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A method for the effective excitation of Highly Confined Surface Plasmon Polaritons (HC SPPs) that
can generate x-rays is presented based on the electron beam excitation of hot carriers and the graphene hot
carrier quantum Cherenkov effect. Compared with the widely used methods of HC SPPs’ excitation, in
this method, no periodic structure is needed, so it is possible to achieve a miniaturized system; it can also
excite monochromatic HC SPPs with a guide wavelength as small as 1/300 of the vacuum wavelength.
The working point of HC SPPs is not sensitive to the velocity of the electron beam and can be dynamically
tuned through the Fermi energy of graphene. At the same time, the working efficiency can be significantly
improved (to about 37.28%). Based on the above-mentioned characteristics, when the HC SPPs and the
electron beam in this method are used in the electron-plasmon scattering system, x-ray emission can be
achieved with rather low electron beam energy (35 KeV). Since the electron beam can simultaneously act
as the SPPs’ source and the scatterer, it is possible to integrate an x-ray source and the HC SPPs’ emitter
that drives the x-ray source in the same cavity, realizing a unified system.
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I. INTRODUCTION

Surface Plasmon Polaritons (SPPs) are collective oscil-
lations of charged particles that propagate along the sur-
face of plasmonic materials [1].

Highly Confined SPPs (HC SPPs) are SPPs with an
electromagnetic field attenuating extremely rapidly away
from both sides of the surface of the plasmonic materials.
The guide wavelength along the surface (or the in-plane
wavelength) is particularly short and the phase velocity is
particularly low [2]. In the following part of the paper, the
guide wavelength along the surface will be simply called
the guide wavelength. The guide wavevector along the sur-
face will be simply called the guide wavevector. The length
of the guide wavevector will be simply called the guide
wave number.

HC SPPs strengthen the light-matter interaction and
compress the size of relevant systems, which is very impor-
tant to electron-plasmon scattering [3,4], the excitation of
quantum emitters [2,5–7], the miniaturization of optical
devices [8–10], and so on.

However, the excitation of HC SPPs is not a simple
problem [9,11–13]. First, optical coupling cannot effec-
tively excite HC SPPs because there is a large mismatch
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between the guide wavelength of HC SPPs and the wave-
length of free space photons. Second, the near-field cou-
pling of charged particles cannot effectively excite HC
SPPs because the phase velocity of HC SPPs is signifi-
cantly lower than the velocity of charged particles moving
in vacuum. In addition, HC SPPs tend to have non-
negligible losses [8,9,14], which require high excitation
strength.

For example, in order to obtain x-rays from electron-
plasmon scattering [3,4], the guide wavelength of SPPs
is required to be 1/180 of the vacuum wavelength, corre-
sponding to a phase velocity of 0.0056c (where c is the
speed of light in vacuum). Either by a traditional optical
or an electronic approach, the HC SPPs cannot be excited
very efficiently (e.g., to obtain such SPPs, a laser pulse with
a field strength of 0.1 GV/m and a metamaterial with a
period of 85 nm has to be introduced [4]). If we can pro-
pose a method that excites these HC SPPs more effectively,
and even HC SPPs with a higher degree of confinement,
we can significantly improve the performance of the rel-
evant systems and relax the requirements for parameters
such as the energy of the electron beam that is involved in
scattering (5 GeV).

A promising approach to achieve this goal is to make
further use of the interaction between charged particles and
media. There are many famous phenomena that belongs
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to this category, for example, Cherenkov radiation [15],
transient radiation [16], and Askaryan radiation (coher-
ent radio Cherenkov pulses from particle showers in dense
dielectric media) [17,18].

Among a wide variety of media, graphene is a particu-
larly suitable one. Many works have shown that graphene
is capable of sustaining HC SPPs with relatively low
loss [11,19–22]. In addition, graphene also exhibits many
nontrivial properties when interacting with an electron
beam, which often leads to the emission of electromag-
netic energy [23–25]. One very interesting example is the
work of Tao et al. [26], which studied the emission of SPPs
on graphene by the Cherenkov effect of an electron beam.
However, the degree of confinement of the emitted SPPs is
still limited, so the emitted SPPs cannot be used in many
applications (for example, the x-ray emission discussed
above).

To excite HC SPPs, we notice that in graphene, there
are coupling mechanisms between hot carriers (Dirac
fermions whose kinetic energy and effective temperature
are higher than the average level in the material [27]) and
SPPs [28–30]. Among these coupling mechanisms, the Hot
Carrier Quantum Cherenkov Effect (HC QCE) is a two-
dimensional version of ordinary Cherenkov radiation [31].
When the velocity of the hot carriers exceeds the phase
velocity of the SPPs, it allows the excitation of a shock-
wave of SPPs in the direction given by the Cherenkov
angle. The working efficiency of HC QCE can reach as
high as 78% [28].

