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We present a method that combines continuous and pulsed microwave-radiation patterns to achieve
robust interactions among hyperfine trapped ions placed in a magnetic field gradient. More specifically,
our scheme displays continuous microwave drivings with modulated phases, phase flips, and π pulses.
This leads to high-fidelity entangling gates that are resilient against magnetic field fluctuations, changes
in the microwave amplitudes, and crosstalk effects. Our protocol runs with arbitrary values of microwave
power, which includes the technologically relevant case of low microwave intensities. We demonstrate the
performance of our method with detailed numerical simulations that take into account the main sources of
decoherence.
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I. INTRODUCTION

Quantum processors based on trapped ions are lead-
ing candidates to build reliable quantum simulators and
computers [1–5]. Soon, these could solve computational
problems in a more-efficient manner than classical devices
by exploiting the quantum correlations among their atomic
constituents. To this end, the systematic generation of
single-qubit and two-qubit gates with high fidelity is cru-
cial. The latter has been achieved by using laser light
that couples the internal (atomic) and external (vibrational)
degrees of freedom of the ions, leading to fast single-qubit
and two-qubit gates of high fidelity [6–8]. Nevertheless,
scaling laser-based quantum processors while maintaining
high fidelities is a hard technological challenge, since it
requires the precise control of multiple laser sources.

An alternative approach to laser-driven systems was
proposed by Mintert and Wunderlich [9]. This involves the
use of microwave (MW) fields together with magnetic field
gradients to create interactions among the internal states
of the ions. Unlike lasers, the control of MW sources is
comparatively easy, and their introduction in scalable trap
designs is less demanding [10]. In addition, MW-driven
quantum gates do not use any optical transition. This
avoids spontaneous emission of some atomic states that
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define the qubit, which is an unavoidable limiting factor
for laser-driven quantum gates [11]. Since the initial pro-
posal in Ref. [9], the use of MW schemes has been pursued
in two distinct fashions, using either static magnetic field
gradients [9,12–14] or oscillating fields [15–18]. In the for-
mer, a static magnetic field gradient is used to couple the
atomic and vibrational degrees of freedom, while a MW
field in the far-field regime is used to modulate this interac-
tion. In the latter, an oscillating MW field in the near-field
regime is used as the generator of the qubit-boson inter-
action. In addition, a method that combines oscillating
magnetic field gradients with MW fields in the far-field
regime was recently proposed to couple ionic internal and
external degrees of freedom [19,20].

Typically, ion qubits are encoded in hyperfine atomic
states that are sensitive to magnetic field fluctuations.
These are the main source of decoherence, and have to be
removed to achieve quantum-information processing with
high fidelity. To this end, pulsed and continuous dynamical
decoupling (DD) techniques have been introduced [22–
29]. In particular, the creation of dressed states has proved
useful [30–34] and has led to the highest reported gate
fidelities (more than 98%) with MW fields in the far-field
regime [35]. On the other hand, the best near-field MW
gates use a driving field on the carrier transition to dynam-
ically decouple the qubits from fluctuations of the qubit
frequency [36].
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In this article, we propose a method to generate two-
qubit gates among trapped ions that combines pulsed and
continuous MW radiation patterns in the far-field regime.
This leads to a scheme that is protected against mag-
netic fluctuations, errors on the delivered MW fields, and
crosstalk effects caused by the use of long-wavelength MW
radiation. Our scheme is flexible since it runs with arbitrary
values of the MW power. This includes the relevant case of
low-power MWs, which minimizes crosstalk. In particular,
inspired by results in Refs. [37,38], our method involves
phase-modulated drivings, phase flips, and refocusing π

pulses, leading to high-fidelity entangling gates within
current experimental limitations. We numerically test the
performance of our gates in the presence of magnetic fluc-
tuations of different intensities or deviations on the MW
Rabi frequencies, as well as under motional heating. We
demonstrate the achievement of fidelities largely exceed-
ing 99% in realistic experimental scenarios, while values
larger than 99.9% are reachable with small improvements.

