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We study the performance limit of single-mode operation in low-loss large-V-number planar waveguide
lasers, with transverse spatial hole burning as the dominating mechanism for transverse-mode competition.
By introducing normalized variables, we develop a simple semianalytical model to describe the universal
output characteristics of single-mode emission before the onset of high-order modes, which can be easily
scaled to a wide range of laser configuration parameters. Our model is validated using exact numerical
solutions, which show applicability beyond that of the low-loss approximation. Our analysis establishes
a minimum criterion of the loss ratio between the fundamental and first higher-order mode for a robust
single-mode operation. This criterion is much weaker than that of conventional wisdom based on the pure
wave-propagation argument, which we attribute to a resonator enhancement effect. Our universal outcome
can be denormalized to establish the relationship between single-mode extraction efficiency and optimum
output coupling in a multimode laser with arbitrary modal loss ratios over a wide range of single-pass
unsaturated gain and loss.
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I. INTRODUCTION

One of the fundamental questions in laser resonator
physics is how to optimize the laser output power by bal-
ancing gain and loss in the resonators [1–4]. For a given
set of gain and internal loss (such as scattering and absorp-
tion due to the gain medium and optical components at the
laser frequency), optimal laser efficiency can be obtained
by selecting the appropriate external coupling loss pro-
vided by the output coupler. A prototypical example is a
homogeneously saturated laser resonator with a uniform
transverse spatial intensity profile (i.e., a truncated plane
wave). In the absence of longitudinal spatial hole burn-
ing and with the assumption of low internal loss, simple
dependences of optimum extraction efficiency and output
coupling on the unsaturated gain and internal loss can be
analytically derived [see, for example, Eq. (9)] [5]. For
arbitrary levels of gain and loss, Rigrod pointed out in
1978 that this question was analytically intractable [1].
This was later solved numerically by Schindler [2], who
displayed the optimum efficiency and corresponding out-
put coupling conveniently at the intersection of contour
lines of the single-pass unsaturated gain and single-pass
distributive loss of interest (hereafter, we refer to this as
Schindler’s plot). Although the plane-wave laser model
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is rudimentary, Schindler’s plot elucidates general trends
of laser resonator behavior to provide a simple first-order
guidance on laser-performance optimization. For exam-
ple, very high efficiency can only be obtained with very
low distributive loss and small output coupling; modest
efficiency with high loss would require a very large single-
pass gain and large output coupling. In the high-gain and
high-loss regime, the laser becomes insensitive to output
coupling.

Modern lasers, on the other hand, are mostly waveguide-
based for high efficiency, compactness, stability, and supe-
rior beam quality. In particular, large-mode-area leaky
waveguides, in the form of slabs [6], channels [7], or fibers
[8], attract significant attention for high-power scaling. For
such lasers, higher-order modes (HOMs) can oscillate due
to transverse spatial hole burning (TSHB), leading to unde-
sirable mode competition that deteriorates the output qual-
ity. Considerable efforts are devoted to waveguide design
to suppress HOM propagation by increasing the modal loss
contrast between competing modes to make the waveguide
effectively single mode [7,9–12]. Specifically, Li et al. pro-
posed a loss discrimination criterion of less than 0.1 dB/m
for the fundamental mode (FM) and 100 × higher for the
first HOM in coiled step-index fibers [13], while exper-
imentally a modal loss ratio of a few hundred [14] or
even thousands [15] has been demonstrated. This criterion,
however, is reasoned based on a pure propagation effect
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in fiber amplifiers and does not consider the optical feed-
back inherent in lasers. Concurrently, steady-state mixed-
state operation in fiber lasers and amplifiers, involving
transverse-mode competition, is reported [16–19]. These
studies, however, are mostly numerical and only investi-
gate a very limited configuration space of gain, loss, cavity
length, and mirror reflectivity. An analytical model that
considers all four variables in the widest possible param-
eter space does not yet exist. We note that, even though
transverse-mode competition due to TSHB is no longer the
roadblock in contemporary high-power lasers [20–22], it
remains a major challenge for single-mode (SM) operation
in multimode waveguide lasers (MMWLs).

