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Recently, signatures of nonlinear Hall effects induced by Berry-curvature dipoles have been found in
atomically thin 17" /T;-WTe,. In this paper, we show that in strained polar transition-metal dichalco-
genides (TMDs) with 2H structures, Berry-curvature dipoles created by spin degrees of freedom lead to
strong nonlinear Hall effects. Under an easily accessible uniaxial strain of order 0.2%, strong nonlinear

Hall signals, characterized by a Berry-curvature dipole on the order of 1 A, arise in electron-doped polar
TMDs such as MoSSe, and this is easily detectable experimentally. Moreover, the magnitude and sign of
the nonlinear Hall current can be easily tuned by electric gating and strain. These properties can be used
to distinguish nonlinear Hall effects from classical mechanisms such as ratchet effects. Importantly, our
system provides a potential scheme for building electrically switchable energy-harvesting rectifiers.
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I. INTRODUCTION

The study of Hall effects has been one of the cen-
tral topics in condensed-matter physics [1,2]. Within the
linear-response regime, the Hall effect arises only when
time-reversal symmetry is broken [3,4]. Recently, how-
ever, it was proposed by Sodemann and Fu [5] that Hall
effects can occur in a wide class of time-reversal-invariant
materials with broken spatial inversion symmetry. In such
systems, the total Berry flux over the equilibrium distri-
bution is zero due to time-reversal symmetry [1], while
Berry curvatures can emerge locally in the Brillouin zone,
with counterpropagating charge carriers having different
Berry curvatures. Under an applied electric field, the
current-carrying state maintains an imbalance between
counterpropagating carriers, which results in a nonzero
Berry-curvature flux under proper symmetry conditions
[6]. This leads to anomalous Hall currents, which estab-
lish a Hall voltage in the steady state. As the electric field
plays both the role of driving the system out of equilib-
rium and that of inducing anomalous velocities, the Hall
current scales quadratically with the voltage bias. This
special type of Hall effect is thus referred to as the non-
linear Hall effect (NHE). Because of the nonlinear current
response, the NHE can convert oscillating electric fields
into dc currents, a process known as rectification, which
has potential applications for next-generation wireless and
energy-harvesting devices [7].
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The nonlinear Hall response is characterized by the
first-order moment of the Berry curvatures over occu-
pied states [5,8,9], called the Berry-curvature dipole. In
two-dimensional (2D) systems, the Berry-curvature dipole
transforms as a pseudovector, and thus the maximum sym-
metry allowed for a nonzero moment is a single mirror
symmetry (a mirror plane perpendicular to the 2D plane).
Interestingly, atomically thin transition-metal dichalco-
genides (TMDs) with a 17"/Ty structure, such as MoTe,
and WTe;,, have a single in-plane mirror symmetry [10],
and nonzero Berry-curvature dipoles have been proposed
to exist in these materials [11,12]. Remarkably, two recent
experiments have independently observed signatures of
Hall effects in bilayer [13] and multilayer WTe, [14] in
the absence of magnetic fields. Importantly, a quadratic
scaling relation was found between the transverse voltage
and the applied source-drain bias. While the observa-
tions are consistent with NHEs induced by Berry-curvature
dipoles [15], due to the relatively weak gate dependence of
Berry-curvature dipoles in WTe, [13], it remains experi-
mentally challenging to directly rule out alternative trivial
interpretations such as electron ratchet effects [5,14,16].

Besides 177 /T,; TMDs, it is known that TMDs with the
usual 2H structure also possess nontrivial Berry curva-
tures due to intrinsically broken inversion in the orbital
degrees of freedom [17,18]. However, the threefold (Cs)
symmetry in 2H TMDs forces the Berry-curvature dipole
to vanish [5]. Under applied strains that break the Cj
symmetry, nonzero Berry-curvature dipoles can arise in
2H TMDs [5,6,11]. Unfortunately, the dipole moment in
strained conventional 2H TMDs has been shown to be
weak (on the order of 0.01 A) [5,11], mainly due to the
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weak Berry curvatures generated by the huge Dirac mass
(on the order of 1 eV) in the orbital degrees of freedom
[17].

Lately, it has been proposed that in gated [19] or polar
[20,21] 2H TMDs, the combined effects of Rashba and
Ising spin-orbit couplings (SOCs) result in a different type
of Berry curvature in the spin degrees of freedom [22,23].
Importantly, in 2H TMDs the SOC-induced effect was
found to be strong, and this dominates over the conven-
tional orbital effect and significantly changes the Berry
curvatures in 2H TMDs. However, the role of these SOC-
induced Berry curvatures in creating nonlinear Hall effects
in 2H TMDs remains unknown.

In this paper, we show that the large Berry curvatures
induced by SOCs lead to strong gate-tunable nonlinear
Hall effects in molybdenum-based polar 2H TMDs (Fig. 1)
such as MoSSe [24,25]. With an easily accessible low
carrier density and a weak uniaxial strain of order 0.2%,
pronounced nonlinear Hall signals arise in polar TMDs,
characterized by Berry-curvature dipoles on the order of
1 A (Fig. 3), comparable to the optimal values observed
recently in 17,;-WTe, [13,14].

Importantly, the magnitude and sign of the nonlinear
Hall signals in strained polar TMDs change dramatically
upon gating of the Fermi level by 1020 meV away
from the conduction-band minimum [Fig. 2(c)]. Therefore,
nonlinear Hall effects in strained polar TMDs generally
exhibit a stronger gate dependence than does 177 /T;-WTe,
[13], which can be easily detected in Hall measurements
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FIG. 1. Schematic illustration of Berry-curvature dipole in

strained molybdenum-based transition-metal dichalcogenides.
(a) Qgpin near the conduction-band minimum (CBM) at the +K-
point in a 2H TMD. Left panel: in MoXj, spin-up and spin-down
bands cross at finite momentum. gy, is zero due to the absence
of Rashba SOCs. Middle panel: in MoXY, Rashba SOCs cause
anticrossings within two spin subbands, where hot spots of Qgpin
emerge at the same energy for left-movers and right-movers.
Right panel: with u,, # 0, the anticrossings for left-movers and
right-movers are separated, creating a nonzero Berry-curvature
dipole D in MoXY. (b) Under an electric field E, with fre-
quency w, the nonequilibrium state in strained MoSSe gains a
net Berry-curvature flux (denoted by the orange arrows), which
combines with E,, to generate a nonlinear Hall current signified
by a second-harmonic component Jy,.
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FIG. 2. Realistic Berry curvature and its dipole moment in
MoSSe. Berry-curvature profiles on the Fermi-surface contour
in (a) unstrained MoSSe, and (b) strained MoSSe. Contributions
from both spin subbands are included. The Berry curvatures are
weighted by the normalized delta function 67/55*, with tem-
perature 7 = 10 K. Insets in (a),(b): schematic illustrations of
locations of Er in each case. The colors of the bands indicate
the values of the Berry curvature. (c) Berry-curvature dipole D,
versus Fermi energy Er in strained MoSSe (red solid line) cal-
culated from realistic tight-binding model under uniaxial strain
uyy = 4%. The green dashed line indicates the location of the
band minimum. (d) Schematic illustration of strong gate depen-
dence of nonlinear Hall effects in strained MoSSe. When Er
is gated across the band anticrossing associated with the right-
movers in the +K-valley, the nonlinear Hall current Jyy switches
sign.

with moderate gating. We point out further that the gate-
sensitive NHE in strained polar TMDs provides a promis-
ing scheme for realizing electrically switchable rectifiers
for wireless energy-harvesting devices. The highly gate-
tunable NHE in strained polar TMDs also serves as a
distinctive and accessible experimental signature of Berry-
curvature dipoles, which can be distinguished from nonlin-
ear effects due to trivial classical mechanisms [5,14,16].

II. RESULTS

A. Effective model Hamiltonian for strained MoSSe

Throughout this paper, we consider MoSSe as a spe-
cific example of a polar TMD; it has been success-
fully fabricated in recent experiments [24,25]. However,
our predictions apply generally to the whole class of
molybdenum-based polar TMDs MoXY (X # Y) [20,21].

To distinguish the two types of Berry curvature in 2H
TMDs originating from orbital (spin) degrees of freedom,
we use the notation Qo (2spin) to denote the conventional
Berry curvature (SOC-induced Berry curvature).
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To describe the essential mechanism behind the emer-
gence of the Berry-curvature dipole, we first construct an
effective Hamiltonian for n-type (electron-doped) strained
polar TMDs. The crystal structure of a generic polar
TMD is almost the same as that of the usual 2H
TMD except that the triangularly arranged transition-
metal atoms (M) are sandwiched between two different
layers of chalcogen atoms [20,21,24,25]. Thus, the out-
of-plane mirror symmetry (mirror plane parallel to the
2D plane of M atoms), which is generally respected
by the usual 2H TMDs, is intrinsically broken. The
resultant symmetry group of MoSSe is the product
group of the Cs, point group and time-reversal symme-
try 7.

