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The coherent perfect absorber (CPA) and laser are a pair of inversely worked wave structures that satisfy
the time-reversal relation. We point out that, if the wave energy absorbed by the CPA can be recovered and
then be reemitted by its corresponding laser, the combination of CPA and laser will be a wave-controlling
device that can “move” the wave energy from one place to another. By extending the concepts of the CPA
and laser from previously studied one-dimensional non-Hermitian systems to the two-dimensional ones,
this understanding is used to simplify the design of the metasurface in this paper. As examples, an angular-
asymmetric transmitting metasurface and wave splitter, which act as a perfect transmitter and retroreflector
for waves coming from two oppositely tilted angles and splitting an incident wave into two directions with
arbitrary amplitude ratio and phase difference, respectively, are constructed by combining two pieces of
the separately designed CPAs. The idea not only greatly simplifies the design of a metasurface, but also
bridges between research into the metasurface and a non-Hermitian system.
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I. INTRODUCTION

A coherent perfect absorber (CPA) and laser are a
special pair of wave devices that satisfy time-reversal
symmetry. The relationship between them means that, by
replacing the loss (gain) materials by the gain (loss) ones
in the CPA (laser), the perfect absorption (lasing) proce-
dure can be attained exactly as the emission (absorption)
one [1–10]. This relationship and the underlying physics
are suggested to be used in the design of an absorptive
interferometer [3,4], perfect wave absorbers in the sub-
wavelength region [5,6], light-surface plasma couplers [9],
a lens without aberration [11], and others. However, these
functional structures are based mostly on the coherent per-
fect absorption effect, which means that only the procedure
of removing the wave energy from space is used, while the
antieffect, say the lasing effect, which can bring the wave
energy into space is, in fact, seldom used in the design of
the structure. We note that, if the wave energy absorbed by
the CPA can be recovered and then reemitted by its corre-
sponding lasing structure, a combination of the CPA and
laser will act as a special device that can “move” the wave
energy from one place to another. This will give an alter-
native mechanism for a wave-behavior-controlling device.

On the other hand, controlling wave behavior by arti-
ficial structures has attracted much attention in recent
years. The concept of a metasurface, namely, a two-
dimensional (2D) thin artificial structure, was introduced
first in an electromagnetic wave system [12] and extended
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to an acoustic one [13]. The metasurface provides unique
functionalities with a wide potential of engineering appli-
cations, such as anomalous refraction and reflection
[14–18], asymmetric transmission [19,20], perfect absorp-
tion [21,22], retroreflection [23], cloaking [24], and others
[25,26]. It is found however that devices for realizing
these functionalities are mostly constructed by the phase-
gradient approach [17] or its improved approaches [18],
which often provide very complicated building subunits.
We observe that the design of the metasurface is very sim-
ilar to the abovementioned CPA-laser pair, if we view
it as a structure that can move the wave energy in real
space from one part to another or from one channel to
another. This similarity and the simple corresponding rela-
tionship between the CPA and laser give us an alternative
mechanism for the metasurface design.

As a direct application, we show that the abovemen-
tioned mechanism can be used to design a transmission-
type metasurface. As we know, a transmission-type
metasurface is a device designed to transmit an incident
wave from the incident side to the transmission side in
a designable direction. It is equivalent to a CPA-laser
pair because it “absorbs” the wave from the inputting
side and “emits” it to the outputting side. This means
that the inputting and outputting ends of the metasur-
face can be separately designed as a CPA and laser. We
see that such a separately designed strategy can greatly
simplify the design procedure. Here, we take two exam-
ples to show the design procedure. As the first example,
we show that an angular-asymmetric transmission meta-
surface (AATM) can be constructed by combining two
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pieces of the angular-asymmetric reflective metasurface
(AARM). As reported in Ref. [27] for an electromagnetic
wave and in Ref. [28] for an acoustic wave, an AARM
is a specially designed CPA that can perfectly absorb the
waves from a positively tilted incident direction and can,
at the same time, perfectly retroreflect the waves from a
negatively tilted incident direction. We show that, by com-
bining two pieces of an AARM into a new structure, the
combination will have a CPA status at the incident end
and a laser status at the outputting end. As a result, an
AATM, which acts on both sides as a perfect transmitter
and retroreflector for waves coming from two oppositely
tilted angles, can be obtained. As the second example, we
show that the mechanism can also be used to design a
transmitting wave splitter, which is a more general meta-
surface that can split the plane wave from the +α direction
in the inputting side into two plane waves in ±α directions
in the outputting side with arbitrary amplitude ratio and
phase differences.

