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We study Kerr frequency combs and dissipative Kerr solitons in silicon photonic crystal coupled-cavity
waveguides (CCWs) with globally optimized dispersion at telecom wavelengths. The corresponding
threshold for comb generation is found to explicitly depend on the main CCW figures of merit, namely,
the mode volume, the normal-mode quality factor, and the slow-light group index. Our analysis is carried
out by solving the nonlinear dynamics of the CCW Bloch modes in the presence of Kerr nonlinearity and
two-photon absorption. Our results open the way to CCW comb generation via dispersion engineering and
slow-light enhancement.
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I. INTRODUCTION

Kerr frequency combs have revolutionized several fields
in optical sciences since they were first proposed in
monolithic microresonators [1]. To date, they have been
successfully applied to a vast variety of state-of-the-art
technologies and highly sophisticated measurement tech-
niques such as ultrahigh-resolution spectroscopy [2,3],
massively parallel coherent optical communications [4],
light detection and ranging (LIDAR) [5], optical-frequency
synthesizers [6], and microphotonic astrocombs [7,8]. Fre-
quency combs in optical microresonators are generated
by the interaction of either a continuous-wave (cw) pump
laser or pumped optical pulses [9], with the resonator
modes via parametric four-wave mixing (FWM), assisted
by the Kerr nonlinearity of the material. This paramet-
ric process fulfills energy conservation and is enhanced
when the side bands created by the FWM coincide with
the resonator frequencies. Since the intensity-dependent
refractive index induces a frequency shift on the modes,
an increasing free spectral range (FSR) with frequency
(anomalous dispersion) is required to compensate this
effect and effectively produce equidistant spectral lines
suitable to support the cascaded FWM [10]. When a high
number of mode-locked modes are involved in this non-
linear interaction and dissipation cannot be neglected, the
complex nonlinear dynamics may give rise to dissipa-
tive Kerr solitons (DKSs), which arise as a double bal-
ance between nonlinearity and dispersion (preserving their
shape), as well as dissipation and parametric gain (pre-
serving their amplitude) [11]. Moreover, multiple-soliton
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formations have become very interesting in the context
of localized-state interactions [12–14], breather solitons
[15–17], and soliton crystals [18,19]. DKSs are notably rel-
evant because their corresponding spectra exhibit highly
coherent frequency combs with perfect single-FSR spac-
ing between side bands [20,21] and dispersive waves in
the presence of high-order dispersion [22–25]. The lat-
ter is particularly important because it allows a further
spanning of the frequency combs, highlighting the impor-
tant role of dispersion engineering on parametric gain
and, consequently, on comb generation [26]. Such a task
has been successfully achieved in nonlinear microres-
onators by varying the ring geometrical parameters in order
to tailor the dispersion for specific comb functionalities
[27–29]. Nevertheless, this geometry has a limited parame-
ter space, thus restricting the choice of materials, the opera-
tion wavelength, and the size of the final device. Recently,
Fabry-Perot resonators have been proposed as appealing
candidates for frequency-comb generation since different
methods to reshape the cavity dispersion can be applied
[30,31]; however, advanced dispersion engineering still
remains challenging.

In this work, we propose a coupled-cavity waveguide
(CCW, also known as a coupled-resonator optical waveg-
uide or CROW) as an alternative candidate to efficiently
generate low-threshold Kerr frequency combs and DKSs.
Similar to ring resonators, CCWs define a discrete spec-
trum of propagating modes that may trigger cascaded
parametric FWM in the anomalous dispersion regime and
lead to a highly coherent comb if the waveguide dispersion
is conveniently optimized. In fact, since their appearance
two decades ago [32], CCWs have been shown to be
extremely flexible for advanced dispersion engineering
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FIG. 1. (a) A schematic representation of a CCW system
with first- and second-neighbor cavity coupling. The system is
pumped with a cw source and a DKS propagates along the
waveguide y direction. (b) A photonic crystal CCW formed by
coupled L3 cavities, where the red and green holes are allowed
to vary in size to tune the first- and second-neighbor coupling,
respectively, while the out-of-plane losses of the waveguide
Bloch modes are optimized by varying the position and size of
the white holes. The intensity profile of the displacement field
[D(r) = ε(r) �E(r)] is shown at the boundary of the Brillouin
zone.

and enhancement of nonlinear phenomena via slow light
[33–38]. We show in Fig. 1(a) a schematic representation
of the CCW studied in this work. The periodic waveg-
uide is formed by a staggered distribution of cavities where
first- (dashed red) and second- (dashed green) neighbor
cavity-cavity coupling is assumed. The system is pumped
with a cw source and a DKS is propagating along the
waveguide y direction.

