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The coupling between a superconducting qubit and a control line inevitably results in radiative decay of
the qubit into the line. We propose a Josephson quantum filter (JQF), which protects the data qubit (DQ)
from radiative decay through the control line without reducing the gate speed on the DQ. The JQF consists
of a qubit strongly coupled to the control line of the DQ and its working principle is a subradiance effect
that is characteristic of waveguide quantum electrodynamics setups. The JQF is a passive circuit element
and is therefore suitable for integration in a scalable superconducting qubit system.
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I. INTRODUCTION

The superconducting qubit system has high designabil-
ity and in situ tunability of the system parameters and
is therefore suitable for realization of scalable quantum
computation. Supported by recent progress in integrat-
ing superconducting qubits, quantum computers including
several tens of qubits are currently available [1–6]. In order
to perform quantum-computational tasks involving many
qubits, we need to apply fast gate operations on the qubits,
while keeping the long coherence times of the qubits.
These requirements are, however, usually conflicting. For
gate operations on a superconducting qubit, we couple
the qubit to a control line through which microwave gate
pulses are applied. A strong coupling between the qubit
and the control line is advantageous for the gate speed but
is disadvantageous for the qubit lifetime due to radiative
decay through the line. When the radiative decay rate of
the qubit is γ , the Rabi frequency induced by a drive field
applied through the line scales as γ 1/2 for a fixed drive
power. Therefore, the gate speed and the qubit lifetime are
proportional to γ 1/2 and γ−1, respectively. A usual strategy
to simultaneously realize a long qubit lifetime and fast gate
operations is to make γ small in order to enhance the qubit
lifetime and to apply short and intense pulses to reduce
the gate time. For example, we can halve the gate time by
doubling the amplitude of the control pulse. This results,
however, in doubling of the average photon number per
pulse and, consequently, more heating of the surrounding
components, such as the attenuators and filters passing the
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pulse. Intense control pulses may also induce unwanted
crosstalk with neighboring qubits and resonators.

In the dispersive readout of qubits [7–9], a similar
trade-off exists between the measurement speed and the
qubit lifetime. In this scheme, we couple the qubit disper-
sively to a resonator and then to a readout line, through
which readout microwave pulses are applied. A strong cou-
pling between the resonator and the readout line enables
fast measurements but shortens the qubit lifetime due
to resonator-mediated radiative decay (the Purcell effect)
[10]. Here, the readout frequency is essentially that of the
resonator, whereas the frequency of an emitted photon is
that of the qubit. Using this frequency difference, we can
resolve the trade-off by incorporating a frequency filter
(a Purcell filter) in the readout line [9,11–14]. However,
such frequency filtering is unsuitable for the suppression
of decay into the control line, since the control pulses
should be resonant to the qubit and therefore have the
same frequency as the leaking photon. If we incorporate
a conventional Purcell filter in the control line, the filter
attenuates the control pulse and reduces the gate speed,
although it will enhance the qubit lifetime.

In this study, we propose a filter that prohibits radiative
decay of the qubit into the control line while not affecting
the control speed. Figure 1 is a schematic of the considered
setup: a data qubit (DQ) to be controlled is coupled to one
end of a semi-infinite control line, and a filter qubit, which
is referred to as a Josephson quantum filter (JQF), is placed
at a distance of the order of the resonance wavelength
of the DQ. In such waveguide-QED setups, it is known
that a qubit functions as a nonlinear mirror, which com-
pletely reflects a weak field due to destructive interference
and transmits a stronger field due to absorption saturation
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FIG. 1. A schematic of the setup. The DQ and the JQF are
directly coupled to a semi-infinite waveguide, through which
control pulses for the DQ are applied. Unless otherwise spec-
ified, the following parameter values are assumed: ω1/2π =
ω2/2π = 5 GHz (resonance wavelength λq = 20 mm, for the
microwave velocity v = 108 m/s), l1 = 0 mm, l2 = λq/2 =
10 mm, γ1/2π = 2 kHz, and γ2/2π = 100 MHz.

[15–19]. In radiative decay of a DQ, where only a sin-
gle photon is concerned, the JQF works as a mirror that
prohibits radiative decay of the DQ. On the other hand,
when we perform gate operations on the DQ by apply-
ing strong control pulses, the JQF transmits the pulses and
does not reduce the gate speed. Thus, the working prin-
ciple of the JQF is in its nonlinear microwave response.
This point is in clear contrast with a conventional Pur-
cell filter, the microwave response of which is completely
linear. Since the JQF is a passive circuit element that is
free from the imposition of active control, the JQF is ready
to be incorporated in complicated circuits involving many
qubits. Together with established schemes such as Pur-
cell filters [11–14] and tunable qubit-waveguide couplers
[20–22], the JQF would be highly useful for constructing a
network of long-lived qubits and yet allowing fast control
and measurements.

