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The switching of spin-transfer-torque magnetic random-access memory (STT MRAM) in the simple
macrospin model is determined by the amplitude and pulse duration of the applied current, and it requires
a current that is higher than a critical current, Ic. However, this critical current misses one fundamental
physical issue for the commercialization of STT MRAM; the so-called nonswitching probability (PNS) or
write soft-error rate (WSER), which is influenced by the stochastic nature of the switching process at finite
temperature. Herein, we propose a limited stochastic switching (LSS) current, which is another definition
for the critical current with the PNS incorporated. The definition of the LSS current and the analytical
expressions are obtained by solving the Fokker-Planck equation with a given specific PNS value. Most
importantly, by using the LSS current and optimizing it together with the related pulse-duration time, we
find the optimum combination of current amplitude and pulse duration, which may reduce the energy
consumption of the STT MRAM by up to 75%.
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I. INTRODUCTION

In recent years, the spin-transfer-torque magnetic
random-access memory (STT MRAM) has been actively
studied for high-density nonvolatile memory applica-
tions [1–14]. A typical STT MRAM structure with per-
pendicular magnetization is shown in Fig. 1(a), where a
tunneling barrier layer is sandwiched between two ferro-
magnetic layers that are referred to as the free layer (FL)
and pinned layer (PL). The device operates by applying
current to switch the magnetization states of the FL in
the STT MRAM between the low-resistance state, where
the magnetization of the FL and the PL are parallel to
each other, and the high-resistance state where the two
ferromagnetic layers have antiparallel magnetization. The
switching is mediated by the spin-transfer-torque effect
[3,15,16], whereby the conduction electrons of the injected
current exchange their angular momentum with the local
magnetization of the FL. For application purposes, the
quality of STT MRAM is thus determined by the speed
as well as the energy efficiency of the reading and writing
processes. These factors can then be evaluated by noting
the switching current, the switching time and the thermal
stability of the STT MRAM. Several advances have been
made to reduce the minimum current and consequently
improve the energy efficiency of the STT MRAM, such as
by using materials with perpendicular anisotropy [17,18],
enhancing the second-order anisotropy [19], engineering
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the size of the magnetic tunnel junction (MTJ) [20,21],
introducing tilting PL magnetization direction [22], intro-
ducing lateral asymmetry of junction shape [23], or by
introducing a strong spin-scattering layer [24,25]. Conven-
tionally, the critical current (Ic) that is needed to perform
the FL switching can be obtained by solving the Landau-
Lifshitz-Gilbert (LLG) equation with a simple macrospin
model [15,26,27]. However, this method does not give us
other important physical information such as the writing
error rate (WER), which is the rate where the FL mag-
netization does not switch even when the applied current
amplitude is higher than Ic. To explain this inconsistency,
a new definition of critical current is needed, which takes
into account the stochastic nature of the FL switching
dynamics.

In this work, we propose an alternative definition of
switching current, which is termed as the limited stochastic
switching (LSS) current. The LSS current, iLSS, is derived
by solving the Fokker-Planck equation (FPE), which in
turn gives us the relation between the applied LSS current
and the error rate of both the writing and the reading pro-
cess. We show that there is an exponential relation between
the applied LSS current and the error rate of the STT
MRAM, which gives us a better control over the opera-
tion error of the STT MRAM. In addition, by calculating
the energy consumption using the LSS current and the cor-
responding pulse-duration time, we show that the most
energy-efficient STT MRAM operation can be achieved
when iLSS ≈ 2 (I = 2Ic), whereby doing so reduces the
energy cost by up to 75%.
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(a) (b) FIG. 1. (a) Schematic of the perpen-
dicular STT MRAM. Current is applied
across the device to switch the magneti-
zation of the free layer by spin-transfer
torque. (b) Conventional switching dia-
gram with applied current and pulse
duration, tp . The magnetization is not
switched in the white region. Ic is the
critical current for switching in a simple
macrospin model.

