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We study ballistic and dissipative quantum transport of electrons in realistic semiconductor devices.
Ballistic electron transport is modeled by solving self-consistently the Schrödinger and Poisson equations
in the two-dimensional plane of the device using the effective-mass approximation. The quantum trans-
mitting boundary method (QTBM) is used to enforce open boundary conditions. Regarding dissipative
transport, contrary to the widely used quantum simulations based on the nonequilibrium Green’s func-
tion (NEGF) or the Wigner-function method, we model scattering using the Pauli master equation. This
density-matrix-based formalism allows us to describe efficiently electronic transport—also accounting
for realistic inelastic scattering processes—in semiconductor devices of sizes comparable to the electron
wavelength. To this end, we analyze theoretically the impact of electron-phonon and surface-roughness
scattering in silicon ultrathin-body (UTB) double-gate FETs. Our simulations show that electron transport
is mainly dissipative even in devices with such small active regions. Of particular note is the predominant
impact of surface-roughness scattering in UTB devices. Our calculations are consistent with the obser-
vation that scattering with surface roughness is the major factor limiting the scaling of CMOS devices.
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I. INTRODUCTION

Traditionally, the theoretical analysis of realistic semi-
conductor devices has been done through simulation of
electron transport by semiclassical methods based on the
Boltzmann transport equation (BTE) [1–4] or moments of
the BTE, such as the drift-diffusion [5] or the hydrody-
namics model [6]. However, with the continual scaling of
CMOS technology, the current and emerging generation
of transistors have active regions that are smaller than the
wavelength of an electron. At such small dimensions, the
basic assumptions of the BTE, that electrons are highly
localized “pointlike” objects with a defined position and
momentum, falls short. Moreover, some of the aggres-
sive targets set by the International Roadmap for Devices
and Systems (IRDS) [7] for the silicon (Si) semiconduc-
tor industry can only be achieved by integrating explicit
quantum behavior into the models used to study device
performance. A full quantum-mechanical study of elec-
tron transport is therefore useful to simulate and effectively
understand the behavior of modern semiconductor devices.

Widely used methods to study quantum transport
include the Wigner-function method [8–10] and the
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nonequilibrium Green’s function (NEGF) method [11–13].
While accurate in principle, these methods are numer-
ically extremely expensive when attempting to account
for scattering processes. Indeed, accounting for nonlocal
inelastic scattering (with matrix elements that correctly
include their dependence on the transfer wave vector
q) using the NEGF formalism has been done only in
very small systems [14], in Si nanowires [15], or using
local (that is, q-independent approximations for the matrix
elements) approximations for electron-phonon scattering
[16]. These studies deal only with one-dimensional (1D)
transport. The reasons are explained clearly by Lake et al.
[16], who show that accounting for inelastic scattering
within the NEGF formalism requires the inversion of
a large and dense scattering-self-energy matrix. Three-
dimensional (3D) NEGF simulations of dissipative quan-
tum transport presented by Luisier et al. [17] or Gunst et al.
[18] have also deployed various approximations (ignoring
nonlocal effects or using the STD-Landauer method also
implemented in QuantumATK [19], respectively) to get rid
of the q dependence. The situation is even worse when
dealing with the Wigner-function method. In this case,
the scattering operator is simplified using simpler mod-
els [20]. Even when assuming a Boltzmann form for the
scattering operator, there is a lack of studies of dissipative
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quantum transport in large two-dimensional (2D) struc-
tures using the Wigner-function method. Moreover, we
should note that the situation is dire even at a formal level,
since the “correct” expression for the scattering operator is
intractable [21,22].

Therefore, here we follow a less conventional approach
based on the Pauli master equation (PME) to treat scat-
tering [23,24]. This Markovian class of master equations
is used to describe the transition between quantum states
and, thereby, the time evolution of an irreversible open sys-
tem. In a similar fashion, the PME can be used to express
the time evolution of the density matrix of a device con-
nected to external reservoirs. Coupling between the device
and reservoirs, which are assumed to be in thermal equi-
librium, is established phenomenologically. Additionally,
Ref. [23], following Van Hove [25], shows that for a device
smaller than the phase coherence length, the injected elec-
trons are highly delocalized and therefore the off-diagonal
terms of the density matrix, which are responsible for the
interference between the injected states, can be neglected.
This assumption is vital to enable us to treat relatively large
realistic open systems in a numerically efficient way. We
determine the scattering states that diagonalize the density
matrix by solving the Luttinger-Kohn [26] (Schrödinger)
equation in the 2D plane of the device using the effective-
mass approximation [27,28]. The contacts connecting the
open system with external reservoirs are modeled using the
quantum transmitting boundary method [29] (QTBM). We
prefer the QTBM over NEGF-based approaches for two
reasons: (1) the QTBM yields the eigenstates of our open
system, which are needed for the PME, directly and (2)
by exploiting the eigenstates of the contact, the QTBM is
numerically more efficient than NEGF approaches [30,31].
Our technique to discretize the continuous density of states
(DOS) of the open system accurately by exploiting the
solutions of the closed system has a similar flavor to the
method proposed in Ref. [23] and later adopted by Laux
in QDAME [32,33]. The transition probabilities between the
quantum states, determined using Fermi’s golden rule, are
then incorporated into the PME to obtain the steady-state
distribution of electrons away from the purely ballistic pic-
ture. It is important to note that we consider the system
to be at steady state, even in the presence of an external
force (applied bias) causing exchange of particles with the
contact reservoirs. The Schrödinger equation and PME are
solved self-consistently with the Poisson equation to obtain
the final state of the system.

It is worth mentioning that the use of a natural basis
of open-system wave functions in the PME allows us
to include quantum-mechanical processes such as tunnel-
ing and confinement effects directly, unlike in the BTE
approach. At the same time, the wave functions contain
the full response to the electric field distribution in the
device. Therefore, the assumption of the BTE, that the
external electric field must vary slowly over the electron

mean free path, is no longer required, giving us a more
practical picture of the system without the semiclassical
concept of pointlike electrons. Thus, the PME correctly
and efficiently describes electronic transport in sub-50-nm
Si-based devices, considering the fact that the electron
dephasing length is of the order of 30–50 nm for Si devices
at room temperature [23] with a typical doping level of
1021 donors/cm2.

In short, here we wish to demonstrate an efficient
method to simulate realistic devices, to highlight its sig-
nificance by applying it for the case of UTB FETs with
sub-10-nm gate lengths and, furthermore, to determine
whether dissipation plays a significant role in the elec-
tronic transport even in the nanoscale regime. Finally, it
is important to mention that the PME approach, like the
other quantum methods, comes with its own set of restric-
tions. Since the PME uses Fermi’s golden rule, its validity
is limited to cases in which the perturbation is weak. Also,
by not taking into account the off-diagonal elements of the
density matrix, the PME can be used only in short devices.
Of course, it is also possible to account for the off-diagonal
elements; however, this would result in an intractable
numerical problem of a complexity similar to the inversion
of the scattering self-energy matrix required by the NEGF
formalism. In this paper, we study and compare the interac-
tion of electrons with phonons and surface roughness (SR)
in UTB FETs using the PME approach described above.
Thus, the present work extends the theoretical formulation
presented in Refs. [23] and [24] by applying the method
to a realistic 2D open system, while at the same time
implementing a nonlocal transfer-wave-vector-dependent
scattering process of practical significance, namely, SR
scattering.