Near the conduction-band minimum at the K-points, the
electrons in polar TMDs originate predominantly from the
d,» orbitals of the M atoms [26]. In the basis formed by the
spins of d,» electrons, the unstrained effective Hamiltonian
of MoSSe can be written as [22,23,27]

Hy = EkO'O + olSO(kyO'x - kvay) + 6,BSO(k)O'z- (1)

Here, 0;,i = 0,x,y, z, denotes the usual Pauli matrices act-
ing on the spin degrees of freedom. & = |k|?>/2m* — i
denotes the kinetic-energy term, m™* is the effective mass of
the electron band, u is the chemical potential, and € = +
is the valley index.

The Bso(k) term refers to the Ising SOC, which orig-
inates from the atomic spin-orbit coupling, as well as
to the breaking of an in-plane mirror symmetry [28—
31]. In previous studies on 2H TMDs, the Ising SOC
was usually treated as a constant near the K-points
[22,23,27]. However, in realistic band structures of con-
ventional molybdenum-based 2H TMDs, the spin-up and
spin-down bands cross at a finite momentum k [left panel
of Fig. 1(a)] [26]. This indicates a sign change in the
Ising SOC term at the crossing, which can be accounted
for by quadratic corrections in k: Bso(k) = By + Bik>,
with sgn(By)sgn(B;) < 0. The crossings for the spin-up
and spin-down bands occur at ky = ++/—py/B1. The aso
term is known as the Rashba SOC [32], and arises in
MoSSe due to the intrinsically broken out-of-plane mirror
symmetry.

Interestingly, for each K-valley, the coexistence of Ising
and Rashba SOCs results in a modified massive Dirac
Hamiltonian Hy = &0y + d.(K) - o, which is reminiscent
of the well-known BHZ model for a 2D topological insu-
lator [33], with d(K) = [asoky, —asoky, €(Bo + Bik*)],
except that the kinetic & term bends the electron bands
up, with two nondegenerate spin subbands [Fig. 1(a)].
The energy spectra for the upper and lower spin sub-
bands are given by Ei(k+ €K) = & £ ¢|d(k)|, where

l[d(k)| = \/aéokz + (Bo + B1k?)2. The Berry curvatures of
the two subbands are given by [34,35]

Qoins (K + €K) la (k) od.  od.

spin € = 1+5Uc . X

pin i) ok, ok,
1 ado(Bo— i)

BRARNTTNE @

Note that a nontrivial Qpin +(K) requires the presence of
both Ising and Rashba SOCs. In the absence of Rashba
SOCs, the upper and lower subbands consist of decou-
pled spin-up and spin-down states, and no Qg can be
generated [left panel of Fig. 1(a)]. In molybdenum-based
polar TMDs, the Rashba SOC hybridizes the spin-up and
spin-down bands and causes an anticrossing within the
spin subbands [middle panel of Fig. 1(a)]. In particular,
hot spots of Qqi, emerge in the vicinity of the crossing
points &y, with their signs being opposite in the upper and
lower subbands. Given realistic parameters, Qqpi, near its
hot spots has a magnitude |Q2pin| > 100 A2 (see Appendix
A for details).

Despite the large Qqpin, the Berry-curvature dipole
remains zero in unstrained MoSSe due to the threefold
(Cs3) symmetry [5]. Physically, the Berry-curvature dipole
measures the gain in the total Berry-curvature flux in the
current-carrying state [6]. When C; symmetry is present,
the Berry flux from left-movers is always equal to that
from right-movers on the Fermi surface [middle panel of
Fig. 1(a)]. Thus, the imbalance between left-movers and
right-movers established by a source-drain bias leads to no
gain in total Berry flux up to the lowest-order correction.

To break the C; symmetry, one feasible way is to
introduce uniaxial strains [5,6,11]. Following the scheme
developed in recent work [36], the effects of strains in
2D TMDs can be modeled by classifying the strain-field
tensor ?,»j = (0u; + 9;u;)/2 (i,j = x,y) according to the
irreducible representations of the Cs, point group of polar
TMDs. In total, W has three effective independent com-
ponents: the trace scalar ug = (u + uy,), and the doublet
{u1,u2} = (2uyy, e — uy,}, which transforms as a polar
vector. Details of the symmetry properties of ug, 1y, u, are
presented in Appendix A.

To capture the essential physics, we consider the effects
of strain on spin-independent terms only, which make no
contributions to the Berry curvature. This approximation
is based on the observation that the coupling strength
between the spin-independent terms and the strain field
W has an energy scale on the order of 1 eV [36], which
is far greater than spin-orbit couplings, which are on the
scale of a few to a few tens of millielectronvolts. Up
to linear-order terms in Kk, the effective strained Hamil-
tonian compatible with the Cs;, ® 7 symmetry group is
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given by

Hstrain = [)/MO + ea(ulky - Mzkx)]Uo,
Hegr = Hy + Hygrain, (3)

where H.g is the total effective Hamiltonian, and y, § are
effective strain parameters. Considering uniaxial strains
in the x direction, i.e., uy # 0 and u,, =u,, =0, the
strained energy spectra are given by E’ (K) = uy(y —
€8ky) + &k £ |d.(K)|. Clearly, the § term breaks the C;
symmetry by shifting the band minimum along the £,
direction [5]. As a result, the two pairs of Berry-curvature
hot spots associated with the left-movers and right-movers
are energetically separated [Fig. 1(a), right panel]. For
a Fermi level close to one of these separated hot spots,
an applied bias in the x direction creates an imbalance
between left-movers and right-movers, and the system
acquires a nonzero out-of-plane Berry-curvature flux in
the current-carrying state [orange arrows in Fig. 1(b)].
This current-induced Berry flux then combines again with
the applied field to generate currents in the transverse y
direction, as shown schematically in Fig. 1(b).

B. Large gate-tunable Berry-curvature dipoles in
strained MoSSe

Having established how g, combines with uniax-
ial strains to create Berry-curvature dipoles, we now go
beyond the effective two-band model and study the non-
linear Hall effect in strained MoSSe in realistic situations.
Using a six-orbital tight-binding model for strained TMDs
[26,36], we take both Qg and Q44 into account and
study the Berry curvature as well as its dipole moment in
electron-doped strained MoSSe. As we are about to show,
the dominance of Qg,in Over Qq, together with uniaxial
strains, leads to strong and highly gate-tunable nonlinear
Hall effects in strained MoSSe. Details of the tight-binding
Hamiltonian are presented in Appendices B and C.

As discussed in the last section, the Berry-curvature
dipole measures the lowest-order correction to the total-
Berry curvature flux in the nonequilibrium state. This
physical meaning is revealed by the following formal
expression [5,13]:

d*k
D=3 [ S
d’k
=Y [ e 08B, — En@uh. (4

Here, D,, denotes the « component of the Berry-curvature
dipole D, with « = x, y, and f,,, 2, refer to the equilibrium

distribution function and Berry curvature of bands indexed
by n. v,, = 0E,/dk, is the band velocity, and 6z (E —
Ep) = —3f JOE = {4kT cosh’[(E — Ep)/2kzT]}~" mim-
ics a delta function with its maximum value §5** = 1/4k3T
centered at Ef.

In general, the Berry-curvature dipole in a polar TMD
has contributions from both the K and the —K val-
ley. Because of time-reversal symmetry, v,q(k+ K) =
—Vye(—k —K) and Q,(k +K) = —Q,(=k — K). Thus,
the contributions from the two K-valleys are equal, which
allows us to consider the +K-valley only for simplicity in
our following discussions.

As explained previously, the Berry-curvature dipoles
vanish in MoSSe in the absence of strain. Since the
Berry-curvature dipole is a Fermi-liquid property [5],
this symmetry property can be explicitly revealed by
the Berry-curvature profile on the Fermi-surface con-
tour of unstrained MoSSe. Without loss of generality,
we consider Er to lie slightly above the Berry-curvature
hot spot in the upper band [inset of Fig. 2(a)]. Evi-
dently, due to the C; symmetry, the Berry curvatures of
threefold-related momentum states {k, Csk, C%k} must sat-
isfy Q,(k) = 2,(C3k) = Q,,(C%k) [Fig. 2(a)], and their
band velocities [indicated by arrows in Fig. 2(a)] sum to
Zero: le v,,,a(Cg_lk) = 0. These symmetry constraints
force the contributions from left-movers and right-movers
to cancel each other, leading to vanishing dipole moments
in Eq. (4).

