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Thermodynamic properties, in particular, the temperature dependencies of magnetization of asymmet-
rically sandwiched ultrathin cobalt films with perpendicular anisotropy are investigated. The experimental
results are described theoretically in the frame of magnon thermodynamics consistently accounting for
the finite thickness of the films. The analysis includes both three-dimensional (Bloch’s T3/2 law) and
two-dimensional (the 2D Bloch law) theories as limiting cases. By fitting the experimental temperature
dependencies of magnetization to the theoretical model, the exchange stiffness parameter is extracted.
This approach provides access to the exchange stiffness without the need to know the strength of the
Dzyaloshinskii-Moriya interaction in the stack. The exchange stiffness of sub-nm-thick Co films is found
to be about three times smaller compared to the case of bulk cobalt. In the temperature range T < 170 ± 30
K the temperature dependencies of magnetization follow the 2D Bloch law. The applicability of Bloch’s
T3/2 law and analysis of the Curie temperature (two-dimensional and three-dimensional pictures) to extract
the exchange stiffness for sub-nm-thick Co films are tested as well. The closest value of the exchange stiff-
ness to the magnon thermodynamics turned out to be within the analysis of the Curie temperature in the
three-dimensional picture.
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I. INTRODUCTION

Ultrathin magnetic films resemble a versatile play-
ground to study fundamentals of low-dimensional mag-
netism including the possibility to observe a crossover
between three-dimensional (3D) and two-dimensional
(2D) behavior. Recently, the focus was shifted to
asymmetrically sandwiched ferromagnetic ultrathin films
with perpendicular magnetic anisotropy and interface-
induced Dzyaloshinskii-Moriya interaction (DMI), which
can support chiral magnetic textures including magnetic
skyrmions [1–3], skyrmion bubbles [4], or chiral mag-
netic domain walls [5]. These objects promise to become
new fundamental units for logic and memory devices.
The performance of these devices, e.g., storage density
and the operation speed is determined by the physical
nature of the specific type of the chiral object. This, in
turn, imposes stringent requirements on the functional
magnetic layer whose micromagnetic properties should
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be precisely known to identify the type of the chiral
object of being either skyrmion or skyrmion bubble. The
type of the chiral object is determined by the micromag-
netic parameters of the material, i.e., saturation magneti-
zation, anisotropy energy, exchange parameter, and DMI
strength. Major advances were achieved by demonstrat-
ing room-temperature skyrmions and skyrmion bubbles in
asymmetrically sandwiched Co thin films featuring
interface-induced DMI [6,7]. The type of magnetic object,
its fundamental properties (like size and mobility) as well
as its responses to external stimuli are given by the intrin-
sic magnetic parameters. Given the extreme thinness of
the Co layer typically below 1 nm, the micromagnetic
parameters of these technologically relevant asymmetric
ferromagnetic sandwiches differ substantially compared
to their respective bulk values. While magnetization and
anisotropy can be determined from regular integral mea-
surements, the exchange stiffness as well as the DMI
constant are more difficult to be measured. One of the chal-
lenges is that these two parameters are often interlinked
and the determination of one of them implies the precise
knowledge of the other one.
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The exchange stiffness, A, can be extracted from
the spin-wave dispersion law. However, surface-sensitive
techniques for analyzing the spin-wave dispersion, such
as inelastic scanning tunneling spectroscopy [8], spin-
polarized electron-energy-loss spectroscopy [9] can hardly
be used for magnetic sandwiches, where the magnetic
film is covered with functional layers. In ultrathin mag-
netic films with perpendicular magnetic anisotropy A
can be deduced from the spectroscopy of electrically
pumped spin waves in circular magnetic tunnel-junction
nanopillars [10]. Techniques, based on neutron scatter-
ing [11], magneto-optical measurements [12,13], inelastic
x-ray scattering [14], Brillouin light scattering [15], and
broadband ferromagnetic resonance using inductive meth-
ods [16,17] are successfully applied to study thin films
but still possess difficulties in determining exchange stiff-
ness of ultrathin films. Methods, based on the analysis of
magnetic domain patterns require the knowledge of the
DMI constant and are also sensitive to the presence of the
structural disorder [18–21]. For 3D samples, the exchange
stiffness is often determined through the analysis of the
temperature dependence of magnetization within the spin-
wave approach, where Bloch’s T3/2 law is well established.
However, for ultrathin films the thermal dependence of the
magnetization is very sensitive to the range of the interac-
tions, size, and shape of the system [22–26], which have
to be taken into account. The investigation of the ther-
modynamic properties of low-dimensional magnets allows
for the determination of the intrinsic parameters, which
are hard to measure by standard methods, typically appli-
cable for thicker magnetic films. This ambiguity in the
value of the exchange parameter has severe consequences
on the experimentally deduced DMI strength especially
when relying on the widely used quasistatic approaches,
e.g., based on the analysis of the asymmetric domain-
wall growth studied using Kerr microscopy measurements.
This deficiency limits the possibility to compare the data
reported by different groups even if it is taken for the
nominally same magnetic system.