The paper is organized as follows. Sec. II provides a
detailed description of the theoretical model. An appli-
cation of our model is presented in Sec. III, where we
simulate the electronic behavior of UTB double-gate (DG)
FETs in the dissipative picture. Finally, we draw our
conclusions in Sec. IV.

II. THEORETICAL MODEL

Before delving into technical details, it is convenient to
highlight some features of the numerical scheme that we
employ [34]. We assign the transport, confinement, and
out-of-plane directions to x, z, and y, respectively. All sim-
ulations are done in the 2D x-z plane of the device using
the effective-mass approximation, limiting the calculations
to the first conduction band of Si, and approximating the
band minima with six equivalent ellipsoidal valleys. Trans-
lational invariance of the device profile is assumed along
the out-of-plane y direction, which is a good approxima-
tion for wide devices. It is important to mention that the
method described in this work is not limited to 2D simula-
tions and can be readily extended to model full 3D cases.
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The device channel is taken to be oriented along the [110]
direction and the dielectric-semiconductor interface is on
the [100] plane, following general trends in VLSI technol-
ogy. We solve the Schrödinger equation, the PME, and the
Poisson equation self-consistently to determine the electri-
cal behavior of a device. The following sections describe
our approach in detail.

A. Schrödinger equation with open boundaries

We wish to describe the behavior of a system under
an applied bias (drain-source voltage VDS in this case)
that can exchange particles with the environment through
its contacts. To this end, the widely used QTBM [29]
is employed. The source and drain contacts are idealized
as infinite leads, labeled by the index s, connected to
the active region of the device, as shown in Fig. 1. We
intend to inject electron waves from the leads (source and
drain), find their distribution inside the device, and cal-
culate the transmission and/or reflection coefficients into
other leads. Details regarding the QTBM methodology can
be found in Refs. [29] and [32]. In brief, the wave func-
tions�v

β,s(ωs, κs) in lead s consist of traveling waves along
ωs, while quantum confinement in the κs direction gives us
wave functions that are the m eigensolutions ϕs,v

m (κs) (also
referred to as subbands) of the 1D Schrödinger equation
with a discretized energy spectrum Es,v

m .
The wave functions φs,v

β (x, z) inside the device domain
are obtained by solving the time-independent single-
electron Luttinger-Kohn equation using the effective-mass
approximation in the 2D x-z plane of the device, inde-
pendently for electron injection from each lead s. The
channel oriented along the [110] direction introduces off-
diagonal terms in the effective-mass tensor which, in turn,
result in mixed second-order derivatives being present in
the Schrödinger equation. By a rotation of coordinates and
some mathematical manipulation, the mixed derivatives
can be removed and we obtain the following simplified
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FIG. 1. A schematic illustration showing the implementation of
the QTBM.

form in the plane of the device [27]:
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y = 1/mv
x − mv
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mv
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)2, 1/mv
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1/mv
tr − 1/mv
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con, and the full (envelope)
wave function ψ s,v

β (x, y, z) can be written as

ψ
s,v
β (x, y, z) = eiky y e−i(mvx/2mvb)ky xφ

s,v
β (x, z). (2)

Here, mv
tr, mv

con, and mv
op are the effective masses in

the transport, confinement, and out-of-plane directions,
respectively, for a Si device channel oriented in the [100]
direction. Equation (1) has to be solved for two distinct
configurations, owing to the six valleys in Si and the
channel orientation.

Applying the finite-difference method and incorporating
the QTBM boundary conditions, Eq. (1) becomes a linear
system problem:

[
HD + �L + �R − Evβ I

]
φ

s,v
m,β = Bm. (3)

Here, HD is the N × N Schrödinger Hamiltonian, I repre-
sents an N × N identity matrix, and Bm is an N × 1 vector
comprised of the traveling waves (modes) injected into
the device. �L and �R are the N × N self-energy terms,
which include the reflected and transmitted (both travel-
ing and evanescent) waves traveling into and out of the
device, respectively. Zero-value Dirichlet boundary con-
ditions are applied at the interfaces of the computational
domain through which electrons are not injected. Note that
Eq. (3) can be extended beyond the effective-mass approx-
imation to full-band models, as shown in Ref. [31]. Finally,
Eq. (3) is solved for the N × 1 electron wave vectors φ

s,v
m,β

separately for different injection energies Evβ , traveling
modes m, leads s, and conduction-band valleys v.

1. Discretization of the continuous energy spectrum

Before we can solve the open-system problem, an
important issue that needs to be addressed is the dis-
cretization of the continuous energy spectrum Evβ . It is
convenient to use the discretization that preferentially
samples the states that matter most inside the device,
since the charge is determined mostly by these states.
Several approaches to this problem are reported in the
literature. A conventional method is to use the Dirac-delta
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normalization [35] for the injected wave functions along
with a corresponding 2D DOS, accounting for the infinite
length of the leads. Any discretized energy set will work
in this case, provided that the range extends sufficiently
above the Fermi level of the device. On the contrary,
the approach proposed in Ref. [23] and later adopted in
QDAME [32,33] uses the “normal modes” of the device,
which are standing-wave solutions of the system obtained
by employing “sinelike” and “cosinelike” boundary condi-
tions along the contact-lead interfaces, independently. We
solve the “closed-system” Schrödinger equation [36] in the
device domain twice, once assuming zero-value Dirichlet
and once assuming Neumann boundary conditions along
the device-lead interfaces, to double sample the contin-
uous energy spectrum. The solutions (eigenfunctions) of
the two closed systems behave as “sinelike” and “cosine-
like” at the interfaces and form a complete orthogonal basis
spanning the Hilbert space of physical solutions in the
device that conform to the injecting boundary conditions
imposed on the open system in equilibrium. The asso-
ciated closed-system eigenenergies Evβ sample the DOS
correctly and are used as the injection energies for the
open system. Even when driven out of equilibrium, the
sampling technique is robust enough to discretize the con-
tinuous energy spectrum successfully and provides good
convergence and accurate device solutions, the latter being
verified by increasing the device size.

