical
results in a beam executing rigid motion as well as flex-
ural motion, respectively, we modify the formula based on
numerical simulation so as to compute forces in the beam
array system. We also show the influence of the nearby
wall on the drag force due to oscillatory motion of the
beam.

II. EXPERIMENTAL RESULTS AND ANALYSIS

In the present work, single beams and arrays (double and
triple) of silicon dioxide (SiO2) micromechanical beams
were fabricated to validate numerical and analytical results
relating to quality factor, Q. The micromechanical beams
were fabricated using wet bulk micromachining in 25-wt%
tetramethylammonium hydroxide at 75◦C. The step-by-
step fabrication process is explained in our previous work
[23]. The length, width, and thickness of the micromechan-
ical beams are 200, 40, and 0.965 μm, respectively. Each
beam is separated by 60 μm from the bottom. Further-
more, the side gap (distance from beam to side) is varied
in order to investigate the influence of side gap and inter-
beam gaps on damping characteristics of micromechanical
beams. A laser scanning vibrometer (Polytec OFV-5000)
whose experimental setup is explained elsewhere [23] was
utilized to investigate the resonance frequency of can-
tilever beams. In one set of beams the gaps from beam to
all sides (s1 and s2) are fixed equal, whereas in another
set the gaps from beam to two sides (s2) are fixed as
equal and the gap from beam to the third free side (s1) is
fixed at 80 μm. For instance, Figs. 1(a)–1(c) illustrate the
optical micrographs and frequency response correspond-
ing to the first transverse mode of single, double, and triple
SiO2 micromechanical cantilever beams of equal side gap
on two sides (s2 = 24 μm) and gap (s1) 80 μm on the
third side. The resonance frequency is found to be about
21.2 kHz. Additionally, the spectra of a single point on
the free ends of beam 1 and beam 2 in a two-beam array
under ambient conditions are shown in Fig. 2(c). It is noted
that both look nearly identical but there is a small differ-
ence in their amplitudes. Therefore, the average frequency
spectrum of all the points on both beams will be domi-
nated by beam 1 that looks similar to its response as shown
in Fig. 2(d). Similarly, individual frequency spectra of a
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FIG. 1. Images and averaged frequencies of (a) single cantilever beam, (b) two-beam array, and (c) three-beam array with two equal
side boundaries of gap s2 and different third side boundary s1. Variation of quality factors of all the three types of beam for beams with
(d) unequal side boundaries and (e) equal side boundaries. (f) Variation of quality factor of single beam with equal side boundaries
under ambient and vacuum conditions.

single point at the free end of beams 1, 2, and 3 of a
three-beam array are slightly different in terms of peak fre-
quencies as well as amplitudes, as shown in Fig. 2(g). It is
also observed that the spectra of beam 1 and beam 3 show
some coupling effect due to the large vibrational amplitude
of beam 2. Therefore, the average frequency spectrum of
all the points of three-beam arrays is mainly dominated by
beams 2 and 1 as shown in Fig. 2(h). However, the spec-
tra of coupled beams under vacuum conditions show that
two modes (in-phase and out-of-phase modes) of two cou-
pled beams are found to be separated by around 0.2 kHz
as shown in Figs. 2(a) and 2(b). Such differences disap-
pear under ambient conditions and give coupled responses.
As we increase the number of beams to three in a three-
beam array, the frequency band over the three modes of
the three-beam array spreads over 0.4 kHz under vacuum
conditions as shown in Figs. 2(e) and 2(f). However, these
modes disappear under ambient condition and give a single
transverse coupled response.

Based on the above analysis, we find that the fluid
coupling in single beams as well as multibeam arrays
influences frequencies as well as fluid damping. While

the frequency reduces due to the added mass effect of
fluid-structure coupling and interactions, it increases the
damping in single beams as well as beam arrays as the
surrounding conditions vary from vacuum to ambient.
However, it is found that the reduction in frequency is neg-
ligible in the present case. Therefore, the focus here is on
computing damping in single beams as well as multibeam
arrays. It is also important to note that although the fre-
quency response curves of individual beams in two- and
three-beam arrays are close to each other under ambient
conditions, they appear to be uncoupled and sufficiently
separated from each other under vacuum conditions. The
separate frequencies of individual beams under vacuum
conditions are due to structural coupling due to over-
hanging effects near the support of two- and three-beam
arrays.

To describe this structural and damping coupling in
multibeam arrays, we consider a two-beam array having
similar beams with effective masses m1 and m2, effec-
tive stiffnesses k1 and k2, and effective damping coeffi-
cients b1 and b2 that are coupled through coupled stiffness
kc and coupled damping coefficient bc. The equation of
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FIG. 2. (a) Frequency response of individual beams of two-beam array in a vacuum. (b) Averaged frequency response of two-beam
array under vacuum. (c) Frequency response of individual beams of two-beam array under ambient conditions. (d) Averaged frequency
response of two-beam array under ambient conditions. (e) Frequency response of individual beams of three-beam array under vacuum.
(f) Averaged frequency response of three-beam array under vacuum. (g) Frequency response of individual beams of three-beam array
under ambient conditions. (h) Averaged frequency response of three-beam array under ambient conditions.

motion of two beams under free vibration and consid-
ering the Kelvin-Voigt viscoelastic model [24] can be
written as

q̈1(t)+ b1

m1
q̇1 + k1

m1
q1 + kc

m1
(q1 − q2) + bc

m1
(q̇1 − q̇2) = 0,

q̈2(t)+ b2

m2
q̇1 + k2

m2
q1 + kc

m2
(q2 − q1) + bc

m2
(q̇2 − q̇1) = 0.

