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Quantum sensing exploits fundamental features of quantum mechanics and quantum control to realise
sensing devices with potential applications in a broad range of scientific fields ranging from basic science
to applied technology. The ultimate goal are devices that combine unprecedented sensitivity with excellent
spatial resolution. Here, we propose an new platform for all-electric nanoscale quantum sensing based on a
carbon nanotube double quantum dot. Our analysis demonstrates that the platform can achieve sensitivities
that allow for the implementation of single-molecule magnetic resonance spectroscopy and therefore opens
a promising route towards integrated on-chip quantum-sensing devices.
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I. INTRODUCTION

Quantum systems embodying fundamental quantum
features offer an appealing perspective in sensing and
metrology [1–4]. Ultra-small quantum sensors provide the
possibility for locating them in very close proximity to
the target to realise strong sensor-target interaction. This
facilitates sensing with both ultra-high measurement sensi-
tivity combined with a nanoscale resolution thus allowing
for the identification of nanoscale objects or the detec-
tion of signals carrying, for example, magnetic information
of nanostructures. The thereof emerging technology of
nanoscale magnetic resonance spectroscopy provides a
versatile experimental tool to investigate a wide range of
physical, chemical, and biophysical phenomena in minute
sample volumes [5–15].

There are two key challenges for the implementation
of nanoscale magnetic resonance spectroscopy. First, the
smallest possible probe-target distance is generally lim-
ited by the size of the quantum sensor. Remarkably,
nanoscale quantum sensors based on the nitrogen-vacancy
(N-V) center in diamond [16–18] can achieve sizes of
a few nanometers. However, perturbations from the sur-
face then start to significantly affect its sensing capabil-
ities thus limiting further miniaturization [19–22]. Sec-
ondly, a scalable architecture of an integrated on-chip
quantum-sensing device represents fundamental progress
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in the development of nanoscale magnetic resonance
spectroscopy with appealing practical applications.

In this work, we address both challenges and propose a
new type of quantum sensor based on a valley-spin qubit of
a carbon nanotube double quantum dot [23–30] aiming for
on-chip nanoscale magnetic resonance spectroscopy. By
applying continuous electrical driving on a double quan-
tum dot, the system can efficiently identify the frequency
of weak external signals. Due to the nanometer diameter of
single-walled carbon nanotubes, the valley-spin quantum
sensor can be brought extremely close to the target, which
promises ultra-high sensitivity. Our detailed analysis based
on realistic experimental parameters demonstrates that
such a carbon nanotube quantum sensor is able to identify
the species of individual external nuclei, thus going well
beyond both the detection of external ensembles of nuclei
[31] and the detection of a single strongly coupled intrinsic
nucleus [32], and thereby provides an alternative platform
for nanoscale magnetic resonance spectroscopy. The sys-
tem can be controlled coherently [33,34] and efficiently
readout [35,36] electrically. Such all-electric manipulation
without requiring optical elements facilitates the integra-
tion of on-chip carbon nanotube quantum-sensor arrays
[37]. The present result is expected to extend the scope of
quantum technologies based on a carbon nanotube double
quantum dot system from quantum-information processing
to nanoscale magnetic resonance spectroscopy.

II. MODEL OF A NANOTUBE QUANTUM SENSOR

Our quantum sensor is based on a carbon nanotube
double quantum dot, as shown in Fig. 1(a). In a single-wall
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FIG. 1. Nanotube quantum sensor for nanoscale magnetic res-
onance spectroscopy. (a) Model of a (bent) nanotube quantum
sensor for nanoscale magnetic resonance spectroscopy (a PH3
molecule shown as an illustrative example). Five local gate
electrodes create an electrically driven double quantum dot and
control the electron tunneling rates [33,34]. (b) Mechanism of a
nanotube quantum sensor. Both electrons are electrically driven
with a Rabi frequency �d, the magnetic dipole-dipole coupling
between one electron spin and the external target spin (with a
Larmor frequency γnB) lifts the Pauli blockade, see (c), and
leads to a resonant leakage current when �d = γnB. (c) Due to
a change in the local environment of the left or right quantum
dot, Pauli blockade is lifted by three additional tunneling chan-
nels as denoted by

∣∣A0,±
〉 ↔ |S〉 ↔ ∣∣Sg

〉
with the corresponding

tunneling rates J 0,±
S and J .

carbon nanotube, an electron has two angular-momentum
quantum numbers, arising from spin and orbital motions.
The orbital motion has two flavors known as the K and
K ′ valleys, which correspond to the clockwise and coun-
terclockwise motions around the nanotube. Due to the
anisotropy of orbital magnetic moment [38], the energy
levels of electron in a carbon nanotube become sensi-
tive to the direction of a magnetic field, which has been
applied into the detection of static magnetic fields [39,40]
and electrically driven electron spin resonance [33,34].
Although it has been demonstrated that nuclear magnetic
fields may influence electron transport [36] and electron
spin resonance [31] in a double quantum dot confined in
the GaAs heterostructure, it is not clear how the mecha-
nism can be engineered for nanoscale magnetic resonance
spectroscopy.

The goal of the present work is to design a quantum sen-
sor based on a carbon nanotube double quantum dot system
that can achieve a sensitivity on the order of 10 nT/

√
Hz

for weak oscillating magnetic fields, which is sufficient
for achieving nuclear magnetic resonance spectroscopy at
the single-molecule level. The key idea, which enables us
to achieve such a goal, is continuous electrical driving
on a carbon nanotube double quantum dot, which leads
to resonant leakage current when the driving Rabi fre-
quency matches the fingerprint frequency of a weak signal
(e.g., arising from nuclei), see Figs. 1(b) and 1(c). This in
turn allows to obtain the relevant information on the weak
signal from the electron transport spectroscopy in Pauli
blockade regime [28].

In a static magnetic field B, the Hamiltonian of an elec-
tron in the nanotube is given by (for simplicity we set
� = 1) [33,41]

Ĥ (z) = −1
2
�SOτ̂3n (z) · σ̂ − 1

2
�KK ′

(
τ̂1 cosϕ + τ̂2 sinϕ

)

+ 1
2

gsμBB · σ̂ + gorbμBB · n (z) τ̂3, (1)

where τ̂ = (τ̂1, τ̂2, τ̂3) and σ̂ = (σ̂x, σ̂y , σ̂z) are the Pauli
operators of valley and spin, n(z) = cos θ (z) ẑ + sin θ (z) x̂
is the local tangent unit vector with θ (z) the angle between
n(z) and ẑ, �SO is the spin-orbit coupling strength [42],
�KK ′ and ϕ are the magnitude and phase of valley mixing
[43], gs and gorb are the g factors of spin and valley, respec-
tively. At θ (z0) = 0 and B = 0, four eigenstates form two
Kramers doublets {|⇑∗〉 , |⇓∗〉} and {|⇑〉 , |⇓〉}, which are
separated by an energy gap�E0 = (

�2
SO +�2

KK ′
)1/2. Each

doublet can serve as a valley-spin qubit, which shows
different energy splittings in the parallel (B = Bzẑ) and per-
pendicular (B = Bxx̂) magnetic field due to the anisotropic
magnetic moment. As mediated by a bent nanotube [44],
the qubit can be electrically driven while the quantum dot
is driven back and forth with frequency ω and amplitude
�zm by applying a microwave frequency gate voltage.

The effective Hamiltonian of a driven valley-spin
qubit in the magnetic field B = {Bx, 0, Bz} is [41] Ĥe =
1
2

(
ωxŝx + ωz ŝz

)+�x cos (ωt) ŝx +�z cos (ωt) ŝz, where
ŝx,y,z are Pauli operators of the valley-spin qubit and ωx =
g⊥μBBx, ωz = g‖μBBz, with g⊥ = gs sin ζ , g‖ = gs −
2agorb cos ζ . The characteristic parameter ζ is defined as
tan ζ = �KK ′/�SO, and a takes the value ±1 for the upper
and lower Kramers doublets, respectively. We choose ω =
ω0 ≡ (ω2

x + ω2
z )

1/2 and obtain a dressed valley-spin qubit
under the conditions �x,�z � ω0 as described by (see
more details in Appendix A)

Ĥd = 1
2
�dŜx, (2)

where Ŝx is the Pauli operator in the eigenbasis of Ĥ0 =
(1/2)

(
ωxŝx + ωz ŝz

)
and the driving Rabi frequency is
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�d = �x cos γ −�z sin γ with tan γ = ωx/ωz. Note that
the effect of fluctuation in the driving fields can be miti-
gated by concatenated driving schemes [45].