2. Calculation of ballistic charge

The wave functions obtained by solving the open sys-
tem using the discretized energy spectrum obtained from
the above method can be “box” normalized to the device
volume [23,33], which is an added benefit of our energy-
discretization scheme. Thus, the normalization is per-
formed as follows:

∫



dx dz

⎛
⎝∑

s

Nvr∑
m=1

|φs,v
m,β(x, z)|2

⎞
⎠ = 1

2
. (4)

The use of
∑

m |φm|2 instead of |∑m φm|2 signifies that
the leads do not inject the traveling modes coherently [33].
The factor of 1/2 is used because the energy spectrum is
sampled twice by the “sinelike” and “cosinelike” closed-
system eigenfunctions. These 2D wave functions already
contain information regarding the DOS along the x and z
directions. So, in order to determine the electron density,
we only have to use the 1D DOS representing the continu-
ous energy spectrum along the “homogenous” out-of-plane
y direction, given by the expression

Dv
1D(Ey) = 1

π�

√
mv

y

2Ey
, (5)

where Ey = �2k2
y/2mv

y . The electron density n(x, z) in the
ballistic picture can then be calculated by associating with
each wave function an occupancy factor along with the
1D DOS given by Eq. (5) and summing over all possible
traveling modes for all possible injection states:

n(x, z) =
∑

s

∑
v

∑
β

∑
m

1
π�

√
mv

ykBT

2

× F−(1/2)

(Er
F − Evβ
kBT

)
|φs,v

m,β(x, z)|2, (6)

where F−(1/2) is the Fermi-Dirac integral [37] of order
−1/2. The electrons are calculated for different leads r
separately using the corresponding quasi-Fermi-level Er

F
associated with the lead and then summed together. The
integral F−(1/2) is solved numerically by using discrete
ky states, keeping in mind that they are fine enough to
maintain the integrity of the numerical solution. These dis-
cretized wave vectors are employed again in Sec. II B as
an index, alongside m and β, to represent the states of the
system.

The hole charge distribution, p(x, y, z), is calculated
semiclassically using the well-known 3D DOS expression

p(x, z) = 1
2
√
π

(
2mhkBT
π�2

)3/2

× F1/2

(
V(x, z)− (EF + Eg)

kBT

)
, (7)

where mh = 0.8m0 is the hole effective mass, the Eg is the
band-gap energy of silicon, and F1/2 is the Fermi-Dirac
integral [37] of order 1/2.

Note that the inclusion of the temperature as an input
parameter in the device simulation is obtained through the
temperature dependence of Eqs. (6) and (7).

B. Scattering between electronic states: Solution of
PME

In an open system driven far from equilibrium, scatter-
ing between electronic states is a major factor that drives
the system toward steady state. This section is devoted to
determining the out-of-equilibrium steady-state distribu-
tion of electrons in the presence of scattering. We solve
the PME using the open-system wave functions φs,v

m,β (con-
sidering only the nonevanescent modes). We start with
the Louiville–von Neumann equation of motion for the
single-electron reduced density matrix ρ of the system
[23], having traced over the phonons:

∂ρ(t)
∂t

= i
�

[ρ, H ] +
(
∂ρ

∂t

)
res

, (8)
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where the second term on the right accounts for the effect
of the reservoirs. Here, H is the electron, ion, and electron-
ion Hamiltonian. The density matrix ρ on the basis of the
eigenstates of the Hamiltonian H can be written as

ρ =
∑

mβky ,m′β ′k′
y

ρmβky ,m′β ′k′
y

∣∣mβky
〉 〈

m′β ′k′
y

∣∣∣ . (9)

As already mentioned, a general formulation of dissipa-
tive transport should include the time evolution of both
the diagonal and off-diagonal terms of the density matrix.
Solving the transport equation for the full density matrix
is a daunting task. However, in Refs. [23] and [24], it
has been shown that the off-diagonal terms of the density
matrix can be ignored under certain cases that we discuss
later on and Eq. (8) can be simplified to the following
expression for the PME:

∂ρmβky

∂t
=

∑
mβky �=m′β ′k′

y

[
Wmβky ,m′β ′k′

y ρm′β ′k′
y

− Wm′β ′k′
y ,mβky ρmβky

]
+

(
∂ρmβky

∂t

)
res

, (10)

where Wmβky ,m′β ′k′
y represents the probability per unit time

for an electron to make a transition from state |m′β ′k′
y〉 to

state |mβky〉. The symbol ρmβky is used to represent the
diagonal matrix element ρmβky ,mβky for notational simplic-
ity.

The expression for Wmβky ,m′β ′k′
y is given by Fermi’s

golden rule:

Wmβky ,m′β ′k′
y = 2π

�
|α|2

∣∣∣〈mβky |H ′|m′β ′k′
y〉
∣∣∣2

× δ
(

Emβky − Em′β ′k′
y

)
, (11)

where H ′ is defined as Hint = αH ′, Hint being the inter-
action Hamiltonian and α being a dimensionless constant
representing the strength of the interaction. The calcu-
lation of W accounts for all intravalley and intervalley
transitions. Account is made for all transitions between
states injected from different leads s, also termed backscat-
tering, which forms a major scattering mechanism for
electrons. However, to avoid notational complexity, a sep-
arate “lead index” is not introduced explicitly to reflect this
mechanism.

We do not go in depth into the derivation of the above
equation, as Ref. [24] describes it in detail. However, it
is important to mention the assumptions taken in order
to obtain Eq. (10) and to understand the conditions of
its validity. The off-diagonal terms of the density matrix
are responsible for the quantum interference and, conse-
quently, for the spatial compression of the injected plane

waves into wave packets with a width of the order of
the inelastic coherence length [23]. Devices with active
regions much smaller than the dephasing length of elec-
trons will see the incoming waves as totally delocalized
and therefore the off-diagonal terms are not injected by the
contacts. We assume the limiting case of contacts injecting
wave functions of the form given by the QTBM. Moreover,
we restrict ourselves to the weak scattering limit (α2 � 1),
so that the off-diagonal terms of the density matrix are
not generated within the device in the course of reaching
steady state.

Under the premise that the contacts inject plane waves,
the reservoir interaction term of Eq. (10) can be described
phenomenologically [24]. The reservoirs attempt to restore
charge neutrality by injecting electrons, with traveling-
wave vectors kr,v

m,β through the corresponding leads r, into
the states that are transmitted and absorbed by these ideal
contacts. Mathematically, this can be expressed as

(
∂ρmβky

∂t

)
res

= �ks,v
m,β

mv
x

|As,v
β |2

[
fFD(Evβ + Ey)− ρmβky

]
,

(12)

where the term outside the parentheses on the right-hand
side describes the group velocity of the incident elec-
tron wave, |As,v

β |2 is the normalization constant used for
φ

s,v
m,β , and fFD is the Fermi-Dirac distribution describing the

occupation of the states at thermal equilibrium in the leads.
At steady state, Eq. (10) becomes

∑
mβky �=m′β ′k′

y

[
Wmβky ,m′β ′k′

y ρm′β ′k′
y − Wm′β ′k′

y ,mβky ρmβky

]

= −�ks,v
m,β

mv
x

|Ar,v
β |2

[
fFD(Evβ + Ey)− ρmβky

]
. (13)

This is a linear system consisting of M such equations,
where M is the total number of distinct electronic states
|mβky〉 injected from all the leads or, equivalently, the
rank of the diagonal density matrix. Any generic lin-
ear system solver can be used to obtain the diagonal
terms of the density matrix. The following sections detail
how we determine the transition probabilities W for the
different scattering mechanisms considered here, namely
electron-phonon and SR scattering.