II. NONLINEAR PHOTONIC CRYSTAL CCW

The system of Fig. 1(a) is realized with the waveguide
of coupled L3 photonic crystal slab cavities shown in Fig.
1(b), where we have plotted the intensity profile of the dis-
placement field [D(r) = ε(r) �E(r)] at the boundary of the
Brillouin zone. The photonic crystal is formed by a hexag-
onal lattice of holes of pitch a = 400 nm and hole radius
r = 0.25a, etched in a silicon membrane of thickness d =
0.55a, and the L3 cavity is introduced by removing three
holes along the �K direction of the lattice. This CCW con-
figuration allows us to tune the first- and second-neighbor
coupling between the L3 cavities by varying the size of
the red and green holes, respectively, and to optimize
the out-of-plane losses by varying the position and size
of the white ones. The waveguide of Fig. 1(b) has been

previously proposed as a compact CCW with outstand-
ing figures of merit obtained via automated global opti-
mization [38] and successfully measured experimentally
[39,40]. Here, we adopt the design with largest averaged
group index and small second-order dispersion reported
in Ref. [38], with parameters (�r1,�r2,�r3,�x) =
(−0.0049, −0.0340, −0.1016, 0.2204)a, where r1 = r +
�r1, r2 = r +�r2, and r3 = r +�r3 are the radii of the
red, green, and white holes, respectively, and �x is the
outward displacement of the white holes. The dispersion
relation να of the waveguide and the decay rates γα of
the Bloch modes of momentum α are calculated using the
guided-mode-expansion (GME) method [41] for a system
length of M = 400 cavities (400 normal modes within the
Brillouin zone of the CCW) with period l = √

3a (waveg-
uide length L = Ml), while the nonlinear mode volume
is computed using a commercial finite-difference time-
domain solver [42] and is found to be Vc = 0.345 μm3.
This sample length represents a good compromise between
the total number of normal modes (avoiding finite-size
effects in the coupled-mode equations (A3)) and robustness
to fabrication disorder [40,43]. Silicon parameters at tele-
com frequencies are considered for the material, namely,
the dielectric constant ε = 12.04, the Kerr coefficient n2 =
5.52 × 10−18 m2/W, and the two-photon absorption (TPA)
coefficient βTPA = 1 × 10−11 m/W [44]. The GME disper-
sion relation, second-order dispersion, and group index are
shown in Figs. 2(a)–2(c), respectively, for which the red
and blue segments correspondingly highlight the regions
of normal and anomalous dispersion. Note that these dis-
persion curves are valid for a straight waveguide with peri-
odic boundary conditions; nevertheless, we expect them
to describe very well a closed loop of coupled cavities as
bending losses is usually very small, with respect to out-
of-plane losses, in photonic crystal geometries [45]. The
system is pumped at aα0 = 1.2742, where να0 = 193.39
THz, (ac)−1(d2ν/α2)α0 = 8.63 × 10−4, ng,α0 = 119.34,
and the normal-mode quality factor is Qα0 = 5.72 ×
104. This sets an internal-mode threshold given by (see
Appendix A)

∣
∣Aα0

∣
∣2
th = εVc

2lng,α0n2Qα0

f (κ) = 138 mW, (1)

where Aα0 is the slowly varying amplitude of the Bloch
mode α0 and f (κ) = (

√
1 + κ2 + 2κ)/(1 − 3κ2), with

κ = cβTPA/(2n2ωα0), is a function of the material param-
eters only, which gives f (κ = 0.2236) = 1.73 for silicon
at ωα0/2π = να0 = 193.39 THz and reduces to f (κ =
0) = 1 for βTPA = 0. This result is particularly remark-
able because, even considering that TPA increases the
threshold by a factor of 1.73, |Aα0 |2th = 138 mW is still
one order of magnitude smaller than in typical millimeter-
size crystalline nonlinear ring resonators [46]. Equation (1)
undoubtedly strengthens the potential capabilities of CCW