(1)

To find the influence of coupling on frequencies, let us
use free and undamped vibration of beams, but for the
time being retaining coupled damping bc. For simplicity
and due to symmetric conditions of similar beams under
bending, we can assume m1 = m2 = m and k1 = k2 = k,
ω2

12 = ω2
21 = kc/m, and rewrite the above equation as

q̈1(t) + k
m

q1 + kc

m
(q1 − q2) + bc

m
(q̇1 − q̇2) = 0,

q̈2(t) + k
m

q2 + kc

m
(q2 − q1) + bc

m
(q̇2 − q̇1) = 0.

(2)

Assuming the solutions q1 = q10 exp (−iωt), q2 =
q20 exp (−iωt) and substituting into the above equations,
we get
(

k
m

+ kc

m
− i

bc

m
ω − ω2

)
q10 +

(
−kc

m
+ i

bc

m
ω

)
q20 = 0,

(
−kc

m
+ i

bc

m
ω

)
q10 +

(
k
m

+ kc

m
− i

bc

m
ω − ω2

)
q20 = 0.

(3)

For a nonzero solution of {q10, q20}T, the determinant of the
coefficient matrix of the above equations is taken as zero.
Subsequently, we get frequencies

ω2
1 = k

m
, ω2

2 = k
m

+ 2
kc

m
− 2i

bc

m
. (4)

Thus, it is shown that due to coupled damping coefficients,
one of the frequencies becomes a complex number. The
difference in the frequency is found to be due to coupled
stiffness kc and coupled damping coefficients bc. The cou-
pled effect of damping on two resonators with viscoelastic
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assumption is also discussed by Gattulli et al. [24] and that
with inelastic assumption is discussed by Dolfo and Vigué
[25]. The effects of coupled stiffness on beam arrays with-
out damping effect have also been discussed extensively by
many researchers [23,26,27].

Under vacuum conditions, fluid coupling between the
beams can be negligible, as can be observed in Figs. 2(a)
and 2(b) in which the frequency responses of individual
beams are clearly found be to be unaffected by the response
of the other beam; thus we can take bc = 0. Consequently,
we find two frequencies corresponding to two different
modes φ1 and φ2 in terms of coupled stiffness kc [23]:

ω1 =
√

k
m

, ω2 =
√

k + 2kc

m
. (5)

However, based on the experimental results for the two-
beam array under vacuum conditions, for m = 33

140 mtot =
4.03 × 10−12 kg, we find k = 7.3 × 10−2 N/m and kc =
3.2 × 10−4 N/m. Similarly, for the three-beam array
[23], using ω1 = √

k/m, ω2 = √
(k + kc)/m, and ω3 =√

(k + 3kc)/m, we obtain k = 7.3 × 10−2 N/m and kc =
7.1 × 10−4 N/m. A relatively small value of kc is found
due to very small structural coupling between the beams
due to overhang induced due to underthings. Consequently,
these frequencies are very close to each other. Since the
frequency response curves of two beam arrays in a vac-
uum is found to be uncoupled, the quality factor can be
found from the half-width method and the damping ratio
corresponding to each beam with corresponding frequency
ωr can be found from Qr = 1/2ξr, where r represents the
rth beam as described below.

Now, for the modal vector ur = {φ1, φ2, . . .}T corre-
sponding to the above frequencies ωr, Eqs. (2) with
external excitation force Q = Q0 exp (i�t) with excita-
tion frequency � are transformed into a modal dynamic
equation using modal vector ur = {φ1, φ2, . . .}T by assum-
ing q(t) = ∑

r ηr(t)ur and using orthogonal properties of
modal vectors [28,29]:

η̈r + 2ξrωrξ̇r + ω2
r ηr = Nr = uT

r Q0 exp (i�t), (6)

where r is the number of first transverse modes corre-
sponding to different beams. For example, for a two-beam
array, r = 1, 2, and for a three-beam array, r = 1, 2, 3.
The corresponding frequency response can be written as
Gr(i�) = |Gr(i�)|e−iθr , where the magnitude of the fre-
quency response curve and the frequency phase response
can be found from [28]:

|Gr(i�)| = 1√
[1 − (�/ωr)

2]
2 + (2ξr�/ωr)

2
,

θr = arctan
2ξr�/ωr

1 − (�/ωr)
2 . (7)

Finally, we get q(t) = ∑
r ηr(t)ur = ∑

r(u
T
r Q0/ω

2
r )|

Gr(i�)|ure−i(�t−θr). Thus, for each individual frequency
response of two- or three-beam arrays under vacuum
conditions, damping can be found by applying a single-
degree-of-freedom model in reduced-order form of the
equation. Thus, the quality factor can be found from the
half-width method given by Qr = 2π(ωr/	ωr) ≈ 1/2ξr
for each beam, where ξr is the damping ratio of the rth
beam corresponding to frequency ωr in an n-beam array.