II. MODEL

In this Paper, we consider a typical perpendicular STT
MRAM structure as shown in Fig. 1(a). The schematic
figure shows the application of current to the device in
order to switch the FL magnetization from the up to the
down state. We assume that the magnetization of the PL
does not change when the device is under operation, which
can be achieved by introducing an antiferromagnet layer
underneath the PL to induce exchange bias between the PL
and the antiferromagnet layer. The conventional switching
diagram obtained by using the LLG equation is shown in
Fig. 1(b). In this diagram, the conventional critical current
Ic is shown by the solid line, which sharply separates the
“switched” and the “not-switched” regions. We can then
predict whether the STT MRAM switches at a given cur-
rent amplitude and pulse duration by comparing the values
to the critical-current line in the diagram. However, as
mentioned previously, using this phase diagram as well as
Ic does not give us the error rate of the device at the finite
temperature.

Instead of using the LLG equation to produce the error
rate, the FPE is used in this work to describe the switching
dynamics statistically. Several advances have been made
by using the FPE to analyze the stochastic dynamics of
spin-torque-induced switching [28–33]. For instance, Mat-
sumoto et al. have devised an alternative way to define the
thermal stability of a nanomagnet under the influence of
current [33], while Moon et al. have uncovered the rela-
tionship between the damping constant and the switching-
time distribution of a ferromagnetic nanostructure [32]. By
solving the FPE, we can obtain the magnetization switch-
ing probability under thermal fluctuation as well as under
the application of current. Here it is assumed that the FL
has a perpendicular uniaxial anisotropy without external
magnetic field. Following the previous work by Butler
et al. [29], the FPE for time-dependent probability distri-
bution of magnetization as a function of the polar angle

θ = cos−1(mz) of the FL is given by

∂ρ(θ , τ)

∂τ
= − 1

sin θ

∂

∂θ

[
sin2θ(i − cos θ)ρ(θ , τ)

− 1
2�

sin θ
∂ρ(θ , τ)

∂θ

]
. (1)

Here, the field-like term of the STT and azimuthal
angle dependence are not considered. ρ(θ , τ) is the prob-
ability of the magnetization pointing at θ at the normal-
ized time τ = (t/t0) = [αμ0γ H eff

k /(1 + α2)]t, while i =
(I/Ic) = (η�/2αeμ0H eff

k MsV)I is the normalized current,
α is the magnetic damping constant, H eff

k = (2Keff
u /μ0Ms)

is effective anisotropy field, η is the spin polarization of
PL, V is the volume of the FL and Ms is the saturation
magnetization at T = 0 K. � = (Keff

u V/kBT) is the ther-
mal stability factor, Keff

u = Ku − (1/2)μ0M 2
s is the effec-

tive uniaxial magnetic anisotropy constant while kB is the
Boltzmann constant, T is the absolute temperature, and
Ku is the first-order uniaxial magnetic anisotropy constant.
We consider a 40-nm-diameter Co20Fe60B20/MgO perpen-
dicular MTJ system, where α = 0.027, μ0H eff

k = 340 mT,
Ms = 1.58 T, thickness is 1 nm, and corresponding � =
43 for T = 300 K [34]. In this dimension, the macrospin
model is considered over the domain-wall model [35–38]
as the macrospin model has been shown to match well with
the experimental data [34]. For larger or smaller nanos-
tructures, the accuracy of our model can be improved
by using the appropriate parameterization for the shape
anisotropy and the thermal stability. For those material
and nanostructure parameters, we have 1τ = 0.62 ns and
1i = 88.02 μA.

III. RESULTS AND DISCUSSIONS

A. Nonswitching probability

The analytical solution of Eq. (1) can be obtained
by using the ansatz solution ρ(θ , τ) = [2/W(τ )] exp
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{−[θ2/W(τ )]} in the limit where θ is small. Then the
nonswitching probability (PNS), i.e., the error rate of the
writing process, is given by [29]

PNS(i, τ) = 1 − exp
{(π

2

)2 (i − 1)�

1 − i exp[2(i − 1)τ ]

}
. (2)

This PNS is obtained by integrating ρ(θ , τ) from θ = 0 to
θ = (π/2). We assume that the magnetization switching
occurred when θ > (π/2). Figure 2 shows the error rate
of the switching, PNS, of the STT MRAM with � = 60
as a function of i and τp , pulse-duration time in the unit
of the normalized time τ . Compared to the conventional
switching diagram shown in Fig. 1(b), here we can see that
the device has a finite nonzero PNS, even with a current that
is higher than the conventional critical current Ic (i > 1).