064065-2



SLOW-LIGHT FREQUENCY COMBS AND DISSIPATIVE... PHYS. REV. APPLIED 12, 064065 (2019)

(a)
(d) (e)

(b)

(c)

(f) (g)

(i)(h)

FIG. 2. The dispersion relation (a), second-order dispersion (b), and group index (c) in the Brillouin zone of a photonic crystal CCW
of 400 L3 cavities. The red and blue curves are where the dispersion is normal and anomalous, respectively. The waveguide is pumped
at aα0 = 1.2742. (d) The threshold (red curve) and bistability boundaries (blue curves) determined by the external pump intensity
|Fα0 |2 as a function of the laser detuning σα0 . The dashed curves are for βTPA = 0. (e) The averaged intrawaveguide power of the
CCW in the steady state as a function of σα0 for |Fα0 |2 = 6|Aα0 |2th. Hysteresis arises in the yellow region σα0 < −γα0

√
3ρ(κ)/2 with

ρ(κ = 0.2236) = 1.84 (see Appendix B): the inset corresponds to an enlargement of the rectangular gray area where the discrete steps,
the signature of switching between soliton states, appear. The corresponding frequency combs at the points marked I–IV in (e) are,
respectively, shown in (f) the supercritical Turing pattern of the 40-FSR (355.2-GHz) repetition rate, (g) the supercritical Turing pattern
of the 41-FSR (363.3-GHz) repetition rate, (h) the soliton molecule of two pulses with a single-FSR (9.1-GHz) repetition rate, and
(i) the soliton pulse with a single-FSR repetition rate. All power quantities are given in decibel units relative to the threshold |Aα0 |2th,
while the detunings are in γα0 units.

structures for low-threshold comb generation. While the
factor V/Q also enters in the expression for the internal-
mode threshold of ring resonators [47–49], CCWs can
drastically decrease this minimal power in the slow-light
regime, i.e., for ng,α0 � √

ε. Such a structural effect allows
us to access the rich physics of DKSs in CCWs at much
lower powers than in their monolithic counterparts, even
in the presence of strong TPA, which is the main source
of nonlinear losses in silicon structures at telecom wave-
lengths [50,51]. It is worth emphasizing that since we are
not specifying any particular coupling architecture with
the external pump, we are referring to the internal-mode
threshold, which scales as 1/Q, and not to the external-
power threshold, which is found to scale as 1/Q2 for ring
resonators at critical coupling with the external source

[52]. While the latter is an important parameter to set
the excitation power in an experimental setup, the for-
mer quantity, also called the minimum intracavity power
for comb generation [46], gives the corresponding effec-
tive power into the specific normal mode of the system.
In Fig. 2(d), we plot the driven intensity |Fα0 |2 [Eq. (B1)
in Appendix B], in |Aα0 |2th units, evaluated at threshold
(continuous red lines) and at the bistability boundaries
(continuous blue curves), as a function of the laser detun-
ing σα0 = �0 − ωα0 in units of γα0 , where the dashed lines
are the corresponding curves for βTPA = 0. The effects of
TPA on the threshold are clearly seen in this plot; more-
over, the hysteresis region (where the system has bistable
states) is red shifted and the area between the bistabil-
ity boundaries is significantly reduced. Hence, the system
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needs to be pumped more strongly and the laser frequency
has to be further decreased to see Kerr frequency combs
and DKSs in the presence of TPA.

III. FREQUENCY-COMB AND DKS SOLUTIONS

In order to find the possible steady state solutions
determined by the nonlinear CCW dynamics, we carry
out a frequency scan at |Fα0 |2 = 6|Aα0 |2th in Fig. 2(d)
within the σα0/γα0 interval [−3, 1]. The dynamical non-
linear coupled-mode equations [see Eq. (A3) in Appendix
A] are thus propagated in time for each σα0 value
along this trajectory using an explicit Runge-Kutta inte-
grator and fast Fourier transform (see Ref. [53]) until
the steady state is reached (see the transient dynam-
ics in Ref. [54]). Our simulation takes into account the
momentum-dependent decay rate γα of the Bloch modes
and the initial condition of the integrator is a sharp Gaus-
sian pulse ψ(y, 0) = exp[−0.5(y/l)2], where ψ(y, t) =∑