1. Electron-phonon scattering

We consider intravalley and intervalley scattering pro-
cesses mediated by acoustic and optical phonons using
Fermi’s golden rule. The transition probability for intraval-
ley scattering from the initial state |m′β ′k′

y〉 to the final
state |mβky〉 in the presence of acoustic phonons of all pos-
sible wave vectors q (transfer wave vectors) and angular
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frequencies ωq can be expressed as

Wac
mβky ,m′β ′k′

y
= 2π

�

∑
k′

y

1
L2

y

��2
acq2

2dcωq

(
〈Nq〉 + 1

2
± 1

2

)

×
∫

d3q
(2π)3

|〈mβky |eiq·r|m′β ′k′
y〉|2

× δ
(

Eβ,ky − Eβ ′,k′
y ± �ωq

)
, (14)

where �ac is the acoustic phonon deformation potential,
dc is the mass density of the crystal, 〈Nq〉 is the Bose-
Einstein distribution, and the plus and minus signs refer to
phonon emission and absorption, respectively. The factor
of 1/L2

y stems from the finite-volume normalization of the
electron plane wave along y, having taken a finite device
width of Ly in that direction. The q dependence of the
interaction term adds to the complexity of the calculations.
A conventional way to simplify the problem and elimi-
nate this dependence on q consists in assuming the elastic,
high-temperature, and equipartition approximations, while
approximating the dispersion of the acoustic phonons in
Si as ωq = csq, where cs is the sound velocity. The final
expression for the transition probability in the presence of
acoustic phonons then becomes

Wac
mβky ,m′β ′k′

y

= �2
ackBT

2�dcc2
s

∫∫
dx dz

∣∣∣φs,v
m,β(x, z)

∣∣∣2 ∣∣∣φs,v
m′,β ′(x, z)

∣∣∣2
×

∑
k′

y

�k′
yδ
(

Evβ − Evβ ′ + Eky − Ek′
y

)
, (15)

where the summation over k′
y amounts to the DOS at

Eky = Evβ − Ev
β ′ + Eky . A detailed derivation is given in

Appendix A.
In a similar fashion, the intravalley transition probability

for processes assisted by optical phonons can be expressed
as

Wop
mβky ,m′β ′k′

y
= (DtK)2

2dcωop

(
〈Nop〉 + 1

2
± 1

2

)

×
∫∫

dx dz
∣∣∣φs,v

m,β(x, z)
∣∣∣2 ∣∣∣φs,v

m′,β ′(x, z)
∣∣∣2

×
∑

k′
y

�k′
yδ
(

Evβ − Evβ ′ + Eky − Ek′
y

± �ωop

)
, (16)

where DtK is the optical phonon deformation potential.
Equation (16) accounts for both the emission and the
absorption of an optical phonon of energy �ωop, where the

angular frequency ωop is assumed to be constant. A similar
expression also describes intervalley scattering mediated
by optical phonons.

The approximations made here are sufficient to provide
a decent quantitative idea of the impact of electron-phonon
scattering in nanoscale Si devices.

2. Surface-roughness scattering

The scattering of electrons with microscopic roughness
at the dielectric-semiconductor interface can significantly
affect the electronic properties of modern semiconductor
devices [38,39], particularly UTB FETs, which are pre-
sented as an application of our model here. SR scattering
has been modeled at different levels of approximations.
A methodology commonly employed consists in perform-
ing a statistical analysis of the impact of SR scattering by
explicitly introducing roughness at the dielectric interface.
Electron transport is then treated by using semiclassical
means based on Monte Carlo [40] and drift-diffusion [41]
methods for Si FETs or NEGF [42] and tight-binding-
based approaches [43] for Si nanowires or ballistic simula-
tions based on the self-consistent solution of Schrödinger
and Poisson equations for UTB FETs [38,39]. Another
method [44,45] based on density-functional theory (DFT)
models the effect of atomic scale roughness in strained
Si inversion layers by taking the chemical nature of the
interface into account explicitly. These ab initio models
that treat roughness as geometric or atomistic modifica-
tions of the interface generally tend to be computationally
expensive because of the need to simulate large statistical
ensembles of sample configurations of the atomic rough-
ness. A local empirical pseudopotential-based approach to
calculate SR scattering rates has been proposed [46] that
aims to achieve the physical accuracy of the ab initio mod-
els without the added computational cost. Also pervasive
in the literature are models [47–49] that treat fluctuations
of the oxide barrier at the oxide-semiconductor interface
as a perturbation potential. The idea was first proposed by
Ando [50] for the case of bulk Si CMOS and later extended
to thin bodies [51] and SOI FETs [52,53]. We model SR
scattering in UTB devices in a similar fashion to Ando [50]
but we also account for the change of the wave function,
an effect that can be significant when dealing with UTB
devices and, thus, strong quantum confinement.

Note that unlike electron-phonon scattering, SR scatter-
ing does not cause dissipation in energy. Collisions with
scatterers that do not possess internal degrees of free-
dom (such as interface roughness or ionized impurities but
unlike phonons) are not just elastic but allow us to keep
track of the phase of the scattering electrons. As such, for
a given microscopic configuration of the interface rough-
ness pattern (or of the positions of all the impurities), the
process is reversible. Irreversibility or loss of coherence
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only becomes a factor after averaging over several SR con-
figurations, as is done in the ab initio methods [40–43],
thus erasing information about each of them and rendering
it impossible to “retrace” the dynamic evolution of each
electron back in time. The method presented here accounts
for this average by incorporating a statistical quantity, the
power spectrum 〈|�qx ,qy |〉2 describing the random SR con-
figurations, to calculate scattering rates, as shown later
in Eq. (21). Henceforth, the term “dissipation” is used
to mean “decoherence” (or “irreversibility”), not “energy
loss,” in the context of SR scattering.

We start by introducing the surface roughness as
a perturbation of the potential barrier at the oxide-
semiconductor interface within the first Born approxima-
tion. Let the oxide-semiconductor interfaces lie at z = 0
(the bottom-oxide interface) and z = ts, where ts is the
semiconductor thickness. In this case, the barrier potentials
due to the bottom- and top-gate oxides can be written as

VT
ox(x, y, z) = Vb�(−z),

VB
ox(x, y, z) = Vb�(z − ts),

where Vb is the oxide barrier, which can typically be
approximated by the band gap of the oxide. Let �B(x, y)
and �T(x, y) represent variations of the bottom- and top-
oxide interfaces, respectively, from the perfect interface
plane. Therefore, the perturbing potential for SR scattering
can be written as

VSR = VB
SR + VT

SR = {VB
ox[x, y, z +�B(x, y)]

− VB
ox(x, y, z)} + {VT

ox[x, y, z +�T(x, y)]

− VT
ox(x, y, z)}. (17)

We assume that scattering with the top and bottom
interfaces is uncorrelated and therefore can be treated sep-
arately. Assuming Ly → ∞, the matrix element for scat-
tering with the bottom-oxide interface can be expressed
as

〈mβky | VB
SR |m′β ′k′

y〉

= 1
Ly

{∫
dx

∫
dy

∫
dz φs,v∗

m,β (x, z)e−iky y VB
ox[x, y, z

+�B(x, z)]φs,v
m′,β ′(x, z)eik′

y y −
∫

dx
∫

dy
∫

dz

× φ
s,v∗
m,β (x, z)e−iky y VT

ox(x, y, z)φs,v
m′,β ′(x, z)eik′

y y
}

.