II. NUMERICAL METHOD

We start the design with the AARM. The 2D structure
is shown schematically in Fig. 1(a), which is a structured

rigid periodic surface with L- (L = 2 is shown in the figure)
bottomed grooves and one bottomless channel per period.
By neglecting wave dissipation in the medium, the bot-
tomed grooves will act as the lossless material with pure
imaginary surface impedance at the opening end, while, for
the bottomless channel, because reflection from the out-
going end [not shown in Fig. 1(a)] will be smaller than
unity, it will act as the loss material with complex surface
impedance at the inputting end. The purpose of the design
is to find a configuration of the grooves and the channel, so
that the surface can act as a CPA when it is illuminated by
incident waves from one or two given directions.

Rather than using the phase-graded method suggested in
Ref. [28], we introduce here an alternative method based
on the general grating theory to design the structure. The
alternative method can give a simple structure and clear
understanding of the underlying physics. Because of the x-
directional periodicity of the structure, the pressure and the
y-component particle velocity of the field in the medium
above the surface can be written as a summation of the
harmonic modes,

p =
∑

n

A+
n e−j (k0 sin θ+Gn)xej k0βny

x

y θ
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FIG. 1. (a) Schematic illustration of the designed AARM, which is a 2D planar period sound-hard surface with bottomed grooves
and bottomless channels. The periodicity is along the x direction, and the period is a. One (or two) incident wave from the θ (or ±θ )
direction(s) can be scattered as the diffractive modes. The depth and width of the grooves in each period are denoted as tl and dl (l = 1,
2, . . . , L), respectively; the width of channel is denoted as tc; and the relative distance between the lth and (l + 1)th grooves is denoted
as wl. Because reflection from the outgoing end (not shown in the figure) is permitted, the channel will act as the loss material with
complex surface impedance at the inputting end. (b) The scattered pressure field distributions for the designed AARM. In which the
left and right panels show the results of the incident plane wave from +50° and −50° directions, respectively. The directions of the
plane waves are shown by white arrows. Notably, the channels [the (3l + 1)th, (l = 0, 1, · · · ) groove in each panel] are replaced by
grooves with a depth and impedance calculated by dc =φ1c/2k0 and Zc=(1 + r1c)/(1 − r1c), respectively.
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+
∑

n

A−
n e−j (k0 sin θ+Gn)xe−j k0βny

v = − 1
Z0

∑
n

βnA+
n e−j (k0 sin θ+Gn)xej k0βny

+ 1
Z0

∑
n

βnA−
n e−j (k0 sin θ+Gn)xe−j k0βny , (1)

where k0 = 2π /λ0 is the wave vector with λ0 as the
working wavelength; θ is the incident angle between the
incident ray and the surface normal, which takes a pos-
itive (negative) value if the incident ray is at the left-
(right-) hand side of the surface normal; Z0 is the char-
acteristic impedance of the medium; A+

n and A−
n are the

amplitudes of the nth-order incident and diffractive har-
monic modes, respectively; Gn = (2nπ/a); n = 0, ±1, · · ·
is the Bloch wave vector with a as the period of the

structure; and βn = ±
√

1 − (sin θ + nλ0/a)2 denotes the
normalized y-directional propagation constant of the nth-
order harmonic mode. It can be seen from Eq. (1) that
βn can be real, i.e., the nth-order diffractive mode is
only propagative when the condition |sinθ + nλ0/a| < 1 is
satisfied. By setting a = λ0/2sinα, the system will have
only the zero- and negative first-order harmonic modes
as the propagating ones, when θ satisfies the condition
2sin(α−1) < sinθ < 4sin(α−1). As we will show in Sec.
III, the system is equivalent to a two-port non-Hermitian
system under this setting, and the design target is to find the
spectrum singularity of the system, at which the incident
plane waves with incident angle θ = ±α can be perfectly
“absorbed.”