Under ambient conditions, the frequency response is
affected by the neighboring beams; however, the frequen-
cies of beam arrays become nearly the same due to fluid
damping. Therefore, in this paper, we focus on comput-
ing the damping due to fluid under ambient conditions in
single arrays as well as beam arrays from the combined
and average frequency response based on the half-width
method. The frequencies of different beams are considered
in the range of 21 ± 0.3 kHz. Figure 1(d) shows the vari-
ation of the Q factor of single, double and triple beams
for side gaps, s2, of 16, 24, 32, 40, 48, 64, and 80 μm
under ambient pressure and temperature conditions. Figure
1(e) illustrates the optical micrographs and quality fac-
tor corresponding to the first transverse mode of single,
double, and triple SiO2 micromechanical cantilever beams
with equal side gaps on all three sides (s1 = s2 = 24 μm).
Figure 1(f) shows the comparison of quality factors under
ambient and vacuum conditions for different gaps between
the beams. As the gap s2 increases from 0.5 to 4 times the
beam width, b, the quality factor under ambient conditions
increases until s2/b = 2 and then becomes independent of
the gap. However, the quality factor under vacuum condi-
tions (10−2 mbar) remains nearly independent of the gap
between the beams. In the next two sections, we develop
numerical and analytical models to compute quality fac-
tors versus side gaps s2 in single beams as well as arrays
of beams with constant end gap s1 = 80 μm.

In order to perform numerical analysis, we first char-
acterize the flow conditions in the test structure. Taking
μ = 1.8 × 10−5 Ns/m2, ρa = 1.2 kg/m3, and the mean
free path λa = 67 nm of air, the boundary layer thick-
ness δ = √

2μ/ρf ω and the Stokes number λ = b/δ can
be found. For a single beam with s1 = 80 μm and s2 =
24 μm, taking f = 21.18 kHz and ω = 2π f = 133.08 ×
103 rad/s, R = b/2, we get δ = 15.01 μm. Using the above
values, the Knudsen numbers Knh = λa/h1 = 0.0011 and
Knb = λa/b = 0.0017 with b = 40 μm signify that the
flow is in the continuum regime under ambient conditions.
For Knδ = λ/δ = 0.0045, we get Weissenberg number
Wi = ωτ = (Knδ)

2 = 2 × 10−5 � 1, which signifies that
the flow can be considered as a quasisteady flow. However,
the computation of Reynolds numbers Reh = ρf ωh2

1/μ ≈
32 and Reb = ρf ωR2/μ = ρf ωb2/4μ = b2/2δ2 ≈ 3.55
and Stokes number λ = b/δ = 2.66 shows that the
inertial effect is important and needs to be considered
accurately.
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(a) (b) (c)

FIG. 3. (a) Variation of coefficient a in the damping coefficient for circular or elliptical section with Reynolds number for Reb ≤ 1.
(b) Variation of damping coefficient Cd = (2.5 + 2λ)πμ with Reynolds number for Reb > 1. (c) Comparison of damping coefficients
based on Zhang and Turner [20] and on Sader [17].

III. ANALYTICAL MODEL

To compute the drag force due to flexural motion of a
microcantilever beam, we derive the drag-force formula
by following the approach described by Zhang and Turner
[20] due to the sinusoidal motion of a rigid cylinder. Under
the assumption of incompressible and laminar flow, the net
fluid force per unit length due to normal pressure, radial
shear, and angular shear stress of rigid cylinder can be
written as [20]

f =
[(

5
2

+ 2λ

)
− i

(
2λ + λ2

2

)]
πμUmax, (8)

where i = √−1 , Umax is the maximum velocity ampli-
tude, λ = 2R/δ is a dimensionless number also called the
Stokes number, δ = √

2μ/ρω is called the penetration
depth, μ is the fluid viscosity, ρ is the fluid density, ω is the
angular frequency of an oscillating rigid cylinder, and R is
taken as cylinder radius or 2R = b as the width of the rect-
angular beam. Consequently, λ = b/δ = √

2Reb, which is
a function of penetration depth or Reynolds number Reb or
frequency. The above expression becomes invalid for λ �
1, Reb � 1, or ω → 0. To account for pseudostatic flow,
the above expression can be modified based on Oseen’s
static flow [20] as

f =
[
(a + 2λ) − i

(
2λ + λ2

2

)]
πμUmax, (9)

where a is the coefficient corresponding to Oseen’s
static flow results. For Reb < 1, a = acir = 4.0/[0.5 −
0.577 − log(Reb/8)] for a circular section and a = aellip =
−4.0/[0.577 + log(Reb/16)] for a thin elliptical section.
The variation of these two parameters can be shown in
Fig. 3(a) with frequency or Reb. For Reb > 1, a = 5/2 =
2.5 as given by Eq. (8). The net force from Eq. (8) consists

of damping and added mass effect. Taking the real com-
ponent of net force, fd = ( 5