(18)

Transforming the coordinates of the first integral from z to
z′ = z +�B(x, y) and replacing z′ with z, we have

〈mβky | VB
SR |m′β ′k′

y〉

= 1
Ly

{∫
dx

∫
dy

∫
dz φs,v∗

m,β [x, z −�B(x, z)]e−iky y

× VB
ox(x, y, z) φs,v

m′,β ′[x, z −�B(x, z)]eik′
y y

−
∫

dx
∫

dy
∫

dz φs,v∗
m,β (x, z)

× e−iky y VB
ox(x, y, z)φs,v

m′,β ′(x, z)eik′
y y
}

. (19)

This apparently simple transformation of axes is a signif-
icant step. Indeed, the scattering-matrix element is now
defined in terms of a shift of the electron wave function,
rather than of the potential. Ando’s model neglects changes
in the wave function due to SR by invoking “the electric
quantum limit” for inversion layers in large semiconductor
devices. However, we do not have the same liberty for the
case of modern SOI and UTB devices, since any change
in the boundary conditions affects the wave function sig-
nificantly. Moreover, we use the complete (2D) device
solutions (wave functions) to improve upon the already
existing models [50–53], which consider solutions of the
Schrödinger equation only along the 1D cross section of
the device and plane waves elsewhere. Thus our model
should provide a more realistic picture, properly taking
into account the quantum confinement and other nonlocal
quantum effects associated with SR scattering [39].

Expanding Eq. (19) to first order in φr,v
m,β , we obtain

〈mβky | VB
SR |m′β ′k′

y〉

= −Vb

Ly

∫
dx

∫
dy

∫ 0

−tox

dz�B(x, z)ei(k′
y−ky )y

×
[
∂φ

r,v∗
m,β (x, z)

∂z
φ

r,v
m′,β ′(x, z)+ φ

r,v∗
m,β (x, z)

∂φm′,β ′(x, z)
∂z

]
,

(20)

where tox is the oxide thickness. The surface-roughness
patterns �B(x, z) are random in nature and are thought
to exhibit an exponential or Gaussian autocovariance
[54]. The Fourier transform of the roughness pattern
�B(x, z) can be taken to be equal to

√
LxLy�qx ,qy eiR(qx ,qy ),

〈|�qx ,qy |〉2 being the power spectrum of the roughness (dis-
cussed in detail in Sec. III A) and

√
LxLy is the normaliza-

tion constant. The factor eiR(q) (R being a random-number
generator) is the Fourier transform of white noise that is
introduced to generate the random pattern of the rough-
ness. The transition probability WSR

mβky ,m′β ′k′
y
, as well as the

scattering rates associated with SR scattering, should be
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considered as being affected incoherently by the random-
ness of the roughness patterns. Therefore, instead of taking
the absolute square of the matrix element given in Eq. (19)
to determine the transition probability, we use the expec-
tation value of the absolute square of the matrix element,
which is given by

〈∣∣∣〈mβky | VB
SR |m′β ′k′

y〉
∣∣∣2〉

= 4π2V2
b

Ly

∫
dqx

〈∣∣∣�B
qx ,ky−k′

y

∣∣∣2〉
∣∣∣∣
∫

dx
∫ 0

−tox

dz

×
[
∂φ

s,v∗
m,β (x, z)

∂z
φ

s,v
m′,β ′(x, z)+ φ

s,v∗
m,β (x, z)

×
∂φ

s,v
m′,β ′(x, z)

∂z

]
eiqxx

∣∣∣∣∣
2

. (21)

Focusing on the limits for the integral over the transfer
wave vector qx, the maximal sampling wave vector, given
by 2π/�x, is limited by the spacing interval �x set by our
discrete mesh. From the Nyquist theorem, the maximum
wave vector (qx) of the roughness pattern that our sampling
method can capture is half of the sampling wave vector,
i.e, π/�x. The integral over qx in Eq. (21) can then be per-
formed numerically within the range [−π/�x,π/�x]. The
transition probability WSR

mβky ,m′β ′k′
y

from the state |m′β ′k′
y〉 to

the state |mβky〉 becomes

WSR
mβky ,m′β ′k′

y
= 4π2V2

b

�

∫ π/�x

−π/�x
dqx

〈∣∣∣�B
qx ,ky−k′

y

∣∣∣2〉

×
∣∣∣∣∣
∫

dx
∫ 0

−tox

dz

[
∂φ

s,v∗
m,β (x, z)

∂z
φ

s,v
m′,β ′(x, z)

+φs,v∗
m,β (x, z)

∂φ
s,v
m′,β ′(x, z)

∂z

]
eiqxx

∣∣∣∣∣
2

×
∑

k′
y

�k′
yδ
(

Evβ − Evβ ′ + Eky − Ek′
y

)
.

(22)

A similar expression can be derived for scattering with the
top interface. Additional details are given in Appendix B.

3. Electron charge density in the presence of dissipation

Within the first Born approximation, the different scat-
tering mechanisms that we discuss are independent of
each other. Therefore their transition rates can be summed
together and incorporated into the PME to determine their
net impact on electron transport. The density-matrix ele-
ments ρmβky obtained after solving Eq. (13) can be used to

determine the electron-density distribution at steady state:

n(x, z) = 1
π

∑
r

∑
v

∑
β,m,ky

�ky ρmβky

∣∣∣φs,v
m,β(x, z)

∣∣∣2 . (23)

C. Poisson equation

Once the distribution of all the charge carriers—electrons,
holes, and ionized dopants—is known, the Poisson
equation is solved in the 2D cross section (x, z) of the
device, to obtain the new potential distribution. To incor-
porate the electrostatic effects caused by the shift in
permittivity along the dielectric-semiconductor interface
correctly, we solve the generalized Poisson equation:

∇ · [ε(x, z)∇V(x, z)] = e2[p(x, z)− n(x, z)+ NA(x, z)

− ND(x, z)], (24)

where e is the electron charge. This is a linear system:

P V = D, (25)

where P is an N × N matrix expressing the differential
operators on the left-hand side of Eq. (24) and V and
D are N × 1 vectors expressing the potential energy and
the charge distributions, respectively. The centered finite-
difference method is used to discretize and solve Eq. (25).
The gate potential VGS is applied by imposing Dirichlet
boundary conditions along the portion of the domain edge
representing the oxide-metal interface.