In addition, it is also possible to calculate the error rate
of the reading process. In the reading process, magnetiza-
tion switching is not desired. Therefore, the error rate of
the reading process is the switching probability (PS). By
using the aforementioned method, the PS is expressed by

PS(i, τp) = 1 − PNS

= exp
{(π

2

)2 (i − 1)�

1 − i exp[2(i − 1)τp ]

}
. (3)

Since, for reading events, (i−1) is negative, we can sim-
plify the equation by considering i × exp[2(i − 1)τp ] � 1.

PS(i, τp) = exp
[(π

2

)2
(i − 1)�

]
. (4)

In this case, surprisingly the PS is independent of τp and
only proportional to the exponential of i and �. It implies
that PS always has a finite nonzero value, and we can find
the proper reading current to satisfy a specific PS value. We
discuss more details later.

B. The limited stochastic switching current

With the above discussion in mind, it is clear that know-
ing the conventional critical current Ic alone is not enough
for optimizing the STT MRAM working condition. Previ-
ously, as shown in Fig. 1(b), the critical-current line Ic in
the conventional switching diagram is supposed to sepa-
rate the region where a switching occurs or otherwise with
100% certainty. However, as shown in Fig. 2, the switch-
ing probability is not 100% even when i >1 (I > Ic). Hence,
we introduce a new definition of the LSS current for writ-
ing and reading, which considers the PNS or PS obtained
by Eqs. (2) and (4), respectively.

Let us consider the LSS current for the writing event
first. In this case, since the nonswitching events are
undesirable only during the writing event, we assume
i >1. Then, in the limit of i × exp[(i − 1)τp ] � 1,
Eq. (2) becomes

PNS(i, τp) ≈ 1 − exp
{
−

(π
2

)2 (i − 1)�

i
exp[−2(i − 1)τp ]

}
.

(5)

By performing Taylor series expansion at i = 2 and noting
that exp[−2(i − 1)τp ] � 1, we obtain

PNS(i, τp) ≈
(π

2

)2 (i − 1)�

i
exp[−2(i − 1)τp ], (6)

FIG. 2. Three-dimensional sur-
face plot with color map show-
ing the nonswitching probability,
PNS as a function of the normal-
ized applied current, i, and pulse
duration, τp . The thermal stability
factor here is 60 and switching is
assumed at θ = (π/2).
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ln

[
PNS

�

(
2
π

)2
]

= ln
(

1 − 1
i

)
− 2(i − 1)τp , (7)

iwLSS(PNS, τp) ≈ 1 + 2 ln
[
(2

√
e/�)(2/π)2PNS

]
−4τp + 1

. (8)

By using the above definition, iwLSS gives us the information
of how much current is needed for the device to operate
with a specific nonswitching probability value at a given
pulse duration. The LSS current is proportional to the nat-
ural logarithm of PNS and inversely proportional to τp .
Figure 3(a) shows iwLSS as a function of τp in a logarithm
scale for various values of PNS with � = 60. The result
shows that depending on the PNS, iwLSS can be more than

double. The dotted line shows the conventional critical-
current line obtained by solving the LLG equation. For
solving the LLG equation, we assume the same MTJ model
for the FPE, then the critical time for switching is given
by τc = ({−(1/2)(i + 1) ln(1 − z0) + (1/2)(i − 1) ln(1 +
z0) + ln[1 − (z0/i)]}/i2 − 1), where z0 is the initial value
of cos θ [29,39]. If we take the inverse function of this and
let the critical time be a variable, we obtain the critical-
current line for a given critical time, which is a given pulse
duration. The dotted line is the numerical results of those
inverse functions. Since it does not consider the nonswitch-
ing events, it has a smaller value for the same τp when
compared to the LSS current. For both methods, iwLSS is
saturated to 1 at a large enough τp , as shown in Fig. 3(a).
Figure 3(b) shows iwLSS increases linearly with exponential

(a) (b)

(c)

FIG. 3. (a) Limited stochastic switching current for the writing process, iwLSS, as a function of logarithmic τp for various PNS. The
dotted line shows the result of the LLG equation, which does not consider the stochastic effect. (b) iwLSS as a function of logarithmic
PNS for various τp . (c) Limited stochastic switching current for the reading process, irLSS, as a function of logarithmic PS for τp = 5,
10, and 50. The thermal stability factor here is 60.
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decrease of PNS. Depending on τp , the linear increase of
iwLSS has a different slope.