We consider a double quantum dot in the n-p region
and encode a valley-spin qubit in the lower Kramers dou-
blet for both quantum dots. In the Pauli blockade regime,
electron tunneling is forbidden when two electrons in the
(1, 1) configuration are in a triplet state [46]. The leakage
current can be obtained from the quantum-transport mas-
ter equation (see more details in Appendix B). When the
Rabi frequency of an applied continuous driving field on
the valley-spin qubits matches the frequency of local sig-
nal fields, e.g., from the hyperfine coupling between the
left quantum dot and a single molecule, additional electron
tunneling channels open up, see Fig. 1(c). In the follow-
ing, we show that the change in the leakage current through
such a nanotube quantum dot system can serve as a highly
sensitive probe for selective detection of localized external
signals.

III. SENSING OF A WEAK OSCILLATING FIELD

To illustrate the working principle of nanoscale mag-
netic resonance spectroscopy using a nanotube quantum
sensor, we first consider the measurement of an oscillating
magnetic field (e.g., arising from a local magnetic moment)
b (t) = b cos (ωct) ẑ acting on the left quantum dot, where
the right quantum dot is out of the nanoscale field due to
the much larger distance from the left quantum dot. The
effective Hamiltonian in the (1, 1) subspace is

ĤsB = 1
2
�dŜ(1)x +�c cos (ωct) Ŝ(1)z + 1

2
�dŜ(2)x , (3)

where Ŝ( j )
x,z are the Pauli operators of the left ( j = 1) and

right ( j = 2) dressed valley-spin qubit, and�c = g‖μBb/2
represents the coupling strength of the left dressed valley-
spin qubit to the weak oscillating magnetic field. The
Hamiltonian in the (0, 2) subspace is H� = � |Sg〉 〈Sg|
with the energy detuning �, and the tunneling Hamilto-
nian is Ht = J (|S〉 〈Sg| + |Sg〉 〈S|). In the new picture after
making a transformation Ŝx ↔ Ŝz and using rotating-wave
approximation, we introduce the basis states including

|A0〉 = 1√
2

⎛

⎜
⎝

cosϑ
sinϑ
sinϑ

− cosϑ

⎞

⎟
⎠ , |A±〉 = 1

2

⎛

⎜
⎝

±1 + sinϑ
− cosϑ
− cosϑ

±1 − sinϑ

⎞

⎟
⎠

(4)

and the singlet state |S〉 = (1/
√

2)(0 −1 1 0)T with
cosϑ = �c/λ, sinϑ = 2δ/λ, δ = �d − ωc and λ =

(
4δ2 +�2

c

)1/2, to rewrite the Hamiltonian ĤsB as

Ĥ ′′
sB =

⎛

⎜⎜
⎝

0 0 0 J 0
S

0 λ/2 0 J +
S

0 0 −λ/2 J −
S

J 0
S J +

S J −
S 0

⎞

⎟⎟
⎠ , (5)

where the local-field-induced tunneling rates are J 0
S =

−�2
c/(2λ) and J +

S = J −
S = δ�c/

(√
2λ
)

(see more details
in Appendix B).

The above Hamiltonian reveals two essential ingredi-
ents of the present nanotube quantum sensor. Firstly, in the
absence of an oscillating magnetic field, all of the chan-
nels to the state |S〉 are closed, and the leakage current
is only contributed by the state |S〉. The external oscil-
lating field opens up three additional channels

∣∣A0,±
〉 ↔

|S〉 ↔ ∣∣Sg
〉

for electron tunneling, see Fig. 1(c), and thus
can significantly influence the leakage current. Secondly,
the transition |A0〉 ↔ |S〉 is most efficient when �d = ωc,
as shown in Fig. 2(a). In contrast, the transitions |A±〉 ↔
|S〉 play the most significant role with a slight detuning
between �d and ωc, which is verified by the resonant dip
of leakage current in Figs. 2(b) and 2(c). As the electron
injected from the source is unpolarized, the total leak-
age current reflects an overall contribution of all tunneling
channels. As the system evolves, the transitions |A±〉 ↔
|S〉 becomes dominant, which leads to a pronounced reso-
nant dip as evident in Fig. 2(d). These features demonstrate
the feasibility of using such a nanotube quantum sensor to

(a) (b)

(c) (d)

FIG. 2. Illustration of quantum-sensing mechanism. (a)–(d)
Leakage current It as a function of the driving Rabi frequency
�d/ωc with the initial state |A0〉 (a), |A+〉 (b), |A−〉 (c) and the
unpolarized electron spin state (d) in the (0, 1) subspace at time
t = 0.5 μs (red), 1 μs (blue), 10 μs (green), respectively. The
parameters are gorb = 12, �SO = 0.8 meV, �KK ′ = 0.2 meV,
ϕ = 0 for both electrons [34,41], and ωc = (2π) 5 MHz, b =
6 μT for the oscillating signal field, the electron injection and
ejection rate are �L = �R = (2π) 8 MHz and the tunneling rate
is J = (2π) 2 MHz.
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(a) (b)

(c) (d)

FIG. 3. Performance of measurement sensitivity. (a),(b) Leak-
age current It and (c),(d) estimated sensitivity η (at the resonant
peaks and dip of leakage current) as a function of the driving
Rabi frequency �d/ωc and the evolution time t for an oscillating
magnetic field with different amplitudes: (a),(c) b = 2 μT and
(b),(d) b = 6 μT. The system starts from one unpolarized elec-
tron located in the right quantum dot as the initial state. The other
parameters are the same as Fig. 2.

selectively detect a weak oscillating magnetic field from
driving-field-induced variations in the leakage current.

By sweeping the Rabi frequency �d of the driving
field, a resonance appears in the leakage current when it
matches the frequency of the weak oscillating magnetic
field emanating from the target (i.e.,�d = ωc), as shown in
Figs. 3(a) and 3(b). Such a resonance measurement offers
an efficient way to identify the frequency of the external
signal, which provides a basis for single-molecule nuclear
magnetic resonance spectroscopy. We further analyze the
shot-noise limited sensitivity for the measurement of the
amplitude of a weak oscillating field from the instanta-
neous leakage current I at time t, which is defined by
η = �I

√
t (∂bI)−1. We estimate the achievable sensitivity

from the measurement of the resonant leakage current in
the weak field regime as shown in Figs. 3(c) and 3(d),
which implies that the sensitivity can reach the order of
10 nT/

√
Hz by measuring the instantaneous leakage cur-

rent after an evolution time of a few microseconds using
the feasible experimental parameters given in Fig. 2.

IV. NANOSCALE MAGNETIC RESONANCE
SPECTROSCOPY

Based on the idea presented and analyzed above in the
scenario of measuring a weak oscillating signal field, we
proceed to demonstrate the applicability of the present
scheme for nanoscale magnetic resonance spectroscopy
at a single-molecule level. Without loss of generality, we
assume that a target molecule is attached on the surface

of the nanotube close to the left quantum dot. The interac-
tion strength of magnetic dipole-dipole coupling between
the nuclear spins of the target molecule and the valley-spin
qubit is hn = μ0μBμN gng‖/

(
4πr3

)
, where r represents the

distance from the valley-spin qubit and individual nuclear
spins. Two unique features of the present proposal are
responsible for its excellent performance, namely a large
value of g‖ (due to a much more prominent orbital g fac-
tor, gorb) and the achievable small sensor-target distance r
(which benefits from the compact dimension of nanotube).

A single molecule is characterized by different species
of nuclear spins with multiple Larmor frequencies. For
each nuclear spin, an effective magnetic field introduced
by its Larmor precession influences the energy levels of the
left quantum dot through the magnetic dipole-dipole cou-
pling. It leads to individual resonance signals of leakage
current that are detected by the present driven nanotube
quantum sensor. The identification of these characteris-
tic Larmor frequencies, as implemented by sweeping the
Rabi frequency of continuous driving, provides a finger-
print for the detection of single molecules. As an example,
we consider phosphine (PH3) and hydrogen fluoride (HF)
molecules, both of which are toxic gases. As shown in
Fig. 4, owing to the half-integer nuclear spins 1H, 19F, and
31P, the leakage current clearly exhibits resonances when
the Rabi frequency of continuous driving matches the
condition �d = γnB, where γn is the gyromagnetic ratio
corresponding to individual nuclear species. We remark
that electron injection (ejection) rates and the tunneling
rate can be tuned by local gate voltages in order to opti-
mize the performance of the protocol (see more details in
Appendix D).