II. THE METHOD

We consider two 171Yb+ ions sitting next to each other
in the longitudinal direction (ẑ) of a linear harmonic trap.
We define a qubit using two states of the 2S1/2 hyper-
fine manifold. These are |g〉 ≡ {F = 0, mF = 0} and |e〉 ≡
{F = 1, mF = 1}. Because of the Zeeman effect, the fre-
quency of the j th qubit ωj = ω0 + γeB(z0

j )/2, where ω0 =
2π × 12.6 GHz, γe = 2π × 2.8 MHz/G (see Ref. [39]),
and z0

j is the equilibrium position of the ion. The pres-
ence of a constant magnetic field gradient ∂B/∂z = gB in
the ẑ direction results in different values of ωj for each
qubit, which allows individual control of each ion with
MW fields [28,40]. The Hamiltonian of the system can be
written as

H = ω1

2
σ z

1 + ω2

2
σ z

2 + νa†a + ην(a + a†)Sz, (1)

where Sz = σ z
1 + σ z

2 , a†(a) is the creation (annihilation)
operator that corresponds to the center-of-mass mode, ν

is the trap frequency, η = γegB/8ν
√

�/Mν is the Lamb-
Dicke parameter, which quantifies the strength of the
qubit-boson interaction, and M is the mass of a single ion.

Single MW drivings, at detuning δ, can be applied
to both ions. Then Hamiltonian (1) in a rotating frame
with respect to H0 = (ω1/2)σ z

1 + (ω2/2)σ z
2 + νa†a reads

(see Appendix A for additional details of the interaction
pictures involved)

H = ην(ae−iνt + a†eiνt)Sz + 
 cos (δt)Sx. (2)

For clarity, we have omitted the presence of the breath-
ing mode in Eqs. (1) and (2), as well as the crosstalk
terms in Eq. (2). However, these will be included in our
numerical simulations to demonstrate that they have a neg-
ligible impact in our scheme. Furthermore, in Appendix B

one can find a complete description of the system Hamil-
tonian. Now, we move to a second rotating frame with
respect to 
 cos (δt)Sx (this is known as the “bichromatic
interaction picture” [20,41]) and use the Jacobi-Anger
expansion [eiz sin θ = ∑+∞

n=−∞ Jn(z) einθ , with Jn(z) being
Bessel functions of the first kind] to obtain

H = ην(ae−iνt + H.c.)

×
[

J0

(
2


δ

)
Sz + 2J1

(
2


δ

)
sin (δt)Sy

]
. (3)

We keep terms only up to the first order of the Jacobi-
Anger expansion, since higher-order terms would not lead
to any significant contribution. If we choose δ = ν + ξ

with ξ � ν, and ignore all terms that rotate with ν by
invoking the rotating-wave approximation, we find the
gate Hamiltonian

HG ≈ i
ην


δ

(
a†e−iξ t − H.c.

)
Sy , (4)

where we used J1(x) ≈ x/2 for small x. For evolution
times tn = 2πn/ξ , where n ∈ N, the time-evolution opera-
tor associated with Eq. (4) is

UG(tn) = exp (iθnS2
y ), (5)

where θn = 2πnη2ν2J1(2
/δ)/ξ 2 ≈ 2πnη2
2/ξ 2 [42–
44]. By tuning the parameters such that θn = π/8,
the propagator UG evolves the initial (separable) state
|g, g〉 into the maximally-entangled Bell state 1√

2
(|g, g〉 +

i|e, e〉).
To protect this gate scheme from magnetic field fluctu-

ations of the kind [ε1(t)/2]σ z
1 + [ε2(t)/2]σ z

2 [ε1,2(t) being
stochastic functions], we introduce an additional MW driv-
ing that will remove them. We select a MW driving such
that it enters in Eq. (2) as a carrier term of the form
(
DD/2)Sy , leading to

H = ην(ae−iνt + a†eiνt)Sz + 
 cos (δt)Sx + 
DD

2
Sy . (6)

In the bichromatic picture, Eq. (6) reads [note that in the
following we adopt the convention J0,1(2
/δ) ≡ J0,1]