However, because the total Berry curvature €2 near
the band-anticrossing points is approximately the sum of
Qgpin and Qo (see Appendix D for details), the domi-
nance of Qqpi, over Q4 implies that the behavior of Q¢
is essentially governed by Qgyin. Therefore, Qi in both
the upper and the lower subbands exhibits similar nonuni-
form momentum-space profiles to Qgpi, (see Appendix D
for details), with hot spots emerging near the anticrossing
points [shown schematically in the inset of Fig. 2(a)].

Importantly, €2 has opposite signs in the upper and
lower subbands [22] [indicated by the red and blue colors
in the insets of Figs. 2(a) and 2(b)]. While this generally
leads to partial cancellation within the two subbands, it
is important to note that for a Fermi level located slightly
above (below) the anticrossing points, the Fermi momen-
tum of the upper (lower) subband is closer to the hot spots,
and thus its contribution to the Berry curvature dominates
over the other subband at the Fermi energy, leading to a
large net Berry flux for each K-valley on the Fermi-surface
contour. For instance, when the Fermi level is slightly
above the band anticrossing, the upper subband dominates,
with the overall sign of the Berry curvature being positive
around K [Fig. 2(a)].

Under a uniaxial strain, the anticrossings associated with
the left-movers and right-movers are energetically sepa-
rated. Thus, for Fermi levels located slightly above or
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below one of the separated anticrossing points, there gen-
erally exists a huge difference between the Berry-curvature
contributions from left-movers and right-movers. To be
specific, we plot the Berry-curvature profile on the Fermi-
surface contour of strained MoSSe under a strain u,, =
4%, with Ep lying slightly higher than the anticrossing
point associated with the right-movers [inset of Fig. 2(b)].
Evidently, the contributions from the right-movers far
exceed those from the left-movers, with the overall sign
being positive due to the dominance of the upper band
[Fig. 2(b)]. In this case, the system gains a large amount
of Berry flux as the left-movers(right-movers) are pumped
by the voltage bias to the right(left), which signifies a large
Berry-curvature dipole.

Moreover, since the upper (lower) subband dominates
for Fermi levels above (below) the anticrossing, the net
Berry curvature on the Fermi surface changes sign as the
Fermi level is gated across these anticrossing points, indi-
cating a sign switch in the Berry-curvature dipole [Eq. (4)].
The Berry-curvature dipole D, is plotted as a function
of Ep for u,, = 4% in Fig. 2(c). At the band minimum
[indicated by the green dashed line in Fig. 2(c)], the
Berry-curvature dipole is zero due to the vanishing band
velocity. As Ef increases, the anticrossing associated with
the left-movers is first accessed. Evidently, D, changes
from positive to negative values as Er goes across the anti-
crossing. This gives rise to a peak followed by a dip, as
shown in the D,-Er curve [for Er in the range 1.44—1.46
eV in Fig. 2(c)].

By further raising the Fermi level, one reaches the anti-
crossing associated with the right-movers. However, since
the band velocities of right-movers and left-movers are
opposite to each other, D, changes sign in an opposite
manner according to Eq. (4), i.e., from negative to positive
values as Er sweeps across the anticrossing. This leads to
a dip followed by a peak in the D,-Ef curve [for Er in the
range 1.46—1.48 eV in Fig. 2(¢)].

Consider a strained MoSSe sample with the coordinates
defined in Fig. 2(d). An oscillating electric field with fre-
quency o, E, (f) = Re{&,e/®)%, in the x direction can drive
a second-harmonic transverse current along the y direction
in strained MoSSe [Fig. 1(b)], with the current amplitude
given by [5]

302
eté;

C2(1+ iwr)Dx’ )

2w
Jy =

where t is the relaxation time. As jyz“’ is proportional to
D,, the nonlinear Hall current in MoSSe also changes
sign upon gating of the Fermi level across the anticross-
ing. This sign switch occurs within a narrow Fermi-level
range AEp ~ 10 meV [Fig. 2(d)] and thus can be eas-
ily controlled by moderate gating. The second-harmonic
Hall current jyz‘” establishes an ac Hall voltage with fre-
quency 2w, which can be readily detected by use of the
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FIG. 3. Evolution of nonlinear Hall signals induced by Berry-
curvature dipoles in MoSSe under strains and gating. (a) Strain-
gate map of Berry dipole D, in electron-doped MoSSe. The
black solid line indicates the location of the conduction-band
minimum. Note that the energy offsets in the CBM upon increas-
ing u,, are due to on-site energy corrections induced by strains
(see Appendix C). (b)He) Gate dependence of D, with u,, =
0.2%, 1.2%,2.2%, 3.2%. The green dashed lines correspond to
the location of the CBM in each case. The black double arrows
indicate the energy separation between the anticrossings asso-
ciated with the left-movers and the right-movers near the K-
valley.

usual Hall bar geometry as in recent experiments on bilayer
and multilayer WTe, [13,14].

C. Strain-gate map of nonlinear Hall response in
MoSSe

In this section, we systematically demonstrate how the
gate dependence of NHEs in MoSSe evolves under a uni-
axial strain u,, ranging from 0% up to 4% [Fig. 3(a)].
Importantly, we show that a tiny amount of uniaxial
strain u,, ~ 0.2% is sufficient for creating sizable Berry-
curvature dipoles of order 1 A [Fig. 3(b)].
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As explained in Sec. II A, the uniaxial strain plays the
essential role of breaking the C3 symmetry and gives rise to
nonzero Berry dipoles in MoSSe. In particular, large Berry
dipoles in MoSSe are physically established by the strain-
induced energy separation of Berry-curvature hot spots
associated with left-movers and right-movers [Fig. 1(a)].
Thus, as one gradually turns on the uniaxial strain, the
Berry-curvature hot spots associated with left-movers and
right-movers start to become separated in energy and a
nonzero Berry dipole D, emerges.

A complete 2D map of D, as a function of the Fermi
energy Er and uniaxial strain u,, is shown in Fig. 3(a),
with the black solid line indicating the locations of the
conduction-band minimum. At u,, = 0%, the C5 symme-
try in MoSSe is respected, with D, = 0 in all ranges of
Ep. As uy, is turned on, nonzero Berry dipoles D, start
to emerge. Notably, the band-anticrossing points provid-
ing Berry-curvature hot spots [Fig. 1(a)] are generically
located approximately 20 meV away from the CBM. As
Er accesses these hot spots, it is evident from Fig. 3(a)
that pronounced signals in D, of order 1 A readily appear
under very weak uniaxial strains u,, ~ 0.2%.

To understand why such strong Berry dipoles can be
induced by weak strains, we study the evolutionary behav-
ior of D, under strain by plotting D, as a function of Ep
at various fixed strains u,, = 0.2%, 1.2%, 2.2%, 3.2%, as
shown in Figs. 3(b)-3(e). The black double arrows in each
case measure the energy separation between the lowest-
and highest-lying Berry-curvature hot spots.

As discussed in Sec. IIB, under a uniaxial strain
as strong as uy = 4%, the band anticrossings associ-
ated with the left-movers and right-movers are unam-
biguously separated in energy. As the Berry-curvature
hot spots are accessed successively, the sign changes
in the Berry-curvature hot spots are signified by peak-
to-dip and dip-to-peak behaviors in the D.-Er curve
[Fig. 2(c)].

Notably, one of the two dips in D, originates from the
left-movers in the upper band and the other originates from
the right-movers in the lower band, with both their band
velocities and their Berry curvatures being opposite to each
other. As a result, their contributions to D, are additive
[Eq. (4)]. Upon a decrease in the uniaxial strain, the two
dips start to merge with each other, which enhances the
total Berry-curvature dipole, which reaches a maximum
D, ~2 A for Uy, ~ 1% as shown in Fig. 3(a). With a fur-
ther decrease in u,,, although the total D, would ultimately
vanish in the zero-strain limit, the additive contributions
from the merging of the two dips in D, remain strong for
weak finite strains. In particular, the magnitude of the total
D, is still of order 1 A for Uy ~ 0.2%, where the merging
of the two dips happens [Fig. 3(b)].

It is also worth noting that the special evolutionary
behavior of the D,-Er curves under strain, particularly
the effect of merging of the two dips upon decreasing

the uniaxial strain, provides yet another unique signa-
ture of the gate-tunable nonlinear Hall effect in strained
MoSSe.

D. Potential gate-tunable high-frequency rectifiers
based on strained polar TMDs

In this section, we discuss how the highly tunable NHE
in strained polar TMDs provides a potential scheme for
switchable high-frequency rectifiers.

In the past decade, rapid developments in wireless tech-
nologies have led to an increasing demand for portable
microsized devices that can harvest the energy of ambi-
ent electromagnetic (EM) radiation. At the heart of these
energy harvesters lies the physical process known as rec-
tification, the conversion of oscillating EM fields into dc
currents.