2 + 2λ
)
πμUmax, the drag-force

coefficient per unit length can be written as

Cd = fd
Umax

=
(

5
2

+ 2λ

)
πμ. (10)

Similarly, the damping coefficients per unit length based
on Sader’s model can be found based on considering a
beam with a thin ribbon [17]. Figure 3(b) shows the com-
parison of damping coefficient Cd with a = 2.5 based on
Zhang and Turner [20] with Cd with a = ac and a = aellip.
Furthermore, on comparing the damping coefficients Cd
with a = 2.5 based on circular cylinder and Cds based on
Sader’s results with a thin ribbon [17], we find nearly sim-
ilar results even for large values of Reb � 1 as shown in
Fig. 3(c). However, it is also noted that the percentage
difference decreases exponentially with Reynolds number.
Since our objective is to propose a simple model, we take
the analytical model given by Eq. (10) based on a circular
cylinder. The corrections can be incorporated by multi-
plying the result by a factor associated with a rectangular
section as proposed by Basak and Raman [22].

The above formula is valid for sinusoidal motion of a
rigid cylinder or approximately for a beam with rectangu-
lar section when the velocity amplitude is constant along
its length. We now derive the expression for the damp-
ing coefficient due to first bending mode of cantilever
with assumed mode shape (x/L)2 in which the velocity
amplitude varies along its length.

To find the drag force, Fd, due to nonuniform motion
of a cantilever, we take the drag force per unit length over
a small section dx at a distance x from the fixed end of a
cantilever beam of length L as

dFd

dx
=

(
5
2

+ 2λ

)
πμUmax. (11)

034003-6



DRAG FORCES IN MEMS ARRAYS... PHYS. REV. APPLIED 13, 034003 (2020)

Consequently, the drag force on a small section of a beam
is given by

dFd =
(

5
2

+ 2λ

)
πμUmaxdx. (12)

Taking the mode shape of a cantilever cylindrical beam
as φ(x) = (x/L)2, the velocity distribution can be writ-
ten as u = Amaxω (x/L)2 sin(ωt). Taking the maximum
velocity Umax = Vmax (x/L)2, where Vmax = Amaxω, and
substituting it in Eq. (12), we get

dFd =
(

5
2

+ 2λ

)
πμVmax

( x
L

)2
dx. (13)

Finally, the total drag force can be found by integrating the
above equation over the length of cantilever beam as

Fd =
(

5
2

+ 2λ

)
πμVmax

∫ L

0

( x
L

)2
dx

= 1
3

(
5
2

+ 2λ

)
μVmaxL. (14)

The corresponding coefficient of drag per unit length, Ccd1,
can be written as

Ccd1 = μ

3

(
5
2

+ 2λ

)
. (15)

Subsequently, to find the quality factor, we require the
effective mass of the cantilever beam based on its assumed
mode shape. Using φ(x) = (x/L)2, we obtain keff ≈
4EI/L3. Using ω = √

keff/meff, we get meff = keff/ω
2 =

0.33m, where m is the total mass of the beam. Finally, the
quality factor can be found using Q = meffω/Ccd1. Simi-
larly, using the exact mode shape of the cantilever beam
corresponding to its first transverse mode, we can compute
drag forces. To find the corresponding quality factor, we
use keff = 3EI/L3 and meff = keff/ω

2 = 0.23m.

IV. NUMERICAL MODEL

In this section, we present the procedure for comput-
ing drag forces the using numerical method in ANSYS. We
first describe the optimization of a geometric model and
procedure for computing forces for the flexural motion
of a rectangular beam. Then we study the influence of
side boundaries on the quality factor for a given struc-
ture. Finally, we compare the numerical solution with the
analytical and experimental results.

A. Numerical procedure

To optimize the computation of drag forces in
ANSYS, we optimize a 3D fluid model around a single

microcantilever beam of length L = 200 μm, width b =
40 μm, and thickness h = 0.965 μm with side gaps s1 and
s2 as shown in Fig. 4(a). The beam is separated from the
bottom surface by h1. To develop the outer boundaries for
the given structure, the upper volume is bounded by the
side surfaces located at distance s0 from the outer periph-
ery of the cavity and the upper surface located at distance
h2 from the top surface of the beam such that the pres-
sure difference becomes invariable as shown in Figs. 4(b)
and 4(c). For the oscillatory motion of the cantilever beam
with velocity condition V = Vmax (x/L)2 sin(ωt), where
Vmax = 0.001h1ω, zero-velocity conditions on fixed sur-
faces and zero-pressure boundary conditions on surfaces
above the beam as described in Figs. 4(b) and 4(c), the
incompressible Navier-Stokes equation [30] is solved to
obtain the pressure and velocity distribution. Although we
perform the analysis under the assumption of incompress-
ible flow, a small compressibility can also be provided by
the bulk modulus of air. Additionally, the flow is consid-
ered isothermal. After meshing the domain with about 105