H = ην(ae−iνt + H.c.)
[
J0Sz + 2J1 sin (δt)Sy

]

+ 
DD

2
[
J0Sy − 2J1 sin (δt)Sz

]
. (7)

The new driving (
DD/2)Sy leads to the appearance of the
second line in Eq. (7). Here the (
DD/2)J0Sy term is the
responsible for removing magnetic field fluctuations, while
J1
DD sin (δt)Sz interferes with the gate and has to be elim-
inated. This term can be ignored under a rotating-wave
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approximation only if 
DD � δ, and thus its presence lim-
its the range of applicability of our method since larger
values of 
DD are desirable to better remove the effect
of magnetic field fluctuations. To overcome this problem,
we introduce in all MW drivings [i.e., those leading to
the terms 
 cos (δt)Sx and (
DD/2)Sy in Eq. (6)] a time-
dependent phase that will eliminate J1
DD sin (δt)Sz. This
time-dependent phase is

φ(t) = 4

DDJ1

δJ0
sin2 (δt/2). (8)

The presence of φ(t) changes Hamiltonian (6) to (see
Appendix B)

H = ην(ae−iνt + a†eiνt)Sz + 
 cos (δt)S‖
φ + 
DD

2
S⊥

φ ,

(9)

where S‖
φ ≡ S+eiφ(t) + H.c. and S⊥

φ ≡ −iS+eiφ(t) + H.c. In
a rotating frame with respect to −[φ̇(t)/2]Sz, we find

H =
(

ην(ae−iνt + H.c.) + φ̇(t)
2

)
Sz + 
 cos (δt)Sx

+ 
DD

2
Sy . (10)

In the bichromatic interaction picture, the previous Hamil-
tonian transforms as

H̃ = ην(ae−iνt + H.c.)
[
J0Sz + 2J1 sin (δt)Sy

]

+ 
̃DD

2
Sy − 
DDJ 2

1 /J0 cos (2δt)Sy , (11)

where 
̃DD = J0
DD(1 + 2J 2
1 /J 2

0 ). Here we can see
that, because of the action of φ(t), the interfering
J1
DD sin (δt)Sz term is removed. Instead, in Eq. (11) we
find the term 
DDJ 2

1 /J0 cos (2δt)Sy , which has a small cou-
pling constant (
DDJ 2

1 /J0) and that commutes with the
gate Hamiltonian (4). In Fig. 1(a) (left panel) we show the
Bell-state fidelity obtained without phase modulation [i.e.,
by use of Hamiltonian (6)] for different values of a con-
stant energy deviation ε in the qubit resonance frequencies.
The dashed blue curve corresponds to the case 
DD = 0
(i.e., the scheme does not offer protection against ε), while
the solid green curve incorporates the driving leading to
the carrier (
DD/2)Sy . Figure 1(a) (right panel) shows the
case with phase modulation in Eq. (9) that achieves larger
fidelities.

Our method can be further improved since the first
term in Eq. (11), that is, ην(ae−iνt + H.c.)J0Sz, leads to
undesired accumulative effects that we can correct. The
latter can be calculated in a rotating frame with respect to

(a)

(b) (c)

FIG. 1. Resilience to constant errors for gB = 20.9 T/m, ν =
2π × 138 kHz (η = 0.011), and 
 = 2π × 26 kHz. (a) Bell-
state fidelity for 
DD = 0 (dashed blue curve) and 
DD = 2π ×
49 kHz (solid green curve). The right and left panels show the
cases with and without phase modulation, respectively. (b) Bell-
state fidelity for nPF = 1 (solid green curve) and for nPF = 0
(dashed red curve). (c) Bell-state fidelity with respect to constant
shifts in 
(t).