The rest of this paper is organized as follows. In Sec.
II, we theoretically describe the considered setup. We
present the Hamiltonian of the overall system composed
of the DQ, the JQF, and a semi-infinite control line, and
derive their Heisenberg equations. In Sec. III, assuming
the absence of the JQF, we review the trade-off between
the gate speed and the lifetime of the DQ. In Sec. IV, we
analyze the radiative decay of the initially excited DQ. We
derive an analytical formula for the radiative decay rate
of the DQ and clarify the condition that the JQF protects
the DQ from radiative decay. In Sec. V, we numerically
examine the microwave response of the DQ and the JQF to
confirm the following: the JQF does not affect the dynam-
ics of the DQ induced by the control field and therefore
does not reduce the gate speed. At the same time, the JQF
prohibits radiative decay of the DQ while the control field
is off. Section VI is devoted to the summary.

II. FORMULATION

A. Hamiltonian

The physical setup considered in this study is schemat-
ically illustrated in Fig. 1. In order to apply control

microwave pulses to the DQ (qubit 1), we attach a semi-
infinite waveguide to the DQ. In front of the DQ, we attach
the JQF (qubit 2), which is also a qubit with the same fre-
quency as the DQ. The semi-infinite waveguide extends
in the r > 0 region. Its eigenmodes are standing waves,
which are continuously labeled by a wave number k(> 0).
Assuming an open boundary condition at the termination
point (r = 0), the mode function fk(r) is given by

fk(r) =
√

2
π

cos kr. (1)

We denote the annihilation operator for this mode by b̂k.
The mode functions are normalized as

∫ ∞
0 drf ∗

k′ (r)fk(r) =
δ(k − k′).

Both qubits can be regarded as two-level systems. We
denote the lowering operator of qubit m (m = 1, 2) by σ̂m,
the transition frequency by ωm, the coupling position to
the waveguide by lm, and the coupling strength by γm.
Note that γm represents the radiative decay rate of qubit m,
assuming that the qubit is coupled to an infinite waveguide.

Setting � = v = 1, where v is the microwave velocity in
the waveguide, the Hamiltonian of the overall system com-
posed of the DQ, the JQF, and the semi-infinite waveguide
is given by

Ĥ =
∑

m

ωmσ̂
†
mσ̂m (2)

+
∫ ∞

0
dk

[
kb̂†

k b̂k +
∑

m

gmk(σ̂
†
mb̂k + b̂†

k σ̂m)

]
,

where the coupling constant gmk is given by

gmk =
√
γm

2
fk(lm) =

√
γm

π
cos(klm). (3)

In this study, we aim to protect the DQ from radiative
decay using the JQF. For this purpose, the system param-
eters are chosen as follows. (i) The two qubits are nearly
resonant, i.e., ω1 ≈ ω2 ≈ ωq. (ii) The positions l1 and l2
of the qubits are of the order of their resonance wave-
length, λq = 2πv/ωq. The DQ is closer to the end of the
waveguide than the JQF, i.e., 0 ≤ l1 ≤ l2. (iii) The cou-
pling between the JQF and the waveguide is much stronger
than that of the DQ, i.e., γ1 � γ2. Unless otherwise speci-
fied, we employ the parameter values listed in the caption
of Fig. 1.

For a semi-infinite waveguide, the wave number k of the
waveguide mode is restricted to be positive. However, we
formally extend the lower limit of k to −∞ [23], and intro-
duce the real-space representation b̃r of the field operator
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by

b̃r = 1√
2π

∫ ∞

−∞
dk eikrb̂k. (4)

The space variable r runs over −∞ < r < ∞: the nega-
tive (positive) region represents the incoming (outgoing)
field. The introduction of the real-space representation is
validated by a rigorous “modes of the universe” approach
[24].

B. Heisenberg equations

The Heisenberg equation for b̂k is given by (d/dt)b̂k =
−ikb̂k − i

∑
m gmkσ̂m. This is formally solved as

b̂k(t) = b̂k(0)e−ikt − i
∑

m

gmk

∫ t

0
dt′σ̂m(t′)eik(t′−t). (5)

Switching to the real-space representation with Eq. (4), we
have

b̃r(t) = b̃r−t(0)− i
∑

m

√
γm

2
[
�r∈(−lm,t−lm)σ̂m(t − r − lm)

+�r∈(lm,t+lm)σ̂m(t − r + lm)
]

, (6)

where � is a product of the step functions, �r∈(a,b) =
θ(r − a)θ(b − r). This equation plays the role of the input-
output relation in quantum optics [25,26].

The Heisenberg equation for a system operator ô (com-
posed of σ̂1, σ̂2, and their conjugates) is written, from Eqs.
(2) and (4), as

d
dt

ô = i[Ĥs, ô] + i
∑

m

√
γm

2
(
[σ̂ †

m, ô]
{̃
blm(t)+ b̃−lm(t)

}

+
{̃

b†
lm(t)+ b̃†

−lm(t)
}

[σ̂m, ô]
)

, (7)

where Ĥs = ∑
m ωmσ̂

†
mσ̂m. From Eq. (6), we obtain the

following equality:

b̃lm(t)+ b̃−lm(t) = b̃lm−t(0)+ b̃−lm−t(0)

− i
∑

n

√
γn

2
[
σ̂n(t − lm − ln)+ σ̂n(t − |lm − ln|)

]
.