A known issue [9] with solving the open system is
the occurrence of unphysical electron depletion or accu-
mulation at the lead-device interface, typically at high
VDS. Conventional methods to tackle this problem include
adjusting Fermi levels at the leads to maintain charge neu-
trality [9,55] or using a drifted Fermi-Dirac distribution
[24,33] to achieve charge neutrality or current continu-
ity at the leads. The latter method is physically consistent
with electron transport in metallic leads or highly doped
homogenous systems [55]. Here, we deal with the issue of
charge imbalance by employing zero-derivative boundary
conditions (Neumann) for the electrostatic potential at the
contacts. This approach is used primarily since it is com-
putationally less expensive, while concurrently keeping in
mind its physical limitations. The major criticism [33] of
this approach is that it forces the electric field to be zero
at the contacts of a biased device, which is not a phys-
ical behavior. We perform numerical tests to show that,
indeed, the use of the Neumann boundary conditions for
the electrostatic potential yields results that are very simi-
lar to those obtained using the more physically consistent
procedure of using a drifted Fermi distribution.
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D. Self-consistent scheme

The task of solving directly the Schrödinger, PME, and
Poisson equations requires a self-consistent iteration pro-
cess that seldom converges in practice. In order to acceler-
ate the convergence, instead of solving Eq. (25) directly to
obtain the new potential, we use the Newton method [56]
to find the first approximation to the root of the Poisson
equation using the following equation:

Vnew = Vold − J−1(Vold)( P · Vold − D). (26)

where the Jacobian J is calculated using a semiclassical
expression [Eq. (7)] for both the electrons and the holes.

Once we have obtained the self-consistent solutions of
the open system and, by using the PME, determined their
corresponding occupations, we can calculate different cur-
rent transport parameters, namely, the transmission coeffi-
cients for electrons injected at different energies, the local
density of states (LDOS), the current-density distribution,
and the total drain current [27].

III. AN APPLICATION

A. Description of the device

DG MOSFETs are one of the most promising candidates
for the current and near-future generation of transistors
due to their immunity to short channel effects and low
subthreshold slope [57,58]. Thus, they present an ideal
application to demonstrate the capability of our quantum
transport model. Moreover, FinFETs [59,60], an industry
standard for the sub-20-nm process technology, basically
function as self-aligned double-gate devices [61,62], with
the top-gate oxide generally being much thicker than along
the side walls. Thus the results shown here hold relevance
for the latter class of devices as well.

We simulate the transport characteristics of a Si UTB
DG nMOS with a 5-nm-thick and 10-nm-long lightly p-
type-doped (approximately 1015 cm−3) channel as shown
in Fig. 2. Figure 3 shows the simulated (self-consistent)
potential-energy profile of the device. The device dimen-
sions are set in accordance with the end-of-2027 road-map
goals set by the IRDS[7]. A symmetric 1.2-nm-thick SiO2
gate insulator is assumed for the top and bottom gates. This
assumption is consistent with the reported fabrication pro-
cedures [63,64], where a 1-nm-thick SiO2 interface layer
is grown before high-κ deposition. The exact nature of
the roughness present at the Si-SiO2 interface is still an
open topic of debate. Traditionally, it has been character-
ized using a Gaussian autocorrelation function. However,
a critical statistical study by Goodnick et al. [54] shows
that an exponential autocovariance resembles the nature of
the interface more closely. Therefore, we use this model
in our calculation [Eq. (22)] for SR scattering. The power
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FIG. 2. The net doping profile of the simulated UTB DG
nMOS. The white regions at the top and bottom represent the 1.2-
nm-thick gate oxide, while the gray patches are used to highlight
the positions of the gate contacts.

spectrum 〈|�qx ,qy |〉2, in this case, is given by the expression

〈|�qx ,qy |2〉 = π�2
rms�

2

[1 + (q2
x + q2

y)�
2/2]3/2 , (27)

where �rms is the root-mean-square (rms) roughness, � is
the correlation length, and q is the scattered wave vector,
in the x-y plane, from the Fourier transform of the rough-
ness. For this work, we take � = 0.3 nm and� = 1.5 nm,
following Ref. [54].

B. Simulation of different scattering phenomena

Table I lists the values of the isotropic deformation
potentials�ac and DtK employed here to model intravalley
scattering with acoustic and optical phonons, respectively,
with �ωop = 60 meV for the latter case. For intervalley
scattering, we consider g- and f -type processes with opti-
cal phonons using a single-deformation-potential value in
each case, which is adequate to ascertain the impact of
electron-phonon scattering without going into elaborate
detail. We choose to use the deformation-potential val-
ues (refer to Table I) given by Canali et al. [65] favoring

x (nm)

0
25

50 z
(nm

)

0

3
6

−0.16

−0.10

Potential distribution (eV)

FIG. 3. The simulated potential-energy distribution in the
5-nm-thick UTB DG nMOS, plotted for reference. The potential
energy is measured with respect to the source Fermi level.
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TABLE I. Deformation potentials at 300 K.

Type Symbol Value Units

Intravalley acoustic �ac 9 eV
Intravalley optical DtK 2.2 × 108 eV/cm
Intervalley f -type (DtK)f 4 × 108 eV/cm
Intervalley g-type (DtK)g 3 × 108 eV/cm

a weaker g-type scattering, since they have been shown
[66] to correspond well with experimental mobility values
for bulk and strained Si. Finally, the SR scattering rates
given by Eq. (22) are inversely dependent on q and can
be neglected for short wavelengths (large q) correspond-
ing to state transitions between Si valleys. Therefore, we
only consider intravalley scattering for SR.

The transition rates for the different scattering phenom-
ena within the device domain are given by the outscattering
terms Wm′β ′k′

y ,mβky of the PME [Eq. (10)]. The total scat-
tering rates for scattering with acoustic phonons, optical
phonons, and SR,

∑
m′β ′k′

y
Wm′β ′k′

y ,mβky , are shown in Fig. 4
as a function of the total electron energy. The figure shows
rates averaged over all states |mβky〉 with the same sub-
band index m (represented by the different-colored lines)
and injection energy Evβ but having different ky . These scat-
tering rates are calculated for the individual delocalized
wave functions.

Figure 4 clearly shows that the scattering rates for SR
are at least an order of magnitude higher than the rates for
scattering with both acoustic and optical phonons, thereby
indicating a stronger impact of SR on device performance,
as expected. A more quantitative discussion of the impact
of this process on device performance is addressed later, in
Sec. III C, when dealing with the electrical behavior of the
device. Note here that the scattering rates, especially in the
case of phonons, are much smaller than the reported values
for bulk Si. The situation has been explicitly reported for
the case of Si inversion layers in micrometer-scale MOS-
FETs [67]. The discrepancy arises because we take into
account the overlap integral between 2D device solutions
pertaining to the initial and final states when computing
the corresponding transition rates, thus limiting scattering
to “mutually favorable” states allowed by the device envi-
ronment. From a physical point of view, the scattering rates
calculated in this way account for the characteristics of
the device environment—namely the electric field distri-
bution, the carrier concentration, and the device structure,
thereby presenting a more realistic picture.