The purpose of this paper is to study the performance
limit of steady-state single-mode operation in low-loss
large-V-number planar waveguide lasers, with trans-
verse spatial hole burning as the dominating mechanism
for transverse-mode competition. We are not concerned
with instability in mixed-state dynamics in MMWLs,
where strong mode competition among multiple trans-
verse modes is present [23,24]. For our study, at least four
parameters must be considered: single-pass loss of the FM
and the first HOM, single-pass unsaturated gain, and out-
put coupling. The interplay among these parameters is far
from trivial. By introducing normalized variables to reduce
the number of unknowns, we develop a simple semiana-
lytical model to describe universal output characteristics
of single-mode emission before the onset of high-order
modes in MMWLs. Upon denormalization, our results can
be easily scaled to a wide range of laser configuration
parameters. We validate our model using exact numerical
solutions, which show applicability beyond that of the low-
loss approximation. Our analysis establishes a minimum
criterion of the modal loss ratio between the fundamen-
tal and first higher-order modes for a robust single-mode
operation. This criterion is much weaker than that of
conventional wisdom based on a pure wave-propagation
argument, which we attribute to a resonator enhancement
effect. Our universal outcome can be denormalized to pro-
duce Schindler’s plots with arbitrary modal loss ratios over
a wide range of single-pass unsaturated gain and loss,
which will be very useful for the design and operation of
SM large-mode-area waveguide lasers.

II. BASIC FORMALISM

We consider a generic planar step-index large-V-number
waveguide with a core width d and a length L that is
sandwiched between two flat reflectors, Rl and Rr, at
the left-hand (z = 0) and right-hand (z = L) ends of the
resonator, respectively. A large V number implies large
modal confinement [25], which allows us to consider only
the field in the core. We consider only the FM (n = 1)
and first HOM (n = 2), each of which has a modal loss

coefficient of αn, modal power of Pn(z), and normal-
ized intensity profiles fn(x) where f1(x) = 2cos2(πx/d)/d
and f2(x) = 2sin2(2πx/d)/d [26]. The pump excitation is
assumed to generate a uniform electronic population inver-
sion in the core that interacts with signal photons in both
modes via stimulated emission, leading to gain satura-
tion by the sum of the modal intensities. For simplicity,
we assume that both modes oscillate at the line center.
This assumption does not actually reduce the general-
ity of the analysis, since off-center frequencies can be
represented by including a Lorentzian frequency factor
in the gain coefficients, g0, and saturation parameters, s,
which equal the inverse of the saturation intensity [27].
The forward- (I+

n ) and backward- (I−
n ) propagating aver-

age intensities, defined by I±
n (z) = P±

n (z)/d, are governed
by the following set of four coupled first-order nonlinear
integrodifferential equations [26,28]:

dI±
n

dz
= ±g0I±

n

d/2∫
−d/2

fn(x)[
1 + sd

2∑
i=1

fi(x)(I+
i + I−

i )

]dx ∓ αnI±
n .

(1)

It can be straightforward to show that the threshold gain of
oscillation is gth

1 L = α1L − 1/2 ln RlRr for the FM and

gth
2

L∫
0

⎧⎪⎨
⎪⎩

d/2∫
−d/2

f2(x)
[1 + sdf1(x)(I+

1 + I−
1 )]

dx

⎫⎪⎬
⎪⎭ dz

= α2L − 1
2

ln RlRr, (2)

for the 1st HOM [28]. The ratio of the modal loss of these
two modes is denoted as k = α2

/
α1.

A. Intrinsic single-mode operation

An intrinsically SM waveguide is characterized by an
infinite k. Equation (1) can be simplified to become a set
of two coupled first-order nonlinear ordinary differential
equations [29]:

dI±
1

dz
= ±g0I±

1

[
1

s(I+
1 + I−

1 )

×
{

1 − 1

[1 + 2s(I+
1 + I−

1 )]1/2

}]
∓ αI±

1 . (3)

In a low-loss and low-gain laser oscillator, the sum of
the forward- and backward-propagating wave intensities
are approximately equal, and one can replace the term
I+
1 (z) + I−

1 (z) by a constant, 2I. For steady-state oscilla-
tion, where the round-trip gain must equal the round-trip
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loss, we have

2g0L
[

1
2sI

(
1 − 1√

1 + 4sI

)]
= 2α1L − ln RlRr, (4)

from which the steady-state internal intensity, I, can be
obtained

sI = 1
2

(
r − 1 + √

1 + 8r
4

)
, (5)

where r = g0L
/

(α1L − 1/2 ln RlRr) is commonly known
as the threshold parameter. In an optimized system, one
of the mirrors would be close to unity and, without loss
of generality, we assume Rl = 1. To reduce the number
of unknowns, we introduce a normalized gain parameter,
γ = g0L