Since the velocity of hot carriers is usually significantly
lower than the velocity of free space charged particles,
SPPs with very low phase velocity can be excited by HC
QCE. In addition, the efficiency of HC QCE is relatively
high. Thus, HC QCE is an effective way to solve the exci-
tation problem of HC SPPs. However, in order to realize
the vision of the excitation of HC SPPs with HC QCE,
three issues have to be addressed:

(a) The frequency spectrum of SPPs excited by HC
QCE is quite complex. There are multiple broadband
peaks. Only some of them correspond to HC SPPs [28].
However, monochromatic HC SPPs are required in many
applications [3,4,32–34].

(b) HC QCE puts a special requirement on the hot carri-
ers that act as the source [28]. We do not find any detailed
study on the possible hot carrier excitation mechanisms for
HC QCE [35–37].

(c) HC QCE is possible both in positively (EF > 0) and
negatively (EF < 0) doped graphene. However, we did
not find any detailed study on the positively doped situ-
ation [28]. On the other hand, SPPs in a positively doped
situation are needed for many applications [38–41].

In this work, we theoretically propose a method to intro-
duce an electron beam as the source of hot carriers, thus

FIG. 1. The system to excite HC SPPs. A graphene mono-
layer is on a dielectric substrate of permittivity εs = 2.1 poly-
methylpentene (TPX). An electron beam of velocity u0 moves
uniformly along the x direction. The graphene monolayer locates
at z = 0 and the distance between the electron beam and
graphene monolayer is z0 = 20 nm. The electron beam excites
hot carriers in the graphene. The hot carriers then emit SPPs
based on HC QCE. The inset shows the coordinate system.

settling the above-mentioned issues, and then monochro-
matic HC SPPs can be excited. The system consists of
a graphene monolayer on a dielectric substrate and an
electron beam moving uniformly along it, as shown in
Fig. 1.

Figure 1 shows that compared with the widely used
methods of HC SPPs’ excitation [8,9,12], in this method no
periodic structure is not needed, so it is possible to achieve
a miniaturized system.

In the following part of this paper, we will show that:
(a) Based on this method, monochromatic HC SPPs can be
excited. The guide wavelength of the excited HC SPPs is
as small as 1/300 of the vacuum wavelength. (b) The work-
ing point of the HC SPPs (i.e., the guide wavelength and
the frequency) can be dynamically tuned through the Fermi
energy of graphene. At the same time, it is not sensitive to
the velocity of the electron beam, so there is a wide range
of choices for the velocity of the electron beam. (c) The
working efficiency of the method is relatively high, up to
37.28% as estimated. (d) When the HC SPPs and the elec-
tron beam in this method are used in the electron-plasmon
scattering system [3], x-ray emission can be achieved with
rather low electron beam energy (35 KeV). Since the elec-
tron beam can simultaneously act as the SPPs’ source and
the scatterer, it is possible to integrate an x-ray source and
the HC SPPs’ emitter that drives the x-ray source in the
same cavity, realizing a unified system.

II. EXCITATION MECHANISM

In the system of this method, the excitation of HC SPPs
consists of two steps:

(a) The electron beam excitation of hot carriers. When
the electron beam moves above graphene, the Dirac
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fermions in graphene are affected by the near field of the
electron beam. Mediated by the field, the Dirac fermions
are able to exchange photons with the electron beam. Then
the Dirac fermions are excited as hot carriers. Near the
Dirac point, the effective mass of the Dirac fermions is
zero, and the velocity of the Dirac fermions (which is equal
to the Fermi velocity vF = c/300) is much smaller than
the velocity of the electron beam u0 [42]. Therefore, the
momentum of the electron beam is much larger than that of
the Dirac fermions. This means that the excited hot carriers
are likely to have a narrow distribution in the momentum
space, which is particularly beneficial for our purpose of
exciting monochromatic HC SPPs.

It is worth noting that graphene is more suitable for
the requirements of the system than other materials (Ni,
etc.). Although electron beam excitation of hot carriers
is also possible in other materials [43], in general, the
hot carrier life is significantly shorter than in graphene
[22,44,45]. The narrow momentum distribution of hot
carriers is quickly smoothed out.