Fluid 142 elements, we simulate the solution under opti-
mized parameters so as to get a converged and steady-state
solution. Here, the normalized relative rate of change of
pressure and velocities is maintained at around 10−2. Other
parameters are discussed subsequently. Figures 4(d)–4(g)
show the cross-section view of the pressure distribution
in single beams as well as arrays of two and three beams
at a specific time of simulation. The corresponding veloc-
ity distribution is shown in Figs. 4(h)–4(k). In the next
subsection, we present the procedure for computing drag
forces.

B. Procedure of computing drag forces

To compute the drag forces due to the flexural motion
of a beam, we first simulate the pressure distribution for
given dimensions and properties. We integrate the nor-
mal pressure and wall shear around the beam over a given
time interval to obtain the net force and its maximum
amplitude, Fmax, at steady state. Figure 5(a) shows the
variation of total forces around the cylinder and its scaled
velocity with time under flexural motion of the cantilever
beam. To compute the drag-force component and added
mass effect, we first find the phase difference between
the force and velocity as shown in Fig. 5(a). If tf and
tv are the corresponding time when force and velocity
become zero in their final cycle as shown in Fig. 5(a),
we get the phase difference by first finding the time dif-
ference between force and velocity as 	t = tf − tv , and
compute the phase difference as φ = ω	t. Finally, we
obtain the drag force from Fd = Fmax cos φ and fluid load-
ing effect from Fl = Fmax sin φ. The damping coefficient
per unit length is obtained from Cd = Fd/(VmaxL). Based
on the values of damping coefficient, we now present the
optimization of fluid domain.
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(a)

(e)

(i) (j) (k)

(f) (g)

(h)

(b) (c)

(d)

80

FIG. 4. (a) Top view of a single microcantilever beam with side boundaries. (a) Side and (b) end views of numerical fluid model
around an oscillating cantilever beam bounded by the outer boundaries. Images of pressure distribution due to oscillating single beam
for a section along its (d) length and (e) width. Pressure distribution on a section along the width of (f) two-beam array and (g)
three-beam array. The corresponding velocity distributions are shown in (h)–(k) for single beams and arrays of two and three beams.

To minimize the numerical errors, it is essential to opti-
mize the fluid domain and simulation parameters. We focus
on optimizing the following parameters in a systematic
process.

(a) For a given geometric domain and time step with
λ = 2.66, we first optimize the number of elements, Ne,
required to obtain a converged solution as shown in
Fig. 5(b). It shows that as the number of elements increases
from 8000 to 800 000, the damping coefficient changes
from 1.66 × 10−4 to 1.26 × 10−4. Therefore, we maintain
the number of element as 105 to keep the numerical error
associated with the number of elements negligible.

(b) The second important factor is the number of global
staggered iterations per time step, Ns, in order to get
converged solution in each step. Figure 5(c) shows the
variation of the damping coefficient with the number of
staggered iterations. It shows that the change in the damp-
ing coefficient is about 2% when Ns changes from 15 to 20.
We take Ns = 20 in all our simulations to keep numerical
error to less than 2%.

(c) The third important factor is the number of time
steps, Nt, to obtain the steady-state solution. Figure 5(d)
shows that the damping coefficient is nearly constant if Nt
is kept greater than or equal to 15. We take Nt = 20 for all
numerical simulations.

(d) The variation of the damping coefficient with the
extended boundaries in Fig. 5(e) shows that the value
becomes invariable if it is extended beyond 1.5 times the

width of the beam. Here, we take the ratio of distance
of extended boundaries to beam width as 2 for all our
numerical simulations.

(e) The variation of the damping coefficient with the
bottom gap between the beam and fixed substrate in
Fig. 5(f) shows that the damping coefficient remains con-
stant when the gap to width ratio is more than 1.5. In the
present case of test structures, h1 = 60 μm and b = 40 μm
lead a to gap to width ratio of 1.5.

C. Validation of numerical procedure

After optimizing the geometric and convergence-
related parameters, we study the influence of oscillating
frequency, in terms of Stokes number, λ, on the damping
coefficient by comparing numerical results with the ana-
lytical model obtained in Sec. III. Figure 5(g) shows the
comparison of damping coefficients obtained using numer-
ical and analytical results at λ = 2, 5, and 10 correspond-
ing to angular frequencies of 0.75 × 105 rad/s, 4.68 × 105

rad/s, and 18.75 × 105 rad/s, respectively. It shows that the
analytical results agree well with the numerical results at
low frequencies up to λ = 5. The percentage difference
increases by around 40% at λ = 10. Since the frequency of
our test structures is around 21.18 kHz which gives angular
frequencies of 1.33 × 105 rad/s corresponding to λ = 2.66,
the analytical model developed in the paper can be used for
further analysis.
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(a) (b) (c)

(d) (e) (f) (g)

FIG. 5. (a) Time history of force and scaled velocity showing the time difference between total force and velocity. Variation of
damping coefficient, Cd, with (b) number of elements, Ne, (c) number of global staggered iterations per step, Ns, (d) number of time
steps, Nt, (e) bottom gap to beam width ratio, h1/b, and (f) frequency parameter λ.