̃DDSy/2 and by computing the second-order Hamiltonian,
which reads

H̃ ≈ HG − g
̃(2a†a + 1)Sy − gν

2
(S2

x + S2
z ), (12)

where g
̃ = 
̃DDη2J 2
0 /(1 − 
̃2

DD/ν2) and gν = νη2J 2
0 /

(1 − 
̃2
DD/ν2) (see Appendix C). Although small, the

terms g
̃(2a†a + 1)Sy and gν/2(S2
x + S2

z ) spoil a superior
gate performance. Hence, we eliminate them by introduc-
ing refocusing techniques. In particular, to nearly remove
the g
̃(2a†a + 1)Sy term, we divide the evolution into two
parts, and flip the phase of the carrier driving during the
second part of the evolution. In this respect, the scheme for
the control parameters is shown in Fig. 2. This phase flip
causes a change in the sign of 
DD, (i.e., 
DD → −
DD)
which acts as a refocusing of unwanted shifts in Sy . This
strategy is also valid to minimize the errors due to con-
stant shifts in 
DD as can be seen in Fig. 1(b). The phase
flip of the carrier forces us to also change the sign of φ(t),
since Eq. (8) should hold during the implementation of the
gate. As we see later, performing a large number of phase
flips (nPF) will further suppress fluctuations on the carrier
driving, while it also limits the possible values of 
DD; see
Appendix A for additional details.

A partial refocusing of the term gν/2(S2
x + S2

z ) in Eq.
(12) is also possible by rotating one of the qubits in the
middle and at the end of the gate via π pulses. In particu-
lar, if these π pulses are performed along the y axis, that
is, each π pulse equals exp (iπ/2σ

y
1 ), the S2

x and S2
z oper-

ators change their sign simultaneously, while S2
y remains
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(a)

(b)

(c)

(d)

FIG. 2. Scheme for the control parameters. (a) Bichromatic
driving 
(t) = 
 cos δt. (b) Phase modulation of the bichromatic
driving. The change of sign during the second half of the evolu-
tion is due to the phase flip of the carrier driving. Here φm =
max [|φ(t)|]. (c) Carrier driving acting equivalently on both ions
except in the middle, where each ion undergoes a 180◦ (red) and
a 360◦ (green) rotation, respectively. (d) Phase modulation of the
DD field. During the second part of the evolution, the phase is
flipped from −π/2 to π/2.

unchanged. The combined action of phase flips and π

pulses allows us to approximate Eq. (12) as H̃ ≈ HG. It is
important to mention that off-resonant vibrational modes
would contribute with accumulative factors similar to the
last term in Eq. (12). These are then refocused by the two
π pulses as we show in our numerical simulations. As our
method removes undesired effects due to additional vibra-
tional modes, it is directly applicable to produce entangling
gates between any two ions in a large chain. In addi-
tion, one can always consider concatenating sequences of
two-qubit operations, leading to multiqubit gates [1]. For
completeness of our analysis, in Fig. 1(c) we plot the Bell-
state fidelity with respect to constant shifts in 
(t). Our
scheme also shows robustness with respect to errors of this
kind since a shift in 
(t) rotates with frequency δ, which
diminishes its effect.

III. RESULTS

To demonstrate the performance of our method in real-
istic experimental scenarios, we calculate the Bell-state
fidelity with fluctuating errors in both magnetic and driv-
ing fields, as well as in the presence of motional heating.
Furthermore, our simulations include crosstalk terms and
an off-resonant motional mode (the initial state of both
motional modes is a thermal state with average number
of phonons n̄ = 1). The results are shown in Fig. 3 for
two different parameter regimes. These are gB = 20.9 T/m,
ν = 2π × 138 kHz, and 
 = 2π × 37 kHz in the left
panel and gB = 38.5 T/m, ν = 2π × 207 kHz, and 
 =
2π × 26.6 kHz in the right panel (note both regimes have
Lamb-Dicke parameter η = 0.011).