While conventional rectifiers based on semiconductor
diodes have found a wide range of industrial applications,
a fundamental limitation exists on their operating frequen-
cies [37,38]. In particular, for a preferred current direction
to be effectively selected, the diode transition time (i.e.,
the time scale for a p-n junction to enter a complete open-
circuit state upon reversing the bias) must be much shorter
than the period of the EM waves. The typical diode tran-
sition time, on a nanosecond scale, sets the maximum
frequency limit within the gigahertz range, and the vast
amount of energy stored in terahertz and far-infrared radi-
ation, which has natural sources such as thermal radiation,
is hard to harvest with existing rectifiers.

To bypass the frequency threshold, an alternative
scheme based on intrinsic nonlinear properties of homo-
geneous materials was proposed recently [7]. Notably,
regardless of the frequency of the applied or ambient ac
field, a second-order nonlinearity generically results in a
dc response. Thus, the nonlinear Hall effect provides a
possible means to build high-frequency rectifiers that can
harvest energy from radiation in the terahertz and far-
infrared regimes. In particular, the strained polar TMDs
studied in this paper can serve as potential electrically
switchable high-frequency rectifiers, which control both
the amplitude and the direction of rectified currents simply
by the use of electric gates.

With the same setup as in Fig. 2(d), apart from the
second-harmonic component discussed previously, the
nonlinear Hall current Jyy generated by an ac electric field
E, (1) = Re{&E.e™"}x is partially rectified due to the second-
order nonlinearity in &, with the dc current component
given by [5]

0 _ e3f|gx|2

Iy = —m x (6)

It is clear from Eq. (6) that, via a moderate gate voltage,
the amplitude and direction of the rectified current jyo can
be regulated in a similar manner to the D,-Ep curve in
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Fig. 2(c). This provides an easy method of charge regu-
lation, which is indispensable for real electronic devices.
Thus, strained polar TMDs can be used to build a NHE-
based high-frequency rectifier which integrates the gener-
ation and regulation of charging dc currents within a single
device.

I11. DISCUSSION

Here, we discuss several important points about nonlin-
ear Hall effects in strained polar TMDs.

First of all, we point out that while strong spin-orbit
interactions have been known to exist in TMD materials
for years [17,27], the effect of SOCs has been completely
ignored in all previous studies on nonlinear Hall physics in
strained 2H TMDs [5,11]. In this paper, we point out that
SOCs can significantly change the nonlinear Hall physics
in 2H TMDs.

Particularly, in the usual strained 2/ TMDs, where Qqpin
is absent, the optimal value of D, due to €2,y can only be of
order 0.01 A under a rather strong uniaxial strain u,, = 2%
[5,11]. In sharp contrast, due to the Qg induced by SOCs,
a strong Berry dipole of order 1 A emerges under a weak
uniaxial strain on the order of 0.2% (Fig. 3).

Moreover, the sign of D, for electron- or hole-doped
samples cannot change, due to the fact that the sign of
Qo 18 fixed in both the conduction and the valence band
[5,11]. On the other hand, as we show explicitly in Fig. 3,
the nonlinear Hall current becomes highly tunable by gat-
ing and strain due to the special properties of i, induced
by SOCs. Thus, our results demonstrate that SOCs change
the nonlinear Hall physics in TMDs in a qualitative way.
Also, as the Berry dipole due to 2, never changes sign,
the sign-changing nonlinear Hall current in strained polar
TMDs provides a distinctive electrical signature of the
recently discovered Berry curvature g, derived from
spin degrees of freedom.

It is important to note that that the NHEs in strained
polar TMDs generally have a much stronger gate depen-
dence than in 17;-WTe,. The strong gate dependence of
the NHEs not only provides a practical way to realize
gate-tunable Hall devices, but also serves as a distinc-
tive signature of the nontrivial origin of the Berry phase.
In particular, a gate-sensitive nonlinear Hall signal due
to Berry-curvature dipoles can be distinguished from triv-
ial mechanisms, such as ratchet effects [5,14,16], that are
much less sensitive to gating.

In a recent experiment on bilayer 17"-WTe;, the sign of
the Berry-curvature dipole D, was generally fixed in the
neighborhood of the charge-neutrality point near the band
edges [13]. To switch the sign of D,, one generally needs
to gate the Fermi level to at least 50100 meV away from
the band edges, which requires a rather strong gating field.
Furthermore, without a dual-gate setup, such a strong gat-
ing field inevitably introduces out-of-plane displacement

fields that cause complications in the band structure as well
as Berry-curvature effects [13]. To unambiguously identify
the Berry-phase origin of nonlinear Hall effects in 17}-
WTe,, a dual-gate setup is necessary to control the carrier
density and the displacement field independently.

In contrast, the Berry-curvature dipole in strained polar
TMDs can switch its sign dramatically within a narrow
Fermi-level range AEr ~ 1020 meV. This range can
be easily achieved by moderate gating, which has been
accessed in previous gating experiments on normal 2H
TMDs [39]. Moreover, the strong gate dependence of D,
in strained polar TMDs occurs for a Fermi level approx-
imately 20 meV measured from the conduction-band
edge. This corresponds to a relatively low carrier-density
regime (n;p ~ 1 x 102 cm~2), which has also been read-
ily accessed by weak gating [39,40] without introducing
a significant displacement field. Thus, a dual-gate setup is
not necessary for detecting the gate dependence of D, in
strained polar TMDs, and we expect gate-tunable NHEs
in strained polar TMDs to be much more easily observed
experimentally than in 17,-WTe,.

Besides, the large magnitude and strong gate-tunability
of the Berry-curvature dipole predicted in this paper orig-
inate from the intrinsic band anticrossings caused by Ising
and Rashba SOCs in molybdenum-based polar TMDs.
They do not require any further experimental design apart
from the strain. To demonstrate the generality of our pre-
dictions, we present the gate dependence of nonlinear
Hall signals in another molybdenum-based polar TMD,
MosSeTe, in Appendix E. The same qualitative features as
in Fig. 3 are found in the D,-E curve for strained MoSeTe.

Also, as long as the C;3 symmetry is broken, the details
of the strain configuration do not affect our predictions
qualitatively. We point out further that for any strain con-
figuration satisfying u,, = 0 and u,, # u,,, the in-plane
mirror symmetry x — —x is preserved in strained MoSSe,
with its point group being identical to that of bilayer and
multilayer 17;-WTe, [10,13]. Thus, the Berry-curvature
dipole has only a nonzero x component D,, which is per-
pendicular to the mirror plane. In this case, nonlinear Hall
effects can be observed as long as the applied electric field
deviates from the mirror-invariant y axis, as demonstrated
in a recent experiment on multilayer 17;-WTe, by Kang
etal [14].

In addition, it was shown previously that Qg also
arises in tungsten-based TMDs [22]. However, due to the
absence of band anticrossings driven by SOCs in W-based
materials, the Berry curvature has a much less nonuniform
profile than in the molybdenum-based case, and the non-
linear Hall effect in W-based polar TMDs is much weaker.
Detailed discussions of W-based polar TMDs are presented
in Appendix E.

We note parenthetically that, while a few recent publi-
cations have pointed out possible extrinsic contributions to
nonlinear Hall effects due to disorder scattering [41—44],
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it has been suggested that the total nonlinear Hall conduc-
tivity remains proportional to the Berry-curvature dipole
in general [42,43]. In particular, a recent experiment on
bilayer 177-WTe, has unambiguously demonstrated that
the sign of the total nonlinear Hall current is almost strictly
controlled by the Berry-curvature dipole [13]. Thus, we
believe that the qualitative features of NHEs in polar
TMDs predicted in this paper will not be affected by
extrinsic effects.

Last but not least, for p-type polar TMDs, the effect
of Qqpin is almost negligible near the K-points due to the
strong Ising SOC on the order of 100 meV in the valence
band [26], and the total Berry curvature is dominated by
the conventional 2.4, [22]. Thus, for hole-doped polar
TMDs, one expects the Berry-curvature dipole to be very
weak, similarly to the case in conventional 2H TMDs as
studied in previous work [5,11].
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APPENDIX A: EFFECTIVE HAMILTONIAN FOR
STRAINED MoSSe

Here, we derive the effective Hamiltonian near the
conduction-band minimum for MoSSe by group theory.
In the absence of strain, the electronic bands near the
conduction-band minimum at the K-points are dominated
by the d» orbitals, with spin degrees of freedom. As men-
tioned in the main text, the symmetry group of MoSSe is
given by the product group C;3, ® 7, with the following
generators: (1) a threefold rotation (6’3), (i1) a mirror reflec-
tion (M), and (iii) a time reversal 7. The valley index,
momentum, and spin transform under these generators as
follows:

Cy:e> e, ky > e Bk,

+i27/3

o4 > € 04,0; > O3,

My e~ —€,ky < —k_,0, > 0_,0, > —0,,

T:e—~ —€,ky > —k_,0p > —0_,0. > —0., (Al)

where € = & is the valley index, ky = k, & ik,, and 04 =
oy £io,. The unstrained Hamiltonian Hy(k), which is
invariant under the transformations in Eq. (Al), has the
form (up to second order in k)

Hy(k + €K) = koo + €Bso (K)o, + OlSO(kyUx - kvoy)-
(A2)

15000

:g 10000

£

a

& 5000 J -

\ K )
; | L
1.25 1.31 1.37
ke (A1)

FIG. 4. Magnitude of Berry curvature generated by Ising and
Rashba spin-orbit couplings near the K-point in unstrained
MoSSe. The coordinate of the K-point is given by K=
(47 /3a,0) =~ (1.313,0) with a =3.19 A. Given the effective
parameters in Table II, the values of Q. are calculated based
on Egs. (1) and (2). Evidently, a huge Qpi, arises in the neigh-
borhood of the band-anticrossing points &y, with its magnitude
generally far greater than 100 A2.