For the reading event, the LSS current, which takes into
account the error rate PS , can be obtained from Eq. (4) as

irLSS(PS) ≈ 1 + 1
�

(
2
π

)2

ln PS. (9)

The LSS current for the reading process is also found to
be independent of τp as we already mention, it is inversely
proportional to � and is proportional to the natural log-
arithm of Ps. Figure 3(c) shows irLSS with � = 60. The
dotted line is the result of Eq. (9) with τp = ∈fty, while
the red, blue, and purple solid lines are numerical solu-
tions of Eq. (3) for τp = 5, 10, and 50, respectively. The
red and blue line has a finite difference from the dotted line
at a large value of ln PS. However, when ln PS becomes
smaller, there is no difference for the τp = 10 (blue) line,
the τp = 50 (purple) line, and the τp = ∈fty (dotted) line,
which shows that at low reading current, the error rate is
not affected by the pulse-duration time.

C. Energy consumption of the STT MRAM under
the LSS current

Up to this point, we discuss the analytical solution of
the LSS current at both the writing and the reading pro-
cesses. Equation (8) shows that device operation with low
PNS requires large amplitude of pulse current or long
pulse duration. However, this has a negative impact for
energy-efficient operation where the energy consumption
of the device is a product of the power and the time.

Furthermore, long pulse duration implies slower operat-
ing time of the devices. Therefore, we should optimize
how the current is applied by considering not only PNS but
also the energy consumption of the device. If we assume
that the resistance of device (R) is constant and set by
30 k� [34], the energy consumption of each current pulse
(E) can then be written as E = P × t = RI 2t = E0i2τp ,
where E0 = RI 2

c t0 = 0.14 pJ for the 40-nm-diameter
Co20Fe60B20/MgO perpendicular MTJ system [34]. From
Eq. (2), we can obtain τp as a function of i for a given
PNS as

τp (PNS, i)

= ln{1 + (π/2)2[�/ ln(1 − PNS)](1 − i)} − ln i
2(i − 1)

.

(10)

Then, E as a function of i, PNS is given as

E(PNS, i) = E0i2τp(PNS, i)

= E0i2
(

ln{1 + (π/2)2[�/ ln(1 − PNS)](1 − i)} − ln i
2(i − 1)

)
.

(11)

Now, the energy consumption includes stochastic effect
and is related to i and PNS. Since E0 and � are material
and device parameters, if we set a specific PNS value, E is
directly related only to the applied current, i. Figure 4(a)
shows E as a function of i for various PNS and �. As
shown in Fig. 4(a), for PNS = 1 × 10−8 and 1 × 10−10,
E increases sharply at i ≈ 1 because the pulse-duration

(a) (b)

FIG. 4. (a) Energy consumption of the STT MRAM, E (pJ) as a function of i. for various PNS and �. Inset in (a) is the enlargement
of i = 1.3–2.7 for better comparison of a minimum point. (b) E (pJ) as a function of the nonswitching probability, PNS for i = 2,
� = 60 and 100.
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time τp that is needed to maintain the specific error rate
increases sharply at low current, which in turn results in
the sharp increase of energy usage. Most interestingly, E
decreases as i increases and it has a minimum point near
i–2. At this point, the energy per write cycle is approx-
imately down to just 1/4 of the energy expenditure near
i–1. This decrease in the energy expenditure, E, can be
attributed to the sharp decrease of the pulse duration τp
that is needed to maintain the error rate PNS. Beyond this
point, E starts to increase again as the contribution from
the i2 term starts to overcome the contribution from τp . As
a function of PNS, E does not have a minimum point and
only increase as PNS decreases [Fig. 4(b)].