FIG. 3. Logarithm of the Bell-state infidelity as a function of

DD for gB = 20.9 T/m, ν = 2π × 138 kHz, and 
 = 2π ×
37 kHz (left panel) and gB = 38.5 T/m, ν = 2π × 207 kHz,
and 
 = 2π × 26.6 kHz (right panel). Blue and black squares
take into account crosstalk effects and the presence of the off-
resonant vibrational mode, with and without phase modulation,
respectively. Other curves include motional heating of the center-
of-mass mode and fluctuations of the magnetic field as well
as the driving fields. The red, green, and purple squares corre-
spond to different error parameters (τ = 0.05 ms and T2 = 0.5
ms; τ = 0.1 ms and T2 = 1 ms; and τ = 0.2 ms and T2 = 2 ms)
that characterize magnetic field fluctuations.

Blue squares indicate Bell-state infidelities obtained
with our method. Thirty-one phase flips are used. For

DD = 0, the fidelities are below 99% even without fluc-
tuating errors. We identify that this is due to the crosstalk
of the MW driving fields at Rabi frequency 
, since
these induce frequency shifts in the off-resonant qubits.
If 
DD 
= 0, these energy shifts are canceled and we find
fidelities ranging from 99.9% to 99.99%. These values are
obtained with moderate MW radiation power rather than
with Rabi frequencies on the order of megahertz; for the
latter, see Ref. [28]. The parameters in the right panel in
Fig. 3 are more favorable for several reasons: First, the
Rabi frequency is smaller than for the case in the left
panel and the magnetic field gradient is larger; both lower
crosstalk effects. Second, a higher trap frequency low-
ers the effect of the off-resonant mode. Finally, a smaller

/δ ratio is also preferable to avoid any effect of higher-
order Bessel functions. In this respect, note we always
truncate the Jacobi-Anger expansion to the first order; see
Eq. (11). Black squares indicate the infidelities obtained
without phase modulation. As expected, phase modula-
tion is crucial to remove energy shifts induced by 
DD.
Other curves take into account the heating of the center-
of-mass mode and fluctuating errors in the magnetic field
and MW drivings. The effect of the former is introduced
in our model with a dissipative term of the form �/2

[
(N̄

+ 1)(2aρa† − a†aρ − ρa†a) + N̄ (2a†ρa −aa†ρ −ρaa†)
]
,
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where ˙̄n = �N̄ is the heating rate and N̄ = 1/(e�ν/kBT

− 1), where T = 300 K. In the left panel in Fig. 3, we
consider a heating rate of ˙̄n ≈ 300 phonons/s [12,35,45].
For the right panel in Fig. 3, we consider a more-favorable
scenario with ˙̄n ≈ 200 phonon/s.

Magnetic and MW fluctuations are introduced via an
Ornstein-Uhlenbeck stochastic process [46]. Each point
in Fig. 3 corresponds to 100 realizations. The Ornstein-
Uhlenbeck process is characterized by the correlation time
τB and coherence time T2 for the magnetic field fluctu-
ations, while τ
 and the relative amplitude error δ
 are
used for the MW-driving-field fluctuations. For the driv-
ing fields, we choose correlation time τB = 500 μs and
relative amplitude error δ
 = 0.5% in the left panel, and
correlation time τ
 = 1 ms and δ
 = 0.25% in the right
panel [47]. Different strengths for the magnetic field fluctu-
ations are given by the red, green, and purple squares, with
parameters τ = 0.05 ms and T2 = 0.5 ms, τ = 0.1 ms and
T2 = 1 ms, and τ = 0.2 ms and T2 = 2 ms, respectively.

Our numerical simulations predict fidelities greater 99%
even for the worst case corresponding to τ = 0.05 ms and
T2 = 0.5 ms and with current heating rates (left panel). In
a more-optimistic experimental scenario with τ = 0.2 ms
and T2 = 2 ms, our protocol leads to fidelities larger than
99.9% for distinct values of 
DD (right panel).