On the other hand, the pressure and y-component par-
ticle velocity field in the grooves and channel can be
expressed as the superposition of the waveguide modes;
the field at the inputting end (y = 0) of the lth groove (or
channel) can be expressed generally as

pl =
∑

k

H+
kl cos

(k − 1)π

tl
(x − xl)

(
1 +

∣∣∣∣
H−

kl

H+
kl

∣∣∣∣ e−j φkl

)

vl = − 1
Z0

∑
k

H+
kl σkl cos

(k − 1)π

tl
(x − xl)

×
(

1 −
∣∣∣∣
H−

kl

H+
kl

∣∣∣∣ e−j φkl

)
, (2)

where xl and tl are the position and width of the lth
groove (or channel), respectively; H+

kl (H−
kl ) (k = 1, 2,

. . . ) is the amplitude of the kth-order waveguide mode
propagating into (out from) the lth groove (or channel);
φkl is the phase difference between H+

kl and H−
kl . By

defining the normalized propagating constant of the mth-
order waveguide mode in the lth groove (or channel)

as σkl =
√

1 − [(k − 1)λ0/2tl]2, k = 1, 2, · · · , and defining

the reflection ratio as rkl = |H−
kl /H+

kl |, we always have
rkl = 1 and φkl = k0σ kl2dl for bottomed grooves. While, for
the bottomless channel, we can introduce energy loss by
restricting rkc < 1, and thus, hereafter, we use l = c in the
subscripts to denote the terms in the channel.

From Eqs. (1), (2) and the continuum boundary condi-
tion at the surface, we can obtain a linear equation set for
variables A−

n and H+
kl under given A+

n , a, xl, tl, dl, xc, tc,
rkc, and φkc. With the linear equation set, we can search
the CPA structure with an optimization procedure. The
detailed deduction of the linear equation set is presented
in Appendix A. In all of our optimization procedures (see
Appendix B), we set the width of the channel, tc, to be
0.15a, so that only the zero-order waveguide mode (k = 1)
can propagate in it, which means that, except r1c and φ1c,
all other rkc and φkc (k = 2, 3, · · · ) will be set as zero. The
position of the channel is set as xc = 0, and the restriction
on the depths of grooves is chosen to be as small as pos-
sible (restricted to the region dl < 0.3λ0 in calculations).
To avoid a structure with extremely thin walls, narrow
grooves, or narrow channels, wl and tl are restricted to be
greater than 0.05a.

III. RESULTS AND DISCUSSIONS

As the first example, we use this scheme to search for the
AARM or the unidirectional CPA that can absorb the plane
wave from a single direction with incident angle θ =α.
Notably, for a reciprocal two-port system (i.e., metasurface
with only zero- and negative first-order possible diffrac-
tive modes), the perfect absorption of the wave from the
θ direction means also a retroreflection for the wave from
the –θ direction. Through this method, structures with α

from 30° to 88° are searched for and found. We find that,
for all of these structures, two grooves per period are
enough to realize the function. As examples, we choose
the structure with α = 50° to show the results. The opti-
mized parameters are obtained as follows: d1,2 = (0.249,
0.163)λ0, w1,2 = (0.152, 0.256)a, t1,2 = (0.153, 0.076)a,
r1c = 0.634, and φ1c = 2.403. To verify the effect, finite-
element simulations based on COMSOL Multiphysics are
performed (see Appendix C for details). The scattered
pressure field for incident plane waves from θ =+50°
and −50° directions are presented in the left and right
panels in Fig. 1(b), respectively. In the simulation, the
channels [the (3l + 1)th, (l = 0, 1, · · · ) groove from the
left in each panel] are replaced by bottomed grooves with
depth dc = φ1c/2k0 = 0.191λ0 and with an impedance of
Zc = Z0(1 + r1c)/(1 − r1c) = 4.469Z0 at the bottom. It can
be found from Fig. 1(b) that the maximum amplitude of
the reflective wave in the left panel is about 0.025 and in
the right panel is about 0.999 under the incident amplitude
of unity. This means that the effect of absorbing (retrore-
flecting) the incident wave from the positive (negative) 50°
direction is perfect.
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In this obtained unidirectional CPA, if we swap the
directions of the waveguide modes in the channel (i.e.,
H−