αAα(t) eiσα t e−i(α−α0)y is the envelope function along the
CCW direction. The results of this analysis are presented in
Fig. 2(e), where we show the averaged waveguide power
in the steady state 〈|ψ s|2〉 = ∫

L |ψ s(y)|2 dy, in units of
threshold, as a function of the laser detuning. When the
laser frequency is red shifted, the intrawaveguide power
starts to increase until a clear series of discrete steps (see
the inset), which decrease the average power, are seen
in the yellow area, which corresponds to the region in
which there is hysteresis in the system and the soliton
solutions are expected to appear [11,55]. In fact, these
steps have been previously measured experimentally in
the transmission of nonlinear ring resonators and they are
associated with the formation of different soliton states
within the system, in excellent agreement with the pre-
dictions of the nonlinear coupled-mode equations and the
Lugiato-Lefever formalism [20]. In Figs. 2(f)–2(i), we
show the respective frequency combs at the four repre-
sentative points marked in Fig. 2(e). Figures 2(f) and 2(g)
display a sequence of primary combs separated by 40-FSR
and 41-FSR, respectively, which correspond to supercrit-
ical Turing patterns as they are excited above threshold.
In Figs. 2(h) and 2(i), both combs are subcritical (excited
right below threshold) with a single FSR spacing and they
are the signature of soliton complexes. Notably, because of
the presence of nontrivial high-order terms in the disper-
sion relation of the photonic crystal CCW, these frequency
combs have signatures of dispersive-wave formation or
soliton Cherenkov radiation at the linear phase-matching
condition ωα − [ωα0 + ζ1(α − α0)] = 0, where ζ1 repre-
sents the group velocity [25]. In particular, the dispersive
peak closest to the zero comb line is predicted to be around
aα � 1.63, which is in perfect agreement with our numeri-
cal simulations. The corresponding steady-state intensities
of the envelope functions are shown in Fig. 3. For states I
(40 FSR repetition rate) and II (41 FSR repetition rate), we

(a) I (b) II

(c) III (d) IV

FIG. 3. Steady-state envelope functions at the points marked
I–IV in Fig. 2(e). (a) The supercritical Turing pattern with 40
rolls. (b) The supercritical Turing pattern with 41 rolls. (c) The
soliton molecule of two pulses. (d) A single-soliton pulse. |ψ s|2,
given in units of the power threshold |Aα0 |2th.

see 40 and 41 Turing rolls, respectively, in agreement with
the Lugiato-Lefever theory of Kerr frequency combs in the
anomalous dispersion regime [55]. Moreover, for states III
and IV we clearly identify, respectively, a soliton molecule
composed of two pulses and a single-soliton pulse, prop-
agating along the waveguide direction while keeping their
shape and amplitude. It must be said that because these
soliton structures are subcritical (pumped below thresh-
old), they are extremely sensitive to the initial conditions
and, therefore, the system may follow different trajecto-
ries in Fig. 2(e) when slightly changing the Bloch-mode
amplitudes at t = 0 [20,55]. Furthermore, the character-
istic width of the soliton pulse is much smaller than the
waveguide length, thus ruling out finite-size effects in the
basis expansion. While the results presented in Fig. 2 are
strictly valid for a CCW system with periodic boundary
conditions, we still expect highly coherent combs in finite
waveguides where non-negligible corrections to the non-
linear interaction are predicted by the theory of frequency
combs in Fabry-Perot resonators [30]. Nevertheless, a rig-
orous quantitative analysis is beyond the scope of this
paper and will be the focus of future work.

Figure 4 shows the frequency spectrum of the DKS in
Fig. 3(d), where the unloaded modes (the normal modes of
the CCW) are represented by the vertical dashed lines. As
expected from energy conservation, the spectral lines are
equally spaced with a repetition rate of 9.1 GHz. Such rates
have previously been achieved in nonlinear ring resonators
of 7 mm diameter [56], in contrast to our system length
of approximately 277 μm. Note that the minimal external
power for comb generation may vary significantly, depend-
ing on the material, geometry, and, more importantly, the
coupling architecture with a bus waveguide [46]; however,
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FIG. 4. The frequency spectrum of the DKS in Fig. 3(d), where
the dashed vertical lines represent the normal modes of the
photonic crystal CCW. A small repetition rate of 9.1 GHz is
obtained.

this key result notably highlights the potential capabili-
ties of micrometer-scale low-threshold CCW systems to
generate low-rate frequency combs, which are desirable in
high-precision comb applications [11].