IV. CONCLUSIONS

We propose a method for the generation of entan-
gling gates that combines phase-modulated continuous
MW drivings with phase flips and refocusing π pulses
to produce entangling gates with high fidelity. Numeri-
cal simulations including the main sources of decoherence
show that fidelities on Bell-state preparation exceeding
99% are possible within current experimental limitations,
while fidelities larger than 99.9% are achievable with
further experimental improvement.
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APPENDIX A: INTERACTION PICTURES AND
MICROWAVE SEQUENCE

Our reference frame is established by H0 = (ω1/2)σ z
1 +

(ω2/2)σ z
2 + νa†a, named the “ion frame”. This means that

the Bell state produced by the protocol will be rotating
according to this frame. We make use of various interaction
pictures to obtain a better understanding of all interactions.
The first one is the so-called bichromatic interaction pic-
ture [20,21,41], and it is defined by HB(t) = 
 cos (δt)Sx.
As the gate Hamiltonian in Eq. (4) is written in this pic-
ture, the state produced at time tn will match the one in the
ion frame if U1(tn) = exp [i
sinc(δtn)] = 1. For that, we
impose the following relation between the detunings ξ =
δ/N = ν/(N − 1), thus ensuring that δtn = 2πN , where
N ∈ N. The latter is not strictly necessary, as the same
effect can be obtained by pulse shaping [20,41].

The addition of the carrier driving introduces the term
(
̃DD/2)Sy in Eq. (11), which, while commuting with the
gate Hamiltonian, produces qubit rotations that have to
be synchronized with the time tn. For that, it is necessary
to choose 
̃DD in such a way that 
̃DDtn = 2πm, where
m ∈ N. Moreover, the number of phase flips also limits
the possible values of 
DD as the time interval between
phase flips needs to be a multiple of 2π/
̃DD. The latter
is crucial for a correct elimination of magnetic field fluctu-
ations. At the same time, this also sets a lower bound for
the minimum nonzero value of 
DD, which increases with
the number of phase flips. Finally, in the phase-modulated
case, the time interval between two phase flips should also
be a multiple of π/δ.

APPENDIX B: HAMILTONIAN WITH
CROSSTALK TERMS AND TWO VIBRATIONAL

MODES

The Hamiltonian describing two trapped ions under
a static magnetic field gradient ∂B/∂z = gB in an inter-
action picture with respect to the free-energy term of
the qubits and the modes (ω1/2)σ z

1 + (ω2/2)σ z
2 + νa†a +√

3νb†b is

Hsys = ην(ae−iνt + a†eiνt)(σ z
1 + σ z

2 ) + 3−1/4ην

×
(

be−i
√

3νt + b†ei
√

3νt
)

(−σ z
1 + σ z

2 ), (B1)

where a† (a) and b† (b) are the creation (annihilation)
operators associated to the longitudinal center-of-mass and
breathing modes of the two-ion crystal. The former is used
as the quantum bus of the qubits, while the latter stays off-
resonant. For the numerical simulations in the main text,
we truncate the Hilbert space of these at Nc.m. = 15 and
Nbr = 5, respectively.
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The Hamiltonian of a microwave driving with frequency
ω̃1 and phase φ acting on the first qubit reads

Hq1 = 
1

2
(σ+

1 eiω1t + σ+
2 eiω2t)(eiω̃1te−iφ + e−iω̃1teiφ)+ H.c.,

(B2)

where |ω1 − ω̃1| � ω2 − ω1 � ω1 + ω2. If we ignore
terms rotating with ±(ω1 + ω̃1) and ±(ω2 + ω̃1) by apply-
ing the rotating-wave approximation and consider ω̃1 =
ω1, the Hamiltonian reads

Hq1 = 
1

2
(σ+

1 + σ+
2 ei�ωt)eiφ + H.c., (B3)

where �ω = ω2 − ω1 = γegB/2(2e2/4πε0Mν2)1/3. In our
protocol, each qubit is driven by two phase-modulated
microwave fields, and the total Hamiltonian reads

H = Hsys +
2∑

j =1

{
2
 cos (δt) cos [ωj t − φ(t)]

− 
DD sin [ωj t − φ(t)]
}
(σ+

1 eiω1t + σ+
2 eiω2t + H.c.).

