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We demonstrate acoustic superscattering from a subwavelength scatterer consisting of multiple deep-
subwavelength resonators. We show that superscattering is enabled by strong coupling between these
resonators and the discrete rotational symmetry of the scatterer results in angle-dependent superscatter-
ing. From the cylindrical-wave expansion of an incident plane wave, we observe that radially arranged
resonators can effectively couple to these expanded cylindrical waves. In addition, we provide an ana-
lytical model characterizing the coupled resonators, providing a critical understanding of superscattering.
As an experimental demonstration, we present a superscatterer with six acoustic resonators that shows
angle-dependent superscattering.
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I. INTRODUCTION

Wave scattering from objects is a fundamental phe-
nomenon regarding wave-matter interactions [1,2]. Scat-
tering from a subwavelength structure occurs via angular
momentum channels; each single channel has a scatter-
ing cross-section limit (σ0) of 2λ/π in two dimensions
[3] or 3λ2/2π in three dimensions [4]. Control of wave
scattering is shown in two extreme cases: cloaking (scat-
tering cancellation) [5,6] and superscattering [3,4,7–9]. In
particular, superscattering that demonstrates a scattering
cross section far greater than that of the single channel
limit (e.g., > 3σ0) is of fundamental importance, enabling
a rich variety of intriguing physics and practical applica-
tions (e.g., sensing, energy harvesting) [10–14]. In theory,
an arbitrary large scattering cross section (i.e., superscat-
tering) is enabled by the orthogonality of these chan-
nels, when a sufficient number of channels are excited
for degenerate resonances. The concept of superscatter-
ing has been theoretically demonstrated in electromagnetic
waves using a core-shell multilayer structure [3,4,7], and,
more recently, it has been experimentally realized in the
microwave regime [8], thus making it possible to explore
new applications.

Similar to electromagnetic superscattering, acoustic
superscattering can provide new possibilities by maximiz-
ing the interaction of an acoustic wave with structures
(e.g., acoustic sensing [15] and energy harvesting [16]).
There have been many studies investigating acoustic scat-
tering [17–20]; however, scattering phenomena are far
different from superscattering of subwavelength scatterers
that require multiple excited channels at a single fre-
quency. For example, acoustic Mie scatterers have shown
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multiple-mode excitations (monopole, dipole, and
quadrupole), but each mode at a different frequency [21].
In addition, core-shell multilayered optical superscatter-
ers cannot be directly extended to an acoustic superscat-
terer because of limited materials with a target refractive
index. Therefore, it is challenging to demonstrate acous-
tic superscattering. Although superscattering has been
thoroughly studied in terms of angular momentum chan-
nels [3,4], there are still theoretical questions requiring
further investigation. For instance, what is the theoret-
ical limit of the highest number of angular momentum
channels (>4), and why do higher angular momentum
channels have relatively narrower frequency bandwidths?
Another interesting question is whether scatterers com-
posed of multiple resonators can excite a sufficient num-
ber of angular momentum channels for superscattering.
In such a case, the constituent resonators strongly cou-
ple with each other [9,22], and thus, the orthogonality
of resonances is not guaranteed. Moreover, new fea-
tures, such as angle-dependent superscattering, can be
useful for directional sensing [23,24] and scattering pat-
tern shaping [25,26], while maintaining superior scattering
performance.

We experimentally and theoretically demonstrate acous-
tic superscattering from a subwavelength structure. The
structure consists of a subwavelength cylindrical scat-
terer decorated with multiple acoustic resonators that
enable effective coupling of the resonators with angular
momentum channels. We find that the scatterers show
angle-dependent superscattering. In addition, our analyt-
ical model captures coupling between resonators to pro-
vide a critical understanding of superscattering. Lastly, we
experimentally show superscattering from a solid cylinder
composed of six Helmholtz resonators by considering
acoustic intrinsic losses.
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II. RESULTS AND DISCUSSION