Figure 6 shows the diagonal elements of the den-
sity matrix in the presence of acoustic phonons, optical
phonons, and SR, separately, which gives us an idea about
the final occupation of the electronic states as a function of
their energy Emβky . The solid lines represent the ballistic
distribution, while the colored dots represent the distri-
bution in the presence of different scattering mechanisms

for injections from both the source and drain. A consid-
erable shift can be seen in the final occupation of a state
injected from the source and/or the drain when compared
with the ballistic occupation controlled by the Fermi level
of the corresponding electrode (drain and/or source). This
shows that backscattering is the dominant mechanism of
dissipation (loss of coherence) in all the cases presented.

C. Transport characteristics

In this section, we investigate the impact of the dif-
ferent scattering mechanisms on the transport behavior
of the FETs that we consider. The LDOS in the device
is given by the energy-resolved local probability density.
The LDOS is an important tool for analyzing the device
behavior. At the same time, we incorporate the occupation
factors determined by the PME into the LDOS to obtain the
energy-resolved electron density. This helps us to under-
stand how the different scattering mechanisms affect the
electron distribution in the device. The energy-resolved
electron density, plotted in Fig. 5, resembles the spec-
tral function commonly used in NEGF calculations. The
expected broadening and/or smearing in energy of the elec-
tronic states in the presence of dissipation can be clearly
seen from these plots. Backscattering of electrons results in
the build-up of space charge in the channel of the device.
As a result, the potential-energy in the channel is higher in
the presence of scattering than in the ballistic case. This
can be seen in Fig. 5, where the dashed lines represent
the potential-energy distribution along the middle of the
device.

Moreover, semiclassical physical observables such as
the kinetic energy and drift velocity of electrons—the main
information provided by Monte Carlo simulations—can
also be extracted from our simulations. To study and com-
pare the effect of the different scattering mechanisms, a
spatial dependence is assigned to the expectation value
of these observables (quantum operators), following Ref.
[23]. The general definition of the expectation value of an
operator O can be written as

〈O〉 = 1
Z

∑
mβky

ρmβky 〈mβky |O|mβky〉, (28)

where Z is the partition function, expressed as
∑

mβky
ρmβky

〈mβky |mβky〉. This expression can be extended to provide
an arbitrary yet useful definition of a spatially dependent
expectation value of an observable O, O(x, y) [23,24]:

O(x, y) = 1
Z

∑
mβky

ρmβky 〈mβky |x, z〉〈x, z|O|mβky〉. (29)
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FIG. 4. Scattering rates as a
function of the total electron
energy simulated for the different
scattering mechanisms. VGS =
0.2 V, VDS = 100 mV.

For the kinetic energy per electron EKE, we then have

EKE(x, z)

= 1
Z

∑
mβky

ρmβkyφ
s,v∗
m,β (x, z)

[
1

2me
(−i�∇)2

]
φ

s,v
m,β(x, z)

= 1
Z

∑
mβky

ρmβky [Evβ + Eky − V(x, z)]
∣∣∣φs,v

m,β(x, z)
∣∣∣2 .

(30)

Here, we utilize the fact that the wave functions φs,v
m,β are

eigensolutions of the 2D Schrödinger equation and me
represents the effective-mass tensor.

Figure 7 shows the kinetic energy distribution, calcu-
lated as described above, in the presence of SR scattering
and its average over vertical cross sections along the device
length compared with the result obtained when consid-
ering ballistic transport or scattering with only phonons.

It can be seen that there is a marginal distinction in
the kinetic energy for the different cases, except in the
inverted-channel region. Here, the backscattering of elec-
trons raises the potential energy, as shown in Fig. 5, and
simultaneously lowers the kinetic energy in the channel.

Semiclassically, the drift velocity vd can be viewed
as vd = j /(qen), where j is the current density and n is
the carrier concentration. Extending this to the quantum
regime, j transforms into the probability current given
by j = qe�/me Re

(
φ

s,v∗
m,β∇φs,v

m,β

)
. Using the semiclassical

expression and following the procedure of Eq. (29), we
can now define the spatially dependent expectation value
of the drift velocity as

vd = 1
Z

�

me

∑
mβky

ρmβky Re
[
φ

s,v∗
m,β (x, z)∇φs,v

m,β(x, z)
]

, (31)
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FIG. 5. The energy-resolved
electron density (a) in the ballistic
case, (b) in the presence of phonon
(optical and acoustic) scattering,
and (c) in the presence of scatter-
ing with surface roughness. The
distribution is averaged over a
cross-section thickness of roughly
1 nm along the middle of the
device. The red dashed line rep-
resents the potential distribution
cut across the device midsection.
The energies are measured with
respect to the source Fermi level.
VGS = 0.2 V, VDS = 100 mV.
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where the partition function Z acts as the quantum
equivalent of the carrier concentration n. Our calculations
are limited to the x-z plane of the device, since this is
the region of interest. Figures 8(a) and 8(b) compare the
drift-velocity distributions when accounting for scattering
with phonons and SR, respectively. We can observe that
there is a stark decrease in the drift velocity in the pres-
ence of surface roughness as compared to the phonons case
and also the ballistic situation displayed in the compari-
son plot of Fig. 8(c). At the same time, Fig. 8(b) shows
that transport is affected mostly near the semiconductor-
dielectric interface, highlighting the interfacial nature of
SR scattering [39].

Finally, we study the transfer characteristics of the
device in the presence of the different scattering mecha-
nisms. We obtain a clear quantitative assessment of the
negative impact of surface roughness in UTB devices
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FIG. 7. (a) The spatial distribution of the electron kinetic
energy in the presence of SR scattering. The kinetic energy dis-
tributions for the ballistic and electron-phonon scattering are
largely similar to the above, except in the channel. The latter is
highlighted in (c), which shows the kinetic energy averaged over
the cross-section thickness along the length of the device for the
different scattering mechanisms.

from the on-state behavior highlighted in Fig. 9(a). The
subthreshold characteristics, as can be seen from Fig. 9,
remain relatively unaffected. Interestingly, there is also a
notable decrease in the drain current in the presence of
scattering with phonons even in devices of such small
dimensions. However, scattering with surface roughness
dominates among the dissipative processes and is the prin-
cipal factor limiting device performance. Comparing our
results with statistical ab initio simulations of SR in similar
device structures [38,39], we see a much more pronounced
impact of SR, primarily because we explicitly take into
account the 2D nature of the interface, contrary to a purely
1D [39] or a projected 1D [38] roughness pattern assumed
in the cited works. Moreover, this leads to the inclusion
of transitions between states having different momenta or
ky in the out-of-plane direction, while the ab initio cases,
mentioned above, implicitly assume conservation of this
out-of-plane momentum, thus limiting the scattering of
electrons.