Here, the results of the theoretical and experimental
analysis of ultrathin Co films with asymmetric interfaces
(one heavy metal, Pt, and one nonmagnetic metal oxide,
CrOx) are reported. The temperature dependencies of the
magnetization are measured and analyzed theoretically
based on the magnon-gas approach applied to magnetic
films of finite thickness (in the following refereed to as the
rigorous approach). The best fit to the experimental data
up to room temperature is obtained within a quasi-two-
dimensional model, accounting for the lowest transversal
spin-wave mode. The 2D Bloch law is applicable as well
but only in the limited temperature range of T < 170 ± 30
K. At the same time, fitting the experimental data to
Bloch’s T3/2 law provides a twice smaller value of the
exchange stiffness compared to the rigorous approach. The
analysis of the Curie temperature (2D and 3D pictures) to

extract the exchange stiffness for sub-nm-thick Co films
are tested to extract the exchange stiffness as well. The
closest value of the exchange stiffness to the rigorous
approach turned out to be within the analysis of the Curie
temperature in the 3D picture.

II. THERMODYNAMIC MODEL

The energy density of asymmetrically sandwiched ultra-
thin ferromagnetic films with perpendicular anisotropy and
interface-induced DMI writes as Ref. [27]

E = A(∇m)2 − Km2
z + D[mz div m − (m · ∇)mz], (1)

where A is the exchange stiffness, m = M/M is a unit
magnetization vector, M = |M| is a modulus of the mag-
netization, K is a constant of the effective easy-axis
anisotropy (including the demagnetizing field effects in
the local approximation), D is the DMI constant and
the z axis is perpendicular to the sample plane. For the
theoretical description, a thermodynamic model is con-
structed based on the approach of a noninteracting magnon
gas. Note, both nonlinear (solitons) [28,29] and linear
(magnons) excitations could contribute to the physics of
low-dimensional magnets. However, the solitonic contri-
bution can be safely excluded for sub-nm-thick magnetic
films. Indeed, solitonic excitations in a one-monolayer-
thick film have an energy of the order of the exchange
integral per one atomic plane. Hence, for ultrathin films
containing several planes, their energies are too high to
be excited at temperatures lower than the Curie tempera-
ture. Thus, only the magnon thermodynamics are an ade-
quate approach for the calculation of the thermodynamical
parameters of such samples.

Asymmetrically sandwiched ultrathin ferromagnetic
films with perpendicular anisotropy typically possess
strong surface-induced DMI [30–32]. The DMI-induced
effective magnetic field is HDMI = (2D/M )(∂mz/∂x;
∂mz/∂y; −div m). In the case, when the magnetization is
perpendicular to the sample plane, only nonlinear correc-
tions of the amplitude of spin waves enter the Landau-
Lifshitzh equation. These nonlinear corrections can be
neglected when describing dynamics of spin waves with
small amplitudes (mx ∼ my � 1).

For sufficiently low temperatures, the change of mag-
netization with temperature can be calculated through
the magnon density 〈n〉 as follows [33–35]: �M (T) =
M (0) − M (T) = gμB 〈n〉 /LxLyt, where g is the Landé
factor, 〈n〉 = ∑

