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We present measurements of microwave-induced Shapiro steps in a superconducting nanobridge weak
link in the dissipative branch of a hysteretic current-voltage characteristic. We demonstrate that Shapiro
steps can be used to infer a reduced critical current and an associated local temperature. Our observation
of Shapiro steps in the dissipative branch shows that a finite Josephson coupling exists in the dissipative
state. Although the nanobridge is heated, our model shows that the temperature remains below the critical
temperature. This work provides evidence that Josephson behavior can still exist in thermally hysteretic
weak-link devices and will allow extension of the temperature range over which nanobridge-based single-
flux-quantum circuits, micron-sized superconducting quantum interference devices (i.e., nanoSQUIDs),

and Josephson voltage standards can be used.
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I. INTRODUCTION

A superconducting weak link (WL) can be realized by
creating a narrow constriction between two bulk super-
conducting electrodes. If the constriction dimensions are
made sufficiently small (comparable to 3.5&, where £ is
the Ginzburg-Landau coherence length), then the WLs are
expected to exhibit characteristic Josephson behavior [1].
Nanobridge constrictions can thus be used instead of tradi-
tional Josephson tunnel junctions based on oxide barriers,
or superconductor—normal-metal-superconductor (S-N-S)
junctions. Nanobridge-constriction junctions can be fabri-
cated using only a single-step lithography process and no
oxide layer is required. The lack of an oxide barrier also
removes a potential source of decoherence, which is an
important consideration when building quantum circuits
[2]. Nanobridge WLs can be made out of a large range of
superconducting materials (both low- and high-7,.), which
facilitates incorporation with other circuit elements and
Nanosensors.

The majority of the work in the area has focused on
the development and optimization of micron-sized super-
conducting quantum interference devices (nanoSQUIDs),
which are implemented using two WLs [3]. NanoSQUIDs
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have application in single-magnetic-nanoparticle detection
[4], scanning SQUID microscopy for imaging of nanoscale
phenomena [5—7], and nanoelectromechanical-system
(NEMS) readout [8,9]. Aside from magnetometer-based
applications, WL Josephson junctions could be used
in place of traditional junctions for single-flux-quantum
(SFQ) circuits [10] and Josephson voltage standards for
metrology [11,12]. Weak links also have utility as Joseph-
son elements in qubits and parametric amplifiers [13—16],
as well as for single-quasiparticle trapping and count-
ing [17].

In general, hysteresis is observed in the current-voltage
characteristics (IVCs) of WLs. Unlike conventional tun-
nel junctions, where the hysteresis can be explained by
capacitance in the resistively and capacitively shunted
junction (RCSJ) model [18], the origin of hysteresis in WL
junctions is attributed to heating and subsequent thermal
runaway of the junction [19], similar to that observed in
S-N-S junctions [20,21]. This situation was first described
by Skocpol, Beasley, and Tinkham (SBT) [19], who stated
that as the bias current /4. applied to the WL is increased
above the critical current /.., a “hot-spot” region in the WL
forms, in which the local temperature exceeds the critical
temperature 7,. When /4 is then reduced, the hot spot is
maintained by Joule heating. The WL is only able to return
to the superconducting state when /g is reduced to below
the retrapping current /., where /, < I.. In recent years,
further refinements have been made to the SBT model by
inclusion of a temperature-dependent thermal conductiv-
ity at temperatures below 7, [22,23] and extension of the
model to millikelvin temperatures [24]. In addition, recent
work has been carried out to understand and reduce the
hysteresis in the [IVC [25-28].
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Weak-link thermal models [19,22,24] indicate that with
a sufficiently large bias current, the temperature in the WL
can exceed T,; in some cases, the 7 > T, region is pre-
dicted to extend several micrometers into the electrodes.
Indeed, Kumar et al. present a device-state diagram for
WL-based nanoSQUIDs showing that at 7' < Ty (where
Ty is the crossover temperature between the hysteretic
and nonhysteretic regimes) and /g4, > /., the WLs and the
micron-scale leads are in the resistive state [25]. Prelim-
inary nanoSQUID measurements in the hysteretic regime
have shown no magnetic flux dependence of the retrap-
ping current [23,25]. However, Biswas et al. have recently
demonstrated that thermally optimized nanoSQUIDs do
exhibit a dependence of /. on magnetic flux [29], indicat-
ing that the Josephson coupling does not completely vanish
in the dissipative state. The Josephson effect can also
be demonstrated through the observation of microwave-
induced Shapiro steps [30]. We have previously observed
Shapiro steps in WLs operated in the nonhysteretic regime
[31] and they have also been found in long nanowires in
the “phase-slip center” regime [32,33].

