
PHYSICAL REVIEW APPLIED 12, 064030 (2019)

Caustics from Optical Conformal Mappings
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In this article, we propose transformation caustics by applying coordinate transformation to the caustic
effect. The limit boundaries of caustics can be used to design devices with asymmetric light propagation
or light confinement, thus providing an alternative degree of freedom for metamaterials.
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I. INTRODUCTION

The caustic effect is an envelope boundary effect of
light rays that are reflected or refracted by curved sur-
faces, interfaces, or objects. It has been extensively studied
in geometric optics, differential geometry, and even com-
puter science and the arts [1]. Such an envelope effect
implies that light will be trapped (not totally) along par-
ticular caustic curves. Recently, transformation optics was
proposed to manipulate light rays and waves freely [2,3].
There are many novel applications, such as cloaks [4,5],
rotators [6], concentrators [7], and illusion devices [8–10].
The material parameters are anisotropic and inhomoge-
neous, thus the applications are only limited to microwaves
and two dimensions [11–13]. Later, quasiconformal or
conformal transformation optics became a better choice
as the required material parameters are simply refractive-
index profiles [2,14,15], and thus devices such as carpet
cloaks and self-focusing lenses could be implemented
at visible frequencies [16–18] and even in three dimen-
sions [19,20]. The optics concept was extended to acoustic
waves [21,22], surface water waves [23–25], and even
thermal dynamics [26,27].

With regard to the previously mentioned caustic effect,
as the light rays are confined along particular curves, it
is possible to apply transformation optics to design new
kinds of caustic devices with intriguing effects, which we
call “transformation caustics.” Under conformal mapping,
such devices would require only refractive-index profiles
and would thus be easier to implement.

In this article, we use two mappings as examples and
transform a circular mirror and an elliptic mirror into a
waveguide. The caustic curves are well transformed to
desired curves, and even flat boundaries, which could be
used to trap light and achieve either asymmetric propaga-
tion or cavities.

*kenyon@xmu.edu.cn

II. MAPPING FROM A CIRCULAR CAVITY

We start from an air cavity with a circular mirror. A light
ray emitted from (x0, y0) in a particular direction will be
reflected by the mirror, and will naturally form a circular
caustic. Suppose the ray follows y = kx + m. When k →
∞, the caustic is a circle with a radius of |x0|. For other
directions, the caustic has a radius of

√
m2/(k2 + 1), as

shown in Fig. 1(a). Under the conformal mapping w = ez,
the cavity will be transformed into a waveguide, with its
refractive-index profile written as

n = ex. (1)

We plot the profile in Fig. 1(b). It ranges from e−2

to e2. The starting point is mapped to the origin (0,0)
and the trajectory of the transformed ray is mapped to
a cycloidlike curve, as shown in Fig. 1(c). The cir-
cular caustic is now mapped to a flat boundary x =
(1/2) ln[m2/(k2 + 1)] or x = ln |x0|, which means that the
light will not reach the region lower than the boundary.
The ray-tracing simulation is performed by COMSOL MUL-
TIPHYSICS (for all other simulations below as well) and
the asymmetric propagation is clearly demonstrated. In
simulations, we take x0 = 1, y0 = 0, k = 1, m = −1, and
a circular mirror with a radius of e2, which is mapped
to the upper boundary of the waveguide with x = 2. The
lower boundary of the waveguide is set at x = −2 <

(1/2) ln(1/2), which is related to a smaller circle inside
the circular caustic. Since the radius of the circular caustic
curve is very small, it would be reasonable to consider a
point source instead of a light ray with a particular direc-
tion. In Fig. 1(d), we show the ray-tracing simulation for
rays emitted from a point source. Although some of the
rays could reach the lower part of the waveguide, the asym-
metric propagation is still maintained. We also perform
a full-wave simulation in the same structure; the electric
field pattern is shown in Fig. 1(e). We consider a trans-
verse electric mode with a wavelength of 1 m (could be an
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FIG. 1 (a) A ray from (1,0) in a direc-
tion of 45° will be reflected by the cir-
cular mirror (in black, with a radius of
e2) to form a caustic (the dashed blue
circle with a radius of 1/

√
2) inside.