1c is now the incident wave and H+
1c is the reflec-

tive wave) and then define the reflection ratio as r′
1c =

(|H+
1c|/|H−

1c|) = (1/r1c), we will have an impedance at the
bottom of the channel of Z′

c = Z0[(1 + r′
1c)/(1 − r′

1c)] =
−Z0[(1 + r1c)/(1 − r1c)] = −Zc, which means the struc-
ture turns from loss to gain. This result means that the
CPA and its corresponded time-reversal structure, i.e., the
laser, are, in fact, the same structure: it works in CPA
mode when it is illuminated by the wave from outside
of the structure, but in laser mode when it is illuminated
by the waveguide mode inside the channel. With this
understanding, we can construct the angular-asymmetric
refractive metasurface simply by sticking together the CPA
and laser substructure back-to-back with connected chan-
nels. Notably, because there is only one channel per period,
we can combine the substructures in two different ways:
stick them directly back-to-back (referred to as D type
hereafter) or first rotate one of them by a π angle along
the y axes and then stick them back-to-back (referred to
as R type hereafter). Also, because the depth of the chan-
nel, calculated by dc = φ1c/2k0, is usually smaller than the
maximum value of the grooves, the total depth of the chan-
nel (and the thickness of the metasurface) should be taken
as dT = 2dc + λ/2 to avoid overlapping of the grooves in
the thickness direction. As we know, according to Z =
[(1 + r1ce−j 2k0dT)/(1 − r1ce−j 2k0dT)], a change of nλ/2 (n
is an integer) of dT would not change the value of the
impedance at the opening of the channel. In Fig. 2, the
scattered pressure field for the system with α = 50° under
the incident wave with θ =α is shown, in which the results
for the D- and R-type structures are shown in the left and
right parts, respectively. The thickness of the whole struc-
ture is dT = 0.882λ0. It can be seen that the transmission
angles for D- and R-type structures are +50° and −50°,
respectively, and the amplitude of the transmitted pres-
sure wave is 0.999 under an incident amplitude of unity
for both structures, which means that almost perfect trans-
mission is obtained. We do not show the situation for the
incident wave from θ =−50° because it is the same as that
shown the right panel of Fig. 1(b). Because of the sym-
metry and reciprocity of the structure, the situation will be
the same when the incident wave is from the lower half of
the metasurface, which means it will be retroreflected back
when the incident angle is θ = −50° (+50°), while it will
be transmitted through when the incident angle is θ = 50°
(−50°) for the D-type (R-type) structure. These results
show that an AATM, which acts on both sides as a perfect
transmitter and retroreflector for waves coming from two
oppositely tilted angles, is obtained. It is necessary to point
out that, because extreme structures with thin walls and
narrow groves are avoided in the structure-searching pro-
cedure, both of the thermoviscous and wall-deformation
effects in our simulation are neglected (a simulation with

x
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y
x

x

y

y
x

R-typeD-type

50°

50°

50°

-50°

FIG. 2. The scattered pressure field distribution of the designed
AATM illuminated by a plane wave from the +50° direction.
The left panel is for the D-type structure, and the right panel is
for the R-type structure. The white arrows show the directions of
the incident and transmitted plane waves. For clarity, the incident
fields are not shown. The coordinate systems in each panel are
given to show how the AATMs are combined by rotating and
sticking the AARMs.

thermoviscous and wall-deformation effects can be found
in Appendix D).

The above analysis shows that an AATM can be
obtained by combining two pieces of inversely worked
CPAs. In the following, we show further that such CPA
structures can also be described as a two-port non-
Hermitian system; this is a topic that has been attracting
much interest in recent years [8,29,30]. One may find
that previous works on this topic concentrate mostly on
the one-dimensional (1D) system. Here, we show that our
2D case has the same property as that of the 1D one.
Such an extension will bridge between research into the
metasurface and the non-Hermitian system.