V. FEASIBILITY OF EXPERIMENTAL
REALIZATION

Current experimental advances in fabricating nanotube
quantum dots and electrically driven spin resonance quan-
tum control facilitates the implementation of our proposed
scheme. The key ingredient for experimental realization is
the tuneable Rabi frequency of electric continuous driving
�d. The driving Rabi frequency depends on the bending
parameter (∂zθ)z=z0

and the oscillation amplitude �zm of
the quantum dot, the required value of which is feasible
with the state-of-the-art experiment capability [34,41]. The
scheme prefers two valley-spin qubits that have the same
valley mixing�( j )

KK ′ thereby the same characteristic param-
eter ζj for two valley-spin qubits. In order to compensate
for nonuniformity in quantum dots and achieve the best
sensing performance, we adopt a bent arc shape nanotube
with an appropriate tilted angle. By applying a magnetic
field in the x̂-ẑ plane with the proper components of Bx,
Bz, we find that two valley-spin qubits can have identical
parameters ζj (see more details in Appendix B).
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(a) (b)

(c) (d)

FIG. 4. Single-molecule magnetic resonance spectroscopy.
(a),(b) Leakage current It as a function of the driving Rabi
frequency �d and the evolution time t for the detection of a sin-
gle PH3 molecule with �L = (2π) 1 MHz, �R = (2π) 0.6 MHz,
J = (2π) 0.55 MHz (a) and a single HF molecule with �L =
(2π) 1 MHz, �R = (2π) 0.4 MHz, J = (2π) 0.35 MHz (b) in the
magnetic field B = {300, 0, 100} mT. The dash lines (white) in
(a),(b) represent the corresponding Larmor frequencies. (c),(d)
Leakage current It as a function of the driving Rabi frequency
�d at time t = 1.5 μs for the detection of a single PH3 molecule
(c) and at time t = 3 μs for the detection of a single HF molecule
(d) in different magnetic fields with B1 = {300, 0, 100} mT and
B2 = {360, 0, 120} mT. The other parameters are the same as
Fig. 2.

The main decoherence that may affect the performance
of the present carbon nanotube quantum sensor arises from
the thermal phonons, the environmental nuclear spins and
the charge fluctuation. At low temperature T = 100 K,
the dominated bending-mode phonon-mediated spin relax-
ation time is about 1 μs [47], which is much longer than
the electron tunneling time in a quantum dot. The influ-
ence of nuclei may be mitigated by synthesizing a carbon
nanotube with isotopically purified 12CH4, allowing for the
fabrication of almost nuclei-spin-free devices [23,48,49].
In addition, the driving via continuous control fields serves
to suppress noise effects from nuclear impurities in the
device, which underlines their importance in our scheme.
Our numerical simulation shows that the performance is
robust given feasible isotopic engineering (see more details
in Appendix C). As the carbon nanotube quantum dot is
gate defined, the charge noise modifies the energy levels
of the quantum dot, i.e., inducing fluctuations of the energy
detuning� between the singlet states |S〉 and

∣∣Sg
〉
[40], the

role of which in our scheme is mainly the suppression of
effective tunneling. The charge noise is slow [50] and its
influence can be compensated by optimizing the parame-
ters �L, �R, and J to sustain the leakage current (see more
details in Appendix C). We stress that this is quite differ-
ent from the dephasing effect on the coherence time of the

qubit involving the singlet state |Sg〉 in the (0,2) subspace
[34], where the energy splitting of the qubit relies on the
energy detuning �.

We note that the higher-order tunneling (cotunneling)
processes [51,52] may also have an influence on our
scheme. As the cotunneling corrections ∝ �L�R [51,53],
it is helpful to make the tunnel rates small for the sup-
pression of cotunneling current. In our scheme, the tunnel
rates �L,�R are 1 ∼ 2 orders of magnitude smaller than
the values in Ref. [52], thus the cotunneling current here is
estimated to be much less than 3 fA, which does not signif-
icantly influence the performance of our scheme. Overall,
we remark that the implementation of our proposal may
require new experimental efforts, the feasibility of which
appears promising.

VI. CONCLUSIONS & OUTLOOK

To summarize, we propose a new platform for nanoscale
magnetic resonance spectroscopy using a continuously
driven carbon nanotube double quantum dot as a quan-
tum sensor. The system allows a high sensitivity to be
achieved due to its unique features of a large valley g
factor and ultra-small dimension. In particular, our simu-
lation demonstrates that such a quantum sensor may iden-
tify individual nuclear spin and detect a single molecule.
The all-electric control and readout techniques make it
appealing for on-chip quantum-sensing device integration.
Assisted by the functionalized carbon nanotube [54,55],
such a quantum sensor can serve as a nanoscale probe to
capture the target molecule selectively and provide a new
route to implement nanoscale magnetic resonance spec-
troscopy at a single-molecule level with a wide range of
potential applications both in basic science and applied
technology.
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APPENDIX A: DERIVATION OF EFFECTIVE
HAMILTONIAN

Electrons in a nanotube have two angular-momentum
quantum numbers, arising from the spin and the valley
degree of freedom. These two degrees of freedom are cou-
pled via spin-orbit interaction [42]. In addition, two valley
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states are coupled to each other by electrical disorder and
contact electrodes [43]. We introduce the identity and Pauli
matrices in the spin space σ̂i with i = {0, x, y, z} and the
three-dimensional spin vector σ̂ ≡ {

σ̂x, σ̂y , σ̂z
}
. The posi-

tive and negative projections of σ̂z (component of σ̂ along
the ẑ axis) are denoted by {|↑〉 , |↓〉}. Similarly, the iden-
tity and Pauli matrices in the valley space are denoted
as τ̂j with j = {0, 1, 2, 3} and the three-dimensional val-
ley vector τ̂ ≡ {

τ̂1, τ̂2, τ̂3
}
, where we choose

{∣∣K ′〉 , |K〉}
as the positive and negative projections of τ̂3 [component
of τ̂ along n (z) = cos θ (z) z + sin θ (z) x, which is a local
tangent unit vector of the nanotube with θ (z) the angle
between n (z) and z]. In a static magnetic field B, the
Hamiltonian of an electron can be written as [33,41]

Ĥ = −1
2
�SOτ̂3n (z) · σ̂ − 1

2
�KK ′

(
τ̂1 cosϕ + τ̂2 sinϕ

)

+ 1
2

gsμBB · σ̂ + gorbμBB · n (z) τ̂3, (A1)

where �SO is the spin-orbit coupling strength, �KK ′ and
ϕ are the magnitude and phase of valley mixing, gs and
gorb are the spin and orbital g factors, respectively. We
remark that gorb is much larger than gs, and provides an
advantage for magnetic field sensing [40]. At θ (z0) = 0
and B = 0, four eigenstates are separated by an energy gap
�E0 = (

�2
SO +�2

KK ′
)1/2 and form two Kramers doublets

{|⇑∗〉 , |⇓∗〉} and {|⇑〉 , |⇓〉} with
∣∣⇑∗〉 = − cos (ζ/2)

∣∣K ′〉 |↓〉 + sin (ζ/2) |K〉 |↓〉 , (A2)

∣∣⇓∗〉 = − sin (ζ/2)
∣∣K ′〉 |↑〉 + cos (ζ/2) |K〉 |↑〉 , (A3)

|⇑〉 = cos (ζ/2)
∣∣K ′〉 |↑〉 + sin (ζ/2) |K〉 |↑〉 , (A4)

|⇓〉 = sin (ζ/2)
∣∣K ′〉 |↓〉 + cos (ζ/2) |K〉 |↓〉 , (A5)

with tan ζ = �KK ′/�SO (without loss of generality we
consider ϕ = 0), either of which can serve as a valley-spin
qubit.