A. Superscattering by coupled resonators

Strong scattering from a subwavelength structure
requires strong coupling between the incident wave and
structure. To gain an insight into such a coupling phe-
nomenon, we start by considering incident plane waves
of wave vector kw = (kwcosψ0, kwsinψ0), where ψ0 is the
angle of incidence, which can be expressed by the Jacobi
expansion [27],

pint(r) = p0eikw·r = p0

∞∑
n=−∞

ein(π/2+θ−ψ0)Jn(kwr), (1)

where (r, θ) are the polar coordinates and Jn is the nth-
order Bessel function of the first kind. Equation (1) indi-
cates that the incident plane wave can be decomposed into
cylindrical waves, each of which is denoted as a momen-
tum channel, n. To effectively couple these cylindrical
wave channels, we conceive a subwavelength scatterer
with radially arranged resonators, as illustrated in Fig. 1(a).
Here, the six resonators (N = 6) are either identical (type
II) or partially detuned (type I). As shown in Fig. 1(a),

superscattering by the radially arranged resonators
significantly perturbs the incident plane wave, thus cast-
ing a shadow on the total pressure field (bottom) and
exhibiting strong downstream scattering in the scattering
pattern (top). These characteristics are in a sharp contrast to
scattering by a rigid cylinder of the same radius [Fig. 1(b)].

Figure 1(c) shows the scattering cross section of
the cylinder scatterer (diameter 2R = 100 mm) with the
detuned lossless resonators (type I). Here, the resonance
frequencies of the detuned resonators j = 1 and 4 (orange
rectangles in type I) are blueshifted by approximately
300 Hz, leading to a vibration phase shift of approximately
π/2. Remarkably, the lossless scatterer with detuned res-
onators shows a total scattering cross section of 6.3 times
that of the single-channel limit (2λ/π) at 1870 Hz (λ =
183 mm; 2R/λ = 0.55), which is larger than 5.2 for the
same size scatterer, but with six identical resonators (type
II; see note 1 within the Supplemental Material [28]). We
find that the enhancement occurs because detuning of the
j = 1 and 4 resonators improves the contribution of the
|n| = 1 momentum channel at 1870 Hz by redshifting the
spectrum of |n| = 1. The analytical results (red solid line)
obtained from Eq. (8) show excellent agreement with the

(a) (b)

(c) (d)

FIG. 1. Superscattering of a cylinder with N = 6 resonators. (a) Superscattering by coupled resonators, showing scattering pat-
tern (top) and total pressure field (bottom). (b) Scattering by a rigid cylinder. (c) Superscattering of a scatterer with harmonic
oscillator N = 6. The symbols indicate the COMSOL results, while the solid lines indicate the analytical results. (d) Angle-dependent
superscattering for scatterers with detuned resonators (red circles and line) and identical resonators (blue squares and line).
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numerical results (red symbols). Despite the discrete radial
arrangement, the degeneracy of the nth and −nth angu-
lar momentum channels is confirmed [i.e., scattering cross
section Csct,n = Csct,−n and Csct,n + Csct,−n = 2(2λ/π)].
Notably, the theoretical scattering cross-section limit of
7(2λ/π) for the N = 6 scatterer cannot be reached because
a negligible contribution of the n = 0 channel occurs due
to cancellation of the resonant scattering by direct scatter-
ing (see note 2 within the Supplemental Material [28]).

Due to their discrete radial symmetry [29], the
superscatterers enable angle-dependent superscattering, as
shown in Fig. 1(d). Here, the incident angle, ψ0, of the
plane wave affects coupling between the constituent res-
onators via the angle-dependent excitation phases, φj [i.e.,
φj − φ1 = (2π/λ)D sin(θj /2) sin(θj /2 − ψ0)], and the
force term, f, in Eq. (8). Notably, the superscatterer with
detuned resonators (C2 symmetry) exhibits a significant
difference of Csct between ψ0 = 0 and ψ0 ≥ 30◦, while the
scatterer with identical resonators (C6 symmetry) shows an
expected angularly periodic behavior with ψ0.