(8)

From Eqs. (7) and (8), we have

d
dt

ô = i[Ĥs, ô] + i
∑

m

{
[σ̂ †

m, ô]N̂m(t)+ N̂ †
m(t)[σ̂m, ô]

}

+
∑
m,n

√
γmγn

2
[σ̂ †

m, ô]
{
σ̂n(t − lm − ln)

+ σ̂n(t − |lm − ln|)
} −

∑
m,n

√
γmγn

2
{
σ̂ †

n (t − lm − ln)

+ σ̂ †
n (t − |lm − ln|)

}
[σ̂m, ô]. (9)

Note that the explicit time dependence is omitted for oper-
ators at time t and that the operators with a negative time
variable should be replaced with zero. The noise operator
N̂m(t) for qubit m is defined by

N̂m(t) =
√
γm

2
[

b̃lm−t(0)+ b̃−lm−t(0)
]

. (10)

C. Free-evolution approximation

The Heisenberg equation (9), which is driven from
the Hamiltonian of Eq. (2), contains qubit operators with
retarded times. However, considering that the qubit decay
during such retardation is negligibly small (γmlm/v � 1),
we can employ the free-evolution approximation [27,28],
σ̂m(t −
t) ≈ eiωq
tσ̂m(t). The validity of this approxima-
tion is confirmed in Appendix A. Then, Eq. (9) is recast
into the following simpler form:

d
dt

ô = i[Ĥs, ô] + i
∑

m

{
[σ̂ †

m, ô]N̂m(t)+ N̂ †
m(t)[σ̂m, ô]

}

+
∑
m,n

(
ξmn[σ̂ †

m, ô]σ̂n − ξ ∗
mnσ̂

†
n [σ̂m, ô]

)
, (11)

ξmn =
√
γmγn

2
(
eiωq(lm+ln) + eiωq|lm−ln|) . (12)

Although direct interaction between the DQ and the JQF
is absent in the Hamiltonian of Eq. (2), virtual-waveguide
photons mediate an effective interaction between them,
which appears as ξ12 = ξ21 = √

γ1γ2 cos(ωql1)eiωql2 . Note
that the roles of the DQ and the JQF are asymmetric in this
interaction due to the semi-infiniteness of the control line.

Since the detuning of the control pulse from the qubit
resonance, ωd − ωq, is small enough to satisfy (ωd −
ωq)lm/v � 1 in the considered setup, we can make the fol-
lowing approximation: b̃
r−t(0) ≈ eiωq
r̃b−t(0). We then
have

N̂m(t) =
√

2γm cos(ωqlm)̃b−t(0). (13)

For future reference, setting ô = σ̂1, we have

d
dt
σ̂1 = (−iωq − ξ11)σ̂1 − ξ12(1 − 2σ̂ †

1 σ̂1)σ̂2

− i(1 − 2σ̂ †
1 σ̂1)N̂1(t). (14)

D. Effective interaction and cooperative dissipator

In the preceding theoretical works dealing with the qubit
system coupled to an infinite waveguide [29–32], the
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photon-mediated qubit-qubit interaction is treated by the
effective-dipole exchange interaction Ĥe and the coopera-
tive dissipator Ŝ. Here, we rewrite Eqs. (11) and (12) in this
form for reference. Dividing ξmn into real and imaginary
parts, we have

d
dt

ô = i[Ĥs + Ĥe, ô] + [Ŝ†, ô]Ŝ + Ŝ†[ô, Ŝ]
2

(15)

+ i
{

b̂†
in(t)[Ŝ, ô] + [Ŝ†, ô]b̂in(t)

}
,

Ĥe =
∑
m,n

Jmnσ̂
†
mσ̂n, (16)

Ŝ =
∑

m

√
2γm cos(ωqlm)σ̂m, (17)

Jmn = √
γmγn cos[ωq min(lm, ln)] sin[ωq max(lm, ln)],

(18)

where b̂in(t) = b̃−t(0). Three comments are in order
regarding the above equations. (i) The cooperative dissi-
pator Ŝ and the effective interaction Ĥe result from the real
and imaginary parts of ξmn, respectively. (ii) In the case of
an infinite waveguide, two kinds of cooperative dissipa-
tors appear, corresponding to the positively and negatively
propagating modes. Here, the cooperative dissipator Ŝ is
unique and the cosine function appearing in Ŝ results from
the standing-wave mode function [Eq. (1)]. (iii) In the case
of an infinite waveguide, the coefficient Jmn of the effective
interaction depends only on the mutual distance between
the qubits, |lm − ln|. Here, Jmn has a more complicated
form due to the semi-infiniteness of the waveguide.