As schematically shown in the inset of Fig. 3(a),
by expressing the incoming and outgoing waves from
the left- (right-) hand side of the surface-normal direc-
tions as p+

L (p−
R ) and p−

L (p+
R ), respectively, the scat-

tering property of the metasurface in the upper (or
lower) half-infinite space can be described as a scattering
matrix,

(
p+

R
p−

L

)
=

(
tP rN
rP tN

) (
p+

L
p−

R

)
. (3)

We find that the scattering matrix presented in Eq.
(3) has only one nonzero element (with |rN | = 1) in the
angular-asymmetric-reflecting status. This status is also
called the spectrum singularity in a non-Hermitian sys-
tem [6,10]. Analysis of the spectra |rP|, |tP| (also |tN |),
and |rN |, and their phases ϕrP , ϕtP , and ϕrN , as functions
of the wavelength, λ, of the incident wave are shown in
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(a)

(b)

FIG. 3. (a) Amplitudes and (b) phases of ele-
ments in the scattering matrix as a function of
the wavelength of the incident wave. The inset
in (a) is given to show that the scattering behav-
ior of the waves in the upper half-infinite space
of the AATM can be described as a two-port
non-Hermitian system.

Figs. 3(a) and 3(b), in which the singularity at λ0 can be
clearly seen. (Notably, the scattering matrix can also be
written in a form with rP, rN as diagonal elements, with
which the position and property of the exceptional points
will be different [31].) Specifically, the phase diagram ϕrP
and ϕtP undergo an abrupt π phase shift at λ0. This implies
the divergence of their derivative with respect to the wave-
length, resulting in a diverging delay time of the reflected
or transmitted wave [6]. This huge delay time increases
the interaction of the waves with the “loss” element,
and thus, causes the so-called coherent perfect absorption
behavior.

The abovementioned unidirectional CPA is a special
case that can only absorb the incident wave from the
+α direction; it can be extended to general case, which
can perfectly absorb two plane waves from ±α direc-
tions, with arbitrary amplitude ratio and phase differences.
For this purpose, we need to set A+

−1=1, A+
0 =Re−j ϕ , and

A+
n =0(n �= 0, 1) in Eq. (1), where R and ϕ are the ampli-

tude ratio and phase difference, respectively, between the
zero and –1 modes, and then search for the structure
with a target of A−

n =0(n = 0, ±1, · · ·) (see Appendix B
for details). By extension, more complicated functional
metasurfaces can be realized.

As our second example, we show that a wave split-
ter, which can split a plane wave from the α direction
into two in-phase plane waves with equal amplitude in
±α directions, can be designed. To construct such a struc-
ture, we need a unidirectional CPA as the inputting end
and, at the same time, a general CPA that can absorb
perfectly two plane waves from ±α directions with the
same amplitude and phase as the outputting end. Notably,
the general CPA in this structure will work in the laser
mode, which means it will emit two plane waves in ±α

directions with the same amplitude and phase, accord-
ing to the time-reversal principle. In Fig. 4, the scattered

pressure field for the structure with α = 50° is shown, in
which the wave-splitting phenomenon can be clearly seen.
In Fig. 4, we use a Gaussian beam as the incident wave
to show intuitively the splitting effect. It is necessary to
point out that, to keep the impedance at the opening of
the channel unchanged before and after combination, the
r1c value for the inputting and outputting ends should be
the same. In practice, we can first search the structural
parameters wI

l , tIl , dI
l , r1c, and φI

1c for a given tc for the
inputting end. With the obtained r1c and the given tc, we
then search the structural parameters wO

l , tOl , dO
l , and φO

lc
for the outputting end; here, the superscripts “I” and “O”
indicate the parameters for the inputting and outputting
ends, respectively. Through this method, the thickness of
the combined structure can be obtained as dT = dI

c + dO
c +

λ/2, where dI(O)
c is calculated from φ

I(O)

1c /2k0. For the
structure shown in Fig. 4, we use the same structure as

x

y

y

x

FIG. 4. Pressure field distribution of the wave splitter designed
to split the wave from the +50° direction into two in-phase waves
with equal amplitude in ±50° directions. The white arrows show
the incident and transmitted beams.
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that given in Fig. 2(b) as the inputting end. Under its r1c
and tc, the structural parameters for the outputting end
are dO

1,2 = (0.188, 0.245)λ0, wO
1,2 = (0.156, 0.063)a, tO1,2 =

(0.373, 0.121)a, and φO
1c = 2.009, and the total thickness

of the structure is dT = 0.851λ0.