B. Acoustic coupled mode theory for coupled
resonators

To investigate the scattering from a scatterer composed
of multiple resonators, we develop a full analytical model
based on coupling between the resonators. To generalize

our analysis, regardless of the resonator types, we use a
harmonic oscillator (HOS) model. For resonators much
smaller than the cylinder, the scattered pressure [psct(r)] is
modeled by the direct (pdir) and resonant (pres) scatterings
as [30]

psct(r) = pdir(r)+ pres(r). (2)

Here, the direct scattering corresponds to a contribution
from the same size cylinder without resonators [31],

pdir(r) = −p0

∞∑
n=−∞

in
J ′

n(kwR)
H ′

n(kwR)
Hn(kwr)einθ , (3)

where Hn is the nth-order Hankel function of the first kind.
The resonant scattering is determined by the pressure gen-
erated by a resonator with uniform velocity, vj , on the
surface of a cylinder with radius, R [32,33],

pres(r) =
N∑

j =1

pres,j , (4a)

pres,j (r) = − iωρ
4π

∫ 2π

0
vj G(r, R, θ , θj )dθj , (4b)

where G(r, R, θ , θi) = −(2/kwR)
∑∞

n=−∞[Hn(kwr)/
H ′

n(kwR)]ein(θ−θj ) is the Green’s function chosen for

(a)

(b)

(c)

FIG. 2. Superscattering by multiple resonators for excitation of incident channels. (a) Expansion of incident plane waves for channels
(n = 0, 1, 2, 3, 4). Decomposed pressure fields (real parts) of each channel. The dashed white circles, with a radius of rp , indicate the
first peak amplitudes with respect to r. (b) Schematics of cylindrical scatterers consisting of N number of resonators. The resonators N
are radially arranged for channel n = N/2. (c) Scattering cross section (normalized by 2λ/π ) of each angular momentum channel for
N number of resonators (diameter D = 10 mm for N = 1 and 2; and D = 40 mm for N = 4, 6, and 8) obtained by using Eq. (9).
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(a)

(b)

n = ±±3  n = ±3  n = ±3  n = ±3  

n = ±4  n = ±4  n = ±4  n = ±4  

FIG. 3. Frequency bandwidth of scattering channels with respect to the size of scatterers. (a) Incident pressure field of n = ±3
overlaid with dashed circles of radii R. Contribution of scattering channel n = ±3 for scatterers of N = 6 and different radii (R =
20, 40, 60 and 80 mm). (b) Incident pressure field of n = ±4. Contribution of scattering channel n = ±4 for scatterers of N = 8. The
blue and red arrows indicate the cases showing similar frequency bandwidths.

∂G/∂r = 0 on the cylinder surface. Notably, the resonant
scattering depends on the velocity of the coupled res-
onators. The response of each resonator can be calculated
by the coupled equation of motion [34]:

(−ω2M − iωC + K)x = f, (5)

where M is the diagonal matrix of mass given by
diag(m1, m2, . . . , mN ), and K is the diagonal matrix of
stiffness, diag(k1, k2, . . . , kN ). The damping matrix, C, is
given by

C =

⎡
⎢⎢⎢⎢⎣

c11 + δ1 c12 c13 · · · c1N
c21 c22 + δ2 c23 · · · c2N
c31 c32 c33 + δ3 · · · c3N
...

...
...

. . .
...

cN1 cN2 cN3 · · · cNN + δN

⎤
⎥⎥⎥⎥⎦ .

(6)

Here, the diagonal elements of C describe radiation leak-
age (cii) and intrinsic loss (δi), and the off-diagonal
elements (cij for i �= j ) describe coupling between the
resonators [22]. By using Eq. (4b), both radiation leak-
age (i = j ) and coupling rate (i �= j ) are analytically
determined by [35,36]

cij =
∫

Si
pres,j (�r)dS

vj
= iωρs

2πkwR

∞∑
n=−∞

Hn(kwR)
H ′

n(kwR)
ein(θi−θj ).

(7)

Here, the leakage rate of each channel (cii,n) determines
coupling of the constituent resonators with scattered waves
of the channel, and thus, its frequency bandwidth. The
elements of the force matrix, f, are determined with the
total pressure field for the nonresonant scatterer [i.e.,
ptot = pint(r)+ pdir(r)]. By integrating ptot over the res-
onator j (area of Sj ), the force acting on resonator j is
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expressed by

fj =
∫

Sj

[pint(r)+ pdir(r)]dS. (8)

From Mie scattering theory, the scattering cross section is
given by Csct = ∑∞

n=−∞ (2λ/π)|Sn|2, where Sn is the scat-
tering coefficient [37]. With Eqs. (3) and (4), we derive the
scattering coefficient,

|Sn| = |Sdir,n + Sres,n|

=
∣∣∣∣∣∣

J ′
n(kwR)

H ′
n(kwR)

+ i1−nωρ

2πkwR

N∑
j =1

sj vj

H ′
n(kwR)

ein(ψ0−θj )

∣∣∣∣∣∣ .