/
α1L, and a normalized external loss (or external

output coupling) parameter, τ = −1/2 ln Rr
/

α1L, with
which the FM threshold gain reduces simply to γ th

1 = 1 +
τ and the threshold parameter becomes r = γ

/
γ th

1 [27].
The normalized output intensity can be calculated accord-
ing to sIout = sI+(L)(1 − Rr), and the extraction efficiency
at the low-loss limit then becomes

η1 ≡ sI+(L)(1 − Rr)

g0L
≈ − ln Rr

g0L
sI = τ

γ

(
r− 1+√

1+8r
4

)
.

(6)

In Eq. (6), we employ the approximation 1 − R ≈ − ln R,
which is valid for R ≥ 0.7 and is consistent with the low-
loss limit. According to Eq. (6), the output intensity can
then be rewritten as sIout = η1g0L.

Equation (6) is plotted in Fig. 1(a) for a large set of nor-
malized gains. An upper limit of τ = 100 is used on the x
axis, corresponding to 4% reflectivity (i.e., a cleaved glass
fiber end) with α1L = 0.02. We note that γ = 1000 is likely
to be the practical upper limit, which corresponds to a very
large single-pass gain of gL = 10, with a relatively small
single-pass loss, α1L = 0.01. For the hypothetical case of
an infinite gain (the top curve), it is straightforward to show
from Eq. (6) that lim

γ→∞ η1 = τ
/

(1 + τ). All η1 curves rise

sharply at small τ , reach a maximum at an optimum value
of τopt, and return to zero when the laser is overloaded at
the lasing threshold, τth = γ − 1. We note that τopt is very
well defined for γ < 1000, which can be found by setting
the derivative of Eq. (6) to zero, yielding

γ = (1 + τopt)

16

[
(τopt + 3)

(
τopt + 5

+
√

τ 2
opt + 10τopt + 9

)
− 8

]
. (7)

Equation (7) can be alternatively interpreted as an opti-
mum gain, γopt, as a function of τ , which is plotted in

(a)

(b)

FIG. 1. (a) Extraction efficiency of intrinsic SM waveguide
lasers as a function of the normalized external coupling loss for
various normalized gains. The red solid line represents the opti-
mum operation. (b) Optimum normalized gain as a function of
the external coupling loss [from Eq. (7)].

Fig. 1(b), indicating that the required normailzed gain for
optimum operation rises very quickly with τ . The correp-
sonding optimum extraction efficiency is [from Eq. (6)]

η
opt
1 = (z − 1)(z − 4)2/ (z − 2)3, (8)

where z = 1 +√
1 + 8ropt is defined to simplify the nota-

tion. Equation (8) is added to Fig. 1(a) as a solid red line.
Equations (5)–(8) represent the generic laser equations
for low-loss intrinsically SM large-V-number waveguide
lasers, and Fig. 1 displays their universal behavior, regard-
less of the internal loss. The validity of Eqs. (5)–(8)
is verified against the exact solution by solving Eq. (3)
numerically with the proper boundary conditions [29].
As an example, Appendix A shows that Eq. (8) is fairly
accurate for α1L up to 0.5 over the output coupling range of
0.01 < R < 0.998, even though the approximation 1 − R ≈
− ln R is valid only for R ≥ 0.7.
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Equations (5)–(8) are qualitatively similar to those for a
low-loss plane-wave oscillator, which have the following
simpler forms [5]:

sI = 1
2 (r − 1),

ln Ropt = −2αL
(√

g0
α

− 1
)

, or
τopt = √

γ − 1, or γ = (τ + 1)2,

ηopt =
(

1 −
√

α
g0

)2
=
(

1 − 1√
γ

)2
.