(b) The refractive-index profile of the
transformed waveguide [Eq. (1)]. (c) A
single transformed ray trajectory in the
waveguide from the origin (0,0), with
a flat caustic at (1/2) ln(1/2). (d) The
transformed ray trajectories from a point
source at the origin. (e) A full-wave sim-
ulation for a point source at the origin.

arbitrary unit) in the simulation. The point source is excited
by a line-current source of 1 A and frequency of 1 GHz
(the same values are used for all the following full-wave
simulations). The pattern shows that more light waves will
be confined to the upper part of the waveguide, consistent
with the result of the ray-tracing simulation.

III. MAPPING FROM AN ELLIPTIC CAVITY

Now we provide another example, an air cavity with
an elliptic mirror. All light rays from one of the focus-
ing points will form an image at another focusing point
[Fig. 2(a)]. Under a conformal mapping of w = cosh z, it
will be transformed into a waveguide with refractive-index
profile

n =
√

sinh2x + sin2y, (2)

where both outward boundaries are mapped from the ellip-
tic mirror. We plot the profile in Fig. 2(b). In comparison
with that in Fig. 1(b), it would be more feasible in prac-
tice. The two focusing points will be mapped to a series of
points (0, kπ ) along the x direction. Any point source at
one of the focusing points will form images at other focus-
ing points, as shown in Fig. 2(c). Here we set it at the origin
(0,0). In this device the outward boundaries could be arbi-
trary at any x coordinate and are thus mapped to ellipses

with the same focusing points (−1,0) and (1,0), and the
focusing effect will not change at all. We also perform
a full-wave simulation in the same structure for a point
source at the origin; the electric field pattern is shown in
Fig. 2(d). At other transformed focusing points, the field
amplitudes are strongly enhanced, which demonstrates the
imaging functionalities clearly. The images are under the
diffraction limit in this case, which is similar to the case
for self-focusing lenses [18,28].

We suppose a light ray emitted from (x0, y0) follows y =
kx + m. Under the following conditions, the ray will be
reflected by the elliptic mirror and form an elliptic caustic,
as shown in Fig. 3(a):

(a) When k �= 0, −(m/k) satisfies 1 < −(m/k) <

cosh x1 or − cosh x1 < −(m/k) < −1 (x1 is an arbitrary
constant related to the elliptic mirror).

(b) When k = 0, m satisfies − sinh x1 < m < sinh x1.
(c) When k → ∞, |x0| satisfies 1 < |x0| < cosh x1 or

− cosh x1 < |x0| < −1.

After the above conformal mapping, asymmetric light
propagation similar to that in the circular case shown in
Fig. 1 will be achieved, as shown in Fig. 3(b). The caus-
tic boundary is also flat. We take x0 = cosh 1, y0 = 0, and
k → ∞ following condition (c) above in the simulation.

(a)

(b)

(c)

(d)

FIG. 2 (a) A point source at the focus-
ing point of the elliptic mirror will form
an image at another focusing point. (b)
The refractive-index profile of the trans-
formed waveguide [Eq. (2)]. (c) A point
source at one of the transformed focus-
ing points (e.g., the origin here) in the
waveguide will form ray images at other
transformed focusing points. (d) A full-
wave simulation for a point source at the
origin.
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FIG. 3 (a) A ray emitted from (cosh 1, 0) in a direction of 90°
will be reflected by the elliptic mirror to form an elliptic caustic.
(b) The transformed ray trajectory from (a) in the refractive-index
profile of Eq. (2) with a flat caustic at x = 1. (c) A full-wave sim-
ulation for the mapped point source at (1,0). (d) A ray emitted
from (cos 1,0) in a direction of 90° will be reflected by the ellip-
tic mirror to form two hyperbolic caustics. (e) The transformed
ray trajectory from (d) in the refractive-index profile of Eq. (2)
with two vertical caustics to confine the rays. (f) A full-wave
simulation for the mapped point source at (0,1).