Here & = k?/2m* — p is the usual kinetic term, Bso (k) =
Bo + Bi1k? is the Ising SOC term with By81 < 0, and ago is
the strength of the Rashba SOC. As discussed in the main
text, in the absence of a Rashba SOC, the spin subbands
cross each other at kg = £./Bo/B1. When the Rashba SOC
is turned on, nontrivial Berry curvatures arise near the K-
point as shown in Fig. 4, with their magnitude being huge
in the neighborhood of k.

Next, we consider correction terms due to strain.
According to Ref. [36], general strain effects in
two-dimensional crystalline solids are mathematically
described by a displacement field u(x,y) due to distor-
tions in the atomic sites in the strained lattice. In particular,
the physical effects of strains are described by the gradi-
ents of u(x,y), diu;, (i,j = x,y), which form a second-rank
tensor. The four independent components of d;u; can be
classified according to the irreducible representations of
Csy: (i) the trace scalar dyuy + dy,u,, which forms the triv-
ial (4,) representation of Cs,; (ii) the curl (rotation) of u,

® j; = 0u; — 0;u;, which forms the 4,-representation of
(3, (this describes a rotation of the system about the princi-
pal z axis under the strain, which can always be taken away
by redefining the coordinates); and (iii) the symmetric
traceless tensor, <?,~j = %[&»uj + dju; — (V -w)d;; ], which
is characterized by a doublet {0u, + 0, uy, ux, — u,,} that
forms the two-dimensional E-representation of Cs,.

To get rid of the redundant rotational part @, the
symmetric strain-field tensor (?l-j = %(8,-14]- + dju;) is
introduced, such that the strain effects are essentially cap-
tured by the independent components of w”. Explicitly,
under a group element g, the trace 9,1y + dyuty = Uy, + Uy
remains invariant, while the doublet {dyu, + 0, uy, Uy —
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TABLE 1. Irreducible representations (IRs) of valley-index,
momentum, spin, and strain-tensor components in C3, and parity
under time-reversal 7 .

Basis functions IR T
Ay —

4K h +
kx: ky} E —
00 A +
(ogt AZ -
{ov, 0.} E _
) A +
{u1, u2} E +

Uy} = {2uyy, Uy — Uy, } = {uy,up} transforms as a polar
vector:

g {u, ) > {ur, w}[DP @17, (A3)

where D®)(g) denotes the representation matrix for g
in spatial coordinates: ijE) (&) =e;-ge (i,j =x,y). Par-
ticularly, for the generators é’;z,Mx, the representation
matrices are

1 V3
DB (Cy,) = g 12 :
2 2 (A9

To sum up the symmetry properties of the physical quan-
tities mentioned above, the irreducible representations of
the valley index, momentum, spin, and strain-tensor com-
ponents are presented in Table 1.

In the presence of the strain-field tensor “w”, the under-
lying point-group symmetries in Cj, are manifested by
the following equivalence: given any g € Cs,, after being
transformed by £, a system with the strain W is identi-
cal to a system with the transformed strain W’ = g u".
Here, the components of ‘w”’ and “u” are related by uy =
o, {15} = {ur,u2) [DP @)1

Formally, this can be expressed as

gAH(W)E ' = H(EW), (A5)

where H (?) is the total Hamiltonian under the strain

W . Note that the symmetry relation above is simply a

generalization of the symmetry property of unstrained sys-
tem with “w = 0. Particularly, Eq. (A5) implies that the
momentum-space Hamiltonian H (k) satisfies

U'@H@Ek e W)HUE@) =Hk W),  (A6)

where U(g) denotes the matrix for the group operator g
in the spin basis: U,/ (g) = (o|glo’), with 0,0’ =1, .
Accordingly, up to first order in Kk, the effects of strain on
the spin-independent terms are described by

Hirain(k 4 €K) = [yuo + E(S(kyul — kyuz)]oo. (A7)

The yupoy term describes the on-site energy correction due
to strain, which causes an energy offset in the conduction-
band minimum. The €8 (kxuy — k,u;) term results from the
correction to the bonding strengths due to modified inter-
atomic distances in the strained lattice. This term explicitly
breaks the C; symmetry, and is responsible for the nonzero
Berry-curvature dipole discussed in the main text. The total
Hamiltonian is

Heff = HO + Hstrain- (AS)

The parameters of the effective Hamiltonian can be
obtained by fitting realistic band structures; these param-
eters are listed in Table II. Notably, because § < 0, a
uniaxial strain with u,, > 0,u,, = u,, = 0 causes a shift of
the band minimum at +K (—K) to the left (right), which
is consistent with our discussions in the main text. Also,
because y < 0, the energy offset due to strain is nega-
tive for u,, > 0. When u,, is increased, the conduction-
band minimum becomes lower in energy, which is also
consistent with the results in Fig. 3.

APPENDIX B: TIGHT-BINDING HAMILTONIAN

The tight-binding (TB) Hamiltonian for MoS, and
MoSSe takes the same form, with the only difference
being that the Rashba spin-orbit coupling for pristine
MoS;, is zero. In generic monolayer transition-metal
dichalcogenides, the conduction- and valence-band edges
are dominated by the d.», dy, d,2_,» orbitals from the
transition-metal atoms [26]. In the spinful Bloch basis of
the d orbitals {|k,d.2) , |k, dy) , |k, d,2_,2)}, the unstrained

TABLE II. Parameters of the effective Hamiltonian H.g.
m* /me aso/a (meV) Bo (meV) B1/a* (meV) Y (eV) d/a (eV) a(A)
0.5 0.3 —-1.5 67 —42 -1.5 3.19
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tight-binding Hamiltonian for a polar TMD up to nearest-
neighbor (NN) hopping is written as

1
Hy (K) = Hyn (K) ® 0g + S ® o

+ Hp(K) + Hj (K). (BI)

The first term, Hyn (K), represents the spin-independent
terms, and the second term refers to the atomic spin-orbit
coupling. Hr(k) and Hf (k) describe the Rashba and the
Ising SOCs, respectively, near the conduction-band edge.
The first two terms are given by [26]

Vo Wi Vs
Hw@® =V Vi Vio| —ulzxs,
V§ VTz V2
0 0 0
L.=10 0 =2i]. (B2)
0 2i O

Here, n denotes the chemical potential, and L, is the z
component of the orbital angular momentum. If we define

(o, B) = (%kxa, (\/g/z)kya), Vo, V1, Va, Vi1, Vig, and Voa
are expressed as

Vo = €1 + 2ty (2cos @ cos B + cos2a) , (B3)
Re[V] = —2/31, sina sin B, (B4)
Im[V] = 2t sina (2cos o + cos B), (BS)
Re[V,] = 2f, (cos2a — cosa cos B) , (B6)
Im[V>] = 2+/3t) cos a sin B, (B7)
Vii = € 4+ (t11 + 3tx) cosa cos B
+ 2#11 cos 2c, (B8)
Re[V1p] = v/3 (t — t11) sinasin B, (B9)
Im[Vi,] = 4t1p sina (cosa — cos ), (B10)
and
Vi = €3+ (3t + tp) cosa cos B
+ 215, cos 2a. (B11)

The parameters for the NN tight-binding model are
adapted from Ref. [26] and listed in Table III.

Next, we present the Ising and Rashba SOCs in the tight-
binding model. Note that the Ising SOCs in the valence
bands are readily described by Hyn(K) together with the
atomic spin-orbit coupling term. The Ising SOC in the
conduction bands H; (k) takes the form

Bk 0 0
H®=| 0 0 0|0, (B12)
0 0 0
where
Bt = — 250 (B13)

NG [sin2a) — 2 sin(«) cos(B)],

with B85y = —1.5 meV. The Rashba SOC Hg(k) is written
as

20[0 0
Hk)=| 0 o0
0 0

® (fi(k)oy —fy(K)oy), (Bl4)

SO O

where ¢ denotes the tight-binding Rashba parameter for
d_> orbitals. In our tight-binding calculations, we set oy =
0.2 meV for MoSSe. We note that «y is related to the effec-
tive Rashba strength agg in the effective model by ago =
%aoa, where a is the lattice constant. The Rashba SOCs
for the {d\y,d,2_,2} orbitals are neglected as we are only
concerned about the conduction-band minimum, which is
dominated by d.> orbitals. The functions f;(k),f, (k) are
given by

fx(k) = sin(2a) 4+ sin(«) cos(B),

(B15)

(k) = «/gsin(,B) cos(a).