(9)

Both platforms indicate that higher efficiencies require
a larger normalized gain and normalized coupling loss,
which is consistent with the practice of using a low-
reflectivity output coupler (∼4%–10%) in high-power
lasers [7,8]. On the other hand, it is well known that, for a
plane-wave oscillator, ηopt approaches unity at the limit of
zero loss (in which case τ → ∞). It can be shown that, for
this to happen, we have lim

τ→∞ γ
/

τ ≈ τ [from Eq. (9)] and
the internal loss scales with the external loss, according to

αL ≈ (ln R)2

4gL
∝ (1 − R)2. (10)

For large-V-number waveguide lasers, ηopt also approaches
unity at the limit of zero loss [Eq. (8)], but the scal-
ing is characteristically different. For this case, we have
lim

τ→∞ γ
/

τ ≈ τ 2 [from Eq. (7)] and the internal loss scales
with the external loss, according to

αL ≈ − (ln R)3/2

(8gL)1/2 ∝ (1 − R)3/2. (11)

This difference lies in the different degrees of saturation in
the transverse direction of the gain media between these
two types of lasers.

B. Single fundamental mode operation in multimode
waveguide lasers

A MMWL is characterized by a finite loss ratio k. In this
case, gth

2 is finite and represents the maximum unsaturated
gain to sustain SM operation. For a low-loss resonator,
I+
1 (z) + I−

1 (z) ≈ 2I and Eq. (2) is reduced to

2gth
2 L

1 + 2sI + √
1 + 4sI

= α2L − 1
2

ln RlRr, (12)

while, at the same time, the FM satisfies Eq. (4) with a
gain coefficient of gth

2 . Putting these together, one obtains
an analytical expression of gth

2 in a normalized form,

γ th
2 = (τ + k)(τ + 1)2

(τ − k + 2)2 for τ ≥ τc = k − 2, (13)

where τc = k − 2 is defined as a critical point at which
γ th

2 (τc) reaches infinity. Equation (13) is plotted in Fig. 2(a)

(a)

(b)

FIG. 2. (a) Normalized HOM threshold gain as a function of
normalized external coupling loss for different modal loss ratios
[Eq. (13)]. (b) Extraction efficiency ηth

2 at HOM threshold for
different modal loss ratios [Eq. (15)]. Each curve starts at the
critical point, the loci of which corresponds to η1(γ = ∞).

for selected modal loss ratios. For τ ≤ τc, the MMWL
remains single mode, regardless of the gain, since the
coupling loss is small enough for the FM to saturate the
gain completely to prevent the HOM from oscillating. For
τ > τc, the MMWL is single mode below the curve and
multimode otherwise. Along this HOM threshold curve,
the internal intensity, sI th

2 , can be found from Eq. (5) to be

sI th
2 = (k − 1)(τ + 1)

(τ + 2 − k)2 for τ ≥ τc, (14)

and the corresponding extraction efficiency at the HOM
threshold becomes [from Eq. (6)]

ηth
2 ≈ 2τ

γ th
2

sI th
2 = 2(k − 1)

τ + (k/τ) + (k + 1)
for τ ≥ τc. (15)

Equation (15) is plotted in Fig. 2(b) for selected loss
ratios. All ηth

2 curves start at the critical points, the loci
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of which, therefore, match nicely with the lim
γ→∞ η1 curve

[Eq. (6)]. Each curve has a well-defined maximum value
near or at the critical point and decays with increasing τ . It
can be shown from Eq. (15) that ηth

2,max occurs at

τmax =
√

k, for
√

k ≥ k − 2 or k ≤ 4
k − 2 = τc, for

√
k ≤ k − 2 or k ≥ 4

(16)

Substituting Eq. (16) into Eq. (15) yields

ηth
2,max =

2(
√

k − 1)√
k + 1

, for k ≤ 4

k − 2
k − 1

= ηc, for k ≥ 4
. (17)

For k ≥ 4, the result is consistent with our previous report
[28] and represents an asymptotic limit of the extraction
efficiency. The validity of Eqs. (12)–(17) is verified against
the exact solution by solving Eqs. (1) and (2) numerically
with the proper boundary conditions [29]. As an exam-
ple, Appendix A shows that Eq. (15) is fairly accurate
for α1L up to 0.5 and over the output coupling range of
0.01 < R < 0.998, even though the approximation 1 − R ≈
− ln R is valid only for R ≥ 0.7.