(a) Squeeze film damping versus drag forces. With the
optimized numerical parameters, we analyze the influence
of the air gap between oscillating beams with velocity
V = Vmax (x/L)2 sin(ωt) and bottom substrate on squeeze
film damping using Fluid 136 elements and total fluid
damping (drag plus squeeze film) using Fluid 142 elements
in Fig. 6(a). Squeeze film damping is found by solving
the Reynolds equation using the modal projection method.
Total fluid damping is found by solving the Navier-Stokes
equation using Fluid 142 elements. In both cases, the fluid
domain is bounded by the bottom substrate, the lower sur-
face of the cantilever beam and end boundaries as shown
in the inset of Fig. 6(a). The comparison of results suggests
that the drag forces dominate over squeeze film as the gap
thickness h1 increases beyond 20 μm. Hence, we carry out
further analysis using Fluid 142 elements.

(b) Influence of boundary condition. Consider the
domain that bounds the cantilever beam from all sides
with distance h1 from the bottom substrate, h2 from the
top surface, s0 from the left boundary, and s1 from the

rest of the side boundaries. Taking s0 = s1 = 80 μm, we
analyze the influence of the boundary on the quality factor
when the bottom and top boundaries varies simultaneously
as shown in Fig. 6(b). When we apply the zero-velocity
condition on the bottom boundary and zero-pressure con-
ditions on the rest of the boundaries, the quality factor
increases to 50 μm (1.5 times that of beam thickness, h)
and then becomes constant as the gap thicknesses h1 = h2
vary from 10 to 90 μm. Similarly, when we apply zero-
pressure conditions on all the boundaries, the quality factor
decreases to 40 μm (1.5 times the beam thickness, h) and
then becomes constant as the gap thicknesses h1 = h2 vary
from 10 to 90 μm. This shows that the influence of the
lower and upper air gap can be completely neglected when
the air-gap thickness is more than 60 μm. Under such
conditions, squeeze film damping is completely neglected.
The fluid damping is entirely due to drag forces. To fur-
ther examine the effect, we vary only one of the gaps
h1 or h2 while keeping other gap fixed at 80 μm under
the zero-velocity condition on the bottom boundary and
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(a) (b) (c)

(d) (e) (f)

FIG. 6. Variation of quality factor (a) when fluid domain is limited to gap between oscillating beam and bottom substrate, (b) when
fluid domain around oscillating beam is considered for the same bottom and top gap, h1 = h2, for a fixed position of side boundaries,
and (c) when bottom h1 or top h2 boundary position changes for fixed h2 or top h1 and side boundaries. Comparison of numerical and
experimental quality factor under actual boundary conditions of (d) single beam, (e) two-beam arrays, and (f) three-beam arrays.

zero-pressure conditions on the rest of the boundaries as
shown in Fig. 6(c). This again proves that the fluid damp-
ing is entirely due to drag forces when the gap is beyond
60 μm.

(c) Influence of side gap of single beam. To study the
influence of side boundaries both with gap thickness s2
on the quality factor of a single cantilever beam, we take
the fluid domain around our test structure as shown in
Figs. 4 and 6(d). Taking s0 = s1 = 80 μm, h1 = 60 μm,
h2 = 80 μm, L = 200 μm, b = 40 μm, and thickness h =
0.965 μm, we vary the side gap s2 to beam width b ratio
on both sides of a single beam from 0.2 (s2 = 10 μm) to
2 (s2 = 80 μm). The numerical computation of the qual-
ity factor Q based on approximate mode shape and exact
mode shape corresponding to transverse motion of the
beam show that the boundary effect is quite significant up
to s2/b ≈ 1.5, as shown in Fig. 6(d). Its effect starts dimin-
ishing as the side boundaries increase beyond it. Thus, the
quality factor increases by 80% as the gap ratio varies
from 0.25 to 2. Comparing the results with experimen-
tal results, we find the numerical approximation based on
approximate mode shape works better than that with exact
mode shape, perhaps due to the shape of fabricated beams.

Moreover, due to the simplicity of the approximate mode
shape, we perform further analysis using φ(x) = (x/L)2.

(d) Influence of interbeam gap of beam array. To see
the influence of the interbeam gap on the quality factor
of beam arrays, we take two- and three-beam arrays as
shown in Figs. 4 and 6(f), respectively. The comparison of
numerical and experimental results reaffirms that the qual-
ity factor beyond an interbeam gap to beam width ratio
of 1.5 becomes almost independent of the interbeam gap.
Such inference is quite significant in controlling the fluid
damping in arrays of beams.