APPENDIX C: SYMMETRY-ALLOWED LINEAR
COUPLING TO STRAIN FIELD

Considering {d.2, dyy,d,2_,2} orbitals, the general form
of the real-space tight-binding Hamiltonian is given by

AW =) el Rh,sRR, T)chR), (Cl)

RR o8

where R, R’ label the lattice sites, and «, 8 are the orbital
and spin indices. Based on the general relation defined in
Eq. (A5) in Sec. I, the matrix connecting a general pair of
lattice sites R, R’ satisfies the following relation:
h(gR, R, W) = USIR,R, W)U (®). (C2)
Note that Eq. (C2) is simply a generalization of the sym-
metry relations for unstrained case as studied in Ref. [26],
should we enforce the condition that under g the strain-

field tensor transforms inversely to w’ = g~ 0", with
uy = uo, {u}, 1y} = {ur,un}[DE (@ H]".
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Under the weak applied strains considered in this paper,
it is reasonable to assume that the corrections due to strain
are essentially given by a linear-order coupling to the
strain-field components in “w. In particular, the on-site
terms are invariant under the generalized transformation
in Eq. (C2), which take the following form:

E; 0 0
ho(W) = (e +uy) | 0 E5 0
0 0 E5
0 n 0
+2uy | A5 O B
0 n 0
0 0 A
+ (U —up) | O A 0 (C3)
o0 —h

Next, let us consider nearest-neighbor terms. According
to Eq. (C2), given the hopping term h(s, ) along a
certain bonding vector § = R — R’, the hopping Hamilto-
nian along the transformed bonding vector §' = g8 can be
explicitly given as

h@, W) = U@h@,27 WU @ (C4)
Thus, with a knowledge of the hopping Hamiltonian
h(s, ) along &, hopping terms along all bonding vectors
8 = &8 can be obtained by acting with &’s on A(8, ).
The symmetry-allowed form for h(8; = at, W) is given
by [36]

h1, @) = upgP“ 4 u, N 1, P B

(E) (E) (E)
POO POI P02
=) | PP PP P
(E) (E) (E)
POZ _P12 P22

(E) (E)

0 NOI NOZ

+ouy | NP0 NP (Cs)
(E) (E)
_NOZ N12 0

The bonds in the direction §' = @326 are related to the
bonds in the direction § by [36]

h(@§, W) = UCs)h6, G WHU (Cx),  (CO)
where
1 0 0
R 0 1 V3
U(Cy,) = 2 2 (&)}
1
o Y3 1
2 2
For the transformed strain-tensor field w”’ = @;zl ?, we
have
! 7 ﬁ
Uy — Uy, = _E(uxx - uyy) - T(zuxy)
(C8)
1
Zu;y = _E(zuxy) + T(Uxx - uyy)

in accord with the E-representation of Cs,. Now, with
the general form of 4(4y, (ﬁ)) in Eq. (C5), we obtain the

A A A A~ ~
P(()o;) P(()/lll) P(()il) hopping terms for &, = C3.8; and &; = (38, using the
= (Uxx + tyy) —P((nl) Pill) Pizl) relations above; these are given by
h Uy pi
P02 _PIZ P22
pub L pun */§P<A1) \/§P<A1> L pan
00 _E 01 - 7 02 T 01 - E 02
PPN 1 V3 1 3 V3
_ “n “n “n “n “n “n “n
h(82, u )—(um—i-uyy) 5P01 _7P02 ZPII +ZP22 Py +T(P22 — Py
3 1 3 3 1
S L _pn B _puny 2p Lo
) Lo V3, V3o e
POO __POI - _POZ _POI - _PUZ
2 2 2 2
V3 1 1 V3 1 3 V3
i a1 I e e N VT S el Gt Tl
2\/_ 2 4 s 4 4
3.om 1ow e 3 0B pE 3w 1w
— 5 Por = 5Pw P+ (P = Pyy) 20t P
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1 V3 V3 1
) () () (E)
s 0 5Nt = 5N 5 No" = 5 Ne
1 3
+ [—5(2%) + 5 e — uyy):| _%Ng? + ?Ng) “/75]\11“25) —%fo) (C9)
NI ) EI
= Not" + 5N —7Ni —>5 Mo
g AL e e
2 <~ 1 V3 1 3 V3
— (A1) (A1) (A1) (A1) (A1) (A1) (A1)
h(83, W) = (uxx + uyy) FPo + 5P LTy PR’ = (PR =P
V3 oy 1 an N3 oy 3oun | 1 oun
S P — P Ph Py =Py R
1 V3 V3 1
(E) ) (E) (E) )
Poo —5Por + 5P —5 Por —7Pn
V3 1 1 V3 1 3 V3
N3 e — ®) (®) &) ®) (&) E _ pb)
+ |: 2 (2utry) z(u"x tyy) EPm + 7P02 ZPH + ZPzz Py = T(Pzz =P
3 1 3 3 1
SR - 3D <P - P ) 2 plD
0 NP+ D L Iy
2 2 2 2
1 V3 1 V3 V3 1
2 Y2 (&) ) ®) ®)
+[ 5 Qityy) = —= (s uyy)} —3Nor’ = —-Noa -5 M —7Ni2 (C10)
V3w, oo 1 ® V3w
—5 N + 5N, —5Mi2 — N

The Hermitian property of H implies that 4(8, W) =
hf (=8, W), and thus the rest of the hopping terms in
—3,(i = 1,2, 3) can simply be obtained by Hermitian con-
jugation. With the hopping terms along all bonding vectors
above, we Fourier transform the Wannier operators:

1 I
At _ —ik-RAT
c,(R) = — e Cror- Cl1
\/N Xk: ke ( )
The hopping terms in momentum space become
3
hk, W) =Y e h(,, W) + He. (C12)

n=1

The strained momentum-space Hamiltonian can be
obtained as
HSy(K) = ho(W) @ 09+ hi(k, W) @0p.  (C13)

Thus, the total tight-binding Hamiltonian for a strained 2H
TMD is given by

Hrp(k) = HY%(K) + Hig(K). (C14)

The model parametersfor Hyrg(k) used in calculating
Figs. 2 and 3 are presented in Table III (unstrained param-
eters) and Table IV (strained parameters).

APPENDIX D: STRONGLY ENHANCED BERRY
DIPOLE DUE TO SOCs

In the main text, we mention that Q,, not only
enhances the magnitude of the total Berry curvature 2o
but also results in a highly nonuniform momentum-space
profile for Q. In this section, we discuss in detail how
Qgpin leads to an Q¢ with a very large magnitude and
a nonuniform profile, and then explain why these special
properties result in a strongly enhanced Berry-curvature
dipole in strained MoSSe.

First of all, we show that in the regime where large Berry
dipoles emerge (where the Fermi level lies close to the
band-anticrossing points), the total Berry curvature
in the electron bands can be approximately given as an
algebraic sum of Qgpin and Qqr, i.€., Lot X QLspin + Lorb-

To demonstrate the relation Qi & Qqpin + Qorp, We
consider K = (47/3a,0) with the physics near —K fol-
lowed by time-reversal symmetry. In the Bloch basis of
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TABLE IIl. Parameters for Ayn (k) for monolayer MoS, and MoSe;, adapted from Ref. [26]. All energy parameters are in units of
electronvolts.

a(A) €1 € fo 1) 1 t2 175 A
MoS; 3.190 1.046 2.104 —0.184 0.401 0.507 0.218 0.338 0.057 —0.073
MoSe; 3.326 0.919 2.065 —0.188 0.317 0.456 0.211 0.290 0.130 —0.091

|det),lde,y) s 1doyt) s 1dy, ), the four-band Hamiltonian near K can be written as [17,22]

A
> + (Bo+ Bk —iasolky +iky)  Vi(ke — iky) 0
A
iaSO(kx - lky) a (,30 + ,Bikz) 0 VF(kx - lky)
Hir(K) = 2 : (D1)
A
Vi (ks + ik,) -5 + A 0
A
0 Vi (ke + ik,) 0 -7~ A

Here, |d.y) = |d,2,a) denotes the predominant |d,2)
orbital with spin « =1, | at the conduction-band edge at
K,and |d, ) = |dxz,yz + idy,, a) denotes the predominant
|d2_,2 +idy,) orbital with spin « =1, at the valence-
band edge at K. Vr = 3.5 eV- A is the effective interorbital
hopping parameter, A = 1.66 eV is the band gap at K, and
A ~ 50 meV describes the strength of the Ising SOC in the
valence band. The parameters Sy, aso are defined in the
same way as in the main text. However, f| is not to be
identified with B, in Egs. (1) and (2). The relation between
B1 and the parameters B;, Vp, A, A will become clear in
the following discussion.