III. DISCUSSION

A. Basic strategy for higher SM efficiency in MMWLs

It is well known that, for an intrinsically SM waveg-
uide laser (i.e., k = ∞), the smaller the loss, the larger the
efficiency [see the η

opt
1 curve in Fig. 1(a)]. For a multi-

mode waveguide laser with a finite k, a very small α1 is
not necessarily advantageous, since α2 is also small, such
that the HOM can oscillate easily at high gains. The ideal
strategy is to increase α2 (and therefore, k) by waveguide
design, while maintaining a small α1. Unfortunately, in
many cases, increasing α2 unavoidably increases α1 and
reduces k. For example, increasing resonant tunneling of
the HOM in a slab waveguide increases α1 by 30 dB
and reduces k by 20 times [9], while bending an optical
fiber increases α1 (linearly polarized LP01) by 50 dB and
reduces k by 30 dB [13,17]. Why is a larger α1 with a
smaller k better than a smaller α1 with a large k for SM
operation in a MMWL? Our analytical theory can offer a
simple insight.

Figure 3 summarizes the trends of η1, η
opt
1 , and ηth

2
curves. We assume the laser initially operates at a very
large τ = 100 due to a very low single-pass loss α1L. If
the laser is intrinsically single mode, then the extraction
efficiency is η1(γ , τ = 100), which can be fairly large,
depending on the available gain. If the laser becomes mul-
timode with a hypothetical loss ratio k = 20 (a relatively
small number is chosen here for the purpose of illustra-
tion, which is limited by the scope of Fig. 3), the gain can

FIG. 3. Overlay of Figs. 1(a) and 2(b), displaying trends of η1
(black dots), η

opt
1 (red solid line), and ηth

2 (colored solid lines, for
k ≥ 4) curves in normalized space.

only go up to γ th
2 ∼ 180, with a relatively low efficiency

of ηth
2 ∼ 0.3 for SM emission. We assume enlarging the

HOM loss increases α1L by 10 and reduces k by two. The
SM operation then moves to τ = 10 along the ηth

2 (k =
10) curve, which supports γ th

2 ≥ 500 with ηth
2 ≥ 0.8 and

increases the output intensity (sIout = η1g0L) by nearly
sevenfold.

B. Robust single-mode operation in multimode
waveguide lasers

Figure 4 shows a simplified version of Fig. 3 for a
generic modal loss ratio k. Below the long dash curve
( lim
γ→∞ η1) is the allowed operation zone, within which the

FIG. 4. Illustration of a robust SM operation, regardless of
gain. Regions of operation are color-coded: white, forbidden;
lime, SM; and blue, MM. ηth

2 (k), η
opt
1 , and η1(γ ) curves are

represented by solid blue, solid red, and black dotted lines,
respectively.
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ηth
2 (k) curve separates the SM (below) and MM (above)

zone. For a robust SM operation that is free of the HOMs,
regardless of gain, the laser should have a normalized cou-
pling parameter less than τc, which signals the starting
point of the HOM threshold curve ηth

2 . For a given normal-
ized gain γ , the optimum normalized output coupling τopt

[Eq. (7)] yields the highest efficiency η
opt
1 [Eq. (8)], from

which we propose the following criterion of minimum k
for robust SM operation in planar MMWLs:

k ≥ kmin = τopt(γ ) + 2. (18)

In practice, a k value slightly larger than that of kmin
may be beneficial to provide a safe margin during laser
operation. This is consistent with the criterion set by Li
et al. [13]: based on this number of α1 < 0.1 dB/m (or
0.023 1/m) for LP01 mode and α2 ≥ 10 dB/m in a 5-m
long fiber with a typical 4% output coupler of a cleaved
fiber, τ is estimated to be about 15. If we allow for a fudge
factor of two to account for the difference between two-
dimensional (2D) fibers and one-dimensional (1D) slabs,
we have τ∼30. This suggests kmin = τopt + 2 = 32, which
is three times smaller than that of k = 100 reported by Li et
al. This indicates a sizable difference in the required modal
loss ratio between an amplifier and a laser. We interpret
this reduction of k for lasers in terms of a resonator effect,
where the optical feedback makes the effective cavity
length longer to reduce the required k for the suppression
of the HOMs.