In this work, we demonstrate Josephson behavior in hys-
teretic nanobridge WL junctions by observation of Shapiro
steps and combine the experimental data with our model
to estimate the local temperature of the WL. To do this,
we measure the IVC of the WL at a temperature 7 < Ty
while applying a radio-frequency (rf) current. Notably, we
observe Shapiro steps on the dissipative branch of the hys-
teretic IVC, which has previously been thought to be in
the fully normal state, where it has been assumed that the
nanobridge and parts of the electrode have T > T..

II. NANOBRIDGE FABRICATION AND
MEASUREMENT SETUP

The WLs are fabricated by electron-beam lithography
(EBL) and dry etching. A niobium film of thickness
150nm is sputtered onto a silicon substrate, on top of
which a 30-nm-thick aluminum film to be used as a hard
mask is defined by EBL and thermally deposited by lift-
off. An array of ten nanobridges is defined to a width of
40 nm and a length of 100 nm. The niobium is then dry
etched into the silicon substrate using a CHF3-SF¢ plasma.
The aluminum mask is left on.

Electrical measurements of the WLs are carried out in
a *He dip Dewar. The temperature is varied between 4
and 9 K by varying the position of the probe in the gas
column. The IVCs are measured in a four-terminal con-
figuration using an optically isolated measurement unit
optimized for high-precision electrical metrology [34]. To
observe Shapiro steps, the WL is biased with an rf cur-
rent. The scaling factor between the applied rf voltage
from the synthesizer Vs and the rf current that reaches
the device I¢ is determined from two IVCs (for details,
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FIG. 1. Scanning electron micrographs of a niobium WL array
and measurement schematic. To measure a single WL IVC, a bias
current is driven through the entire array via the digital-to-analog
converter (NPL-DAC) voltage source and a bias resistor. The
voltage across an individual WL is measured using the analog-
to-digital converter (NPL-ADC). To investigate the influence of
rf irradiation, an rf current is applied to the entire array using an
rf synthesizer and on-chip 50 €2 resistor.

see Appendix A). A scanning electron micrograph and
measurement schematic are shown in Fig. 1.

ITII. EXPERIMENTAL RESULTS

Typical IVCs measured without an rf current are shown
in Fig. 2 at different temperatures. The behavior is quali-
tatively similar to that observed previously by the authors
[31] and elsewhere [22,24,27], showing that both /. and
1, are temperature dependent and that the hysteresis disap-
pears above Ty.

Figure 3(a) shows a differential-resistance map obtained
by numerically differentiating IVCs measured with an rf
current applied. The color map shows the evolution of the
IVC as a function of an increasing applied rf current, where
the dark regions of the color map indicate a plateau in the
IVC. These plateaus can be seen in the IVC traces and
form at the expected Josephson voltages V = n(hf /2e),
where f = 20 GHz is the frequency of the rf current (the
differential conductance is shown in Appendix B, which
emphasizes the positions of the constant-voltage Shapiro-
steps). Figure 3(b) shows three traces from the differential-
resistance map. The trace at [,y = 213 pwA shows Shapiro
steps on the down sweep (the current from a negative /4.
to zero) of the dissipative branch of the hysteretic IVC.
The trace at I,y = 328 wA shows that Shapiro steps appear
on both the up sweep (the current from zero to positive
Iqc) and the down sweep of the IVC. When sufficiently
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FIG. 2. (a) The IVC of a weak-link nanobridge measured at
a bath temperature of 6.51 K, exhibiting thermal hysteresis. (b)
The IVC of a weak-link nanobridge at a bath temperature of 7.48
K, showing no hysteresis. (¢) The critical current and the retrap-
ping current measured at different bath temperatures. Hysteresis
occurs at T < Ty. For this sample, Ty ~ 7.35 K.