Electrons in a nanotube can be longitudinally confined
to form a quantum dot by introducing tunnel barriers,
which can be created by modifying the electrostatic poten-
tial with gate voltages. For a double quantum dot, even
the tunneling of a single electron is permitted by Coulomb
blockade, the transition from a ground (1, 1)-triplet state
with one electron in each dot to a ground (0, 2)-singlet
state with both electrons in the right dot is blocked by
the Pauli exclusion principle, hence the leakage current is
zero. In a carbon nanotube, the energy difference between
an excited (0, 2)-triplet state and a ground (0, 2)-singlet
state can be one or two orders of magnitude smaller than

in III–V materials, which gives rise to the transition from a
ground (1, 1)-triplet state to an excited (0, 2)-triplet state,
hence the Pauli blockade does not work perfectly. A robust
Pauli blockade in a carbon nanotube is most evident with
a double quantum dot tuned into the n-p region, where the
first shells of electrons and holes are separated by a large
gap [28].

Based on the Pauli blockade in a double quantum dot,
we consider two valley-spin qubits both of which are
encoded in the lower Kramers doublet {|⇑〉 , |⇓〉}, then the
leakage current can be regarded as a meter of the right
valley-spin qubit and the left valley-spin qubit servers as
a quantum probe interacting with a target. In our scheme,
two dressed valley-spin qubits in a double quantum dot
can be used as a nanotube quantum sensor to detect, e.g., a
local magnetic field or a locally interacting spin.

1. Dressed valley-spin qubit

A valley-spin qubit in a static magnetic field B can
be electrically driven when the quantum dot in a bent
nanotube is driven by a microwave gate voltage [33,34].
We denote the frequency and the amplitude of the driven
motion of the quantum dot as ω and �zm. The effective
Hamiltonian of such a driven valley-spin qubit can be
written as follows [41]:

Ĥe = 1
2

g∗μB · B · ŝ +�x cos (ωt) ŝx +�z cos (ωt) ŝz,

(A6)

where ˆs = {
ŝx, ŝy , ŝz

}
is the Pauli operator of a valley-spin

qubit in the basis of the lower Kramers doublet {|⇑〉 , |⇓〉}
with

|⇑〉 = cos (ζ/2)
∣∣K ′〉 |↑〉 + sin (ζ/2) |K〉 |↑〉 , (A7)

|⇓〉 = sin (ζ/2)
∣∣K ′〉 |↓〉 + cos (ζ/2) |K〉 |↓〉 . (A8)

The effective g tensor is

g∗ =
⎛

⎝
g⊥ 0 0
0 g⊥ 0
0 0 g‖,

⎞

⎠ (A9)

with g⊥ = gs sin ζ , g‖ = gs + 2gorb cos ζ . The effective
driving Rabi frequencies are

�x = sin (2ζ ) gorbμBBzδθ/2, (A10)

�z = (
2gorb cos ζ + gs cos2 ζ

)
μBBxδθ/2, (A11)

with δθ = (∂zθ)z=z0
�zm. Considering a magnetic field

B = {Bx, 0, Bz} in the x-z plane, the effective Hamiltonian
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can be written as

Ĥe = 1
2
(
ωxŝx + ωz ŝz

)+�x cos (ωt) ŝx +�z cos (ωt) ŝz,

(A12)

where

ωx = g⊥μBBx, (A13)

ωz = g‖μBBz. (A14)

The eigenvalues of Ĥ0 = 1
2

(
ωxŝx + ωz ŝz

)
are

ε1,2 = ±
√
ω2

x + ω2
z /2, (A15)

and the corresponding eigenstates are

|ψ1〉 = cos (γ /2) |⇑〉 + sin (γ /2) |⇓〉 , (A16)

|ψ2〉 = − sin (γ /2) |⇑〉 + cos (γ /2) |⇓〉 , (A17)

with

cos γ = ωz/

√
ω2

x + ω2
z , (A18)

sin γ = ωx/

√
ω2

x + ω2
z . (A19)

We can rewrite the Hamiltonian Ĥe in the basis of
{|ψ1〉 , |ψ2〉} as follows:

Ĥ ′
e = 1

2
ω0Ŝz + gz cos (ωt) Ŝz + gx cos (ωt) Ŝx, (A20)

with

ω0 =
√
ω2

x + ω2
z , (A21)

gz = �z cos γ +�x sin γ , (A22)

gx = �x cos γ −�z sin γ , (A23)

where Ŝz and Ŝx are Pauli matrices in the basis of |ψ1〉 and
|ψ2〉. We choose ω = ω0 and use rotating-wave approx-
imation under the conditions gx, gz � ω0, which leads
to a dressed valley-spin qubit system with the following
effective Hamiltonian:

Ĥd = 1
2

gxŜx. (A24)

2. Coupling between a dressed valley-spin qubit and a
local oscillating signal field

We first consider the situation in which a driven valley-
spin qubit is coupled to a weak oscillating signal field b =
b cos (ωct) z in addition to the static magnetic field B =
{Bx, 0, Bz} with |b| � |B|. According to Eqs. (A6)–(A12),
the total Hamiltonian can be written as

ĤeB = 1
2
(
ωxŝx + ωz ŝz

)+�x cos (ωt) ŝx

+�z cos (ωt) ŝz +�c cos (ωct) ŝz, (A25)

with �c = g‖μBb/2, where b only contributes to the first-
order perturbative approximation of Ĥ [Eq. (A1)]. The
above Hamiltonian ĤeB can be written in the eigenbases
of Ĥ0 = 1

2

(
ωxŝx + ωz ŝz

)
as follows:

Ĥ ′
eB = 1

2
ω0Ŝz + gz cos (ωt) Ŝz + gx cos (ωt) Ŝx +�c cos γ

cos (ωct) Ŝz −�c sin γ cos (ωct) Ŝx. (A26)

By choosing ω = ω0 and using rotating-wave approxima-
tion under the conditions �c � ωc, gx, gz � ω0, we can
obtain the following effective Hamiltonian for a dressed
valley-spin qubit coupled to an oscillating magnetic field
as

ĤdB = 1
2

gxŜx +�c cos (ωct) Ŝz, (A27)

where we assume cos γ ≈ 1 that is valid when ωx � ωz.

3. Coupling between a dressed valley-spin qubit and a
nuclear spin

We proceed to consider the situation in which a driven
valley-spin qubit is coupled to a nuclear spin via mag-
netic dipole-dipole interaction. The interaction strength is
usually much weaker than the static magnetic field B =
{Bx, 0, Bz}. The Hamiltonian of the total system is

Ĥen = 1
2
(
ωxŝx + ωz ŝz

)+�x cos (ωt) ŝx +�z cos (ωt) ŝz

+ gnμN B · Î +
(μ0μBμN

4πr3

) {(
g∗ · ŝ/2

) ·
(

gnÎ
)

−3
[(

g∗ · ŝ/2
) · nr

] [(
gnÎ
)

·nr

]}
, (A28)

where gn is the g factor of the nuclear spin, ˆI =
{

Îx, Îy , Îz

}

is the spin operator of the nuclear spin and r = rnr is the
vector connecting the valley-spin qubit and the nuclear
spin with a distance r and a unit vector nr = {

nx, ny , nz
}
.
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Written in the eigenbases of Ĥ0, one can obtain

Ĥ ′
en = 1

2
ω0Ŝz + gz cos (ωt) Ŝz + gx cos (ωt) Ŝx

+ gnμN B · Î +
(μ0μBμN gn

8πr3

)

×
{[

g⊥
(

sin γ Ŝz + cos γ Ŝx

)
Îx

+g⊥Ŝy Îy + g‖
(

cos γ Ŝz − sin γ Ŝx

)
Îz

]

− 3
[
g⊥nx

(
sin γ Ŝz + cos γ Ŝx

)
+ g⊥ny Ŝy

+g‖nz

(
cos γ Ŝz − sin γ Ŝx

)] (
nxÎx + ny Îy + nzÎz

)}
.

(A29)

Similarly, we choose ω = ω0 and use rotating-wave
approximation under the conditions gx, gz � ω0 and
(μ0μBμN gn) /

(
8πr3

) � ω0 − (gnμN |B|), and thereby
obtain the following effective Hamiltonian for a dressed
valley-spin qubit coupled with a nuclear spin as described
by

Ĥdn = 1
2

gxŜx + gnμN B · Î + hn

2

[
Ŝz Îz

−3nzŜz

(
nxÎx + ny Îy + nzÎz

)]
, (A30)

with hn = μ0μBμN gng‖/
(
4πr3

)
, where we assume ωx �

ωz and thus cos γ ≈ 1. We remark that the above Hamil-
tonian can be straightforwardly generalized to the scenario
of multiple nuclear spins.