k nk is the average number of magnons
in the sample, k is a wave vector (k = |k|), nk =
1/ {exp[�ω(k)/(kBT)] − 1} is the magnon occupation
number, T is the temperature, ω(k) describes the magnon
dispersion law, kB is the Boltzmann constant, Lx and Ly
denote the lateral size of the sample, and t is thickness of
the ferromagnetic layer. The summation is performed over
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all magnon eigenstates within the first Brillouin zone. The
electron spin is assumed to be the only source of mag-
netic moment in ultrathin ferromagnetic films. Further-
more, sufficiently low temperatures are considered, such
that excitations of magnons at the edge of the first Bril-
louin zone, where the dispersion law is not parabolic, can
be neglected. Thus, for the chosen geometry with M per-
pendicular to the sample plane, the dispersion law has no
contribution from the DMI and in the long-wave approxi-
mation is parabolic ω(k) = ω0 + 2γ (A/M )k2, where ω0 is
a gap in the magnon spectrum, γ is the gyromagnetic ratio.
For the modeling of the spin-wave spectra of the samples
free-boundary conditions are used. For free boundary the
homogeneous ferromagnetic resonance mode with the fre-
quency ω0 exists. Then the set of wave vectors of magnon
eigenstates is ki = πni/Li, with ni = 0, 1, 2, . . . , Ni − 1,
where i = {x, y, z} (here Lz = t) and Ni is the number of
magnetic layers along the ith axis. For small t of the order
of a few monolayers, the sample supports only a few
transversal eigenmodes. Thus, for a consistent description
of the thermodynamics of ultrathin films, it is convenient
to present the temperature change of the magnetization as
a sum over these transversal modes,

�M = M (0) − M (T) =
∑

nz

�Mnz , (2)

where �Mnz is a contribution to �M of magnon states
within the branch of fixed nz in a reciprocal space. �M0
is responsible for the strict 2D behavior, �M1, �M2 . . .

determine effects of non-two-dimensionality. A relative
contribution of the transversal modes with (nz � 1) to 〈n〉
can be considered as a rate of deviation of the magnetic
properties of the film from the strict 2D behavior. The
lateral size of the samples are of the order of millime-
ters. Therefore, when estimating �Mnz , the summation
can be replaced by integration. The spectral density of
magnon states within the plane with fixed nz is expressed
by D = LxLyM/(8πγ A), which is independent of ω and
nz. Then, the analytical expression for �Mnz can be written
as follows:

�Mnz = μBM
4πγ At

kBT
�

ln
[

exp(�ωnz/kBT)

exp(�ωnz/kBT) − 1

]
. (3)

Here, ωnz = ω(π nz/t) is the lowest frequency within the
nzth branch. For sufficiently thick films, �M converges to
Bloch’s T3/2 law (3D case, Appendix A)

�M3D = 2μB × 0.0587 ×
(

kBTM
2γ�A

)3/2

. (4)

The temperature at which �Mnz gives a considerable
contribution can be defined as Tnz = �ωnz/kB. The activa-
tion temperature of the gap T0 is of the order of several

kelvin. For T < T1, the terms with n � 1 in Eq. (2) can be
neglected and for T > T0, �M is reduced to the 2D Bloch
law [35,36]

�M0 = μBM
4πγ At

kBT
�

ln
[

kBT
�ω0

]
(5)

and the system can be considered as strictly two dimen-
sional. It should be noted that when ω0 → 0, the density
of magnons with small wave vectors diverges and thus,
�M0 diverges [33]. This divergence is a consequence of
the Mermin-Wagner theorem known for isotropic two-
dimensional ferromagnets [36]. For higher branches �Mnz
remains finite even for ω0 → 0. The activation tempera-
ture Tnz increases with nz. Thus, the strongest contribution
is given by �M0 while �Mnz decreases for higher nz. For
T � T0, �M0 depends almost linearly on T.

The numerical modeling of �M at fixed exchange stiff-
ness demonstrates that �M is a monotonically decaying
function of the film thickness. For a monolayer magnetic
film �M is equal to the 2D Bloch law. For sufficiently
large film thickness �M converges to Bloch’s T3/2 law.
This decay of �M is consistent with the fact that, accord-
ing to the Mermin-Wagner theorem, 3D ferromagnets are
more stable against thermal fluctuations than 2D ferromag-
nets.