III. TRADE-OFF BETWEEN QUBIT LIFETIME
AND GATE SPEED

In this section, we observe the trade-off between the life-
time of the DQ and the gate speed, assuming the absence
of the JQF (γ2 = 0). The Heisenberg equation (14) for σ̂1
is then rewritten as

d
dt
σ̂1 = (−iωq − η2/2)σ̂1 − iη(1 − 2σ̂ †

1 σ̂1)̃b−t(0), (19)

where ωq = ωq + (γ1/2) sin(2ωql1) is the renormalized
qubit frequency including the Lamb shift. A real constant
η = √

2γ1 cos(ωql1) has two roles that originate in the
fluctuation-dissipation theorem: the radiative decay rate
of the qubit and the coupling between the qubit and the
applied field.

In the absence of the input field, the qubit excitation
probability decays as d/dt〈σ̂ †

1 σ̂1〉 = −η2〈σ̂ †
1 σ̂1〉. There-

fore, the qubit radiative lifetime Tr is given by

Tr = 1
η2 . (20)

Note that, when coupled to a semi-infinite waveguide, the
radiative lifetime depends on the qubit position l1 due to
the broken translation symmetry. On the other hand, when
we apply a resonant control field Ein(t) = Ede−iωqt through
the waveguide, the qubit excitation probability evolves
as d2/dt2〈σ̂ †

1 σ̂1〉 = 2η2|Ed|2(1 − 2〈σ̂ †
1 σ̂1〉) and exhibits the

Rabi oscillation with the Rabi frequency of 
R = 2η|Ed|.
Therefore, the gate speed T−1

g for a π pulse is given by

T−1
g = 2η|Ed|

π
. (21)

Thus, there exists a trade-off between the qubit radiative
lifetime and the gate speed. The overall lifetime T1 of the
qubit is always shorter than the radiative lifetime Tr due
to other relaxation channels. Therefore, from Eqs. (20) and
(21), we have the following inequality:

T1

(
1
Tg

)2

≤ 4|Ed|2
π2 , (22)

where |Ed|2 in the right-hand side represents the photon
rate of the applied field. This is limited, besides the practi-
cal reasons, by the finite anharmonicity of the qubit, which
is particularly small for the transmon-type qubits.

IV. RADIATIVE DECAY

In this section, we analytically investigate the radiative
decay of the DQ in the presence of the JQF and clarify
the optimal condition for the JQF. As the initial state, we
consider a state in which only the DQ is excited. The state
vector is written as

|ψ(0)〉 = σ̂
†
1 |v〉, (23)

where |v〉 represents the vacuum state of the whole setup.
Since the Hamiltonian of Eq. (2) conserves the total
excitation number, the state vector at time t, |ψ(t)〉 =
e−iĤ t|ψ(0)〉, is written as follows:

|ψ(t)〉 =
∑

m=1,2

αm(t)σ̂ †
m|v〉 +

∫
dr f (r, t)̃b†

r |v〉, (24)

where the coefficients αm(t) and the wave packet of
the emitted photon f (r, t) satisfy the normalization con-
dition of

∑
m |αm(t)|2 + ∫ t

0 dr| f (r, t)|2 = 1. Using the
fact that Ĥ |v〉 = 0, we have αm(t) = 〈v|σ̂m|ψ(t)〉 =
〈v|σ̂m(t)σ̂

†
1 (0)|v〉. From Eq. (14) and its counterpart for
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σ̂2(t), the equations of motion for αm(t) are given by

dα1

dt
= −(iωq + ξ11)α1 − ξ12α2, (25)

dα2

dt
= −ξ21α1 − (iωq + ξ22)α2, (26)

with the initial conditions of α1(0) = 1 and α2(0) = 0.
In deriving the above equations, we use N̂m(t)|ψ(0)〉 =
0 and σ̂1(t)σ̂2(t)σ̂

†
m(0)|v〉 = 0. For reference, the wave

packet of the emitted photon is given by f (r, t) =
−i

√
2γ1 cos(ωql1)α1(t − r)− i

√
2γ2 cos(ωql2)α2(t − r) for

0 ≤ r ≤ t, and f (r, t) = 0 otherwise.

A. Decay rate of the DQ

In the absence of the photon-mediated interaction
between qubits, the complex frequency of qubit m is
given by ω̃m = ωq − iξmm and the radiative decay rate is
given by −2Im(ω̃m) = 2γm cos2(ωqlm). Therefore, except
for the special case of l2 ≈ (1 + 2n/4)λq (n = 0, 1, . . .),
where λq = 2πv/ωq is the resonance wavelength of the
qubits, the JQF decays much faster than the DQ. Then,
by switching to the frame rotating at ωq and applying
the adiabatic approximation, Eq. (26) reduces to α2(t) ≈
−(ξ21/ξ22)α1(t). Substituting this into Eq. (25), we con-
firm that the complex frequency ω̃′

1 of the DQ reduces to a
real quantity:

ω̃′
1 = ωq − γ1

cos(ωql1) sin[ωq(l2 − l1)]
cos(ωql2)

. (27)

This implies that, owing to the JQF, the DQ acquires an
infinite radiative lifetime regardless of its position l1(< l2).