APPENDIX B: DETAILED MECHANISM OF A
NANOTUBE QUANTUM SENSOR

To illustrate the basic idea, here we present further
details on the sensing mechanism for the detection of a
weak oscillating magnetic field using a nanotube quantum
sensor. The system dynamics is governed by the following
quantum-transport master equation as [56,57]

ρ̇t = −i
[
Ĥ, ρt

]
+ Lρt, (B1)

with

Ĥ =
(
ĤI 0
0 ĤII

)

, (B2)

where ĤI and ĤII correspond to the (0, 1) and (1, 1)⊕
(0, 2) subspaces, respectively, namely

ĤI = 1
2
�dŜ(2)x , (B3)

and

ĤII = 1
2
�dŜ(1)x +�c cos (ωct) Ŝ(1)z + 1

2
�dŜ(2)x

+�
∣∣Sg
〉 〈

Sg
∣∣+ J

(|S〉 〈Sg
∣∣+ ∣∣Sg

〉 〈S|) , (B4)

where |S〉 and
∣∣Sg
〉

are the singlet states in (1, 1)
and (0, 2) subspaces, respectively. We note that Ht =
J
(|S〉 〈Sg

∣∣+ ∣∣Sg
〉 〈S|) represents the tunneling between

two quantum dots, and H� = �
∣∣Sg
〉 〈

Sg
∣∣ is the Hamil-

tonian in the (0, 2) subspace. The superoperator L is
generated by Lindblad operators L1 = √

�Lâ†
1ψ and L2 =√

�Râ2ψ describing the processes, by which an unpolar-
ized electron is injected from the source at a rate �L and is
ejected to the drain at a rate �R, where ψ denotes a set of
complete and orthogonal basis states of a valley-spin qubit.
The leakage current at time t can be calculated as follows:

I (t) = (e�R)
∑

ψ

Tr
(

â†
2ψ â2ψρt

)
. (B5)

On the other hand, we derive the shot noise of the leakage
current [see Eq. (B5)] as follows:

�I 2 = (e�R)
2
∑

ψ

{
Tr
[(

â†
2ψ â2ψ

)2
ρt

]

−
[
Tr
(

â†
2ψ â2ψρt

)]2
}

. (B6)

Therefore, the shot-noise-limited measurement sensitivity
for an evolution time t is given by

η = �I
√

t/
(
∂I
∂b

)
. (B7)

1. Tunneling channels for leakage current

The system of a carbon nanotube double quantum dot
in the (1, 1) charge configuration can be described by the
following Hamiltonian:

ĤsB = 1
2
�dŜ(1)x +�c cos (ωct) Ŝ(1)z + 1

2
�dŜ(2)x , (B8)

where g(1)x = g(2)x ≡ �d and Ŝ(j )x,z represent the Pauli oper-
ators of the left ( j = 1) and right ( j = 2) dressed valley-
spin qubits. Here, we assume that both dressed valley-spin
qubits are identical. We remark that two dressed valley-
spin qubits may not be completely identical due to, e.g.,
local disorder. We address this issue in detail in the next
section. Using rotating-wave approximation under the con-
ditions�c � ωc,�d, in the interaction picture with respect
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to Ĥ (0)
sB = (ωc/2)

[
Ŝ(1)x + Ŝ(2)x

]
, the Hamiltonian ĤsB can be

simplified into

Ĥ ′
sB = 1

2
δŜ(1)z − 1

2
�cŜ(1)x + 1

2
δŜ(2)z , (B9)

with δ = �d − ωc, where we adopt a transformation Ŝx ↔
Ŝz for simplicity and use rotating-wave approximation.
In the basis of {|A0〉 , |A+〉 , |A−〉 , |S〉}, one can partially
diagonalize the Hamiltonian Ĥ ′

sB into the following form:

Ĥ
′′
sB =

⎛

⎜⎜
⎝

0 0 0 J 0
S

0 λ/2 0 J +
S

0 0 −λ/2 J −
S

J 0
S J +

S J −
S 0

⎞

⎟⎟
⎠ , (B10)

with λ = √
4δ2 +�2

c , J 0
S = −�2

c/ (2λ), J ±
S = δ�c/(√

2λ
)

, where

|A0〉 = 1√
2

⎛

⎜
⎝

cosϑ
sinϑ
sinϑ

− cosϑ

⎞

⎟
⎠ , |A±〉 = 1

2

⎛

⎜
⎝

±1 + sinϑ
− cosϑ
− cosϑ

±1 − sinϑ

⎞

⎟
⎠ ,

(B11)

with cosϑ = �c/λ, sinϑ = 2δ/λ, and |S〉 =
(

1/
√

2
)

(0 −1 1 0)T is the singlet state, which is the only unblocked
state allowing electron tunneling to the (0, 2)-singlet state∣∣Sg
〉
. The other three states |A0, ±〉 are blocked, never-

theless they couple with the singlet state |S〉, which may
open three tunneling channels for leakage current. The
transitions

∣∣A0,±
〉 ↔ |S〉 are characterized by the following

reduced effective Hamiltonian:

ĤA0 =
(

0 −�2
c/ (2λ)

−�2
c/ (2λ) 0

)
, (B12)

ĤA± =
⎛

⎝
±λ/2 δ�c/

(√
2λ
)

δ�c/
(√

2λ
)

0

⎞

⎠ , (B13)

respectively. In the absence of a weak oscillating mag-
netic field (namely �c = 0), all of the channels to the state
|S〉 are closed. In this case, the |S〉 state fraction leads
to electron tunneling and a prominent leakage current,
see Fig. 5(b). The other three states are blocked, which
results in exponentially decay of leakage current. The pres-
ence of the weak oscillating field opens three tunneling
channels via the transitions

∣∣A0,±
〉 ↔ |S〉. To qualitatively

understand the role of frequency detuning δ in these tunnel-
ing channels, we assume that two electrons are initialized

in the state
∣∣A0,±

〉
, respectively. One can obtain that the

average population of the singlet state |S〉 is

P(0)S = 1
2

, (B14)

P(±)S = 4δ2�2
c(

4δ2 +�2
c

)2 + 8δ2�2
c

. (B15)

For the transition |A0〉 ↔ |S〉, these two states |S〉 and |A0〉
are on resonance, therefore the transition rate �2

c/ (2λ) is
maximized when δ = 0. In contrast, the transitions |A±〉 ↔
|S〉 rely on a nonzero frequency detuning, otherwise the
transition rate δ�c/

(√
2λ
)

is instead zero. Thus, these two
tunneling channels make the most significant contribution
to leakage current with an appropriate nonzero frequency
detuning. This is evident by two symmetric peaks in the
average singlet-state population when the initial states are
|A±〉, as shown in Fig. 5(a). It can also be seen from
Fig. 5(b) that a small frequency detuning can sustain a
relatively large leakage current in the steady state.

(a)

(b)

FIG. 5. (a) Average population of the singlet state |S〉 in the
steady state as a function of the driving Rabi frequency �d/ωc.
P(±)S correspond to the initial state |A±〉, respectively. (b) Leakage
current It as a function of the evolution time t in the follow-
ing situations:�c = 0 (no oscillating magnetic field),�d = 10ωc
(far detuning), �d = ωc (on resonance), �d = 0.95ωc and �d =
1.05ωc (near resonance), with one unpolarized electron located
in the right quantum dot as the initial state. The other param-
eters are ωc = (2π) 5 MHz, �c = (2π) 0.5 MHz, �L = �R =
(2π) 8 MHz, and J = (2π) 2 MHz.
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2. Compensation of nonuniformity between two
nanotube quantum dots

As the intervalley scattering is induced by electric dis-
order, it is usually hard to fabricate two valley-spin qubits
that have uniform parameters. To be more specific, two
nanotube quantum dots may have different valley-mixing
parameters �( j )

KK ′ [see Eqs. (A1) and (A6)], which results
in different values of the characteristic parameter ζj for
two valley-spin qubits [see Eqs. (A2)–(A5)]. In order to
compensate such a nonuniformity, we consider a bent arc
shape nanotube with an tilted angle α, as shown in Fig. 6.
When applying a magnetic field in the x-z plane, the
magnetic fields for both electrons in the left ( j = 1) and
right ( j = 2) nanotube quantum dot written in their local
coordinates xj -zj are

B( j )
xj

= Bx cosα + (−1) j +1 Bz sinα, (B16)