It is important to stress that the specific choice of pho-
tonic crystal CCWs is mainly motivated by their character-
istic diffraction-limited mode volumes [57], which play an
important role in decreasing the threshold power and the
final device size. Nevertheless, the results presented in this
section only rely on the dispersion relation of the CCW
and are therefore expected to hold for any CCW system,
e.g., coupled microrings, displaying anomalous dispersion
with, more generally, nth-neighbor coupling.

IV. CONCLUSIONS

In conclusion, we present results on Kerr frequency
combs and DKSs in CCWs where the main source of
nonlinear loses is given by TPA. We find that the internal-
mode threshold for comb generation depends on the main
CCW figures of merit, namely, the cavity volume, the
normal-mode quality factor, and the group index. While
TPA losses have the main effect of increasing the thresh-
old power and inducing a red shift in the optimal laser
detuning, structural slow-light plays an important role
in reducing the minimal power to trigger FWM phe-
nomena between the CCW normal modes, evidencing
the capabilities of CCW systems for low-threshold fre-
quency combs. Specifically, we demonstrate the possibil-
ity of DKSs in a realistic dispersion-engineered silicon
photonic crystal CCW at telecom wavelengths, where
highly complex combs are seen with signatures of soliton
Cherenkov radiation. Repetition rates of a few gigahertz
in an approximately 277-μm-length photonic crystal CCW
are obtained into the soliton regime, which are commonly

achieved in approximately 7-mm-size ring resonators,
thus demonstrating the potential of CCW systems for
high-precision comb applications in ultracompact devices.
Finally, although the spectral spanning of the combs gen-
erated in CCW is limited to the waveguide bandwidth,
our results open the way to Kerr-frequency-comb and
DKS generation via advanced dispersion engineering and
slow-light nonlinear enhancement.

APPENDIX A: NONLINEAR COUPLED-MODE
EQUATIONS

In order to derive a set of coupled-mode equations for
the CCW system, we expand the total field inside the
waveguide as

E(r, t) =
√

2l
ε0

∑

μ

Aμ(t) e−iωμt 1√
vμ

�Eμ(r)+ Eext e−i�0tê0,

(A1)

where l is the period of the CCW, Aμ(t) is the slowly
varying amplitude of the normal mode �Eμ(r) with eigen-
frequency ωμ (2πνμ) and group velocity vμ, and Eext is the
external field amplitude of the cw pump with frequency
�0, polarized along the ê0 direction. The expansion of
Eq. (A1) is introduced into the nondispersive and isotropic
Maxwell’s wave equation [58] with a nonlinear dielectric
function given by [59]

ε(r, |E|2) = ε(r)
{

1 + ε0c
[

n2(r)+ i
c

2ω0
βTPA(r)

]

|E|2
}

,

(A2)

where n2(r) and βTPA(r) denote the spatially dependent
Kerr and TPA coefficients, respectively, and ω0 is the
reference frequency at which n2 and βTPA are experi-
mentally measured. By explicitly assuming the slowly
varying amplitude approximation on Aμ (which allows us
to neglect the second time derivative Äμ(t) and to keep
only the Aμ(t) terms in the nonlinear contribution), a local
Kerr effect at the cavity level, identical single-mode cavi-
ties, periodic boundary conditions, and nonlinear strength
mainly determined by the frequency at which the non-
linear effect takes place [60], we arrive at the system of
coupled-mode equations (see Ref. [54])

Ḃα(t) = −
[γα

2
− iσα

]
Bα(t)

+ iGα0

∑

μη

Bμ(t)B∗
η(t)Bα+η−μ(t)+ γα

2
Fαδα,α0 ,

(A3)

where γα 	 ωα represents the overall losses of the α

mode. In Eq. (A3), the explicit time dependence has
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been removed by carrying out the transformation Bα(t) =
Aα(t) eiσα t, where the mode detuning, with respect to the
laser frequency �0, is defined as σα = �0 − ωα . More-
over, we have introduced the complex gain

Gα0 = gα0 + igTPA
α0

=
(

lωα0ng,α0n2

εVc

)

+ i
(

lcng,α0βTPA

2εVc

)

,

(A4)

where α0 is the CCW mode resonant with the cw pump,
ng,α0 is the group index at ωα0 , ε is the dielectric constant of
the nonlinear material, and Vc is the nonlinear cavity-mode
volume. The drive term of Eq. (A3) reads

Fα = i�2
0

ωαγα

√
ε0vα

2l
Eext

∫

l
ε(r) �E∗

α(r) · ê0 dV, (A5)

where L represents the total length of the waveguide, which
is equal to Ml for M cavities.