C. Universal path for optimum SM operation in
MMWLs and Schindler’s plots

The above robust SM operation requires τopt(γ ) ≤ τc,
which limits the extraction efficiency to η

opt
1 (τc). As illus-

trated in Fig. 5, higher extraction effciency can be obtained
by moving along the η

opt
1 curve beyond τc until reaching the

ηth
2 curve, and then taking a left turn further along the ηth

2
curve until the critical point. We denote this sickle-shaped
trajectory as the universal path for the optimum SM oper-
ation, where the highest SM efficiency is sought for the
given normalized gain. The intersection of the η

opt
1 and ηth

2
curves is denoted as the kink point, which is defined by
Eqs. (7) and (13) to satisfy (for τ ≥ τc = k − 2)

γkink = (1 + τkink)

16

[
(τkink + 3)

(
τkink + 5

+
√

τ 2
kink + 10τkink + 9

)
− 8

]

= (τkink + k)(τkink + 1)2

(τkink − k + 2)2 . (19)

For a modal loss ratio of k = 4, which is characteristic
of an index-antiguided planar waveguide laser [28], our

FIG. 5. Illustration of a universal path for the optimum SM
operation (solid black curve), where the highest SM efficiency
is sought for the given normalized gain. Regions of operation are
color-coded: white, forbidden; lime, SM; and blue, MM.

low-loss approximation yields τkink ≈ 4.4 and γkink ≈
42.3 [Eq. (19)], internal intensity sIkink ≈ 2.79 (Eq. (14)),
threshold parameter rkink ≈ 7.83, and ηkink ≈ 0.58 [Eqs. (8)
or (15)]. The validity of these numbers is verified against
the exact solution by solving Eqs. (1) and (2) numeri-
cally for different values of α1L. Table I in Appendix A
shows that ηkink is fairly accurate for α1L up to 0.5 and
0.01 < R < 0.998, even though the approximation 1 − R ≈
− ln R is valid only for R ≥ 0.7. Other laser parameters are
reasonably accurate up to α1L = 0.3 (within 10%).

Given a universal optimum path for a specific modal
loss ratio k, denormalizing it for different values of α1L
yields the Schindler’s plot for that k-specific MMWL.
Figures 6(a)–6(c) show the denormalized Schindler’s plots
for k = 4, 10, and 50, respectively. These are compared
to those generated numerically [Fig. 10(a–b) in Appendix
B], showing good quantitative agreement except in the
regions of high loss and high gain (α1L > 0.3 and g0L >

5), where the low-loss approximation no longer holds. For
each plot, the red dashed lines represent the loci of kink
points from different gain and loss contours, which have
identical extraction efficiencies, as a consequence of this
denormalization from the same universal path. Our theory
explains why these kink points have the same extraction
efficiency, which was first reported in Ref. [28] without
clarification. Below the kink points, these contour lines
in Fig. 10 are identical, indicating the lasers are intrin-
sically single mode, as the gain is small and the loss is
too high for the HOM to oscillate. Above the kink points,
these contour lines bend towards the critical point to avoid
regions of high gain and small loss where the HOMs oscil-
late. Bending of the contour lines is most obvious for low k
[Fig. 6(a)], but also exists at high k [the inset in Fig. 6(c)].
Figure 6 shows that ηkink and ηc increase with larger k,
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(a)

(b)

(c)

9.
8

×
10

–5
1.

4
×

10
–4

1.
9

×
10

–4

2.
9

×
10

–4

3.
9

×
10

–4

a 1
L

=
4.

9
×

10
–4

5 × 10–4

FIG. 6. Schindler’s plots for (a) k = 4, (b) k = 10, and (c)
k = 50, obtained from denormalizing the universal optimum
paths in Fig. 4(b). Solid and dotted black lines are contours of
constant single-pass unsaturated gain and loss, respectively. The
red dashed lines indicate the loci of the kink points. Inset in (c)
is an expanded view near the apex, indicating bending of the
contour lines is evident in this case.

indicating a larger operation space for SM operation. This
is best understood from Fig. 3, where all universal opti-
mum paths (i.e., sickle-shaped trajectories for different k)
are displayed and compared. Figure 10(b) in Appendix
B shows strong resemblance in Schindler’s plots between
k = ∞ and k = 50, suggesting that k = 50 is already more
than enough for high-efficiency SM operation.