B( j )
zj

= Bz cosα − (−1) j +1 Bx sinα. (B17)

The effective Hamiltonian of the driven valley-spin qubit
in the left nanotube quantum dot, which interacts with an
oscillating magnetic field, as written in its local coordinates
x1-z1 is

Ĥ (1)
eB = 1

2

(
ω(1)x1

ŝ(1)x1
+ ω(1)z1

ŝ(1)z1

)
+�(1)x1

cos (ωt) ŝ(1)x1

+�(1)z1
cos (ωt) ŝ(1)z1

+�c cos (ωct) ŝ(1)z1
, (B18)

where δ(1)θ = (
∂z1θ1

)
z1=z0

�z(1)m , ω(1)x1
, ω(1)z1

, �(1)x1
, �(1)z1

are
defined as in Sec. Appendix A.1, in which the parame-
ter ζ1 is given by tan ζ1 = �

(1)
KK ′/�

(1)
SO. The Pauli operators

of the left valley-spin qubit ŝ(1)x1
, ŝ(1)y1

, ŝ(1)z1
are defined in the

FIG. 6. Schematic diagram of coordinates for two quantum
dots in a bent arc shape nanotube with a tilted angle α. Local
coordinates x1-z1 and coordinates x2-z2 are used to describe the
Hamiltonian of electron in the left and right quantum dot, respec-
tively. The magnetic field B = Bxx + Bzz is applied in the x-z
plane.

(a) (b)

(c) (d)

FIG. 7. The parameters to achieve the condition ω(1)0 = ω
(2)
0

and g(1)x = g(2)x . (a) Bx as a function of the intervalley scatter-
ing difference δKK ′ = �

(2)
KK ′ −�

(1)
KK ′ . (b) ω(1,2)

x,z as a function of the
intervalley scattering difference δKK ′ . (c) For a certain value of
δKK ′ = 0.2 meV, g(1,2)

x as a function of the driving parameter
δ
( j )
θ . (d) β1,2 as a function of the intervalley scattering differ-

ence δKK ′ . The other parameters are: �(1)
KK ′ = 0.2 meV, α = 1◦,

Bz = 100 mT.

following basis:

∣∣∣⇑(1)
1

〉
= cos (ζ1/2)

∣∣K ′〉 |↑〉 + sin (ζ1/2) |K〉 |↑〉 , (B19)

∣∣∣⇓(1)
1

〉
= sin (ζ1/2)

∣∣K ′〉 |↓〉 + cos (ζ1/2) |K〉 |↓〉 . (B20)

Similarly, the effective Hamiltonian for the driven
valley-spin qubit in the right nanotube quantum dot as
written in its local coordinates x2-z2 is

Ĥ (2)
e = 1

2

(
ω(2)x2

ŝ(2)x2
+ ω(2)z2

ŝ(2)z2

)
+�(2)x2

cos (ωt) ŝ(2)x2

+�(2)z2
cos (ωt) ŝ(2)z2

(B21)

The corresponding Pauli operators ŝ(2)x2
, ŝ(2)y2

, ŝ(2)z2
are written

in the following basis:

∣∣∣⇑(2)
2

〉
= cos (ζ2/2)

∣∣K ′〉 |↑〉 + sin (ζ2/2) |K〉 |↑〉 , (B22)

∣∣∣⇓(2)
2

〉
= sin (ζ2/2)

∣∣K ′〉 |↓〉 + cos (ζ2/2) |K〉 |↓〉 , (B23)

with the characteristic parameter ζ2 as defined by tan ζ2 =
�
(2)
KK ′/�

(2)
SO.
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Therefore, the total effective Hamiltonian in the com-
mon coordinates x-z is

Ĥtb = exp
[
−iαŝ(1)y1

/2
]

Ĥ (1)
eB exp

[
iαŝ(1)y1

/2
]

+ exp
[
iαŝ(2)y2

/2
]

Ĥ (2)
e exp

[
−iαŝ(2)y2

/2
]

=
[
cos

(α
2

)
− iŝ(1)y1

sin
(α

2

)]
Ĥ (1)

eB

×
[
cos

(α
2

)
+ iŝ(1)y1

sin
(α

2

)]

+
[
cos

(α
2

)
+ iŝ(2)y2

sin
(α

2

)]
Ĥ (2)

e

×
[
cos

(α
2

)
− iŝ(2)y2

sin
(α

2

)]

= cos2
(α

2

)
Ĥ (1)

eB − i sin
(α

2

)
cos

(α
2

)
ŝ(1)y1

Ĥ (1)
eB

+ i sin
(α

2

)
cos

(α
2

)
Ĥ (1)

eB ŝ(1)y1
+ sin2

(α
2

)
ŝ(1)y1

Ĥ (1)
eB ŝ(1)y1

+ cos2
(α

2

)
Ĥ (2)

e + i sin
(α

2

)
cos

(α
2

)
ŝ(2)y2

Ĥ (2)
e

− i sin
(α

2

)
cos

(α
2

)
Ĥ (2)

e ŝ(2)y2
+ sin2

(α
2

)
ŝ(2)y2

Ĥ (2)
e ŝ(2)y2

= 1
2
(
ω(1)x ŝ(1)x + ω(1)z ŝ(1)z

)

+�(1)x cos (ωt) ŝ(1)x +�(1)z cos (ωt) ŝ(1)z

+�c sinα cos (ωct) ŝ(1)x +�c cosα cos (ωct) ŝ(1)z

+ 1
2
(
ω(2)x ŝ(2)x + ω(2)z ŝ(2)z

)+�(2)x cos (ωt) ŝ(2)x

+�(2)z cos (ωt) ŝ(2)z , (B24)

with

ω(1)x = ω(1)x1
cosα + ω(1)z1

sinα, (B25)

ω(1)z = ω(1)z1
cosα − ω(1)x1

sinα, (B26)

�(1)x = �(1)x1
cosα +�(1)z1

sinα, (B27)

�(1)z = �(1)z1
cosα −�(1)x1

sinα, (B28)

and

ω(2)x = ω(2)x2
cosα − ω(2)z2

sinα, (B29)

ω(2)z = ω(2)z2
cosα + ω(2)x2

sinα, (B30)

FIG. 8. (a)–(c) Leakage current It as a function of the driv-
ing Rabi frequency �d/ωc for an oscillating magnetic field with
amplitude b = 5.65 μT [�c = (2π) 1 MHz] at time t = 1.5 μs,
where solid, dashed, dotted lines represent the results simu-
lated with�f = 0, 5, 10 MHz and τ = 100 ms, respectively. The
other parameters are the same as Fig. 2 in the main text.

�(2)x = �(2)x2
cosα −�(2)z2

sinα, (B31)

�(2)z = �(2)z2
cosα +�(2)x2

sinα. (B32)

The Pauli matrices ŝ( j )
x,z are written in the following basis:

∣∣⇑( j )〉 = exp
[
− (−1)j +1 iαŝ( j )

yj
/2
] ∣∣∣⇑( j )

j

〉

= cos (α/2)
∣∣∣⇑( j )

j

〉
− (−1)j +1 i sin (α/2) ŝ( j )

yj

∣∣∣⇑( j )
j

〉

= cos (α/2)
∣∣∣⇑( j )

j

〉
+ (−1)j +1 sin (α/2)

∣∣∣⇓( j )
j

〉
,

(B33)

∣∣⇓( j )〉 = exp
[
− (−1)j +1 iαŝ( j )

yj
/2
] ∣∣∣⇓( j )

j

〉

= cos (α/2)
∣∣∣⇓( j )

j

〉
− (−1)j +1 i sin (α/2) ŝ( j )

yj

∣∣∣⇓( j )
j

〉

= cos (α/2)
∣∣∣⇓( j )

j

〉
− (−1)j +1 sin (α/2)

∣∣∣⇑( j )
j

〉
.