V. MODIFIED ANALYTICAL MODEL FOR BEAM
ARRAYS

In this section, we present a systematic simulation to
modify the analytical formula presented in Sec. III in order
to compute forces in an array of beams under different
boundary conditions.

A. Side boundary-interbeam gap effect

To compute forces in an array of cantilevers oscillat-
ing with an assumed mode shape of φ(x) = (x/L)2 , we
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modify the formula obtained for a single beam under
open boundary conditions from Eq. (15) to represent two
specific boundary conditions as follows.

(i) Boundary with two closed side walls located at same
distance with V = 0. Let us consider a boundary condi-
tion in which the beam is open from the top and closed
at the bottom, and all the side boundaries. Taking the
side boundaries as equidistant from the edge of the beam,
we take the zero-velocity condition on the left and right
side boundaries located at s2 and bottom boundary located
at h1 = 60 μm, and the zero-pressure condition on the
top boundary located at h2 = 80 μm to compute the drag
forces as shown in Fig. 7(a). The zero-pressure condition
is represented by the dashed line and the zero-velocity
condition is represented by solid line around the beam.
Figure 7(a) shows the variation of the damping coeffi-
cient with the gap, which can be approximated by the
expression

Cd1 = 8.9Cd0 exp
[
−4.2

(s2

b

)
+ 0.89

]
, (16)

where Cd0 = (2.5 + 2λ)πμ/3 is the damping coefficient
under open-boundary conditions. The above approxima-
tion captures the results over a large range of gap ratio.

(ii) Boundary with one partially closed side wall and
another closed side wall located at half the distance.
In this case, taking the top and bottom boundary con-
dition to be same as those in previous case, we apply
the zero-velocity condition at the inner right boundary
located at s2/2 distance from the beam edge, and zero-
pressure and zero-velocity conditions on the outer bound-
ary located at distance s2 from the beam to compute the
drag forces as shown in Fig. 7(b). It shows the varia-
tion of the damping coefficient with the ratio of the gap
between the closed wall and the beam width b. Under this
condition, we found that the damping reduces exponen-
tially as the gap ratio, r = s2/b. Approximating the vari-
ation with the exponential function, we find the modified
formula

Cd2 = 6.65Cd0 exp
(
−3.1

[s2

b

)
+ 0.93

]
. (17)

Using the above formulas, we compute damping coeffi-
cients in arrays of two, three, and four beams, respectively,

(a) (b)

(c) (d) (e)

FIG. 7. Variation of drag coefficient with ratio of distance from side boundary, s2 to beam width b (a) when both side boundaries are
closed, (b) when one side boundary is partially closed and another is fully closed. Comparisons between numerical and approximate
analytical models are presented for (c) single beam, (d) two-beam array, and (e) three-beam array.
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(a) (b)

(c) (d) (e)

FIG. 8. Variation of drag coefficient with the ratio of distance from the lower wall, h1 to beam width b, (a) when both side boundaries
are closed, (b) when one side boundary is partially closed and another is fully closed. Comparison between numerical and approximate
analytical models are presented for (c) single beam, (d) two-beam array, and (e) three-beam array.

by classifying the individual beams of an array into the sets
of beams with the above two cases.

(iii) Single beam. Since the actual boundary condition
of a single beam involves partially closed side bound-
aries located at a distance s2 from the outer periphery
of the beam as shown in Fig. 7(c), we compare the
solutions obtained between the actual boundary condition
and approximate conditions in which side boundaries are
approximated as fully closed. Taking the top and bottom
boundaries to be the same as the above cases, we compare
the variation of drag forces versus the side gap to beam
width ratio s2/b for actual conditions and approximate con-
ditions in Fig. 7(c). This shows that the damping coefficient
Cd under actual conditions is approximately equal to that
under approximate conditions, Cd1 (i.e., Cd ∼= Cd1). When
the gap s2 is large, the approximate formula gives similar
results to that based on actual conditions. However, when
the gap reduces, a percentage difference of around 14% is
obtained.

(iv) Two-beam array. In this condition, each beam can
by represented by a beam with one closed wall with half
the gap s2/2 as compared to other partially closed side
boundary located at distance s2 from beam edge. Hence,

the total damping coefficient, Cd, can be found by taking
two times the damping coefficient Cd2 (i.e., Cd = 2Cd2).
Figure 7(d) shows the comparison between this approx-
imation and the numerical solution. The approximate
formula gives a maximum error of about 5%.

(v) Three-beam array. Similarly, in this condition, the
two outer beams can by represented by a beam with
one closed wall and another side with partially closed
wall. The inner beam is represented by a beam with two
closed walls. Hence, total damping coefficient, Cd, can be
found as Cd = 2Cd2 + Cd1. Figure 7(e) shows the compar-
ison between this approximation and the numerical solu-
tion. The approximate formula gives a maximum error of
about 12%.