(9)

Here, |Sdir,n|2 ≤ 1 and |Sres,n|2 ≤ 1 leads to |Sn|2 ≤ 2, i.e.,
Csct,n ≤ (4λ/π).

C. Highest |n| and bandwidth of the scattering
channels

To further gain an insight into scattering channels and
understand why we choose a specific number of resonators
(i.e., N = 6) for superscattering, we pay attention to the
decomposed cylindrical waves from Eq. (1), which are
shown in Fig. 2(a). From these incident pressure fields, we
postulate that these incident channels, n, can effectively
couple to N number of resonators on a scatterer, if these
resonators are radially arranged near the high-amplitude
regions of the pressure fields (i.e., |n| = N/2, where N is
an even number), as illustrated in Fig. 2(b). Indeed, we
find that these radially arranged resonators can excite scat-
tering channels of |n| ≤ N/2, as the contribution of each

scattering channel is shown in Fig. 2(c). Notably, there is
no theoretical limit, as long as a sufficient number of res-
onators are radially arranged (e.g., |n| ≥ 5 for N ≥ 10); see
note 3 within the Supplemental Material [28].

Practically, the number of resonators is constrained
because the highest |n| exhibits a relatively narrow band-
width of the scattering channels [see n = ±4 and N = 8 in
Fig. 2(c)]. We observe that the frequency bandwidth crit-
ically depends on the size of a scatterer, relative to the
high-amplitude region (a radius of rp ) of each incident
channel [see white dashed circles in Fig. 2(a)]. Figure 3
shows incident pressure fields overlaid with scatterers of
different radii (dashed circles). With increasing R, the over-
lap between the scatterers and high-amplitude regions is
enhanced, resulting in increased bandwidths. For the same
radius, owing to its smaller rp , the overlap of n = ±3
[shown in Fig. 3(a)] is clearer than that of n = ±4 in
Fig. 3(b), thus producing better coupling, and thereby,
larger bandwidths. The bandwidth of n = ±3 for a specific
radius, R, is similar to that of n = ±4 for a larger radius.
Specifically, n = ±4 for R = 60 mm has a similar band-
width to that of n = ±3 for R = 40 mm (see blue arrow),
while n = ±4 for R = 80 mm corresponds to n = ±3 for
R = 60 mm (see red arrow). In addition, the superscatterer
of N = 8 requires a relatively large size for the sizable
bandwidths and degenerate resonances (see note 4 within
the Supplemental Material [28]).

D. Angle-dependent superscattering owing to discrete
radial symmetry

The incident-angle dependence is caused by the
alignment of resonators with respect to the incident
cylindrical waves; the incident fields of n = ±3 are shown

(a)

(b)

(c)

(d)

FIG. 4. Incident-angle-depend-
ent acoustic superscattering. (a)
Alignment of the resonators with
respect to the incident pressure
field of n = ±3, exhibiting on
alignment for ψ0 = 0◦ and 60◦
and off alignment for ψ0 = 30◦
and 90◦. The dashed lines guide
the alignment of the resonators
with respect to the pressure fields.
(b) Incident-angle-dependent con-
tribution of each scattering chan-
nel. The blue shade assists in
identifying similarity between n =
±3 and total scattering. (c) Inci-
dent pressure field of n = ±3,
showing a phase angle differ-
ence of π between the neigh-
boring high-amplitude regions. (d)
Vibration phase difference bet-
ween neighboring resonators i and
j (i.e., xi|xj ) for ψ0 = 0◦ and 60◦.
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(a) (b) (e)

(c) (d)