APPENDIX B: STABILITY AND THRESHOLD

The stability analysis of the stationary solutions Bs
α of

Eq. (A3), obtained by setting Ḃα(t) = 0, can be separated
into two main regimes: system below threshold and sys-
tem at threshold. When the system is below threshold, only
the pumped mode α0 is excited and the single amplitude
present in the steady state is Bs

α0
(or As

α0
), which is also

called the zero-order comb. Here, the relation between the
driven and internal-mode intensities is given by the cubic
equation

|Fα0 |2 =
(

1 + 4σ 2
α0

γ 2
α0

)

|Bs
α0

|2

+ 4
γα0

(
2gα0σα0

γα0

+ gTPA
α0

) [
|Bs
α0

|2
]2

+ 4|Gα0 |2
γ 2
α0

[
|Bs
α0

|2
]3

, (B1)

which displays hysteresis for σα0 < −γα0

√
3ρ(κ)/2,

with ρ(κ) = [(4
√

3 + 3κ)κ + 3]/[3(1 − 3κ2)] and κ =
gTPA

0 /g0 = cβTPA/(2n2ω0). The bistability boundaries
determined by Eq. (B1) are easily found by solving
∂|Fα0 |2/∂|Bs

α0
|2 = 0. On the other hand, when the system

is at threshold, side modes around Bs
α0

are also excited,
thus leading to comb generation. In order to find such a
threshold power, we first assume the system to be in the
trivial equilibrium, in which Bs

α0

= 0 and the two pairs

of modes fulfill Bs
±α′ = 0, with α′ = α − α0. Then, we

add a small time-dependent perturbation to this equilib-
rium state, i.e., Bα′(t) = Bs

α′δα′,0 + δBα′(t), and linearize
Eq. (A3) on δBα′(t) (see details in Ref. [54]). The min-
imum mode power that turns stable solutions of Eq. (A3)

into unstable ones, i.e., instability of the trivial equilibrium,
defines the internal threshold for the onset of side-mode
oscillations and is given (in watts) by

∣
∣Aα0

∣
∣2
th = ∣

∣Bα0

∣
∣2
th = γα0

2gα0

f (κ) = εVc

2lng,α0n2Qα0

f (κ),

(B2)

where Qα0 = ωα0/γα0 is the quality factor of the driven
CCW normal mode α0 and f (κ) = (

√
1 + κ2 + 2κ)/(1 −

3κ2). The function f (κ) depends on the material properties
only and displays the effects of TPA on frequency-comb
generation, as far as the threshold is concerned. In the
absence of TPA, f (κ = 0) = 1 and we recover exactly
the same mathematical expression for nonlinear ring res-
onators [48]. On the contrary, in the presence of TPA,
f (κ) > 1 and the minimum power required for comb gen-
eration is increased. By substituting Eq. (B2) into Eq. (B1),
it is easy to show that the absolute minimum driven inten-
sity to start a comb occurs at the optimal laser detuning

σ th
α0

= −γα0

2
f (κ), (B3)

where TPA induces a frequency red shift. Finally, the lin-
ear stability analysis of the system at threshold shows
the important role of dispersion on the instability of the
side-mode perturbations (see Ref. [54]): in order for the
cascaded FWM be efficient, the system must be pumped
where the dispersion is anomalous, i.e., d2ω/dα2 > 0.

[1] P. Del’Haye, A. Schliesser, O. Arcizet, T. Wilken, R.
Holzwarth, and T. J. Kippenberg, Optical frequency comb
generation from a monolithic microresonator, Nature 450,
1214 (2007).

[2] Ian Coddington, Nathan Newbury, and William Swann,
Dual-comb spectroscopy, Optica 3, 414 (2016).