D. Scaling of laser performance with the modal loss
ratio in MMWLs

It is useful to examine how various laser parameters
scale with the modal loss ratio k in MMWLs where
mode competition is dominated by TSHB. Since effi-
cient lasers require low loss, this validates the low-loss
assumption that underpins Eqs. (4)–(17). Figure 7(a) dis-
plays the k dependence of ηth

2,max (solid red lines) and ηkink
(dashed blue lines) on the left axis. Both quantities start
equally at k = 2, rise sharply, and saturate towards unity
beyond k = 20. They have maximum contrast near k = 10,
where ηth

2,max and ηkink reach about 80% and 90% of their
saturating values, respectively. Figure 7(a) also displays
the k dependence of the corresponding τmax [solid red

(a)

(b)

FIG. 7. (a) Extraction efficiency of ηth
2,max and ηkink (left axis)

and their corresponding τmax and τkink (right axis), as a function
of the modal loss ratio k. (b) k dependence of normalized gain
γkink and normalized internal intensity sIkink at kink points.
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lines, Eq. (16)] and τkink[dashed blue lines, Eq. (19)] on
the right axis. In the region of practical interest (k ≥ 4),
τmax = τc = k − 2, while τkink can be fit reaonably well
by τkink ≈ k + 1. Figure 7(b) shows a log-log plot of the
k dependence of the normalized gain γkink [Eq. (19)] and
normalized internal intensity sIkink [Eq. (14)], indicating
that both quantities rise sharply with k. For k ≥ 10, our for-
mulas [Eqs. (8), (14), (15), and (19)] yield the following
scaling laws:

ηkink, ηc ∝ k0

τkink, τc ∝ k
sIkink ∝ k2

γkink ∝ k3

sIout ∝ k3α1L.

(20)

The last expression in Eq. (20) is obtained from sIout =
sI th

2 (1 − R) ≈ sI th
2 2τα1L with τkink ∼ k. Taken together,

Fig. 7 and Eq. (20) indicate that large-k lasers require
escalating higher gain (∝k3) and larger output coupling
(∝k) for optimum SM operation. The former may be
practically limited by the availability of pump power or
the onset of impairments, such as optical nonlinearities
and/or thermal Rayleigh scattering (also known as modal
instability) in the waveguides [20], while the latter is con-
sistent with the use of low-reflectivity mirrors (4% for
air-fiber or 30% for air-GaAs interfaces) in high-power
lasers. Although increasing k does not improve extrac-
tion efficiency (∝k0), as it already approaches unity, it can
substantially increase the output power (∝k3). From this
persepctive, it is beneficial to have a larger k value for
high-power SM operation.

IV. CONCLUSION

We present a semianalytical model to describe universal
output characteristics of SM emission in one-dimensional
low-loss large-V-number multimode waveguide lasers.
This model uses normalized variables for a comprehensive
analysis of SM operation, which can be easily scaled to
the full parameter space. We validate our model with exact
numerical solutions and demonstrate its wide applicabil-
ity beyond the low-loss limit. Our analysis establishes a
minimum criterion of modal loss contrast between com-
peting modes for a robust SM operation. Our prediction is
much weaker than that of conventional wisdom based on a
pure propagation effect, which is a clear signature of opti-
cal feedback inherent in the laser resonators. Our universal
outcome can be denormalized to generate Schindler’s plots
with arbitrary modal loss ratios over a wide range of single-
pass unsaturated gain and loss with very good accuracy.
Our current model can be, in principle, extended to large-
mode-area waveguides with an arbitrary loss, smaller V
number, or higher dimensionality (2D channels or fibers)
by solving numerically a modified set of Eqs. (1) and (2)
with proper boundary conditions. We expect that general

observations and conclusions drawn from our current study
will remain valid, which will be very useful for the design
and operation of SM large-mode-area waveguide lasers.
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APPENDIX A: VALIDATION OF THE LOW-LOSS
APPROXIMATION

Figure 8 displays the optimum extraction efficiency,
η

opt
1 , determined analytically from Eq. (8) (red circles) and

numerically from Eq. (3) for different values of α1L (col-
ored solid lines), as a function of normalized coupling loss
parameter τ . Each numerical curve of a specific α1L is
displayed with an output coupler reflectivity, R, between
0.998 (lower bound in τ ) and 0.01 (higher bound in τ ).
The discrepancy near R = 0.01 increases with α1L. For
α1L up to 0.5, the overall discrepancy is not significant,
even though the approximation 1 − R ≈ − ln R is techni-
cally accurate only for R ≥ 0.7. Figure 8 demonstrates that
Eq. (8) is fairly accurate for an internal loss of α1L up
to 0.5. A low internal loss of α1L = 0.01 shows excellent
agreement with our analytical prediction.