The analytical solution of i where E is minimum can
be obtained from Eq. (11) with the same approxima-
tion for Eqs. (5)–(8). If we set and assume that q ≡
(π/2)2[�/ ln(1 − PNS)] � 1, Eq. (11) becomes

E(PNS, i) ≈ E0
i2

2(i − 1)
ln

[
−q

(
1 − 1

i

)]
. (12)

By performing Taylor series expansion at i = 2, we obtain

E(PNS, i) ≈ E0
i2

4(i − 1)

[
2 ln

(
− q

2e

)
+ i

]
. (13)

This result also supports the validity of the Taylor series
expansion at i = 2 throughout this Paper, because E is
a minimum near i = 2 regardless of PNS as shown in

Fig. 4(a). From Eq. (13), we obtain iEmin as

iEmin = 1
4

{√[
2 ln

(
− q

2e

)
+ 1

] [
2 ln

(
− q

2e

)
+ 9

]

− 2 ln
(
− q

2e

)
+ 3

}
. (14)

Here, iEmin is an energy minimizing LSS current with a
given PNS value that is obtained by using the same approxi-
mation as Eq. (8). With the energy-minimization condition
satisfied, now iEmin is only a function of PNS instead of
τp . In Eq. (14), we can simplify the 2 ln[−(q/2e)] term
by using the proper approximation and also by performing
Puiseux series expansion [40] at PNS = 0 as

2 ln
(
− q

2e

)
≈ 2

{
ln

[(π

2

)2 �

2e

]
− ln PNS − PNS

2

}

≈ 2
{

ln
[(π

2

)2 �

2e

]
− ln PNS

}
. (15)

In Fig. 5(a), the solid lines show the results of Eq. (14)
after replacing 2 ln[−(q/2e)] by the expression in Eq. (15)
for various �. As shown in Fig. 5(a), i approaches 2 at low
PNS regardless of �.

Similar to iE min, it is also possible to get the analytical
solution of energy-minimizing pulse duration, τE min. As in
the case of current, the energy-minimizing pulse duration,
τE min is determined by the PNS. By combining Eq. (10)
with Eq. (14), we obtain τE min as a function of PNS as

(a) (b)

[Numerical solutions of eq. (11)]

FIG. 5. (a) Limited stochastic switching current, which minimizes the energy, iE min as a function of logarithmic PNS for various
�. The solid lines show the results of Eq. (3.5) and the dotted line shows the numerical solutions of Eq. (3.2) for � = 40. (b) Pulse
duration at the minimum energy, τE min as a function of logarithmic PNS for various �. By following these two figures, if PNS is given,
a set of (iE min, τE min) can be determined.
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τE min (PNS) = 1
4

+ 2 ln[−(q/2e)] + 1√{2 ln[−(q/2e)] + 1}{2 ln[−(q/2e)] + 9} − 2 ln[−(q/2e)] − 1
. (16)

Figure (b) shows τE min increases as PNS decreases while
iE min approaches 2. Then, by using iE min together with the
related τE min, we find the optimum combination of current
amplitude and pulse duration for the most energy-efficient
operation of the STT MRAM.

IV. CONCLUSION

In conclusion, we formalize an alternative perspective
on the minimum current that is needed to operate STT
MRAM, which is termed as LSS current. By using the
LSS current formalization, we obtain a better control over
the error rate during the operation of the STT MRAM.
For instance, to obtain a low write soft-error rate of
1 × 10−7 [41], we can apply the LSS current of 0.16 mA
(I = 2Ic) with pulse duration of 6.2 ns (t = 10t0). More-
over, we showed that the most beneficial condition for STT
MRAM operation is to apply current that is around twice
that of Ic. At iLSS ≈ 2 (I ≈ 2Ic), the energy cost per cycle
is approximately 1/4 of that when iLSS ≈ 1 (I ≈ Ic). Also,
we obtain the analytical expressions of LSS current that
minimizes the energy cost together with the correspond-
ing pulse-duration conditions. Both are dependent on PNS
only. In this study, all relevant material parameters are rep-
resented in � and Ic. Material parameterwise, the LSS
current is weakly dependent on � as shown in Fig. 5(a),
and it should be mentioned that the LSS current is scaled
by Ic. For a given PNS, those analytical expressions gave us
the most energy-optimized combination. This study hence-
forth hopes to bring a better understanding of the relation
between the applied current and the error rate as well as to
further improve the performance of next-generation STT
MRAM.
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