III. EXPERIMENTAL VALIDATION

To validate the developed theory, a series of asymmet-
ric Co sandwiches is fabricated by magnetron sputtering
(argon sputter pressure of 10−3 mbar) at room temper-
ature on thermally oxidized Si wafers. The layer stack
consists of //CrOx(5 nm)/Co(t = 0.6, 0.7, 0.8, 0.9 nm)/Pt(2
nm) trilayers. The methodology for measuring the film
thickness is as follows. First, the deposition rate for each
deposited material is calibrated. For doing this, thin films
of a certain thickness are deposited and the time required
for the deposition is noted. The final deposited thickness
is calibrated using x-ray reflectivity measurements. The
deposition rate is calculated by knowing the measured
thickness and respective deposition time. The calibrated
deposition rate is then consistently used to prepare all sam-
ples from the series. The samples are characterized using
transport and integral magnetometry to determine the tem-
perature dependence of the magnetization M (T) in the
range from 5 to 400 K. By measuring hard-axis hysteresis
loops, the effective anisotropy field HK (accounting for the
shape anisotropy) at room temperature can be accessed. All
samples demonstrate strong perpendicular anisotropy with
out-of-plane easy axis of magnetization [Fig. 1(a)] and
sizeable DMI [21]. The M (T) dependencies of these sam-
ples are presented in Fig. 1(b). Within the theory of critical
phenomena the M (T) dependencies for temperatures close
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FIG. 1. (a) Magnetic hysteresis loops of //CrOx/Co(t)/Pt sam-
ples measured at 300 K with the external magnetic field applied
along the easy (out-of-plane) and hard (in-plane) axis. (b)
Temperature dependence of the magnetization, M (T). Symbols
denote experimental data. Solid lines are fits according to Eq.
(2), i.e., the rigorous approach, “Rig. appr.”. Dotted lines are fits
to Bloch’s T3/2 law [Eq. (4)].

to TC follow the universal law [37]

M (T) = M (0)

(
1 − T

TC

)β

, (6)

where β is the critical exponent. There are two fitting
parameters, TC and β. Only for the sample with 0.6-nm
Co thickness the Curie temperature lies within the acces-
sible measurement range of 400 K. For this sample the
theory of critical phenomena can therefore be applied rig-
orously. For the other samples with t > 0.6 nm, TC is
outside the measured region. Still, for the estimation of TC,
the same procedure is used where the analytical expres-
sion M (T) is matched to the experimental data at T =
400 K. The corresponding estimations of TC are marked
with ∗ in Table I, which also contains the information on
the thickness dependence of the saturation magnetization
and effective anisotropy field.

Furthermore, by performing X-band ferromagnetic res-
onance (FMR) cavity measurements, it is demonstrated
that the minimal frequency, which is realized in the sys-
tem, corresponds to the ferromagnetic resonance mode
ω0 = γ (μ0HK) (Appendix B). For the specific calcula-
tions the gyromagnetic ratio γ = 1.63 × 1011 rad/(sT)

TABLE I. Experimentally determined magnetic parameters of
//CrOx/Co(t)/Pt samples. The Curie temperatures TC of the sam-
ple with t = 0.6 nm is determined within the theory of criti-
cal phenomena. For other samples, the TC is estimated within
the same model (indicated with ∗). For comparison, the Curie
temperature of bulk Co is Tb

C = 1394 K.

t (nm) M (0) (MA/m) HK (MA/m) TC (K)

0.6 1.15 0.84 385
0.7 1.31 0.76 440∗
0.8 1.37 0.70 479∗
0.9 1.45 0.40 530∗

is taken (Appendix B). Hence, the zero-field reso-
nance frequency can be calculated using the experimen-
tally measured effective anisotropy field ω0 = γ (μ0HK)

(ω0 = 1.72 × 1011, 1.56 × 1011, 1.43 × 1011, and 0.82 ×
1011 rad/s for film thicknesses t = 0.6, 0.7, 0.8, and 0.9
nm, respectively).