Figure 9 shows the τ dependence of SM extraction effi-
ciency at the HOM onset, ηth

2 , for selected values of modal
loss ratios, k, determined analytically from Eq. (15) (red
circles) and numerically from Eqs. (1) and (2) for dif-
ferent values of α1L (color solid lines). Each numerical
curve of a specific α1L is displayed with an output coupler
reflectivity, R, between 0.998 (lower bound in τ ) and 0.01
(higher bound in τ ). The discrepancy near R = 0.01 in each

FIG. 8. Validation of Eq. (8) with exact numerical solutions for
various single-pass losses.
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FIG. 9. Validation of Eq. (15) with exact solutions for various
single-pass losses.

curve is small, even though the approximation 1 − R ≈
− ln R is technically accurate only for R ≥ 0.7. Figure 9
demonstrates that Eq. (15) is fairly accurate for an inter-
nal loss of α1L at least up to 0.5. A low internal loss of
α1L = 0.01 shows excellent agreement with our analytical
prediction.

Table I displays the exact numerical solution [Eqs. (1)
and (2)] of various laser parameters at the kink point for
different values of internal losses α1L for a MMWL with
k = 4. As a comparison, our low-loss approximation yields
τkink ≈ 4.4 and γkink ≈ 42.3 [Eq. (19)], internal intensity
sIkink ≈ 2.79 [Eq. (14)], threshold parameter rkink ≈ 7.83,
and ηkink ≈ 0.58 [Eqs. (8) or (15)]. This shows that ηkink
is fairly accurate for α1L up to 0.5 and 0.01 < R < 0.998,
even though the approximation 1 − R ≈ − ln R is valid
only for R ≥ 0.7. Other laser parameters are reasonably
accurate up to α1L = 0.3 (within 10%).

APPENDIX B: VALIDATION OF THE
SCHINDLER’S PLOTS AT LOW-LOSS

APPROXIMATION

Here, we compare our denormalized Schindler’s plots
based on our semianalytical theory with those obtained

(a)

(b)
5 × 10–4

FIG. 10. (a) Overlay of Schindler’s plot for k = 4 obtained
numerically (red) and by denormalization (black). (b) Overlay of
Schindler’s plots for k = ∞ obtained numerically (red) and for
k = 50 obtained by denormalization (black). The two plots have
the same g0L, but different α1L values, so attention should be paid
to constant-gain (i.e., vertical solid) contour lines.

numerically from Eqs. (1) and (2) with proper bound-
ary conditions [28,29]. Figure 10(a) overlays a numerical
Schindler’s plot for k = 4 (red lines) and a denormalized
Schindler’s plot [black lines, from Fig. 6(a)]. Similarly,

TABLE I. Exact numerical solution of laser parameters at the kink point (for k = 4).

α1L g0L Rkink γ kink = g0L/α1L τ kink =−ln(Rkink)/2α1L ηkink rkink sIkink

0.01 0.42 0.92 42.36 4.41 0.582 7.83 2.79
0.05 2.12 0.64 42.31 4.42 0.581 7.81 2.79
0.10 4.24 0.41 42.35 4.41 0.581 7.83 2.79
0.14 5.95 0.29 42.48 4.41 0.582 7.86 2.80
0.20 8.59 0.17 42.94 4.39 0.582 7.97 2.86
0.30 13.46 0.08 44.88 4.31 0.584 8.46 3.07
0.40 19.44 0.04 48.61 4.18 0.586 9.39 3.48
0.50 27.15 0.02 54.31 4.02 0.587 10.83 4.12
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Fig. 10(b) overlays a numerical Schindler’s plot for k =∞
(red lines) and a denormalized Schindler’s plot of k = 50
[black lines, from Fig. 6(c)]. The two plots in each figure
have the same g0L (solid lines), but different α1L (dot-
ted line), so attention should be paid to constant-gain (i.e.,
solid vertical) contour lines. Figure 10 clearly shows that
these two Schindler’s plots have very good overall agree-
ment, except at the lower-right corner (i.e., the high-loss
and high-gain region), where the low-loss approximation
no longer holds. Figure 10(b) displays an additional minor
discrepancy near the apex, which is inherent between
k =∞ and k = 50. Overall, k = 50 very closely resembles
k =∞.
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