For comparison, we consider the case of l1 > l2. The
renormalized complex frequency of the DQ is then given
by

ω̃′′
1 = ωq − γ1eiωq(l1−l2) sin[ωq(l1 − l2)], (28)

the imaginary part of which vanishes only when
sin[ωq(l1 − l2)] = 0. Therefore, in contrast with the case

of l1 < l2, the radiative decay of the DQ is prohibited
only when the DQ is located exactly at l1 = l2 + nλq/2
(n = 0, 1, . . .).

The effect of the intrinsic decay of the JQF other than
the radiative decay into the line, which is assumed to be
absent throughout this paper, is discussed in Appendix B.
It is revealed there that the radiative decay rate of the DQ
is suppressed by a factor of γi2/γ2, where γi2 (γ2) is the
intrinsic (radiative) decay rate of the JQF. Therefore, the
suppression becomes imperfect when the JQF has a finite
intrinsic decay rate but is still substantial if γi2 � γ2.

B. Time evolution

The solutions of Eqs. (25) and (26) are given by

α1(t) =
(
μ2 + ξ11

μ2 − μ1
eμ1t + μ1 + ξ11

μ1 − μ2
eμ2t

)
e−iωqt, (29)

α2(t) = ξ21

μ2 − μ1
(eμ1t − eμ2t)e−iωqt, (30)

where μ1 and μ2 are the two solutions of the following
quadratic equation for z:

(z + ξ11)(z + ξ22)− ξ12ξ21 = 0. (31)

The survival probability of the DQ is given by P1(t) =
|α1(t)|2. In Fig. 2, fixing the position of the DQ at l1 = 0,
the time evolution of P1(t) is shown for several values of
l2. As expected, we observe that the decay of the DQ is
suppressed, except when l2 ≈ (1 + 2n)λq/4. The optimal
position of the JQF is l2 = nλq/2. Equations (29) and (30)
then reduce to the following forms:

α1(t) =
(

γ2

γ1 + γ2
+ γ1

γ1 + γ2
e−(γ1+γ2)t

)
e−iωqt, (32)

α2(t) = (−)n+1
√
γ1γ2

γ1 + γ2
[1 − e−(γ1+γ2)t]e−iωqt. (33)

In the limit as t → ∞, P1(t) = γ 2
2 /(γ1 + γ2)

2 ≈ 1 −
2γ1/γ2. Therefore, the radiative decay of the DQ is mostly
prohibited when γ2 
 γ1.
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FIG. 2. The survival probability
of the DQ, P1(t) = |α1(t)|2. The
parameter values are described in
the caption of Fig. 1, except that
the JQF position l2 is varied.
(a) Results for l2/λq = 0.5 (red
solid line) and 0.35 (green dashed
line). (b) Results for l2/λq = 0.25
(red solid line) and 0.245 (green
dashed line). The free-survival
probability in the absence of the
JQF is also shown (blue dotted).
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The photon-mediated interaction between qubits can
generally be divided into the effective exchange interaction
and cooperative decay, as discussed in Sec. II D. From Eqs.
(16) and (18), we observe that the effective exchange inter-
action vanishes at the optimal positions of the DQ and the
JQF (l1 = 0 and l2 = nλq/2). Therefore, cooperative decay
plays an essential role for protection of the DQ: the prohib-
ited decay of the DQ originates in the subradiance effect
[33–35]. This is understood most clearly in the case of
l1 = l2 = 0. From the Hamiltonian of Eq. (2), we observe
that the following two states, |sup〉 and |sub〉, respectively,
correspond to the super- and subradiant states within the
one-excitation subspace of the two qubits:

|sup〉 =
√
γ1σ̂

†
1 + √

γ2σ̂
†
2√

γ1 + γ2
|v〉, (34)

|sub〉 =
√
γ2σ̂

†
1 − √

γ1σ̂
†
2√

γ1 + γ2
|v〉. (35)

The superradiant state decays rapidly with a rate of 2(γ1 +
γ2), whereas the subradiant state is an eigenstate of the
Hamiltonian and does not decay. The excited state of
the DQ is mostly composed of the subradiant state and
contains a tiny fraction of the superradiant state:

σ̂
†
1 |v〉 =

√
γ1|sup〉 + √

γ2|sub〉√
γ1 + γ2

. (36)

The rapid decay of the superradiant component is observed
as the initial drop of the survival probability in Fig. 2(a).
The quasistationary P1 [= γ 2

2 /(γ1 + γ2)
2] results from the

subradiant components. These arguments are compatible
with Eqs. (32) and (33) with n = 0.

V. MICROWAVE RESPONSE

In the previous section, we have derived the radiative
decay rate of the DQ analytically and confirmed that the
JQF protects the DQ from radiative decay through the con-
trol line. In this section, we numerically investigate the
quantum control of a DQ with a microwave pulse applied
through the waveguide. We will observe that, as long as
the control pulse is sufficiently strong, we can control the
DQ as if the JQF is absent. This implies that the JQF
does not affect the gate time Tg of the DQ while enhanc-
ing its lifetime T1 and thus breaks the trade-off relation of
Eq. (22).