The developed thermodynamical model based on the
spin-wave approach is applied for the description of
the experimentally measured temperature dependencies of
magnetization of //CrOx/Co(t)/Pt films, Fig. 1(b). For the
modeling of the samples with t = 0.6, 0.7, 0.8, 0.9 nm, the
number of magnetic monolayers is Nz = 4, 5, 6, 7, respec-
tively. The best fit is performed to the experimental data in
the temperature range of up to 200 K. In this range, the
amplitudes of spin waves are small and the approxima-
tion of a noninteracting magnon gas is valid. The values
of the magnon gap are taken from the calculated val-
ues ω0 = γ (μ0HK). The exchange stiffness A is the only
fitting parameter of the model. The result of this fitting
procedure is presented in Fig. 1(b) by solid lines. Almost
up to room temperature, the theory matches the experi-
mental data. The values of A, corresponding to the best-fit
procedure, are summarized in Table II in the column indi-
cated as “Rig. appr.”.In line with previous studies [10,26],
a substantial reduction of A is found with the decrease
of the film thickness compared to bulk cobalt (Ab ≈ 16
pJ/m). For the obtained values of A, the activation temper-
ature for the mode with nz = 1 is T1 ≈ 170 ± 30 K (for
higher modes Tnz is higher than TC). Therefore, practi-
cally, only two modes, M0 and M1, are relevant for the
case of //CrOx(5 nm)/Co(0.6 − 0.9 nm)/Pt(2 nm) sam-
ples. The comparison of the experimental and theoretical
�M dependencies (Fig. 2) reveals that the accuracy of
the fit increases when accounting for transversal modes,
especially for thicker samples. For T < T1 the contribu-
tion of the transversal modes can be neglected. However,
for higher temperatures, the relative contribution of �M1
increases and reaches about 7%–15% at room temper-
ature. The discussion of the impact of the temperature
dependence of the exchange stiffness on the fitting of the
experimental M (T) data is presented in Appendix C.
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TABLE II. Estimation of the exchange stiffness A based on
different approaches: rigorous approach, Bloch’s T3/2 law and
the Curie temperature TC within the 3D and 2D pictures. Note,
the estimation of A from TC within the 2D picture is performed
within a model of a single atomic layer with a square spin lattice.
For an fcc structure these estimations should be multiplied by
about 3. For comparison, the exchange stiffness of bulk cobalt,
Ab ≈ 16 pJ/m.

t (nm) A (pJ/m)

Rig. appr. Bloch’s T3/2 law TC (3D) TC (2D)

0.6 6.3 2.9 4.4 8.3
0.7 6.9 3.4 5.0 10.6
0.8 7.3 3.8 5.4 11.9
0.9 6.8 3.7 6.0 14.7

In the following, the applicability of Bloch’s T3/2 law to
estimate A in //CrOx(5 nm)/Co(0.6 − 0.9 nm)/Pt(2 nm) tri-
layers is tested. The fitting procedure is performed within
the same temperature range, as for the case of the rigor-
ous approach. The extracted values of A are presented in
Table II in the column indicated as “Bloch’s T3/2 law”. The
exchange stiffness A is found to be about twice smaller than
within the rigorous approach. Numerically calculated tem-
perature dependencies, obtained based on Bloch’s T3/2 law
are presented in Figs. 1(b) and 2. Bloch’s T3/2 law provides
a worse description of the experimental data compared to
the rigorous approach. To understand this reduction of A
we note that Bloch’s T3/2 law gives a smaller value of
the change of magnetization (�M3D) than �M calculated
within the rigorous approach of films with finite thick-
ness. Thus, to compensate for the larger experimentally

observed value of �M , the model effectively reduces the
exchange stiffness.

The exchange stiffness can be evaluated from its cor-
relation to the Curie temperature, TC. Two limiting cases
are considered, i.e., specific for 3D and 2D systems. For
the 3D picture in the first approximation A is proportional
to TC. The proportionality coefficient depends on a spe-
cific system and requires elaborate calculations. For the
estimation of A in //CrOx(5 nm)/Co(0.6 − 0.9 nm)/Pt(2
nm) trilayers, the same value of the proportionality coef-
ficient as for bulk Co is used. For known Ab and the
Curie temperature of bulk Co (Tb

C = 1394 K), the thick-
ness scaling of the exchange parameter can be written
as A(t) = AbTC(t)/Tb

C, where TC(t) is the Curie tempera-
ture measured for the sample with the Co thickness t. The
results are presented in Table II in the column indicated
“TC (3D)”. The estimates of A are in reasonable agree-
ment with the rigorous approach. Within the 2D picture,
the exchange integral J [exchange energy between two
spins S1, S2 is defined as −2J (S1S2)] can be found from
the relation between the Curie temperature and param-
eters of a one-monolayer-thick ferromagnetic film with
perpendicular anisotropy [38]

kBTC = 4π(S + 1)

3
2JS

ln(4π2JS/�ω0)
. (7)

The effective spin per atom S is estimated assuming an
fcc lattice with a nearest distance between atoms a = 0.25
nm (as in bulk Co) from the relation M (0) = √