The elliptic mirror has a major axis of cosh 2 and a minor
axis of sinh 2 (i.e., x1 = 2), which is mapped to x = 2 and
−2 (the upper and lower boundaries of the waveguide).
If we put a point source at the mapped position (1,0), the
asymmetric propagation of light will still be valid, with
more rays penetrating into the lower part of the waveg-
uide, as in Fig. 1(d). We show a full-wave simulation for
the mapped point source in Fig. 3(c), where the asymmetric
propagation is confirmed in wave optics.

However, for a light ray emitted from (x0, y0) with the
following conditions, the ray will be reflected by the ellip-
tic mirror and will be confined by two hyperbolic caustics,
as shown in Fig. 3(d):

(a) When k �= 0, −(m/k) satisfies −1 < −m
k < 1.

(b) When k → ∞, |x0| satisfies −1 < x0 < 1.

After the mapping, it is amazing that the light will
be trapped by two vertical boundaries, which is simply
mapped from the two hyperbola, as shown in Fig. 3(e).
We take x0 = cos 1, y0 = 0, and k → ∞ following condi-
tion (b) above in the simulation. In Fig. 3(f), we show a
full-wave simulation for the mapped point source (0,1) to
demonstrate the wave confinement. From the above dis-
cussions, we find that the caustic effect could be well used

(a) (b)

(c) (d)

FIG. 4 (a) A point source at the outward boundary of the
circular mirror (1,0) will be reflected by the mirror to form a car-
dioid caustic. (b) A point source in the refractive index profile
of Eq. (1) will have a transformed caustic (dashed blue curve).
(c) A second level of a cardioid caustic will be formed if the rays
continue to propagate in (a). (d) The transformed caustic of the
second level of a cardioid caustic.

to design devices for light trapping and confinement with
the help of transformation optics.

IV. A MORE GENERAL CASE

Such a concept can go further. For the circular cav-
ity, a point source at the outward boundary will be
reflected by the mirror and form a cardioid caustic [u =
(2/3) cos t(1 + cos t) − (1/3), v = (2/3) sin t(1 + cos t)],
as shown in Fig. 4(a). After the mapping of w =
ez, with the help of the refractive-index profile in
Eq. (1), the caustic is transformed to a curve with x =
(1/2) ln[4(1 + cos t)2 − 4 cos t(1 + cos t) + 1] − ln 3 and
y = arctan{[2 sin t(1 + cos t)]

/
[cos t(1 + cos t) − 1]} in

Fig. 4(b). We also find that there is a series of caustics
along the x direction. This is caused by the sec-
ond reflection or even multiple reflections by the mir-
ror. For example, we plot the second reflection and
find that it forms a two-level cardioid caustic {u =
(3/4) cos 4t[(1/3) + cos t],v = (3/4) sin 4t[(1/3) + cos t]}
approximately, as shown in Fig. 4(c). Such a caus-
tic is approximately transformed to a curve with x =
ln[(1/4) + (3/4) cos t] and y = 4t with a larger width, as
seen in Fig. 4(d). Similarly, one can obtain the transformed
caustic for higher levels of reflection.

V. CONCLUSION

In summary, we show that by combining transforma-
tion optics, the caustic effect can be flexibly tuned to
achieve asymmetric light propagation or even light trap-
ping. Such an effect could lead to applications such as
optical switches, energy concentrators, and microcativies.
They could be implemented by gradient-index metama-
terials [29,30]. With the help of recent nanotechnology
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on metasurfaces [31], transformation caustics will become
another method for light manipulation.
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