Without loss of generality, we demonstrate the case of
the lower SOC-split conduction band (band index »n =
¢, —). The analysis for the upper SOC-split conduction
band (n = ¢, +) is similar. For any momentum k displaced
from K, the exact form of the total Berry curvature in the
lower conduction band is given by

Q¢ (k) = Q" (k) + Q" k),

(C, g} k|ﬁx|vy m, k> <U9 m, k|i>y |C, ) k) —C.C.
[Ec,f (k) - Eu,m(k)]2 ’

QM (k) =iy
m==%
<c’ ) k|6x|cs +’ k) <C, +’ k|ﬁy |C5 ) k) — C.C.
[Ec—(K) — E+ (K)]? .

QM (k) =i
(D2)

Here, n = ¢ (v), + (—) is the band index for the Bloch
eigenstate |n, k) of Hy(k), associated with a band energy
E,(K); + (—) labels the upper (lower) SOC-split band; and
¢ (v) labels the conduction (valence) band. U; = dH,o/0k;,
with i = x, y, is the velocity operator in the i direction.

As shown in Ref. [22], at exactly the K-point (k = 0),
the Q"°" term in the second line of Eq. (D2) arises from
interband coupling between the conduction and valence
bands. It reduces to the orbital-type Berry curvature Q.
The Q"' term in the third line of Eq. (D2) arises from
intraband coupling between the two conduction bands
which are split by SOCs. It reduces to the spin-type
Berry curvature Qg at exactly the K-point. Thus, Q¢ =
Qgpin + Qorp holds strictly at the K-point. It was also

TABLE IV. Strained tight-binding parameters up to nearest-neighbor hopping terms for monolayer MoS, and MoSe,, adapted from

Ref. [36]. All parameters are in units of electronvolts.

MoS, MoSe,
On-site E§ E5 h h Ej ES hs h
—1.021 —1.817 —0.043 —0.370 —1.090 —2.023 0.004 —0.296
(A1) (A1) (A1) (A1) (A1) (A1) (A1) (A1) (A1) (A1) (A1) (A1)
NN POO POl PO2 Pll P12 P22 POO POl P02 Pll P12 P22
1.032 —0.285 —0.738 —1.027 0206 1544 0.885 —0236 —0.596 —0.951 0.195 1.333
(E) (E) (E) (E) (E) (E) (E) (E) (E) (E) (E) (E)
POO POI POZ Pll P12 P22 POO POl P02 Pll P12 P22
0.376 —0.188 —0.779 —0.910 —0.003 1337 0.333 —0.126 —0.667 —0.793 0.008 1.108
(E) (E) (E) (E) (E) (E)
NOl NOZ N12 NOl N02 N12
0.288 0.152 —0.634 0.255 0.110  —0.565
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pointed out in Ref. [22] that, based on the symmetry prop-
erty of the Berry curvature around C;-invariant K-points,
Qiot X Qgpin + Qorp holds in the close vicinity of K.

Now, we show that throughout the Fermi-level regime
considered in this paper, Q"™ & Qgin and QM A& Qo
hold. As aresult, we have Qi ~ Qgpin + Lon- To see why
Qi Qqpin, We note that at a finite momentum k, the
weight of the |d,) = |d,2_,2» + idy,) states in the eigen-
states |c, £, k) of the conduction bands is of order w, ~
V2k*/A* according to perturbation theory. As the rele-
vant Fermi level ranges from 0 to 30 meV measured from
the conduction-band minimum, the relevant momentum
range covers 0 A™! < k < 0.06 A~!, measured from K =
1.31 A~! (Fig. 4). With ¥V =3.5eV-Aand A = 1.66 eV,
the weight of the Idxz,yz + id,,) state is w, < 2% through-
out this range. This suggests that in all ranges of Fermi
level studied in this paper, the electronic states in the con-
duction band are strongly dominated by the |d.) = |d.»)
orbitals.

The negligible contribution from |d,2_ 2> + idy,) states
in the electronic wave functions allows us to con-
struct an effective two-band Hamiltonian H.g(k) formed
by {|d.2,1),|d2,{)} states for conduction-band elec-
trons within the range 0 A~! < k < 0.06 A~!, such that
the eigenstates |d2,+) together with their correspond-
ing eigenvalues E£4 (k) of Hr(k) are perturbatively good
approximations to |c,4,K) and E.4 (k) for evaluating
Q" in Eq. (D2).

In fact, such an effective model can be obtained by treat-
ing the intra-|d2)-orbital terms in Hi(k) [Eq. (D1)] as
an unperturbed Hamiltonian, while the coupling between
|d.2) and the remote |d,2_,2 + idy,) states (which are
predominantly in the valence band) in Eq. (D1) are
regarded as perturbations. Based on generalized second-
order perturbation theory, we project the contributions
from the |d,»_,» +idy,) states onto the subspace of
{ld.2,1),ld,2, )} states and obtain the effective two-band
Hamiltonian (for & ~ 0-0.06 A~!)

2

%
Az—_F)szZ)O’()—}—asokX0'|

Heff(k) = (

V2
+ <,30 + Bk + ﬁ#) o..  (D3)

Here, the Pauli matrices o act on the spins of d,» orbitals,
and k* =k} + k. For simplicity, we drop all constant
terms in Eq. (D3) which have no contributions to Berry
curvatures. Notably, the form of Heg in Eq. (D3) is exactly
the same as that of Hy [Eq. (1)], which is derived based
on the C3, point-group symmetry. In particular, by defin-
ing B1 = B} + AV%/(A? — A\?), we identify the o, term in
H.g as exactly the Ising SOC term discussed in Eq. (1).

Thus, the Berry curvature derived from H.g, which serves
as a perturbative approximation to Q"™ is exactly the
spin-type Berry curvature Qi discussed in the main text.
Therefore, we conclude that Q" (k) ~ Qgpin (k) through-
out the regime explored in this paper.

Next, we show that Qe ~ Q4 is also true for k ~
0-0.06 A~!. By the same reasoning as above, it is straight-
forward to see that the weight of the |d2) orbitals in the
valence-band states is also on the order of V2k*/A% <
2% within the range k& ~ 0-0.06 A~'. Thus, to evaluate
the interband contribution Q™' the eigenstates |c, —, k)
and |v,+,k) can be well approximated as |c,—, k) ~
|d.2, —, k) and |v,%,K) ~ |d2_,2 +idy,, &+, k). We note
that, due to the Rashba SOCs, the out-of-plane spin
of the eigenstates in the conduction band is no longer
conserved. Thus, we have in general |d.,— k)=
s1(k) |d2,1) +52(K) |d2, | ), and the k-dependent coef-
ficients s1,s, need to be determined by diagonalizing
H(k). However, by observing that A > A > B, B1k* in
the regime of interest, we have E._(k) — E, 1 (k) = A.
With |d2_2 + idyy, +(=),K) = |d,2_ 2 + idy, T (1), K),
we have

(C7 ) klﬁxlvama k> (U,IH, klﬁy|ca ) k) — C.C.

inter — 7
Qrerk) =iy [Ee_(K) — Ey (k)

m==+
VZ VZ
A — (|sl<k>|2A—§ + |sZ<k>|2A—f;>
VZ
_A_g (D4)

Note that in the last step we use the normalization condi-
tion |s1]? + |s2|*> = 1. As shown in Ref. [17], in the limit
Vik < A, Qo 1s almost a constant, with value V% JA?
(a uniform momentum-space profile in the neighborhood
of K). It is clear that Vpk < A holds in the range £ ~
0-0.06 A~! of interest. Thus, we have Q" &~ Q.

Based on our detailed analysis above, we conclude that
Qiot X Qgpin + Qorb holds throughout the regime explored
in the present paper. We note that this relation would fail
when Vpk ~ A. However, this would require the Fermi
level to exceed 100 meV [26], which goes way beyond the
regime of interest.

According to Fig. 4, |Qgspin| ~ 10 A? near the band-
anticrossing points, while |2y ~ 10 A? [17]. Thus, Qgpin
strongly dominates over 2, near the band-anticrossing
points. Based on our discussion in Sec. II A, the relation
Qiot X Qgpin + Qory implies that the behavior of Qi is
essentially governed by gy, in the regime of interest. In
this section, we explicitly demonstrate how the dominance
of Qgpin gives rise to a strongly enhanced Berry dipole of
order 1 A near the band-anticrossing points, as shown in
Figs. 2 and 3.