We assume that both qubits are in the ground state at
the initial moment (t = 0) and that a classical control field
Ein(t) is applied through the waveguide for t > 0. The
spatial waveform of the control field at t = 0 is Ein(−r).

Therefore, the initial state vector is written as

|φ(0)〉 = N exp
(∫ 0

−∞
dr Ein(−r)̃b†

r

)
|v〉, (37)

where N = exp
(− ∫

dr|Ein(−r)|2/2)
is a normalization

factor. Note that this is in a coherent state and therefore is
an eigenvector of the noise operator, Eq. (13). Hereafter,
we use the notation of 〈φ(0)|Â(t)|φ(0)〉 = 〈Â(t)〉. From
Eqs. (14) and (37), the equation of motion for 〈σ̂1(t)〉 is
given by

d
dt

〈σ̂1〉 = (−iωq − ξ11)〈σ̂1〉 − ξ12〈σ̂2〉 + 2ξ12〈σ̂ †
1 σ̂1σ̂2〉

+ i(1 − 2〈σ̂ †
1 σ̂1〉)〈N̂1(t)〉, (38)

where

〈N̂m(t)〉 =
√

2γm cos(ωqlm)Ein(t). (39)

We numerically solve the simultaneous differential equa-
tions of the following nine quantities: 〈σ̂1〉, 〈σ̂2〉,
〈σ̂ †

1 σ̂1〉, 〈σ̂ †
2 σ̂2〉, 〈σ̂ †

2 σ̂1〉, 〈σ̂1σ̂2〉, 〈σ̂ †
1 σ̂1σ̂2〉, 〈σ̂ †

2 σ̂1σ̂2〉, and
〈σ̂ †

1 σ̂
†
2 σ̂1σ̂2〉. Note that these equations are closed under the

free-evolution approximations employed in Sec. II C.

A. Rabi oscillation

First, we investigate the case of continuous drive,

Ein(t) =
{

0, t < 0,
Ede−iωdt, t ≥ 0,

(40)

and observe the Rabi oscillations of the DQ and the JQF
induced by this drive field. Note that |Ed|2 represents the
incoming photon rate. In the numerical simulations, we
assume that both the DQ and the JQF are placed at their
optimal positions (l1 = 0, l2 = λq/2) and that a resonant
drive field (ωd = ωq) is applied through the waveguide.

In Fig. 3, the excitation probabilities of the DQ and the
JQF, Pm(t) = 〈σ̂ †

mσ̂m〉, are plotted for various values of the
drive power. In order to emphasize the effect of the JQF
on the DQ, we also plot the free Rabi oscillation of the
DQ, P1 f (t), assuming the absence of the JQF. P1 f (t) is
analytically given by

P1 f (t) = 
2
1

2(
2
1 + 2γ 2

1 )[
1 − e−3γ1t/2

(
cos 
̃1t + 3γ1

2
̃1
sin 
̃1t

)]
, (41)

where 
1 =
√

8γ1|Ed|2 (Rabi frequency) and 
̃1 =√
8γ1|Ed|2 − (γ1/2)2. We observe that P1(t) and P1 f (t)
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FIG. 3. The Rabi oscillations of
the DQ (P1, red solid line) and
the JQF (P2, blue dotted line). The
free Rabi oscillation of the DQ
(P1 f , green dashed line) in the
absence of the JQF is also shown
for reference. The Rabi frequency
is set at 
1/2π = 2.5 MHz in
(a) and at 25 MHz in (b). The
corresponding photon rates are
|Ed|2/γ2 = 3.91 and 391, respec-
tively. P1 and P1 f are almost over-
lapping in (b).

are almost overlapping for a strong drive satisfying γ2 �
|Ed|2. Thus, the Rabi oscillation of the DQ is almost unaf-
fected by the JQF. This is explained as follows. In the
right-hand side of Eq. (14), we see that the DQ is driven by
two different mechanisms: the mutual interaction between
the DQ and the JQF (second term) and the applied field
(third term). Therefore, the condition that the Rabi oscilla-
tion of the DQ is unaffected by the JQF is |ξ12| � 〈N̂1(t)〉,
which reduces to γ2 � |Ed|2.

On the other hand, the JQF undergoes a much faster
Rabi oscillation than the DQ (
2/
1 = √

γ2/γ1 ≈ 224)

and relaxes to its stationary value of 
2
2/2(


2
2 + 2γ 2

2 )

within a relaxation time of γ−1
2 ∼ 5 ns. For a strong field

satisfying |Ed|2 
 γ2, the JQF becomes saturated and the
stationary state is approximately the maximally mixed
state.