large rf currents are applied, as shown by the trace taken at
Ie = 407 wA, the hysteresis in the IVC disappears and the
WL behaves as a nonhysteretic junction while still exhibit-
ing Shapiro steps. This behavior is qualitatively similar to
that observed by de Cecco et al. in S-N-S Josephson junc-
tions [35]. The existence of Shapiro steps in the hysteretic
IVC (at I < 372 nA) on both the up and down sweeps
indicates that the WL is not in a fully dissipative state but,
instead, provides evidence of a finite Josephson supercur-
rent existing in the dissipative state, in agreement with the
recently observed retrapping current modulation [29]. Sim-
ilar to de Cecco et al. [35], we observe that at sufficiently
high I+ (>372 nA), the IVC become nonhysteretic, likely
due to the temperature of the junction at /4. = 0 increasing
above the crossover temperature (7' > Ty).

To explain our observation of Shapiro steps in the dissi-
pative regime, we first consider what happens to the /. of a
hysteretic WL. Figure 4 shows IVCs at different rf currents.
Both the up and down sweeps are shown. As /4 is swept
from zero to positive values, the junction’s initial-state crit-
ical current / is reached, causing the junction to enter the
dissipative regime. Due to Joule heating of the WL in this
dissipative regime, the local temperature increases to 7™.
The reduced critical current associated with this tempera-
ture is thus described as I} = I.(T*). The dissipative region
of the IVC is now at this lower critical current. To deter-
mine [}, we fit the dissipative region of the measured IVC
by numerically solving the first-order differential equation
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FIG. 3. (a) The differential-resistance color map as a function
of Iy and I,y measured at a bath temperature of 7 K (hys-
teretic regime). The darker regions indicate flat features in the
IVC corresponding to Shapiro steps at the expected voltages
for fir =20 GHz. (b) Selected IVC traces. At Iy =213 uA,
steps are observed as /. is swept down from negative values
to zero. Iy = 328 A steps are seen on both branches (as the
current is swept from negative values to zero and as the cur-
rent is swept from zero to positive values). When the applied
rf is of sufficient amplitude, the nanobridge no longer shows
any evidence of hysteresis in the IVC, as shown by the trace
at I,r = 407 pA. The inset shows the Iy = 407 A trace over
a smaller /4, range, showing the first observable step (n = 1 step
occurring at V' ~ 41.4 uV).

describing the RSJ model with an applied rf current [36],

Sof. = Iy + LysinQQfb), O]

where we assume a sinusoidal current-phase relation. We
use the trace with I = 0 in order to determine a value for
the normal-state resistance R,,, which we keep constant for
all other IVC fits. The fit to the IVC at I,y = 0 is shown in
Figure 4(a), with fitting parameters of /7 = 690 puA and
R, = 0.55 Q. Figures 4(b)-4(e) show RSJ model fits to
the measured IVC at different /¢ values, using I} as the
only fitting parameter. As /s is increased, the additional
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FIG. 4. 1VC traces shown at different Vs amplitudes: the “up”

sweep shown in red, the “down” sweep shown in black, and the
RSJ model shown in green. (a) The IVC at I,; = 0 used to find
I and R,. The “up” sweep shows that as the initial-state critical
current /Y is reached, the junction transitions to a lower critical
current /. During the “down” sweep, the junction remains on
this path until the Joule heating is no longer sufficient to stop the
junction re-entering the fully superconducting regime. The RSJ
model is used to determine I and R,,. R, is kept constant for the
remainder of the analysis. (b) The IVC with an applied rf of [,y =
318 nA. Our model uses I as the only fitting parameter and is
able to reproduce the Shapiro-step position and the total number
of steps for the full range of applied /¢ in the hysteretic region of
the color map shown in Fig. 3. Measured IVC and RSJ model fits
at (¢) Ly = 79.5 nA, (d) Ly = 159 pA, and (e) Iy = 238.5 nA.