IV. CONCLUSION

We show that an AATM and a wave splitter can be con-
structed by combining a CPA and its corresponding laser.
Because the inputting and outputting ends are decoupled
and separately designed, the suggested mechanism gives a
simple design method for a transmission-type metasurface.
The scattering property of the structure in the inputting (or
outputting) half-infinite space is also studied by the scatter-
ing matrix method and found to be as the same as that for
the one-dimensional non-Hermitian system. This research
not only gives a simple way to design the metasurface,
but also bridges between researches into the metasurface
and the non-Hermitian system. Recently, a coherent vir-
tual absorption phenomenon was reported in Ref. [32]. It
is shown that a virtual wave absorption and reemission
phenomenon can also occur in the time domain. With our
mechanism and the idea presented in Ref. [32], devices
that can control the wave in both real space and the time
domain can be expected.

APPENDIX A: DERIVATION OF THE LINEAR
EQUATION SET FOR A−

n AND H+
kl

The continuum condition of the field at the interface can
be written as

ps =
{

pc xc < x < xc + tc
pl

g xl < x < xl + tl for l = 1, · · · , L

vs =

⎧
⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

vc xc < x < xc + tc
v1

g x1 < x < x1 + t1
...

...
vL

g xL < x < xL + tL
0 else,

(A1)

where the subscripts “s,” “g,” and “c” of the terms denote
the values above, in the grooves, and in the channel,
respectively, while the superscript “l” denotes the value in
the lth groove.

By substituting Eqs. (1) and (2) into the first term
of Eq. (A1), and using the orthogonal relationship of
the waveguide modes, we can obtain totally (L + 1) × M

equations as

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

M c
1

M 1
1

...
M l

1
...

M L
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

(A+ + A−) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M c
2 0 · · · · · · · · · 0

0 M 1
2 0 · · · · · · ...

... 0
. . . 0 · · · ...

... · · · 0 M l
2 0

...
... · · · ... 0

. . . 0
0 · · · · · · · · · 0 M L

2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

×

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

H c

H 1

...
H l

...
H L

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

, (A2)

where A+(−) = [A+(−)

0 , A+(−)

±1 , · · · , A+(−)
±N ]T and H l =

[H+
1l , · · · , H+

Kl]
T, (l = c, 1, · · · , L) are the column vectors,

and the matrixes are defined as

M l
1(k, n) = 1

tl

∫ xl+tl

xl

e−j (k0 sin θ+Gn)x

× cos
[
(k − 1)π

tl
(x − xl)

]
dx, (A3)

with l = c, 1, . . . , L; n = 0, 1, . . . , N ; and k = 1, . . . , K,
where N and K are the truncations of the summations in
Eqs. (1) and (2), respectively, and

M l
2(k1, k2) = (1 + rkle−j φkl)

1
tl

∫ xl+tl

xl

cos

×
[
(k1 − 1)π

tl
(x − xl)

]

× cos
[
(k2 − 1)π

tl
(x − xl)

]
dx, (A4)

with k1,2 = 1, . . . , K . For grooves with bottoms, rkl = 1 and
φkl = k0σ kl2dl, while, for the bottomless channel, we let tc
be a fixed value smaller than that of λ0/2, so that both rkc
and φkc (k = 2,3,. . . ) can be set to zero, except r1c and φ1c.

Similarly, by substituting the corresponding y-compo
nent velocities into the second term of Eq. (A1), and using
the orthogonal relationship of the plane-wave harmonic
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modes, we can obtain totally N equations as

N1(A+ − A−) = [
N c

2 N 1
2 · · · N l

2 · · · N L
2

]

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

H c

H 1

...
H l

...
H L

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

,

(A5)

where

N1(i, j ) = βi

a

∫ a

0
e−j (Gi−Gj )xdx, (A6)

with i, j = 0, ±1, . . . , ±((N − 1)/2); and

N l
2(j , k) = (1 − rkle−j φkl)

σkl

a

∫ xl+tl

xl

ej (k0 sin θ+Gj )x

× cos
[
(k − 1)π

tl
(x − xl)

]
dx, (A7)

with j = 0, ±1, . . . , ±((N − 1)/2) and k = 1, . . . , K.
By defining H = (H c, H 1, · · · , H L)T, and

M1 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎣

M c
1

M 1
1

...
M l

1
...

M L
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎦

; M2 =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

M c
2 0 · · · · · · · · · 0

0 M 1
2 0 · · · · · · ...

... 0
. . . 0 · · · ...