2μBS/a3.
The result of this estimation is presented in Table III (col-
umn indicated “S”). S increases for thicker films and for
the sample with t = 0.9 nm is about 8% lower than the
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FIG. 2. Experimental (symbols) and theoretical (lines) temperature dependencies of �M for different film thicknesses. �M is plotted
following the rigorous approach.
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TABLE III. Estimation of the exchange integral J and effective spin per atom S. For comparison, the exchange integral and spin of
bulk cobalt, J b/kB ≈ 155 K, Sb ≈ 0.86.

t (nm) S J/kB (K)

Rig. appr. Bloch’s T3/2 law TC (3D) TC (2D)

0.6 0.63 99 45 69 371
0.7 0.72 83 40 60 364
0.8 0.75 81 42 60 378
0.9 0.79 68 37 60 421

bulk value Sb ≈ 0.86. For the known TC, ω0, and S, the
computed values of J are presented in Table III [col-
umn indicated “TC (2D)”] and are about 2.5 times larger
than in bulk Co, J b/kB ≈ 155 K [39]. To recalculate this
parameter in A [40], a square spin lattice with a lattice
constant a = 0.25 nm is assumed. The calculated values
of A ≈ JS2/a are found to be about twice higher than
within the rigorous approach but lower than in bulk Co
[Table II, column indicated “TC (2D)”]. However, as the
samples have several atomic layers, the number of near-
est spins is higher than in the case of a single atomic layer.
Consequently, A is expected to increase. For example, sup-
posing an fcc structure, A increases by 2

√
2 (about three)

times and becomes about two times larger than for bulk
Co. This overestimate of A and J is a consequence of
the fact that two-dimensional ferromagnets are less stable
against thermal fluctuations than three-dimensional ferro-
magnets. Therefore, a larger value of A (stronger exchange
interaction J ) is required to support the ferromagnetic
order.

It is instructive to estimate the exchange integral relying
on the obtained data for the exchange stiffness (Table II)
within the rigorous approach, Bloch’s T3/2 law, and the
Curie temperature TC within the 3D picture. Assuming
an fcc lattice and accounting for the nearest spins only,
J is computed from the relation A = 2

√
2JS2/a, where

A is taken from Table II and S is taken from Table III.
The result of this estimation is presented in Table III. The
exchange integral deduced from the rigorous approach is
about twice smaller than in bulk Co. Analogously to the
exchange stiffness, the closest value of the exchange inte-
gral to the rigorous approach turned out to be within the
analysis of the Curie temperature in the three-dimensional
picture.

IV. CONCLUSIONS

The thermodynamic model of the //CrOx(5 nm)/Co(t =
0.6, 0.7, 0.8, 0.9 nm)/Pt(2 nm) system is developed within
the spin-wave approach, which consistently accounts for
effects of non-two-dimensionality. For temperatures T <

170 ± 30 K the temperature dependencies of the mag-
netization of the samples can be described well by the
two-dimensional system (the term �M0). Accounting for

the transversal modes allows to fit the experimental data
almost up to room temperature. However, only the lowest
transversal mode �M1 is relevant for the investigated sam-
ples and at room temperature its contribution is 7%–15%.
For perpendicularly magnetized ultrathin ferromagnetic
films interface-induced DMI has no influence on the mag-
netization temperature dependencies. Therefore, the fit of
the M (T) dependencies allows extraction of the important
internal magnetic parameter, i.e., the exchange stiffness,
without the need to know the DMI constant. The values
of A extracted relying on the rigorous approach are about
three times smaller compared to the bulk Co value. The
2D Bloch law can also be used for the determination of
A. In this case, the fitting procedure should be performed
in the temperature range T < T1 (�M contains only a
single-term �M0). The exchange stiffness extracted from
the 2D Bloch law, in this case, is practically the same as
from the rigorous approach (the difference of A is about
5%–10%). The prediction of the exchange stiffness based
on Bloch’s T3/2 law is about twice smaller than the result
of the rigorous approach. The estimation of A from the
Curie temperature within the 2D picture is sensitive to a
specific model and overestimates values of the exchange
stiffness (about two–six times) compared to the rigorous
model. Very similar estimates for the exchange stiffness to
the rigorous model are obtained based on the measurement
of the Curie temperature of the ultrathin samples yet tak-
ing the proportionality coefficient in the scaling law as for
bulk Co.