dissipated power leads to an increase in 7* and a corre-
sponding reduction of /. The RSJ model with /., — I
reproduces both the position of the Shapiro steps and the
number of observable steps. At higher /4., the data and
model deviate, which we attribute to a further increase in
temperature due to Joule heating and subsequent modifica-
tion of I¥ and R,. Our fitting also predicts the existence of
steps below /., which are inaccessible in our measurement.
This is attributed to the reduction in Joule heating as /4 is
reduced, which leads to a decrease of the local tempera-
ture and thus an increase of / until it is in excess of /g, at
which point the WL enters the fully superconducting state
again and the local temperature returns approximately to
the bath temperature, Tpae.

The best-fit values of I found at each / are shown in
Fig. 5(a). As ¢ is increased, the value of IF reduces, as dis-
cussed above. The vertical dashed line in the figure denotes
the crossover from hysteretic to nonhysteretic junction
behavior. After this point, the steps in the IVC have less
contrast and fitting is done using numerically differentiated
data. Only one point in this region is fitted, to demonstrate
that there is no large discontinuity beyond the crossover
line. An estimate of the local temperature of the WL is
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FIG. 5. (a) The best fit of I at different /s. As I;¢ is increased,

I reduces. (b) The temperature inferred from the value of I
and the /.(7) shown in Fig. 2(c). The dashed vertical lines in (a)
and (b) indicate the /;¢ value beyond which the IVCs are nonhys-
teretic (i.e., ;s > 372 pA in Fig. 3). The fits to the RSJ model
beyond this line (shown in red) are harder to achieve due to
reduced step contrast. (¢) The modeled temperature elevation in
the nanobridge and electrodes. The power dissipation calculated
from Shapiro step 6 of the IVC data in Fig. 4(b). The tempera-
ture elevation at the center of the nanobridge is approximately 0.2
K. (d) The elevated temperature along the nanobridge, extending
into the electrodes [data taken along the blue dotted line in (c)].

made using the /.(7) data from Fig. 2(c) and the results are
shown in Fig. 5(b). Our fitting procedure gives an estimate
of I} and thus the WL local temperature for values of /4
in the vicinity of the hysteresis loop.

IV. DISCUSSION AND THERMAL MODELING

In a WL operated in the dissipative regime, the temper-
ature is not constant but is expected to be highest in the
center of the bridge and to decrease within the electrodes.
The estimated 7* is therefore the local WL temperature
and corresponds to the equivalent bath temperature of a
WL with critical current [ at I,y = 0 [see Fig. 2(c)]. We
are interested in this local temperature at the center of
the bridge in order to determine whether the bridge is
heated into a normal-state (S-N-S) junction or remains
in a superconducting state (S-S'-S), where S’ represents a
superconducting region with modified properties. To deter-
mine the temperature profile of the weak link, we employ a
finite-element numerical method (for additional details, see
Appendix C) in the immediate proximity of the bridge, in
combination with an analytical solution in the electrodes,
which has a radial temperature distribution. The radial tem-
perature distribution is modeled with a modified Bessel
function of the second kind (K, (yr)) and tends to Ty, at
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large distances [19,22]:
I(r) = 0Ko(yr) + Toath, (2)

where 0 is a constant to be determined. The constant y =
Jo/kh is the thermal healing length, where « is the ther-
mal conductivity, « is the substrate heat-loss coefficient,
and / is the film thickness. The input electrical power Py to
the model is taken from a Shapiro-step position on an IVC
and is then assumed to be dissipated in a narrow strip at
the center of the bridge (X = 0). At the interface between
the numerical and analytical solutions, the same power is
assumed to flow across the interface (which means that no
power is lost to the substrate up to this interface; thus we
consider ¢ = 0 in this region). The power at the interface
is given by

dT,
Py = —kmrh —
0 KTTr dr

; )

r=ry

where r| is the boundary radius. The temperature gradient
at 7| is given by

dT
dr

= —0yKi(yr). 4)

r=ri

From these relations, the constant 6 representing the inter-
face temperature can be determined:

Py

0= —-— . 5
wkhyrKi(yr) 2

Beyond the boundary radius 7}, the heat loss to the sub-
strate is taken as @ = 10000 W m~2 K~! (see, for instance,
Hazra et al. [22]). The thermal conductivity estimated from
the IVC with no rf power dissipated in the bridge [Fig.
4(a)] is found tobe k = 4.1 Wm~' K~

The thermal conductivity inferred from the electri-
cal R(T) measurements of a superconducting nanobridge,
as discussed in Appendix D, is found to be « =
5.2 Wm~!'K~!, which agrees to within 22% of the value
determined from the numerical thermal model discussed
above.