B. π -pulse excitation

Here, we observe the dynamics of the DQ and the JQF
induced by a π pulse for the DQ. We employ a square π
pulse with a length of 20 ns (
1/2π = 25 MHz). The time
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FIG. 4. The response to the π pulse. The pulse is on for 0 ≤ t ≤ 20 ns. (a) The excitation probability of the DQ (P1, red solid line)
and the JQF (P2, blue dotted line). The former in the absence of the JQF (P1 f , green dashed line) is also plotted. P1 and P1 f are
overlapping for t � 0.2 μs. The inset shows the evolution of P1 and P1 f just after the π -pulse excitation (t ∼ 0.02 μs). (b)P1(t) for
various JQF positions l2. (c) The dependence of the stationary value of P1 (measured at 10 μs) on the JQF position l2. (d) P1(t) for
various JQF frequencies ω2. The detuning δω in the legend is defined by δω = ω2 − ω1. (e) The dependence of the radiative decay
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evolution of the excitation probabilities of the DQ (P1)
and the JQF (P2) is plotted in Fig. 4(a). The JQF exhibits
a rapid damped Rabi oscillation and relaxes to the maxi-
mally mixed state (P2 = 1/2) during π -pulse irradiation.
After the π pulse is switched off, the JQF quickly decays
to the ground state. On the other hand, the DQ is excited by
the π pulse and remains in the excited state even after the π
pulse is switched off. The stationary value of P1 is 0.99968.
There are two reasons for the tiny unexcited probability
of 0.00032, as follows. The principal reason is the damp-
ing of the DQ during π -pulse irradiation. As we observe
later (Fig. 5), damping of the DQ is not suppressed while
the control field is on. The secondary reason is the drop of
P1 after the π -pulse irradiation. Here, this value amounts
to 7.94 × 10−5 [inset of Fig. 4(a)], which is larger than
4.00 × 10−5 observed in Fig. 2(a). This difference origi-
nates in imperfect initialization of the JQF: it is assumed
to be completely in the ground state in Fig. 2(a), whereas
it is in the maximally mixed state in Fig. 4(a).

The JQF position l2 is varied in Fig. 4(b) and the sta-
tionary excitation probability (P1 at t = 10 μs) is plotted
as a function of l2 in Fig. 4(c). A remarkable fact here is
that the decay of the DQ is prohibited even when the JQF

is not placed exactly at its optimal position. For exam-
ple, the stationary excitation probability reaches 0.9994
for l2/λq = 0.35 (nonoptimal), which is comparable to
0.9997 for l2/λq = 0.5 (optimal). Therefore, precise posi-
tioning of the JQF is unnecessary for protection of the DQ.
This makes practical implementation of the present scheme
easier.

The JQF frequency ω2 is varied in Fig. 4(d). We observe
that, in the presence of detuning, the protection of the DQ
by the JQF is imperfect, resulting in the exponential decay
of the DQ. In Fig. 4(e), the DQ decay rate is plotted as a
function of the detuning. The functional form of this decay
rate is given by Eq. (B4). The width of the dip in the decay
rate is about 200 MHz, which is determined by the JQF
line width γ2.

Continuous-wave and π -pulse excitations are compared
in Fig. 5. Under continuous-wave excitation [Fig. 5(a)], the
JQF is in the maximally mixed state and transmits radiation
from the DQ. Therefore, while the control field is on, the
control line works as a dissipation channel and damps the
dynamics of the DQ. In contrast, after the π -pulse excita-
tion [Fig. 5(b)], the JQF immediately decays to the ground
state and reflects the microwave photons emitted by the
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FIG. 6. The successive application of π pulses. The π -pulse duration time is 20 ns. (a) The time evolution of the excitation probability
of the DQ with the pulse period τp = 100 ns. The green solid (magenta dotted) line shows the results with (without) the JQF. (b) The
same plot as (a) for τp = 500 ns. The red solid (blue dotted) line shows the results with (without) the JQF. (c) The time evolution of
the purity of the DQ. The upper (lower) two lines show the results with (without) the JQF.
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DQ. Therefore, while the control field is off, the DQ is
decoupled from the control line and stays in the excited
state without being dissipated.

In Fig. 6, we show the bit flips of the DQ between
the ground and excited states induced by successive π
pulses. The π -pulse duration time is set at 20 ns and the
pulse period τp is set at 100 ns (duty ratio 0.2) in Fig.
6(a) and at 500 ns (duty ratio 0.04) in Fig. 6(b). With-
out the JQF, the amplitude of P1 oscillation damps with
a rate around γ1: P1 at t = 5.02 μs is 0.9436 in (a) and
0.9417 in (b). The damping rate is almost insensitive to
the duty ratio, since damping of the DQ always occurs,
regardless of whether the control pulse is on or off. In the
presence of the JQF, damping of the DQ is substantially
suppressed: P1 at t = 5.02 μs reaches 0.9828 in (a) and
0.9968 in (b). Operation with the lower duty ratio is more
advantageous, since the JQF only protects the DQ while
the control pulse is off. This is also confirmed in Fig. 6(c),
which plots the time evolution of the purity of the DQ,
P = 〈σ̂ †

1 σ̂1〉2 + (1 − 〈σ̂ †
1 σ̂1〉)2 + 2|〈σ̂1〉|2.