(B34)

The eigenstates of Ĥ0 = (1/2)
[
ω(1)x ŝ(1)x + ω(1)z ŝ(1)z

]

+ (1/2)
[
ω(2)x ŝ(2)x + 1

2ω
(2)
z ŝ(2)z

]
are

|L0〉 = cos (γ1/2)
∣∣⇑(1)〉+ sin (γ1/2)

∣∣⇓(1)〉 , (B35)

|L1〉 = − sin (γ1/2)
∣∣⇑(1)〉+ cos (γ1/2)

∣∣⇓(1)〉 , (B36)

|R0〉 = cos (γ2/2)
∣∣⇑(2)〉+ sin (γ2/2)

∣∣⇓(2)〉 , (B37)
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(a) (b)

(c) (d)

FIG. 9. (a),(c) Leakage current It as a function of the driving
Rabi frequency �d/ωc at time t = 1.5 μs for an oscillating mag-
netic field with frequency ωc = (2π) 5 MHz and different ampli-
tudes: (a) b = 0.565 μT [�c = (2π) 0.1 MHz] simulated with
J = (2π) 10 MHz; (c) b = 5.65 μT [�c = (2π) 1 MHz] simu-
lated with J = (2π) 20 MHz, in the presence of energy detuning
� = 1μeV, where the red, blue, magenta, cyan, orange, and pur-
ple lines represent the results simulated with the transition rate
�/ (2π) = 10, 25, 75, 125, 250, 500 MHz, respectively. (b),(d)
Leakage current It as a function of the driving Rabi frequency
�d/ωc and the energy detuning � at time t = 1.5 μs for an
oscillating magnetic field with frequency ωc = (2π) 5 MHz and
different amplitudes: (b) b = 0.565 μT [�c = (2π) 0.1 MHz]
simulated with J = (2π) 10 MHz; (d) b = 5.65 μT [�c =
(2π) 1 MHz] simulated with J = (2π) 20 MHz. The injection
and ejection rates are �L = �R = � = (2π)500 MHz.

|R1〉 = − sin (γ2/2)
∣∣⇑(2)〉+ cos (γ2/2)

∣∣⇓(2)〉 , (B38)

with cos γj = ω( j )
z /ω

( j )
0 and sin γj = ω

( j )
x /ω

( j )
0 . In this set

of bases, Ĥtb can be rewritten by

Ĥ ′
tb = 1

2
ω
(1)
0 Ŝ(1)z + g(1)z cos (ωt) Ŝ(1)z + g(1)x cos (ωt) Ŝ(1)x

+�cz cos (ωct) Ŝ(1)z +�cx cos (ωct) Ŝ(1)x + 1
2
ω
(2)
0 Ŝ(2)z

+ g(2)z cos (ωt) Ŝ(2)z + g(2)x cos (ωt) Ŝ(2)x , (B39)

with

ω
( j )
0 =

√(
ω
( j )
x

)2
+
(
ω
( j )
z

)2
, (B40)

g( j )
z = �( j )

z cos γj +�( j )
x sin γj , (B41)

g( j )
x = �( j )

x cos γj −�( j )
z sin γj , (B42)

�cz = �c cos (α − γ1) , (B43)

�cx = �c sin (α − γ1) . (B44)

In Fig. 7(a), it can be seen that for a certain value of δKK ′ , it
is possible to satisfy the condition ω(1)0 = ω

(2)
0 by choosing

an appropriate magnetic field Bx. For example, one shall
apply Bx = 207 mT for δKK ′ = 0.2 meV. And we plot the
corresponding values of ω( j )

x,z in Fig. 7(b), which depend
on δKK ′ and Bx. The driving Rabi frequencies g( j )

x depend
on the driven motion parameter δ( j )

θ , see Fig. 7(c), which
shows that g(1)x = g(2)x = �d can be achieved by choos-
ing appropriate δ( j )

θ . Therefore, it is reasonable to consider
the case of ω = ω

(1)
0 = ω

(2)
0 . Using rotating-wave approx-

imation under the conditions �cx,�cz � ωc, g( j )
x , g( j )

z �
ω
( j )
0 , the total effective Hamiltonian can be simplified as

follows:

ĤsB = 1
2
�dŜ(1)x +�c cos (ωct) Ŝ(1)z + 1

2
�dŜ(2)x , (B45)

where cos (α − γ1) ≈ 1 in the limit of ω(1)x � ω(1)z and
α � 1.

Two electrons both in the right quantum dot can be con-
sidered as identical particles, thus the antisymmetric state
can be written as

∣∣Sg
〉 = 1√

2
(|R1〉2 |R0〉2 − |R0〉2 |R1〉2) , (B46)

where the subscript 1 and 2 denote the left and right
quantum dot, respectively. As the tunneling between the
left and right quantum dot does not change the elec-
tron state, the antisymmetric state of two electrons sepa-
rated in the left and right quantum dot can be written as
follows:

|S〉 = 1√
2
(|R1〉1 |R0〉2 − |R0〉1 |R1〉2) . (B47)

Projecting Eq. (B47) into the basis of {|L0〉 ⊗ |R0〉 , |L0〉 ⊗
|R1〉 , |L1〉 ⊗ |R0〉 , |L1〉 ⊗ |R1〉}, one can obtain

|S〉 = 1√
2
β1 cos [(ζ1 − ζ2) /2] (|L1〉 |R0〉 − |L0〉 |R1〉)

+ 1√
2
β2 cos [(ζ1 − ζ2) /2] (|L0〉 |R0〉 + |L1〉 |R1〉) ,

(B48)

with

〈L0 |R0〉 = β1 cos [(ζ1 − ζ2) /2] , (B49)

〈L1 |R1〉 = β1 cos [(ζ1 − ζ2) /2] , (B50)
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(a) (b) (c)

(d) (e) (f)

FIG. 10. (a)–(c) Leakage current It at time t as a function of the driving Rabi frequency �d and the frequency ωc of the oscillating
magnetic field with different amplitudes: (a) bz = 0.565 μT [�c = (2π) 0.1 MHz], (b) bz = 1.70 μT [�c = (2π) 0.3 MHz], (c) bz =
5.65 μT [�c = (2π) 1 MHz]. The other parameters are J = (2π) 2 MHz and �L = �R = (2π) 8 MHz. (d) Leakage current It at time
t as a function of the driving Rabi frequency �d and the electron injection rate �L with ωc = (2π) 5 MHz, �c = (2π) 0.3 MHz,
J = (2π) 2 MHz and �R = (2π) 8 MHz. (e) Leakage current It at time t as a function of the driving Rabi frequency �d and the
tunneling rate J with ωc = (2π) 5 MHz,�c = (2π) 0.3 MHz and �L = �R = (2π) 8 MHz. (f) Leakage current at time t It as a function
of the driving Rabi frequency�d and the electron ejection rate �R with ωc = (2π) 5 MHz,�c = (2π) 0.3 MHz, J = (2π) 2 MHz, and
�L = (2π) 8 MHz. Taking one unpolarized electron located in the right quantum dot as the initial state. The time is set as t = 1.5 μs.

〈L0 |R1〉 = β2 cos [(ζ1 − ζ2) /2] , (B51)

〈L1 |R0〉 = −β2 cos [(ζ1 − ζ2) /2] , (B52)

and

β1 = cos [(γ1 − γ2) /2 + α] , (B53)

β2 = sin [(γ1 − γ2) /2 + α] . (B54)

As shown in Fig. 7(d), β2 � β1 is valid for a wide range
of δKK ′ under the condition ω(1)0 = ω

(2)
0 . Therefore, after

normalization, the antisymmetric state turns out to be

|S〉 = 1√
2
(|L1〉 |R0〉 − |L0〉 |R1〉) . (B55)

APPENDIX C: INFLUENCE OF DECOHERENCE

Gate-defined quantum dots in a carbon nanotube, suffers
from decoherence mainly due to the hyperfine coupling
with the environmental nuclear spins and the electric noise.
The influence of nuclei may be mitigated by synthesizing
a carbon nanotube with isotopically purified 12CH4, allow-
ing for the fabrication of devices without nuclear spins
[23]. Under ideal conditions, the coherence time of a quan-
tum dot in such an isotopically purified device is predicted
to be of the order of seconds [48,49]. However, the charge
noise due to the electric potential fluctuations modifies the

parameters of the quantum dot, namely inducing fluctua-
tions of the energy difference � between the singlet states
|S〉 and

∣∣Sg
〉

[40], as H� = � |Sg〉 〈Sg|. In this section, we
provide detailed analysis of the influence of decoherence
on our proposed carbon nanotube quantum sensor.