FIG. 5. Measurement of acoustic superscattering. (a) Photograph of a 3D-printed device (25 mm height) and schematic of a super-
scatterer with six Helmholtz resonators (two types of cavities: I and II). (b) Measurement setup for scattering cross section and radiation
pattern. (c) Measured scattering cross section of the superscatterer for ψ0 = 0◦. The symbols indicate the measurement results, while
the solid (dashed) lines indicate the numerical (analytical) results. For comparison, a solid cylinder of the same size is plotted as the
blue line and symbols. (d) Peak scattering cross section of superscatterers with the detuned Helmholtz resonators (red) and identical
Helmholtz resonators (blue) as a function of the incident angles, ψ0. The symbols indicate the measurement results, while the solid
(dashed) lines indicate the numerical (analytical) results. (e) Scattered radiation patterns from the superscatterer with the detuned
resonators for ψ0 = 0◦, 30◦, 60◦, and 90◦. The numerical results (solid lines) are overlaid with the measured results (symbols).

in Fig. 4(a). When the resonators are aligned to the high-
amplitude regions of the pressure field, coupling between
the resonators and pressure field occurs. The detuned res-
onators play a critical role in angle dependence (see note
5 within the Supplemental Material [28]). In Fig. 4(b),
we observe that the contribution of the highest channel
determines the overall angle dependence, as the trend of
the total scattering cross section is very similar to that of
|n| = 3. In particular, for ψ0 = 30◦, the contribution of
the |n| = 3 momentum channel is negligible because of
the off alignment of the resonators to the pressure |n| = 3
field and consequently undercoupling. For ψ0 = 60◦, the
alignment is in favor of efficient coupling, yet the scat-
tering is relatively low. In addition to the alignment, we
find one more requirement regarding the vibrational phase
of the resonators; the vibrational phase difference between
adjacent resonators [|arg(xj )− arg(xj +1)|] should be π

for excitation of |n| = 3 channels, as shown in Fig. 4(c).
Notably, the detuned resonators show a deviation from π

for ψ0 = 60◦. For oblique incident angles, ψ0 �= 0, 90◦,

the C2 symmetry scatterer shows lifted degeneracy of
the nth and -nth angular momentum channels, i.e., Csct,n
�= Csct,−n.

E. Experimental demonstration of superscattering

We experimentally demonstrate superscattering, con-
sidering realistic acoustic losses. Our theoretical anal-
ysis, based on a HOS model, can be applied to any
type of acoustic resonator [38–40] for superscattering.
Here, we choose Helmholtz resonators and fabricate a
cylindrical scatterer (2R = 100 mm) consisting of six
Helmholtz resonators (HRs) using a 3D printer, as shown
in Fig. 5(a). To measure the total scattering cross section,
the device (25 mm height) is placed at the center of a two-
dimensional waveguide (r = 0), as illustrated in Fig. 5(b).
The total scattering cross section is calculated by Csct =∫ 2π

0 |psct(rd, θ)|2rddθ/|pinc(r = 0)|2, where rd is the detec-
tor’s radius-of-rotation. The scattered pressure [psct(rd, θ)]
is calculated from measured ptot and pinc, i.e., psct(rd, θ) =
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ptot(rd)− pinc(rd). Here, ptot and pinc are measured at
rd = 250 mm (1.5λ) with and without the superscatterer,
respectively.

Figure 5(c) shows the measured scattering cross section
(symbols) for ψ0 = 0◦. The measured scattering cross
section is approximately five times the single-channel limit
at 1980 Hz, thus demonstrating superscattering, despite
thermoviscous losses. For comparison, a rigid cylinder
(R = 50 mm) without resonators shows only 1.5 times
enhancement at the same frequency. The numerical (solid
line) and analytical (dashed line) results capture the trends
of the measurement results (symbols). The analytical
results are obtained by using Eq. (9) with effective param-
eters that take into account Helmholtz resonators [41,42]
(see note 6 within the Supplemental Material [28]). The
discrepancy between the simulation and measurement is
likely to be attributable to underestimated material-related
losses in the HRs and imperfection of the anechoic foam.
We experimentally confirm angle-dependent superscatter-
ing by the scatterer of N = 6, as shown in Fig. 5(d).
The measurement results (symbols) shown are in broad
agreement with the numerical (solid line) and analytical
(dashed line) results, thus supporting the conclusion that
the scatterer with detuned HRs is more effective in angular
response than the scatterer with identical HRs. In addition,
Fig. 5(e) shows the measured scattered pressure patterns
[|psct(rd, θ)|] from the superscatterer with the detuned HRs.
The measurement results (symbols) are consistent with the
numerical results (solid line). Regardless of the incident
angles, ψ0, the maximum scattered pressure amplitude is
observed at θ = 0◦. For oblique angles, ψ0 �= 0◦, scat-
tering in other angles θ �= 0◦ becomes considerable. For
example, ψ0 = 30◦ leads to dominant scattering and the
angles θ = 0◦, 90◦, and 180◦. This result demonstrates
that the superscatterer based on coupled resonators enables
effective control of the scattering radiation pattern.