It is demonstrated that magnon thermodynamics can
be successfully applied to access the exchange stiffness
of technologically relevant ultrathin sandwiches featuring
chiral magnetic interactions. The practical relevance for
the thin-film magnetism community if far reaching. The
developed approach enables the estimation of the exchange
stiffness based on the technically simplistic measurement
of the Curie temperature. Although demonstrated on the
specific example of //CrOx/Co/Pt trilayer stacks, the devel-
oped methodology is readily applicable to other systems
independent of the layer stack. The important feature of the
method is its applicability for the investigation of the thin
films even with rather rough surfaces and high damping,
where the methods based on dynamical approaches typi-
cally account difficulties. This versatility and simplicity of
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the proposed approach suggests that the method has the
potential to become a standard characterization tool in the
community working in thin-film chiral magnetism.

Furthermore, the simple yet robust approach in the
determination of the exchange stiffness is crucial not
only for the experimental community. The exchange stiff-
ness enters as the key parameter in all micromagnetic
properties, including domain-wall width, period of the
Dzyaloshinskii spiral, characteristic magnetic length. The
determined exchange parameter of being about three times
smaller compared to the bulk value has severe physical
consequences both in statics and dynamics of magnetic
textures. In combination with the rather strong magnetic
anisotropy, this leads to a rather small characteristic length
in this material of about 3 nm only. This suggests that
the localized textures supported in these films can be
extremely small of less than 10 nm. This is in stark con-
trast to the typical estimations in the community that the
typical domain-wall width in Co/Pt-based systems is in
the range of 20 nm. The smallness of the characteris-
tic length is crucial as it potentially allows for large area
density of skyrmion-based racetrack memory. From the
point of view of magnetization dynamics, these thin films
should exhibit higher viscosity for the motion of magnetic

textures. Therefore, the possibility to assess this parame-
ter is useful for the community working on the theory and
micromagnetism of chiral magnetic textures in ultrathin
asymmetrically sandwiched ferromagnetic films.
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APPENDIX A: CONVERGENCE TO BLOCH’S
T3/2 LAW

For sufficiently large film thicknesses, the sum in the
expression for �M can be replaced by an integral �M =

(a)

(b)

(c)

FIG. 3. (a) X-band FMR inten-
sity map (derivative of absorption
signal) of the angular dependence
for the five Co thicknesses
measured at f = 9.4 GHz. The
position of the resonances agree
with the calculations (red lines)
based on the anisotropy fields HK
taken from the hysteresis loops.
(b) Calculated frequency-field
dependences of the resonances
for various polar angles for the
//CrOx/1.0 nm Co/Pt trilayer. (c)
Frequency-field dependencies for
all samples at θ = 0◦ and 90◦.
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∫ ∞
0 D1D�M (ω)dω, where D1D = t

2
√

2π

√
M

γ Aω
is a one-

dimensional spectral density of �Mnz states. Integrating by
parts, we restore Bloch’s T3/2 law [Eq. (4)].

APPENDIX B: FMR CHARACTERIZATION

Due to the low-amplitude and broad-line-width reso-
nance signals of the samples, the FMR is measured using
an X-band cavity at f = 9.4 GHz rather than using a
broadband setup. The detected signals are only of the order
of the O2-resonance line from the surrounding air that is
also detected by the cavity. Figure 3(a) maps the FMR
absorption intensity on the external field and polar angle θ

for the five different Co thicknesses. Resonances are only
visible within a narrow angular range of up to ±15◦ around
the hard axis. Figures 3(b) and 3(c) illustrate this feature.
Figure 3(b) shows the calculated frequency-field depen-
dencies of the //CrOx/Co(1.0 nm)/Pt sample for several
polar angles. The curves are calculated using Kittel’s res-
onance equation, [41], i.e., for the field parallel to the easy
axis, (θ = 0◦):

fres = γμ0

2π
(Hext + Meff) , (B1)

and for the field perpendicular to the easy axis (θ = 90◦):

fres = γμ0

2π

√
M 2

eff − H 2
ext, for Hext < Meff, (B2)

fres = γμ0

2π

√
Hext(Hext − Meff), for Hext > Meff. (B3)