1. Hyperfine coupling with nuclei

Nanotubes synthesized from natural hydrocarbons con-
sist of 99% 12C (nuclear spin I = 0) and 1% 13C (nuclear
spin I = 1

2 ). The abundance of 13C nuclei may be reduced
to 0.01% or even lower by using isotopically purified CH4
during the growth of nanotubes. The hyperfine coupling to
the 13C nuclear spins induces magnetic field noise on the
confined quantum dot, leading to the slow fluctuation of
frequency detuning of the encoded valley-spin qubit. The
effective Hamiltonian for detecting a weakly oscillating
magnetic field in the (1, 1) charge configuration, incorpo-
rating the noise in frequency detunings δωi (t) (i = 1, 2),
can be written as

Ĥ ∗
sB = 1

2

(
�dŜ(1)x + δω1 (t) Ŝ(1)z

)

+ 1
2

(
�dŜ(2)x + δω2 (t) Ŝ(2)z

)

+�c cos (ωct) Ŝ(1)z (C1)
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 11. (a)–(c) Leakage current It as a function of the driving Rabi frequency �d/ωn and the evolution time t for the nuclear spin
31P (a) with �R = (2π) 0.2 MHz, J = (2π) 0.15 MHz; the nuclear spin 19F (b) with �R = (2π) 0.4 MHz, J = (2π) 0.35 MHz; and the
nuclear spin 1H (c) with �R = (2π) 0.4 MHz, J = (2π) 0.35 MHz, respectively, where ωn = γnB is the Larmor frequency of nuclear
spin. (d)–(f) Leakage current It as a function of the electron ejection rate �R and the tunneling rate J on resonance of the nuclear spin
31P (d) at time t = 7 μs, the nuclear spin 19F (e) at time t = 5 μs and the nuclear spin 1H (f) at time t = 3 μs. (g)–(i) The optimized
leakage current (red solid lines) and the optimal parameters (blue dashed lines) of the electron ejection rate �R and the tunneling rate
J as shown in (d)–(f), respectively. In (a)–(i), the electron injection rate is �L = (2π) 1 MHz, the magnetic field is Bx = 300 mT and
Bz = 100 mT. The other parameters are the same as Fig. 4 in the main text.

For numerical simulation, we assume that δωi (t) (i = 1, 2)
fulfills the Gaussian distribution

D (δωi) = 1√
2π�f

e−δω2
i /2�

2
f , (C2)

and evolves following the Ornstein-Uhlenbeck process
with

δωi (t + dt) = δωi (t) e−dt/τ +
[
�2

f

(
1 − e−2dt/τ )

]1/2
n,

(C3)

where τ is the correlation time, which depends on the
nuclear spin dynamics and relaxation, n represents a sam-
ple value of the unit normal random variable and �f =√

2/T∗
2 is the standard deviation of δωi. As T∗

2 scales as√
N/p , where N is the number of nuclei in the quantum

dot and p is the isotopic fraction of 13C, we can estimate
�f from the upper limit of T∗

2 that is measured in an 99%
isotopically purified 13C nanotube quantum dot with N ≈
7 × 104 nuclei in the interaction range [47]. For an isotopic
fraction of 13C of 0.0127% and 0.05%, we predict�f = 5
and �f = 10 MHz, respectively, with the same value of
N . As shown in Fig. 8, the fluctuation of frequency detun-
ing induced by the hyperfine coupling reduces the contrast

of the resonance signal in a certain extent. Nevertheless,
the influence can be well mitigated by isotopically engi-
neering the nanotubes. The resonance signal of the oscil-
lating magnetic field with larger amplitude demonstrates a
more robust feature. Similar results can be obtained in the
case of nanoscale magnetic resonance spectroscopy.

2. Charge noise

As the carbon nanotube quantum dot is gate defined,
the electric noise modifies the energy levels of the quan-
tum dot, i.e., inducing fluctuations of the energy detuning
� between the singlet states |S〉 and

∣∣Sg
〉

[40], as H� =
� |Sg〉 〈Sg|, the role of which in our scheme is mainly the
suppression of effective tunneling. Thus, the influence may
be compensated by choosing proper values of �L, �R, and
J . This is in contrast to the dephasing effect on the coher-
ence time of qubit involving the singlet state |Sg〉 in the
(0,2) subspace [34], where the energy splitting of the qubit
relies on the energy detuning �.

As shown in Figs. 9(a) and 9(c), when the energy detun-
ing � up to 1μeV is considered, the resonant signal (dip
or peak) of leakage current is degraded in the region with
a small injection (ejection) rate of � (�L = �R = �). The
influence of the energy detuning on the resonant signal
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becomes negligible for larger but still reasonable rates �
(with �L = �R = �). The results hold without relying on a
large amplitude of the oscillating magnetic field. In addi-
tion, the resonance signal of the leakage current is tolerant
to the energy detuning varying from −1 to 1 μeV when
the transition rate is chosen as �/ (2π) = 500 MHz [40],
see Figs. 9(b) and 9(d). Therefore, improving the transi-
tion rate of the electron can efficiently compensate for the
energy detuning between singlet states |S〉 and

∣∣Sg
〉
.

APPENDIX D: MORE DETAILS ON THE
RESPONSE OF LEAKAGE CURRENT

1. Coupling to a weak oscillating signal field

As what we have presented in the main text, the leakage
current always shows resonance features characterized by
either a peak or a dip when the nanotube double quantum
dot sensor couples with an oscillating magnetic field. The
width of the resonance signal is critical for the spectra res-
olution. As shown in Figs. 10(a) and 10(c), it can be seen
that the frequency of an oscillating magnetic field can also
influence the width of the resonance signal. In particular, a
smaller ratio �c/ωc leads to a sharper resonance signal.

In addition, there are another three important parameters
�L, J , and �R that are involved in the process of electron
transport directly. �L (�R) determines the rate at which
electrons are continuously pumped into (out of) the left
(right) quantum dot. J represents the electron tunneling
rate between two quantum dots. Due to Coulomb block-
ade, these three parameters play an important role in the
dynamic behavior of the leakage current when Pauli block-
ade is lifted by an oscillating magnetic field. As shown in
Fig. 10(d), the leakage current is saturated when the injec-
tion rate �L becomes large, because the residual electrons
in the source lead are (Coulomb) blocked by the electron
in the left quantum dot. As shown in Figs. 10(e) and 10(f),
a large �R and a suitable value of J leads to a more promi-
nent leakage current. The dependence of leakage current
on these parameters may help to optimize the performance
of the proposed nanotube quantum sensor.

2. Identifying nucleus species

Based on the essential idea for the detection of an oscil-
lating field, we propose to realize single molecule detection
in the main text. A single molecule is usually characterized
by different species of nuclear spins with multiple Larmor
frequencies. For each individual nuclear spin, the mag-
netic moment determines not only the Larmor frequency
in an external magnetic field, which indicates the driving
Rabi frequency required to achieve a resonance signal but
also the magnetic dipole-dipole coupling strength between
the nuclear spin and the valley-spin qubit. As shown
in Figs. 11(a)–11(c), once the driving Rabi frequency
matches the Larmor frequency of each nuclear spin (31P,

(a)

(b)

(c)

FIG. 12. Leakage current It as a function of the driving Rabi
frequency �d/ωn for the nuclear spin 1H, where ωn = γnB
is the Larmor frequency of nuclear spin. (a) Under the sit-
uations with different injection rate �L, where Bx = 300 mT
and Bz = 100 mT. (b) Under the situations with different mag-
netic field Bx, where �L = (2π) 1 MHz and Bz = 100 mT. (c)
Under the situations with different magnetic field Bz , where �L =
(2π) 1 MHz and Bx = 300 mT. In (a)–(c) �R = (2π) 0.4 MHz,
J = (2π) 0.35 MHz, and t = 3 μs. The other parameters are the
same as Fig. 4 in the main text.

19F, 1H), the leakage current demonstrates a resonance
feature. Given the same distance between the valley-spin
qubit and the nuclear spin, the magnitude of leakage cur-
rent induced by 31P nuclear spin is much smaller than that
of 31F and 1H nuclear spins due to its smaller magnetic
moment. We remark that the values of parameters J and
�R have been optimized according to the results shown in
Figs. 11(d)–11(f).

We also investigate the effect of the parameters �L, Bx,
Bz on the observed resonance signal. In Fig. 12(a), the
leakage current on resonance increases with the electron
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injection rate �L up to a saturation value when �L/2π is
about 1 MHz. In Figs. 12(b) and 12(c), we plot the leakage
current for different values of transverse (Bx) and longitu-
dinal (Bz) magnetic field components. It can be seen that
the peak value of leakage current is almost independent on
Bz, while it increases as Bx becomes larger.
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