For the thermal modeling of the nanobridge inclusive
of the rf power, we have used the experimentally deter-
mined thermal conductivity of k = 5.2 Wm~! K~!. Figure
5(c) shows the results of the numerical modeling for the
nanobridge at Ty, = 7 K. The power dissipation input to
the model is found from the experimental IVC data of the
sixth Shapiro step in Fig. 4(b), P = 150 nW. The temper-
ature elevation above T,y is found to be approximately
0.2 K [see Figs. 5(c) and 5(d)]. This temperature elevation
is lower than the inferred 7* shown in Fig. 5(b), but this
is accounted for by including power dissipation in the on-
chip 50  resistor due to the rf current, which is discussed
in Appendix E.

From both the inferred 7" from our Shapiro-step data
and the thermal modeling of our nanobridge, we demon-
strate that the dissipative branch of the IVC (in which
Shapiro steps are observed) is an S-$'-S junction with
a reduced critical current [ and not an S-N-S junction.
This result is contrary to previous work in which a nor-
mal region has been inferred to extend many microns into
the electrodes, with no Josephson behavior observed on the
retrapping branch [23-25,27].

V. CONCLUSION

In conclusion, we present experimental evidence of a
finite Josephson supercurrent existing in the dissipative
state of WL Josephson junctions, demonstrated by the exis-
tence of Shapiro steps on the retrapping branch of the IVC.
We use the RSJ model in combination with the reduced
critical current I to describe the evolution of the Shapiro
steps over the full range of our hysteretic data and to infer a
local temperature of the WL. From the existence of Shapiro
steps, a nonvanishing Josephson supercurrent, and our
thermal modeling, we show that our bridge temperature
does not exceed T.

The existence of a Josephson supercurrent demonstrates
that WLs may be operated as Josephson junctions even in
the dissipative state. This has relevance to the operation of
hysteretic WL-based nanoSQUIDs, as well as demonstrat-
ing that rf irradiation can be used as a probe of Josephson
behavior in the dissipative regime of single WLs. It is crit-
ical to the understanding of WLs for use in applications
such as SFQ circuits and Josephson voltage standards,
where responses to gigahertz pulses are important. The
Shapiro steps can be used as a tool with which to inves-
tigate WL behavior as well as to inform the optimization
of WL junctions and SQUIDs. Different geometries, mate-
rials, and thermal shunts can be investigated using this rf
irradiation technique.
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APPENDIX A: SCALING OF I

It is necessary to ascertain the scaling between the
applied V¢ from the room-temperature rf synthesizer and
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FIG. 6. The measured IVC for two values of Vip—a) Vi =0
and (b) V¢ = 1.17 V—shown in red (up sweep) and black (down
sweep). Solutions of the RSJ model are shown with 7. = I°
(blue) and I. = I} (green). The position of the transition to the
dissipative state is shown and denoted as Iyep. After Iy, is
reached, the remainder of the blue curve is inaccessible, as due to
Joule heating the junction enters a state with a suppressed critical
current /7.

the rf current that reaches the weak-link (WL) array /.
From the measured current-voltage characteristic (IVC),
we can determine, for a given Vi, the dc current g, at
which the voltage across the WL becomes nonzero (using
the initial-state critical current /°). We then use the RSJ
model, with /g, as an input parameter, to determine the
corresponding rf current /¢ for two cases. This is shown in
Fig. 6.

An interpolation between these two fit points using
the RSJ model /i, values gives a scaling between V¢
and [r (1 V =318 nA), which gives excellent agreement
between the step width and the evolution over the full
range of the hysteretic data, as shown in Fig. 4 of the main
text.