Classically, the minimum cross-section width of the
“roughened” device would bottleneck the amount of
the carriers flowing through the device and thus should
be the parameter that determines the final current. In our
case, with SR present at both the top- and bottom-oxide
interfaces, this will be (5 − 2 ×�) ≈ 4.4 nm. However,
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the cross-section width required to reproduce our SR result
classically is roughly a factor of 4 smaller, as can be real-
ized if we scale our ballistic device solution linearly to
match the currents in the presence of SR. This discrepancy
shows the predominant role played by quantum confine-
ment effects associated with SR, which in effect cause
further constrictions of the channel.

IV. CONCLUSION

We develop a method based on the PME to treat dissipa-
tive quantum transport in realistic semiconductor devices,
retaining the full nonlocality and transfer-wave-vector
dependence of the scattering processes. As an application
of our method, the impact of electron-phonon and SR scat-
tering is studied for UTB FETs. The methodology can
be readily extended to incorporate other scattering mech-
anisms, such as electron-electron and impurity scattering
[68]. An extension of Ando’s model is described to prop-
erly include quantum confinement and nonlocal effects
associated with surface roughness. Our results show that,
even in nanoscale devices, electron transport is predom-
inantly dissipative (nonballistic). In particular, scattering
of electrons with surface roughness is the prime source of
dissipation, drastically reducing the drain current (ballistic)
by almost an order of magnitude.

APPENDIX A: DERIVATION OF
ELECTRON-PHONON SCATTERING RATES

Applying the equipartition and the elastic approxima-
tions to Eq. (14), we obtain

Wac
mβky ,m′β ′k′

y

=
∑

k′
y

π

L2
y

�2
ackBT

�dcc2
s

∫
d3q
(2π)3

∫
d3r

∫
d3r′ψ s,v∗

m,β (r)

× ψ
s,v
m,β(r

′)eiq(r−r′)ψ s,v
m′,β ′(r)ψ

s,v∗
m′,β ′(r′)δ

(
Eβ,ky − Eβ ′,k′

y

)
.

Integrating over all q, this expression can be rewritten as

Wac
mβky ,m′β ′k′

y

=
∑

k′
y

π

L2
y

�2
ackBT

�dcc2
s

∫
d3r

∫
d3r′ψ r,v∗

m,β (r)

× ψ
s,v
m,β(r

′)eiq(r−r′)ψ s,v
m′,β ′(r)ψ

s,v∗
m′,β ′(r′)

× δ
(
r − r′) δ (Eβ,ky − Eβ ′,k′

y

)

=
∑

k′
y

π

L2
y

�2
ackBT

�dcc2
s

∫
d3r

∣∣∣ψ s,v
m,β(r)

∣∣∣2

×
∣∣∣ψ s,v

m′,β ′(r)
∣∣∣2 δ (Eβ,ky − Eβ ′,k′

y

)
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=
∑

k′
y

π

L2
y

�2
ackBT

�dcc2
s

∫ Ly

0
dy

∫∫
dx dz

×
∣∣∣φs,v

m,β(x, z)
∣∣∣2 ∣∣∣φs,v

m′,β ′(x, z)
∣∣∣2 δ (Eβ,ky − Eβ ′,k′

y

)
.

The integral over the x-z plane is only required over the
device domain, since our set of open-system wave func-
tions already contains information regarding the infinite
leads, as discussed in Sec. II A 1. Also, assuming peri-
odic boundary conditions along y, the wave vectors ky can
be taken as multiples as 2π/Ly and �ky = 2π/Ly . Thus,
finally, we obtain the transition rate as

Wac
mβky ,m′β ′k′

y
= �2

ackBT
2�dcc2

s

∫∫
dx dz

∣∣∣φs,v
m,β(x, z)

∣∣∣2 ∣∣∣φs,v
m′,β ′(x, z)

∣∣∣2
×

∑
k′

y

�k′
yδ
(

Evβ − Evβ ′ + Eky − Ek′
y

)
︸ ︷︷ ︸

DOS

.

(A1)

An expression similar to Eq. (16) can also be derived
for scattering, with optical phonons following a similar
procedure.

APPENDIX B: DERIVATION OF SR SCATTERING
RATES

The roughness pattern �B(x, z) can be written as

�B(x, z) =
∫∫

dqx dqy
√

LxLy�qx ,qy eiR(qx ,qy )eiqxxeiqy y .

(B1)

Inserting this expression into Eq. (20) and performing the
integration over y, we obtain

〈mβky | VB
SR |m′β ′k′

y〉 = −2πVb

Ly

∫
dx

∫ 0

−tox

dz

×
[
∂φ

s,v∗
m,β (x, z)

∂z
φ

s,v
m′,β ′(x, z)+ φ

s,v∗
m,β (x, z)

∂φ
s,v
m′,β ′(x, z)

∂z

]

×
∫∫

dqx dqy
√

LxLy�qx ,qy eiR(qx ,qy )eiqxxδ(k′
y − ky + qy).

(B2)

Let us define

�(x, z) =
[
∂φ

s,v∗
m,β (x, z)

∂z
φ

s,v
m′,β ′(x, z)+ φ

s,v∗
m,β (x, z)

×
∂φ

s,v
m′,β ′(x, z)

∂z

]
.

Taking the expectation value of the square of the matrix
element given by Eq. (B2), we have〈∣∣∣〈mβky | VB

SR |m′β ′k′
y〉
∣∣∣2〉

= 4π2V2
bLx

Ly

∫
dx

∫
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∫ 0

−tox

dz
∫ 0

−tox
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∫
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∫
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∗
qx′ ,ky−k′

y
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×
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eiR(qx)eiR(q′

x)
〉

. (B3)

Now, the power spectrum of white noise 〈eiR(qx)eiR(q′
x)〉

is Cδ(qx − q′
x), where C is a constant. Using this fact in

Eq. (B3) and taking C = Lx, we obtain

〈∣∣∣〈mβky | VB
SR |m′β ′k′

y〉
∣∣∣2〉 = 4π2V2

b

Ly

∫
dqx

×
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y

∣∣∣2〉 ∣∣∣∣
∫
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∫ 0

−tox

dz�(x, z)
∣∣∣∣
2

. (B4)

Expressing � in terms of φ, the transition probability for
SR scattering can be written as

WSR
mβky ,m′β ′k′

y
= 2π

�

∑
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4π2V2
b
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∫
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〈∣∣∣�qx ,ky−k′
y

∣∣∣2〉

×
∣∣∣∣∣
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y

)
. (B5)

Using the same discretization for the kys as described
in Appendix A and integrating qx within the range
[−π/�x,π/�x], Eq. (B5) becomes
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y
= 4π2V2

b
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(B6)
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