B. Lower wall effect

To capture the lower wall effect on the drag coefficient of
a single beam as well as array of beams, we first modify the
formula under the open boundary conditions based on the
numerical simulation. If the beam is located at a distance
h1 from the lower boundary, we get the following formulas
under different boundary conditions.
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(i) Boundary with two side walls at same distance. To
capture the variation of the wall effect under the condi-
tion when two side boundaries are closed and located at
a distance s = s2 from beam edges, respectively, we vary
the bottom gap to beam width ratio h1/b from 2 to 0.25
when the side gap is s = s2 = 50 μm. For a constant s,
we find that the damping coefficient reduces exponentially
as the h1/b ratio increases as shown in Fig. 7(a). Hence,
we obtain the formula to capture the lower wall effect on
damping coefficient per unit length, Cdw1, as:

Cdw1 = Ccd1

{
24 exp

[
−5.75

(
h1

b

)]
+ 1

}
, (18)

where Ccd1 is the damping coefficient without considering
the lower wall effect. It is interesting to note that the pres-
ence of lower wall modifies the formula by a multiplication
factor ξ1 = {24 exp [−5.75 (h1/b)] + 1}.

(ii) Boundary with one partially closed side wall at
distance s and closed wall at distance s/2. Similarly, to
capture the influence of the bottom gap on the damp-
ing coefficient for the case in which the partially closed
boundary is located at s = s2 and the fully closed bound-
ary is located at s/2 from the beam, we vary the bot-
tom gap to beam width ratio h1/b from 0.25 to 2 for
a constant side gap s = s2 = 50 μm. The variation of
the damping coefficient versus h1/b, which is shown in
Fig. 8(b), can captured by modifying the formula as
follows:

Cdw2 = Ccd2

{
20.2 exp

[
−6.0

(
h1

b

)]
+ 1

}
, (19)

where Ccd2 is the damping coefficient without considering
the lower wall effect. The multiplication factor is found to
be ξ2 = {20.2 exp [−6.0 (h1/b)] + 1}.

It is also found that the effect of the lower wall on the
drag coefficient for boundary condition under which two
closed side boundaries at the same distance from the beam
edge can be captured by simply multiplying the corre-
sponding formulas from Eqs. (16) by the multiplication
factor ξ1. Similarly, the effect of the lower wall on the
damping coefficient under other boundary conditions con-
sisting of one partially closed boundary and one closed
boundary can be found by multiplying the formulas by
multiplication factor ξ2.

To capture the influence of the bottom gap h1 on the
damping coefficient for a single beam, we approximate
two boundary conditions as closed in place of actual par-
tially closed boundary conditions. Comparing the numer-
ical results and analytical model under actual boundary
conditions with an approximate model with closed bound-
ary conditions (i.e., Cd = Cd1ξ1) as shown in Fig. 8(c), we
find that both models approximate the numerical results

without introducing much error. Similarly, to show the
effect of the bottom gap on the damping coefficient of
two- beam arrays, we take Cd = 2Cdw2 = 2Cd2ξ2. Com-
paring with the numerical solution as shown in Fig. 8(d),
we find a maximum percentage error of around 9%. In
the case of three-beam arrays, the damping coefficient
can be approximated as Cd = 2Cdw2 + Cdw1 = 2Cd2ξ2 +
Cd1ξ1 with a maximum percentage error of about 10% with
respect to the numerical results as shown in Fig. 8(e).

At the outset, we stated that model presented in this
paper can be effectively used to model drag forces
near or away from bottom substrate or nearest neigh-
bor. It is found that if the interbeam gap to beam
width ratio is greater than 1.5, the coupling effect of
the neighboring beams can be negligible. Although the
effect of higher frequency can be captured through the
Stokes number λ, we present the results for λ = 2.66.
However, the present model can be verified for higher
frequencies.

VI. CONCLUSIONS

In this paper, we present experimental, analytical, and
numerical drag-force analyses for MEMS-based beams.
We first fabricate single beams as well as arrays of two
and three MEMS cantilever beams with different side gaps
or interbeam gaps. We measure the frequency and quality
factor under ambient conditions. To systematically arrive
at an appropriate analytical model, we approximate the
mode shape and derived the drag-force formula for can-
tilever beams. Then we develop a numerical model to
compute the drag forces in the above structures. After opti-
mizing the numerical parameters such as the number of
elements, the number of global staggered iterations per
time step, the number of time steps per cycle, and the
domain boundaries, we compute numerical values of drag
forces due to flexural motion of the cantilever beam. We
find that the analytical results match well the numerical
results at low frequencies. After validating the numeri-
cal model and its comparison with developed analytical
models and experiments for different boundary conditions,
we modify them in order to compute the drag forces in
arrays of two, three, and four beams. The modified ana-
lytical models are found to be effective in computing the
drag forces in arrays with percentage errors of between
5% and 12%. Moreover, to capture the effect of the lower
wall, we introduce a multiplication factor to modify the
analytical model based on numerical results. The modifi-
cation is found to be useful in computing drag forces in
single beams as well as arrays of beams, with percentage
error between 9% and 10%. Finally, we conclude that the
formulas developed in the paper by modifying the fun-
damental analytical model can act as handy design tools
in the designs of sensors and actuators based on MEMS
arrays.
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