APPENDIX B: STEPS IN
DIFFERENTIAL-CONDUCTANCE COLOR MAP

For completeness, the IVCs used to produce the
differential-resistance color map of the main text are used
here to produce a differential-conductance color map, as
shown in Fig. 7. This shows clearly that the Shapiro steps
are at the expected positions V' = n(hf /2e) for the applied
frequency of 20 GHz.

(a) dnav,, (arb. units)

0.00 0.01

0.02 0.03 0.04 0.05

O_

(b) 1250 FF———=
1000 [~ M= O LA
750 L—— /s =318 uA

500 H— I = 636 A

-800-600-400-200 0 200 400 600 800
Vdc (,LlV)

FIG. 7. (a) The dI/dV4. color map, showing straight Shapiro
plateaus at the expected voltages V = n(hf /2e). (b) Vg Vs lgc
for three different rf current values. The dotted lines denote the
fourth, fifth, and sixth Shapiro steps.

APPENDIX C: FINITE-ELEMENT NUMERICAL
MODELING

The modeling described in Sec. IV is implemented as
a finite-element numerical method and the nanobridge is
represented using a grid of square cells as shown in Fig.
8. Due to symmetry, only one quarter of the nanobridge is
required for the simulation.

The sensitivity of the numerical model to the cell size is
tested over the range from 1 nm to 5 nm and is found to
have an effect of less than 10 mK. The boundary radius 7
is tested over the range from 50 nm to 150 nm and is found
to have an effect of less than 30 mK. The model is linear
and thus the calculated temperature profile scales linearly
with both the input power and the inverse of the thermal
conductivity, . The heat loss to the substrate beyond r; is
taken as & = 10000 Wm™2K~!.

The thermal conductivity from the center of the
nanobridge to the bath is estimated from the IVC when no
rf power is dissipated [see Fig. 4(a)]. The power dissipated
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FIG. 8. The finite-element numerical modeling of the

nanobridge WL [the color map shows one quadrant of the
nanobridge temperature map shown in Fig. 5(c)]. Due to the
symmetry of the device, only one quarter of the device requires
simulation. The device dimensions are input to the model and
constructed using a grid of square cells. The cell size used in the
main text is 1 nm, which is the size of the cells shown in the
image above. The 7| used in this example plot is 65 nm.

in the bridge at /5. = 800 pA is 192 nW. The inferred tem-
perature rise (7% — Tpam) is 0.31 K, resulting in a thermal
conductance of A = 619 nWK~!. For our device dimen-
sions, the thermal model gives a thermal conductivity of
k =4.1 Wm~!K~!. This is within 22% of the thermal
conductivity found from electrical R(7) measurements.

APPENDIX D: R(T) MEASUREMENTS AND
DETERMINATION OF «

To determine the 7, of our WL, we measure R(7) using
the ac lock-in technique suggested in Ref. [37]. We observe
a double transition in the data (see Fig. 9) and use the

(a) (b)
0.5

T T
e Resistance|
= LAMH

£ = 50
__04 . S0 =99 M
c ¢] L =21nm
> > T,=847K
303 801FR 0470 E
c C .
I 5
i) Iy
®02 7
[%2] 2]
@ i)
x x

o
N

0.0

83 84 85 86 87 0'023.30 835 840 845 850
Temperature (K) Temperature (K)

FIG. 9. (a) The resistance as a function of the bath temperature

R(T), for a weak-link nanobridge. (b) R(7) plotted over a small

temperature range. The solid blue curve is the fit to the LAMH-

TAPS model. The fit parameters are shown on the figure.

Langer-Ambegaokar-McCumber-Halperin thermally acti-
vated phase-slip (LAMH-TAPS) model to determine 7,
[38]. The good agreement with the data suggests that the
double transition is due to thermally activated phase slips.
Most of the measurements in the main text are performed
at a bath temperature away from this region.