III. CONCLUSION

We demonstrate acoustic superscattering in two dimen-
sions from a subwavelength cylinder decorated with
smaller scale resonators. Our work, based on coupled
resonators, provides a promising approach to directional
superscattering and provides a critical understanding of
angular momentum channels for superscattering. Our
work can offer alternative possibilities for ultrasparse
noise barriers [21] and angle-dependent superscattering
for directional acoustic wave control [17,43]. In addi-
tion, the acoustic superscatterer design can be extended to
three dimensions and involve other types of acoustic res-
onators (e.g., membrane-type resonators [40] and quarter-
wavelength resonators [39,44]). The concept is further
applicable to subwavelength optical scatterers comprising
deep-subwavelength resonant particles [45,46].

APPENDIX A: NUMERICAL SIMULATION

The numerical simulation is performed using a com-
mercial finite-element-method solver, COMSOL v5.3. In
the simulations using a harmonic oscillator model, the
spring-mass system is modeled as a rigid rectangular
mass subject to a spring boundary and acoustic-structure
interaction boundary. All resonators have the same mass
(mj = m0 = 1.3 × 10−6 kg), and each resonator width
(sj = s0 = 1 mm) is much smaller than that of the diameter
2R = 100 mm. For the detuned resonators, their stiffnesses
are numerically optimized, with stiffnesses of k2,3,5,6 =
k0 = 462 N/m and k1,4 = 1.2k0 (see note 7 within the Sup-
plemental Material [28]). For COMSOL simulations using
HRs, the simulations account for thermoviscous losses in
HRs.

APPENDIX B: MEASUREMENT OF SCATTERING
CROSS SECTION

Each HR is composed of a slit and cavity. The
slit sizes of the HRs are the same (wn = 3 mm and t =
2 mm). For detuning of the two HRs, smaller cavity
sizes are used (hc1 = 20.5 mm, hc2 = 18 mm). The scat-
tering cross section and scattering radiation pattern are
characterized by the spinning microphone setup (see
Fig. S10 within the Supplemental Material [28]), con-
sisting of two acrylic sheets (1/2′′ thick, 48′′ × 48′′), a
full-range speaker (2½′′, model SB65WVAC25-4, SB
Acoustics, http://www.sbacoustics.com/) with a square
waveguide (20 × 20 × 150 mm3), a motorized rotation
stage (PRMTZ8, Thorlabs, New Jersey, USA), a pressure-
field microphone and preamplifier (1/4′′ prepolarized, sen-
sitivity 1 mV/Pa, model 378C10, PCB Piezotronics, NY,
USA), an audio power amplifier (model APA150, Day-
tonaudio), a data acquisition device (24-bit, 102.4 kS/s,
model NI USB-4431, National Instruments), and anechoic
termination (polyurethane foam). To record acoustic sig-
nals, the two microphones (1 and 2), connected to the two
rotating arms of the rotation stage through magnet pairs,
measure acoustic signals at an interval of�θ = 5◦ for θ =
0◦−360◦. Microphone 3 measures the incident pressure at
the center (r = 0). For characterization of angle-dependent
superscattering, the scatterers are manually rotated for
ψ0 = 0◦−90◦ (�ψ0 = 15◦). The validation of the mea-
surement setup is given in note 8 within the Supplemental
Material [28].
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