VI. SUMMARY

For scalable quantum information processing, we should
perform fast gate operations on the qubits, while keeping
long coherence times of the qubits. However, there exists
a trade-off between them, which cannot be resolved by a
conventional Purcell filter. In this work, we propose a JQF
that protects a DQ from radiative decay into the control
line without losing the gate speed. In the proposed setup,
a DQ is coupled to one end of a semi-infinite control line
and a JQF is coupled to the same line with a distance from
the DQ of the order of resonance wavelength. Owing to a
subradiance effect, the JQF suppresses radiative decay of
the DQ under the following conditions: (i) the DQ and the
JQF are resonant, (ii) the JQF couples to the control line far
more strongly than the DQ, and (iii) the DQ-JQF distance
is close to integer multiples of half of the resonance wave-
length. We numerically confirm that the speed of the gate
operations on the DQ is unaffected by the JQF. The radia-
tive decay of the DQ is completely suppressed by the JQF
when the control field is off, whereas it is not under irra-
diation of the control field. Thus, the operation of the JQF
is somewhat similar to that of a tunable coupler between a
qubit and a control line. However, the JQF is a passive ele-
ment that is free from the imposition of active control and
therefore is highly suitable for integration in complicated
circuits with many qubits.
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APPENDIX A: VALIDATION OF
FREE-EVOLUTION APPROXIMATION

In this appendix, in order to check the validity of the
free-evolution approximation, we analyze the radiative
decay of the DQ without the free-evolution approximation.
The initial state vector [Eq. (23)] and the state vector at
time t [Eq. (24)] remain unchanged in the rigorous anal-
ysis. However, without the free-evolution approximation,
the equations of motion for α1(t) and α2(t) become delay
differential equations. Instead of Eqs. (25) and (26), they
are given by

d
dt
α1(t) =

(
−iωq − γ1

2

)
α1(t)− γ1

2
α1(t − 2l1)

−
√
γ1γ2

2
[α2(t − l1 − l2)+ α2(t + l1 − l2)],

(A1)

d
dt
α2(t) =

(
−iωq − γ2

2

)
α2(t)− γ2

2
α2(t − 2l2)

−
√
γ1γ2

2
[α1(t − l1 − l2)+ α1(t + l1 − l2)],

(A2)

with the initial conditions of α1(0) = 1 and α2(0) = 0.
Note that α1,2(t) = 0 for t < 0. When the JQF is absent
(γ2 = 0), this setup corresponds to an atom in front of a
mirror [28,36,37].

In Fig. 7, fixing l1(= 0) and varying l2, we compare the
rigorous and approximate survival probabilities P1(t) =
|α1(t)|2. The upper three lines in Fig. 7(a) represent the
rigorous ones for l2/λq = 0.5 and 2.5 and the approximate
one. Note that the free-evolution approximation yields
the same P1(t) for l2/λq = 0.5 and 2.5. As expected, the
agreement between the rigorous and approximate results
becomes better for a shorter round-trip time 2l2. The
deviation between the rigorous and approximate P1(t) is
negligibly small for l2/λq = 0.5 (2.6 × 10−6 in the station-
ary state), indicating the validity of the approximation. The
lower three lines in Figs. 7(a) and 7(b) show the results
for the nonoptimal filter position. The deviation between
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the rigorous and approximate results is larger in compari-
son with the optimal cases, but the approximation is fairly
good for l2 � λq.

APPENDIX B: EFFECT OF INTRINSIC LOSS AND
DETUNING

Here, we derive the decay rate of the DQ in the presence
of the intrinsic loss of the DQ and the JQF and the detuning
between them. We denote the intrinsic decay rates of the
DQ and the JQF by γi1 and γi2, respectively. Then, Eqs.
(25) and (26) are modified as follows:

dα1

dt
= −(iω1 + ξ11 + γi1/2)α1 − ξ12α2, (B1)

dα2

dt
= −ξ21α1 − (iω2 + ξ22 + γi2/2)α2. (B2)

Switching to the frame rotating at ω1 and solving Eq. (B2)
adiabatically, the complex frequency of the DQ is given by

ω̃′
1 = ωq + i

(
ξ12ξ21

ξ22 + γi2/2 + iδω
− ξ11 − γi1

2

)
, (B3)

where δω = ω2 − ω1 is the detuning between the DQ and
the JQF. The decay rate of the DQ is determined by γDQ =
−2Im(ω̃1). For the optimal case of l1 = 0 and l2 = nλq/2
(n = 0, 1, . . .), γDQ reduces to the following form:

γDQ = γi1 + 2γ1

[
1 − γ2(γ2 + γi2/2)

(γ2 + γi2/2)2 + (δω)2

]
. (B4)

The first term represents the intrinsic decay rate of the DQ,
which is unaffected by the JQF, as expected. The second
term represents the radiative decay rate of the DQ, which
is suppressed by the JQF. In the absence of detuning and
in the γ2 
 γi2 limit, the radiative decay rate of the DQ is
approximately given by γ1 × (γi2/γ2). This implies that,

even when the JQF has intrinsic loss, we can substan-
tially suppress the radiative decay of the DQ by making
the radiative decay of the JQF dominant. Equation (B4)
agrees with the Lorentzian dip observed in Fig. 4(d).
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