[3] Nathalie Picqué and Theodor W. Hänsch, Frequency comb
spectroscopy, Nat. Photonics 13, 146 (2019).

[4] Pablo Marin-Palomo, Juned N. Kemal, Maxim Karpov,
Arne Kordts, Joerg Pfeifle, Martin H. P. Pfeiffer, Philipp
Trocha, Stefan Wolf, Victor Brasch, Miles H. Anderson,
Ralf Rosenberger, Kovendhan Vijayan, Wolfgang Freude,
Tobias J. Kippenberg, and Christian Koos, Microresonator-
based solitons for massively parallel coherent optical com-
munications, Nature 546, 274 (2017).

[5] P. Trocha, M. Karpov, D. Ganin, M. H. P. Pfeiffer, A.
Kordts, S. Wolf, J. Krockenberger, P. Marin-Palomo, C.
Weimann, S. Randel, W. Freude, T. J. Kippenberg, and
C. Koos, Ultrafast optical ranging using microresonator
soliton frequency combs, Science 359, 887 (2018).

[6] Daryl T. Spencer et al., An optical-frequency synthesizer
using integrated photonics, Nature 557, 81 (2018).

[7] Andrew J. Benedick, Guoqing Chang, Jonathan R. Birge,
Li-Jin Chen, Alexander G. Glenday, Chih-Hao Li, David F.
Phillips, Andrew Szentgyorgyi, Sylvain Korzennik, Gabor

064065-6

https://doi.org/10.1038/nature06401
https://doi.org/10.1364/OPTICA.3.000414
https://doi.org/10.1038/s41566-018-0347-5
https://doi.org/10.1038/nature22387
https://doi.org/10.1126/science.aao3924
https://doi.org/10.1038/s41586-018-0065-7


SLOW-LIGHT FREQUENCY COMBS AND DISSIPATIVE... PHYS. REV. APPLIED 12, 064065 (2019)

Furesz, Ronald L. Walsworth, and Franz X. Kärtner, Visible
wavelength astro-comb, Opt. Express 18, 19175 (2010).

[8] Ewelina Obrzud, Monica Rainer, Avet Harutyunyan, Miles
H. Anderson, Junqiu Liu, Michael Geiselmann, Bruno
Chazelas, Stefan Kundermann, Steve Lecomte, Massimo
Cecconi, Adriano Ghedina, Emilio Molinari, Francesco
Pepe, François Wildi, François Bouchy, Tobias J. Kippen-
berg, and Tobias Herr, A microphotonic astrocomb, Nat.
Photonics 13, 31 (2019).

[9] Ewelina Obrzud, Steve Lecomte, and Tobias Herr, Tempo-
ral solitons in microresonators driven by optical pulses, Nat.
Photonics 11, 600 (2017).

[10] T. J. Kippenberg, R. Holzwarth, and S. A. Diddams,
Microresonator-based optical frequency combs, Science
29, 555 (2011).

[11] Tobias J. Kippenberg, Alexander L. Gaeta, Michal Lipson,
and Michael L. Gorodetsky, Dissipative Kerr solitons in
optical microresonators, Science 361, 567 (2018).

[12] A. G. Vladimirov, S. V. Gurevich, and M. Tlidi, Effect of
Cherenkov radiation on localized-state interaction, Phys.
Rev. A 97, 013816 (2018).

[13] Pedro Parra-Rivas, Damia Gomila, Pere Colet, and Lendert
Gelens, Interaction of solitons and the formation of bound
states in the generalized Lugiato-Lefever equation, Eur.
Phys. J. D 71, 198 (2017).

[14] Carles Milián, Yaroslav V. Kartashov, Dmitry V. Skryabin,
and Lluis Torner, Clusters of Cavity Solitons Bounded by
Conical Radiation, Phys. Rev. Lett. 121, 103903 (2018).

[15] Mengjie Yu, Jae K. Jang, Yoshitomo Okawachi, Austin G.
Griffith, Kevin Luke, Steven A. Miller, Xingchen Ji Michal
Lipson, and Alexander L. Gaeta, Breather soliton dynamics
in microresonators, Nat Commun. 8, 14569 (2017).