First, to demonstrate how Qi significantly enhances
the total Berry curvature in strained MoSSe, we plot the

024053-14



HIGHLY TUNABLE NONLINEAR HALL EFFECTS INDUCED...

PHYS. REV. APPLIED 13, 024053 (2020)

(a)
0.1 0
. -5000
< 0 ~10000
_¥>\
-15000
-0.1 -
1251313514 1.25 1.3 1.35 1.4
k(A7) ke (A1)
(©) o4 o (d) o1
aso =10 a0 # 0 0
3:5 0 K- 20 :s 0 K- -200
-¥>‘ -3:’
-400

1
1.25 1.3 1.35 1.4
ke (A7)

1.25 1.3 1.35 1.4
kx(B71)

FIG. 5. Effects of Qg, on total Berry-curvature profile in
strained MoSSe. The color bar indicates the value of the total
Berry curvature in units of A2. (a),(b) Profiles of 2 for the
lower conduction band » = ¢, — throughout the neighborhood of
K in (a) strained MoS, without Qgp, and (b) strained MoSSe
with Qgyin. (¢),(d) Profiles of ;. along the Fermi contour enclos-
ing the K-point at Er = 1.467 eV in (c) strained MoS; without
Qgpin and (d) strained MoSSe with Qgpip.

profiles of Q¢ for the lower conduction band n = ¢, —
throughout the neighborhood of K in Figs. 5(a) and 5(b).
In Fig. 5(a), the Rashba SOC is absent («so = 0), and thus
Qgpin = 0 according to Eq. 2. In this case, the magnitude

of Qi remains almost constant on the order of 10 A2,
Notably, as discussed in Sec. IT A, the profile of Q4 is
approximately a uniform function near K due to the fact
that Vik < A [17].

In contrast, when the Rashba SOC is present, the max-
imum amplitude of Qi is significantly enhanced near
the band-anticrossing points due to the presence of Qgpin
[Fig. 5(b)]. Note that the magnitude of i, is also on
the order of 10* A2, and is consistent with the rela-
tion Qo & Qpin + Lorp. Importantly, as the magnitude
of Qgin changes dramatically as k goes from K to the
band-anticrossing points [Eq. (2)], the profile of Qi also
becomes highly nonuniform in the neighborhood of K, as
explicitly shown in Fig. 5(b).

Second, to demonstrate how Qi leads to a strongly
enhanced Berry dipole in strained MoSSe, we plot the
Berry-curvature profiles along a fixed Fermi contour
enclosing the K-point (i.e., only momentum states at a
given Fermi energy Ep are considered), as shown in
Figs. 5(c) and 5. This provides a physical picture of a Berry
dipole according to Eq. (4), which can be regarded as a
manifestation of its Fermi-liquid property. As shown in
Fig. 5(c), when Qgi, is absent, the total Berry curvature
Q¢ 18 also approximately a constant along the Fermi con-
tour due to the uniform Berry-curvature profile throughout

1.5
1 o
= %9 /\ x 100 |
N
=
3 0
05| — MoSSe |
— MosS,
-1 . . .
1.42 1.44 1.46 1.48 1.5

Er (eV)

FIG. 6. Gate dependence of Berry-curvature dipole D, in
strained MoS; (black solid line) and strained MoSSe (red solid
line) for u,, = 4%. Note that D, in strained MoS, is multiplied
by 100 times so that the values can be visible on a scale of 0.5 A.
For direct comparison, all parameters used for calculating both
curves are set to be the same except that aso # 0 for MoSSe.

the neighborhood of K (Fig. 5). As the Berry dipole is
given by a sum of products between the Fermi velocity
and the Berry curvature at each k along the Fermi surface
[Eq. (4)], the contributions from all states k in Fig. 5(c)
almost cancel each other because their Berry curvatures
are roughly the same, while their velocities almost sum to
Zero.

In sharp contrast, with the same Fermi contour as in
Fig. 5(c), due to the highly nonuniform profile of Qi in
Fig. 5(b), Qi also changes drastically along the Fermi
contour, as shown in Fig. 5(d). Note that due to the broken
C; symmetry caused by the strain, the Berry-curvature pro-
file is no longer threefold invariant about K. Particularly,
with the choice of a Fermi energy lying close to the hot
spots of Qi associated with the right-movers, the Berry
curvature along the Fermi contour enclosing K is concen-
trated preferentially on the right-hand side of K [Fig. 5(d)].
In this case, the largely unbalanced Berry-curvature contri-
butions from right-movers and left-movers lead to a large
Berry dipole according to Eq. (4).

We now explicitly demonstrate the enhancement of the
Berry dipole due to Q,i,. We calculate the Berry dipole
for strained conventional MoS, without Rashba SOCs for
a direct comparison with strained MoSSe with Rashba
SOCs. As shown clearly in Fig. 6, the magnitude of D, in
MoS; is only of order 1 x 107> A in the regime where D,
is of order 1 A in strained MoSSe. Thus, D, is strongly
enhanced by 3 orders of magnitude in the Fermi-level
regime Er ~ 1.44-1.48 eV due to the presence of Qqpyin.
We note in passing that the optimal value of D, in strained
MoS; (with contributions from Q.4 only) can be on the
order of 0.01 A at a higher Er which goes beyond the
regime considered here. Thus, the optimal value is also
enhanced by 2 orders of magnitude due to Qgpin.
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APPENDIX E: BERRY-CURVATURE DIPOLE IN
OTHER STRAINED POLAR TMDs

Here, we discuss nonlinear Hall effects in other strained
polar TMDs. First, as mentioned in the main text, our pre-
diction of a large Berry dipole generally applies to the
whole class of molybdenum-based polar TMDs. This is
due to the fact that in all conventional molybdenum-based
TMDs, there readily exists a band crossing within the two
electron bands [26]. As a result, once the Rashba SOCs are
turned on, the band-crossing points are gapped out, leading
to band anticrossings where Berry-curvature hot spots can
emerge.

To explicitly demonstrate the generality of the mech-
anism above, we calculate the gate dependence of the
Berry dipole in another molybdenum-based TMD mate-
rial, MoSeTe, as shown in Fig. 7(a), under a uniaxial strain
vy = 2%. The tight-binding model used for MoSeTe is
exactly the same as the one presented in Secs. II and III,
with the parameters for MoSeTe listed in Tables I1I and
IV. The SOC tight-binding parameters for MoSeTe are
given by ap = 1.2 meV and Bso = —15 meV. Clearly, D,
in MoSeTe has the same qualitative gate-dependent fea-
tures as that in MoSSe under a similar strain u,, ~ 2%
(Fig. 3). Notably, the optimal value of D, in MoSeTe is
also of order 1 A.

On the other hand, as pointed out in the main text, in
tungsten-based 2H TMDs, the SOC-induced Berry curva-
ture Qqpin can also modify the total Berry-curvature pro-
file near the conduction-band minimum. However, since
there is no band anticrossing in W-based materials, the
Berry-curvature profile is much less nonuniform tha in the
molybdenum-based case and the Berry-curvature dipole is
expected to be less strongly enhanced. Here, using a spe-
cific example of a W-based polar TMD candidate, WSeTe,
we demonstrate this fact by calculating the Berry-curvature
dipole under the same uniaxial strain u,, = 4% as in Fig. 2.
For W-based materials, the Ising SOC in the conduction
band is set to By ~ 20 meV [26]. A strong Rashba splitting
on the order of 50 meV has also been predicted for WSeTe
[20], and the fitted parameter in the tight-binding model is
set to o ~ 45 meV according to previous studies [22]. For

(a)
@ 0
&

-1

) -2

1.5 1.55 1.6 1.65 142 144 146 148 15
Er (eV) Er (SV)

FIG. 7. Gate dependence of Berry-curvature dipole D, in (a)

strained MoSeTe with u,, = 2% and (b) strained WSeTe with
Uy = 4%.

simplicity, the other parameters are set to the same values
as those presented in Tables III and I'V.

The Berry-curvature dipole D, is shown as a function
of the Fermi energy Ef for strained WSeTe in Fig. 7(b).
Clearly, the Berry-curvature dipole is also on the order of
1 x 1073 A, comparable to the case of conventional 2H
TMDs, while it is much smaller than the values in strained
MoSSe (Fig. 2). However, because Qg causes the two
bands to carry opposite Berry curvatures, the contributions
D, _ and D, from the lower and upper bands, respec-
tively, to D, also have different signs, as shown in Fig. 7(b),
which results in some cancellation effects as the upper band
becomes filled (signified by the point in the D,-Ep curves
where D, starts to deviate from D, _). While a certain non-
trivial gate dependence is also found in D,, the sign of D,
is not switched as in the case of MoSSe (Figs. 2 and 3).
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