... · · · 0 M l
2 0

...
... · · · ... 0

. . . 0
0 · · · · · · · · · 0 M L

2

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

N2 = [
N c

2 N 1
2 · · · N l

2 · · · N L
2

]
,

(A8)

we can rewrite (A2) and (A5) as

M1(A+ + A−) = M2H . (A9)

and

N1(A+ − A−) = N2H , (A10)

by which we finally get a linear equation set,

(−M1 M2
N1 N2

) [
A−
H

]
=

(
M1
N1

)
A+, (A11)

with which (A−, H)T can be solved by the given A+, the
structural parameters, and the known values of r1c and φ1c.

APPENDIX B: DETAILS OF USING THE GENETIC
ALGORITHM TO FIND THE STRUCTURAL

PARAMETERS

We use the genetic algorithm to search the structure for
the CPA. Before optimization, we set a = λ/2sinα, so that
only two possible real diffractive modes along ±α direc-
tions can exist when the incident wave is from the θ = +α

direction. Under this setting, we generally set the inci-
dent wave as (0, · · · , 0, A+

−1, A+
0 , · · · , 0)T, under which the

parameters d1,2, w1,2, t1,2, r1c, and φ1c are searched for the
target function f = [(|A−

0 |2 + |A−
−1|2)/(|A+

0 |2 + |A+
−1|2)]

→ 0. For AARM, we need to set A+
−1=0, A+

0 =1, while for
the general CPA, which can perfectly absorb two plane
waves from ±α directions with amplitude ratio R and
phase difference ϕ. We need to set A+

−1=1 and A+
0 =Re−j ϕ .

APPENDIX C: DETAIL SETTING IN NUMERICAL
SIMULATION

The two-dimensional full-wave simulations based on
finite-element analysis are performed using the COM-
SOL Multiphysics Pressure Acoustics module. Based on
the huge difference between the acoustic characteristic
impedances for solid and air, the walls of the channel and
grooves are approximated to be sound-hard boundaries in
all simulations. For Figs. 1(b), 1(c), and 2, the perfectly
matched layers (PMLs) with a thickness of 2a are added at
the top regions (and bottom regions for Fig. 2; this is not
shown in the figure) to reduce the reflection on the bound-
aries. The Floquet periodic boundary condition is added
on the left and right boundaries. In Fig. 4, the PML with
a thickness of 2a is added at the bottom region, while the
top, left, and right boundaries are all set as the plane-wave
radiation boundary.

APPENDIX D: EFFECT OF THERMOVISCOUS
AND WALL-DEFORMATION EFFECTS

Thermoviscosity in narrow regions and deformation of
thin walls are the two main effects that can affect the
performance of the designed metasurface. In our design,
because wl and tl are restricted to be greater than 0.05a,
we expect that these two effects can be neglected under
a relatively low working frequency. To verify this point,
we perform a multiphysics simulation based on the ther-
moviscous acoustic-solid interaction model supplied by
the COMSOL software. In the model, both the thermovis-
cous and wall-deformation effects are taken into account.
In the simulation, the material of the metagrating is cho-
sen to be filled epoxy resin with a Young’s modulus of
E = 3.2 × 109 Pa, a Poisson’s ratio of ν = 0.35, and a mass
density of 1673 kg/m3, and the working medium is cho-
sen to be air (the build-in parameters in COMSOL are used).
Results for the D-type structure with two different working
frequencies, f = 3000 and 8000 Hz, are shown in Fig. 5 as

064016-7



SHUTING CAO and ZHILIN HOU PHYS. REV. APPLIED 12, 064016 (2019)

f = 3000Hz

x

y

y
x

x

y

y

x

f = 8000Hz

x

y

y

x

x

y

x

f = 8000Hzf = 3000Hz

FIG. 5. Scattered pressure field distributions for the D-type
structure by the thermoviscous acoustic-solid interaction model
under working frequencies of 3000 and 8000 Hz. The material of
the metagrating is filled epoxy resin and the working medium is
air.

an example. It can be seen that the suggested functionality
under both given frequencies is still very clear. In detail,
for an incident wave from +50°, we can read the amplitude
of the transmission wave from 0.97 for f = 3000 to 0.95
for f = 8000 Hz, while, for the incident wave from −50°,
the amplitudes of the retrorefracting wave under both of
frequencies are almost unity. This means the thermovis-
cous and wall-deformation effects can be neglected under
f < 8000 Hz.
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