The effective magnetization μ0Meff (anisotropy field) is
obtained from the hard-axis loops. The horizontal dashed
line denotes the FMR excitation frequency. Intersections,
i.e., resonances, only exist for angles of about 80–90◦. For
the thinner samples, as depicted in Fig. 3(c), the zero-field
resonance frequency increases to above 30 GHz for the
thinnest sample. This shrinks down the angular range of
possible resonances and shifts the resonances to higher res-
onance fields, as can be seen from the FMR maps. There
are two intersections at θ = 90◦, which correspond to the
so-called unaligned resonance mode at lower fields (when
Hext < Meff) and the uniform resonance mode at higher
fields (when Hext > Meff). In the color maps they make up
the black and white lobes. For the thin samples the over-
lap of the resonances with the oxygen resonances makes
it impossible to retrieve an independent fit of the effective
magnetization μ0Meff. For the thicker samples the ampli-
tude of the unaligned resonances is too weak to be fitted
properly—although still visible in the colormap. Hence,
we adjust the FMR fits (μ0Meff) by the effective anisotropy
taken from the hysteresis curves (HK ). The red curves are

the corresponding calculations considering the gyromag-
netic ratio of bulk Co (γ = 1.92 × 1011 rad/sT). As one
can see the results agree. The remaining deviations can be
explained by using a smaller gyromagnetic ratio of γ =
1.63 × 1011 rad/sT. This might be due to the influence of
the CrOx substrate. Hence, the effective anisotropy fields
HK obtained from the static investigations are verified.

APPENDIX C: THE IMPACT OF THE
TEMPERATURE DEPENDENCE OF THE

EXCHANGE STIFFNESS ON THE FITTING OF
EXPERIMENTAL DEPENDENCIES M (T)

It is insightful to discuss the impact of the tempera-
ture dependence of the exchange stiffness on the fitting of
the experimental M (T) data [42–44]. To account for this
effect in the developed model, the exchange stiffness is pre-
sented as A (T) = A [M (T)/M (0)]κ , where the unknown
parameters are the exchange stiffness A at T = 0 K and

0

0.2

0.4

0.6

Δ
M

(M
A

/m
)

t = 0.6 nm

0 50 100 150 200 250 300 350 400
0

0.2

0.4

0.6

T (K)

Δ
M

(M
A

/m
)

t = 0.7 nm

t (nm) Experiment κ = 1 κ = 1.5 κ = 2
0.6
0.7

FIG. 4. Experimental (symbols) and theoretical (lines) tem-
perature dependencies of �M for t = 0.6, 0.7 nm and different
scaling exponents κ = 1, 1.5, 2.
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the scaling exponent κ . The exact value of the scaling
exponent κ depends on the system parameters, in par-
ticular on the number of neighbors and the strength of
the anisotropy [42]. The prediction of the mean-field the-
ory gives κ = 2. For the temperature dependence of the
Heisenberg exchange stiffness of 3D magnets κ is calcu-
lated to be between 1.66 and 1.76 [42]. For a monolayer
ferromagnetic film κ ≈ 1.54 − 1.57 [44]. When estimating
A in the Table II, M and A are taken at T = 0, as in the orig-
inal derivation of Bloch’s T3/2 law [33,41]. This situation
is equivalent to κ = 1. At low temperatures, when �M/M
is small, M (T) dependencies are practically independent
of the scaling exponent κ . Therefore, typical values of
κ = 1, 1.5, 2 are taken and the exchange stiffness A is sup-
posed to be the only fitting parameter. The fit is performed
in a way to maximally extend the temperature range of an
agreement between the experimental data and theory.

Figure 4 demonstrates the result of this fitting procedure
for the M (T) data taken of the samples with t = 0.6 and 0.7
nm. The best fit for κ = 1 allows the experimental M (T)

data to be described with a standard deviation of 2–3% up
to 250 K for both samples. For the two-dimensional predic-
tion with κ = 1.5, the experimental data can be fitted up to
higher temperatures of 320–350 K for t = 0.6 and 0.7 nm,
however the standard deviation is 3%. For the mean-field
prediction with κ = 2, the experimental data can be fitted
up to 340 K (t = 0.6 nm) and 400 K (t = 0.7 nm), yet with
the accuracy of 4%–5%. The extracted value of A increases
by about 6% for κ = 1.5 and by about 17% for κ = 2
compared to the values for κ = 1 (Table II, the column
indicated as “Rig. appr.”). Thus, all tested values of the
critical exponent κ = 1, 1.5, 2 provide reasonable agree-
ment with the experimental data. However, it is impossible
unambiguously to chose which tested value of κ better
describes the experimental data. This ambiguity indicates
that for temperatures higher than room temperature addi-
tional effects (like a discreteness of a crystal lattice in the
spin-wave dispersion law, nonlinear effects) should also be
accounted for [45].
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