From the R(T) data, we determine the resistivity of our
film to be p = 33 nQm (using R = 0.35 2, 7 = 150 nm,
w = 50 nm, and / = 80 nm). Using the Wiedemann-Franz
law to relate the electronic conductivity p to the thermal
conductivity «, we find k = 5.2 Wm~'K~! [39].

APPENDIX E: EXCESS HEATING FROM 50 €
LOAD

We note that in the main text there is a small discrepancy
between the elevated temperature found using the thermal
model and the elevated local temperature 7* inferred from
the Shapiro-step data. Figure 5(d) in the main text gives
Tetevated = 0.2 K while 7* = 7.55 K, which is thus 0.55 K
above Ty (but still well below 7). To account for this
discrepancy, we consider the effects of power dissipation
in the 50 €2 on-chip resistor due to the rf current.

The calculated thermal conductivity as shown in previ-
ous section can then be used to determine the temperature
rise due only to dec power for each rf current IVC presented
in Fig. 4 of the main text:

Pdc

ATy = —*. (E1)

Therefore, the excess temperature increase due to the

power dissipated in the 50 €2 resistor can be calculated:
AT = (T" — Toan) — AT (E2)

A graph showing ATy plotted vs Py (i.e., [3R) is shown

in Fig. 10. The linear dependence between ATy and Py
suggests that the rf heating is proportional to the rf power.

APPENDIX F: “FLATNESS” OF STEPS

Figure 11 is the measured differential resistance dV/dl 4.
of a representative nanobridge. From Fig. 11, it is possi-
ble to see that the lower-order Shapiro steps reach a zero
resistance value and then remain at zero resistance (within
the resolution of the experiment) over a range of dc current
(approximately 100 wA for the first observed step).

APPENDIX G: CORRECTION OF BIAS CURRENT
DUE TO SWITCHING OF NEIGHBORING WEAK
LINKS

The individual nanobridge weak links are measured in
a typical four-terminal configuration, as shown in Fig. 1 in
the main text. However, as our WLs are fabricated in arrays

024070-7
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FIG. 10. A plot of AT;¢ vs Ps showing linear dependence.

of ten WLs, we probe only one at a time but drive both
dc and rf current through the entire array. As a result of
this, the true dc bias value applied to the device may have
a small abrupt change associated with a switch of a neigh-
boring WL. This can be seen as the feature in the color map
in Fig. 3 of the main text, arising close to —1000 i A. For
the purpose of fitting to the RSJ model in Fig. 4 of the main
text, the traces that contain the small change in true bias
current are shifted to account for the switching neighbor-
ing WL. A before-and-after example of the shifted curves
is shown in Fig. 12 for an IVC taken at I, = 270 ©A.

16 : - :
I 1.5
1.4 F~ 2 ’ -
| C10 : {
1.2 -§0,5 : g
S .
0.0 I > i
1.0 : : : § v
S : g i
= koo
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© ‘l ‘i
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f;.-

FIG. 11. dV/dls. of a representative nanobridge, showing
lower-order steps reaching a zero resistance state and persisting
in this state over a range of dc bias current. The inset shows the
first observable Shapiro step—it is flat (within the resolution of
the experiment) over approximately 100 ©A.

700 T T T T T T T T
~300 — . r .
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FIG. 12. The measured IVC at I,y = 270 pnA, showing the dis-
continuity in the measured data due to switching of a neighboring
WL. The inset shows an enlarged plot of the measured data
before and after, accounting for a neighboring junction shift. The
shift is 15 pA, less than 0.05% of the total bias current range.

APPENDIX H: NUMBERING OF INTEGER
SHAPIRO STEPS AND HINTS OF SUBHARMONIC
SHAPIRO STEPS

Figure 13 shows the labeling of the integer Shapiro steps
in our region of interest. We also highlight hints of subhar-
monic steps at I,y > 318 nA. They are observed as dips in
dV/dl but the corresponding inflections are not observable
in the IVC. These subharmonic steps might be explained
either by including a higher-order harmonic in the super-
current term of the RSJ model or, alternatively, by effects
of external electrical loading of the junction [40,41].