(B4)

After all the terms rotating with frequencies on the order
of ωj have been ignored, the Hamiltonian is reduced to

H = Hsys +
[

(t) − if (t)


DD

2

]
eif (t)φ(t)

× [σ+
1 (1 + e−i�ωt) + σ+

2 (1 + ei�ωt)] + H.c., (B5)

where f (t) changes from +1 to −1 depending on the num-
ber of phase flips applied, and φ(t) can be found in the
main text. This is the Hamiltonian used in our numerical
simulations, which includes the crosstalk terms that rotate
with ±�ω as they have a non-negligible effect. However,
these will be averaged out by the introduction of the car-
rier field. For clarity, in the main text we disregard these
crosstalk terms and the off-resonant motional mode, which
reduces the Hamiltonian (B5) to

H = Hsys +
[

 cos (δt) − if (t)


DD

2

]
eif (t)φ(t)S+ + H.c.,

(B6)

which corresponds to Eq. (9) except for the f (t) and the off
resonant mode, which are not included in the main text for
simplicity.

APPENDIX C: SECOND-ORDER HAMILTONIAN
DERIVATION IN THE PHASE-MODULATED

CASE

In this section we derive Eq. (12), starting from Hamil-
tonian in Eq. (11). If we move to an interaction with respect

to 
̃DDSy/2, Eq. (11) transforms into

H̃ = ηνJ0(S̃+ae−i(ν−
̃)t + S̃−ae−i(ν+
̃)t + H.c.)

+ 2ηνJ1(ae−iνt + a†eiνt) sin (δt)Sy

− 
̃DD
J 2

1

J0
cos (2δt)Sy , (C1)

where 
̃ ≡ 
̃DD and S̃+ = 1
2 (Sz ± iSx).

It is convenient to calculate the second-order Hamilto-
nian that corresponds to the first term in Eq. (C1), as its
coupling strength is larger than that of the gate, in the
regime with 
̃DD < ν. The second-order Hamiltonian can
be extracted by use of the Magnus expansion, and it is
given by

H̃ (2)(t) = −i
η2ν2J 2

0

2

∫ t

0
dt′

[
S̃+ae−i(ν−
̃)t + S̃−ae−i(ν+
̃)t

+ H.c., S̃+ae−i(ν−
̃)t′ + S̃−ae−i(ν+
̃)t′ + H.c.
]

.

(C2)

First, we can calculate the part that will lead to the time-
independent, accumulative part. These terms are

∫ t

0
dt′[aS̃+, a†S̃−]e−i(ν−
̃)(t−t′) + H.c.

= [aS̃+, a†S̃−]
−2i

ν − 
̃

{
1 − cos [(ν − 
̃)t]

}
, (C3)

∫ t

0
dt′[aS̃−, a†S̃+]e−i(ν+
̃)(t−t′) + H.c.

= [aS̃−, a†S̃+]
−2i

ν + 
̃

{
1 − cos [(ν + 
̃)t]

}
. (C4)

The commutators can be calculated with use of the rela-
tion [AB, A†B†] = [A, A†]BB† + A†A[B, B†], which is valid
if [A, B] = 0. Using this, we have

[aS̃+, a†S̃−] = [a, a†]S̃+S̃− + a†a[S̃+, S̃−]

= 1
4
(S2

x + S2
z ) +

(
a†a + 1

2

)
Sy , (C5)

[aS̃−, a†S̃+] = [a, a†]S̃−S̃+ + a†a[S̃−, S̃+]

= 1
4
(S2

x + S2
z ) −

(
a†a + 1

2

)
Sy , (C6)
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and the time-independent part of the second-order Hamil-
tonian reads

H̃ (2)

eff = −η2ν2J 2
0

4

(
1

ν − 
̃
+ 1

ν + 
̃

)
(S2

x + S2
z )

− η2ν2J 2
0

2

(
1

ν − 
̃
− 1

ν + 
̃

)
(2a†a + 1)Sy ,

(C7)

which can be rewritten as

H̃ (2)

eff = −gν

2
(S2

x + S2
z ) − g
̃(2a†a + 1)Sy , (C8)

where gν =νη2J 2
0 /(1−
̃2/ν2) and g
̃=
̃η2J 2

0 /(1−
̃2/ν2).
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