[16] E. Lucas, M. Karpov, H. Guo, M. L. Gorodetsky, and
T. J. Kippenberg, Breathing dissipative solitons in optical
microresonators, Nat Commun. 8, 736 (2017).

[17] Hairun Guo, Erwan Lucas, Martin H. P. Pfeiffer, Maxim
Karpov, Miles Anderson, Junqiu Liu, Michael Geisel-
mann, John D. Jost, and Tobias J. Kippenberg, Intermode
Breather Solitons in Optical Microresonators, Phys. Rev. X
7, 041055 (2017).

[18] Daniel C. Cole, Erin S. Lamb, Pascal Del’Haye, Scott
A. Diddams, and Scott B. Papp, Soliton crystals in Kerr
resonators, Nat. Photonics 11, 671 (2017).

[19] Maxim Karpov, Martin H. P. Pfeiffer, Hairun Guo, Wenle
Weng, Junqiu Liu, and Tobias J. Kippenberg, Dynamics of
soliton crystals in optical microresonators, Nat. Phys. 15,
1071 (2019).

[20] T. Herr, V. Brasch, J. D. Jost, C. Y. Wang, N. M. Kondratiev,
M. L. Gorodetsky, and T. J. Kippenberg, Temporal solitons
in optical microresonators, Nat. Photonics 8, 145 (2014).

[21] Alexander L. Gaeta, Michal Lipson, and Tobias J. Kippen-
berg, Photonic-chip-based frequency combs, Nat. Photon-
ics 13, 158 (2019).

[22] Stéphane Coen, Hamish G. Randle, Thibaut Sylvestre,
and Miro Erkintalo, Modeling of octave-spanning Kerr
frequency combs using a generalized mean-field Lugiato-
Lefever model, Opt. Lett. 38, 37 (2013).

[23] C. Milián and D. V. Skryabin, Soliton families and resonant
radiation in a micro-ring resonator near zero group-velocity
dispersion, Opt. Express 22, 3732 (2014).

[24] Pedro Parra-Rivas, Damià Gomila, François Leo, Stéphane
Coen, and Lendert Gelens, Third-order chromatic disper-
sion stabilizes Kerr frequency combs, Opt. Lett. 39, 2971
(2014).

[25] V. Brasch, M. Geiselmann, T. Herr, G. Lihachev, M. H.
P. Pfeiffer, M. L. Gorodetsky, and T. J. Kippenberg, Pho-
tonic chip–based optical frequency comb using soliton
Cherenkov radiation, Science 351, 357 (2016).

[26] Mark A. Foster, Amy C. Turner, Jay E. Sharping, Bradley
S. Schmidt, Michal Lipson, and Alexander L. Gaeta, Broad-
band optical parametric gain on a silicon photonic chip,
Nature 441, 960 (2006).

[27] Lin Zhang, Chengying Bao, Vivek Singh, Jianwei Mu
Changxi Yang, Anuradha M. Agarwal, Lionel C. Kimer-
ling, and Jurgen Michel, Generation of two-cycle pulses
and octave-spanning frequency combs in a dispersion-
flattened micro-resonator, Opt. Lett. 38, 5122 (2013).

[28] Yoshitomo Okawachi, Michael R. E. Lamont, Kevin Luke,
Daniel O. Carvalho, Mengjie Yu Michal Lipson, and
Alexander L. Gaeta, Bandwidth shaping of microresonator-
based frequency combs via dispersion engineering, Opt.
Lett. 39, 3535 (2014).

[29] Ivan S. Grudinin and Nan Yu, Dispersion engineering of
crystalline resonators via microstructuring, Optica 2, 221
(2015).

[30] Daniel C. Cole, Alessandra Gatti, Scott B. Papp, Franco
Prati, and Luigi Lugiato, Theory of Kerr frequency combs
in Fabry-Perot resonators, Phys. Rev. A 98, 013831
(2018).

[31] Su-Peng Yu Hojoong Jung, Travis C. Briles, Srinivasan
Kartik, and Scott B. Papp, Photonic-crystal-reflector nano-
resonators for Kerr-frequency combs, arXiv:1904.07289.

[32] Amnon Yariv, Yong Xu, Reginald K. Lee, and Axel
Scherer, Coupled-resonator optical waveguide: A proposal
and analysis, Opt. Lett. 24, 711 (1999).
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