APPENDIX I: THE RSJ MODEL AND A
NONSINUSOIDAL I;(¢) RELATION

In general, the supercurrent /5 in a Josephson junction as
a function of the phase difference ¢ has a tilted sinusoidal
shape. For lengths L < 3.5& it is single-valued and for
longer lengths it becomes multivalued [42] and is no longer
originated by a coherent interaction of the phases on the
two sides of the weak link. The equations for the Dayem
bridge Josephson junction supercurrent-phase relationship
are given in the literature [43] and can generally be written
as I, = I.f (¢, L), where f (¢, L) is an oscillating function
in ¢ with a period 27 and an amplitude equal to one. The
detailed shape of f (¢,L) depends on the length of the
Dayem bridge. In Fig. 14, we plot f (¢, L) calculated using
the equations given in Ref. [43], for L = & and L = 3§,
beyond which the curve becomes multivalued. In general,
for small L, f (¢, L) =~ sin(¢); while for increasing L, the
curves progressively tilt away from the ideal sine relation.

We use the values of /. from Fig. 4 in the main text,
which are fitted assuming a perfectly sinusoidal CPR, and
evaluate the IVC using f (¢, L = 3&) and compare it to the
results obtained using /; = I.sin(¢). As shown in Figs.
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FIG. 13. A differential-resistance color map [Fig. 3(a) from

the main text] shown with Shapiro-step numbers demonstrat-
ing integer Shapiro steps and hints of subharmonic steps at
Is > 318 uA.

15(a)-15(e), the IVCs at all values of /¢ are essentially
identical for both cases. This shows that our RSJ model
fit to the experimental data does not depend significantly
on the detailed shape of the /" (¢, L) relation.

APPENDIX J: TEMPERATURE DEPENDENCE OF
DIFFERENTIAL-RESISTANCE MAPS

We observe Shapiro steps in the dissipative branch
of a number of nanobridge devices. Here, we show the

—I,=1,sin6

—L=¢
— L =3¢

0 nl2 b

¢ (rad)

FIG. 14. The Dayem bridge Josephson junction supercurrent-
phase relationship for different lengths, L, of the bridge. The ideal
sinusoidal relation is plotted for comparison.

(a) s00
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(b) 600

400
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(c) 600
400
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0 n 1 " 1 .
(d) 600 ' '

T T
I.=238.5 uA

400

Vdc (uV)

200

(e) 600
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200

0 L 1 L 1 1
0 500 1000

/dc (.uA)

FIG. 15. RSJ model results for V4 as a function of /4 for
different values of I;. The black curve uses the sinusoidal
supercurrent-phase relationship /; = /. sin(¢) as in Fig. 4 of the
main text, while for the red curve we use Iy = I.f (¢, L = 3§).
The curves are almost identical for both cases, showing that the
fitting is not sensitive to a change in the supercurrent-phase rela-
tionship. The resulting IVCs exhibit the same step widths and
number of steps.

differential-resistance color maps of a nanobridge device
with a lower critical current. The differential-resistance
color maps are taken at different temperatures and show
the reduction in /. as the temperature is increased. It is
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FIG. 16. Differential-resistance color maps taken at (a) 7 =
6.1 K, (b) T=6.35K, (¢) T=6.9K, and (d) 7.2 K. As in the
main text, the dc current sweep is from left to right, that is, the
dc current is swept from a finite negative value to a finite posi-
tive value. The differential-resistance maps shown in (a) and (b)
are taken at temperatures at which the [VCs are hysteretic at zero
applied rf current. As the applied rf current is increased, Shapiro
steps appear on the dissipative branch of the IVC. As the rf cur-
rent is increased further, the zeroth Shapiro step is suppressed
and the IVC becomes nonhysteretic. The maps shown in (c) and
(d) are taken at temperatures at which the IVCs are nonhysteretic
at zero applied rf current. Shapiro steps are observed when the rf
current is increased.

also observed that the amplitude of the applied rf volt-
age required to fully suppress the zeroth Shapiro step is
reduced as the temperature is increased. Note that this
device is measured on a different probe from the one used
in the main text. Consequently, the V;¢ scale is consistent
throughout Fig. 16, although it cannot be quantitatively
compared to /¢ in Fig. 3 of the main text.
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