In addition to hot carriers, the electron beam also excites
SPPs directly on graphene by means of near-field coupling.
However, the guide wavelength of these SPPs is λ = u0/f .
This wavelength is much longer than that of our inter-
ested HC SPPs, indicating that these SPPs are not highly
confined [1,46,47]. Therefore, these SPPs are not in the
wavelength range discussed in this paper.

(b) HC QCE. Once the hot carriers are excited, they
move on the graphene with constant velocity vF [42].
Based on HC QCE, the hot carriers are able to excite
SPPs with a phase velocity satisfying vp < vF , correspond-
ing to SPPs’ guide wavelength being smaller than 1/300
of the vacuum wavelength. Thus, the excited SPPs are
highly confined as we expected. In addition, the excited
SPPs’ modes will also concentrate near a single working
point due to the narrow distribution of hot carriers on the
momentum space.

III. THEORETICAL MODEL

To describe the above-mentioned excitation mechanism,
a theoretical study is presented as below.

A. Quantum description of the Dirac fermions and
SPPs in graphene

HC QCE is a quantum phenomenon [28], therefore, it
is necessary to describe the Dirac fermions and SPPs in
graphene by means of the quantum theory.

Based on the famous massless Dirac-like Hamilto-
nian, in a Dirac cone K (K ′), the wave functions
of Dirac fermions satisfy: −i�vFσ · ∇ψK = i�(∂/∂t)ψK

and −i�vFσ ∗ · ∇ψK ′ = i�(∂/∂t)ψK ′
, respectively, where

ψK (ψK ′
) are the two-component wave function of Dirac

fermions in a Dirac cone K (K ′); σ are the Pauli matri-
ces [42]. Thus, the wave functions of Dirac fermions with

momentum p are

ψK(r, t; p, s) = 1√
2S

[
1

seiθ

]
ei(p·r/�)e−is(vF p/�)t, (1)

ψK ′
(r, t; p, s) = 1√

2S

[
1

se−iθ

]
ei(p·r/�)e−is(vF p/�)t, (2)

where S is the area of graphene, the pseudo spin s = ±1
labels whether the Dirac fermions belong to the upper or
lower half of a Dirac cone, and θ is the angle between
the momentum p and the x axis. The superposition of
Eqs. (1) and (2) of different momentum p and pseudo spin
s completely describes the state of Dirac fermions.

In quantum field theory, the field of SPPs is described
as an operator. The quantized vector potential operator of
SPPs can be obtained based on the Dyadic Green’s Func-
tion approach [48] (Weyl gauge Ê(r, t)+ ∂Â(r, t)/∂t = 0
is used throughout this paper [49])

Âi(r, t) =
∑

j =x,y,z

∫ +∞

0
dω
∫

V′
d3r′

√
Im[εr(r′,ω)]

ε0�ω2

π

× [Gij (r, r′;ω)âj (r′;ω)e−iωt

+ Gij (r, r′; −ω)â†
j (r

′;ω)eiωt], (3)

where i = x, y, z; Gij (r, r′;ω) are the Dyadic Green’s
Function of the vector potential (see Appendix A for
detail); âj (r′;ω) and â†

j (r
′;ω) are the creation and annihila-

tion operators of SPPs, which follow the commutation rela-
tions of bosons; εr(r′,ω) is the permittivity in each region
of the system, given as εr(r,ω) = 1 + (εd − 1)	(−z)+
iσg(ω)/(ωε0)δ(z), where 	(z) is the Heaviside function,
δ(z) is the Dirac function, and σg(ω) is the conductivity of
graphene, given in Refs. [1,50].

σg(ω) = ie2kBT
π�2(ω + i2�)

[
EF

kBT
+ 2 ln(1 + e−EF/kBT)

]

+ ie2

4π�
ln

2|EF | − (ω + i2�)�
2|EF | + (ω + i2�)�

, (4)

where kB is the Boltzmann constant, the temperature
T = 300 K, the phenomenology scattering rate � = 1 ×
1012 Hz, and EF is the Fermi energy of graphene. Thus,
the quantum description of SPPs is obtained.

B. Electron beam excitation of hot carriers

The distribution of hot carriers under the excitation of
an electron beam can be calculated from the density matrix
approach. Before being excited, the Dirac fermions stay in
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thermal equilibrium, corresponding to a density matrix

ρ̂0 =
∑

p

∑
s

∑
κ

f (svFp)|p, s, κ〉〈p, s, κ|, (5)

where |p, s, κ〉 are the eigen states of Dirac fermions in a
Dirac cone κ = K , K ′ with momentum p and pseudo spin
s, and f (E) = 1/{1 + exp[(E − EF)/(kBT)]} is the Fermi-
Dirac distribution.

Under the excitation of the electron beam, in the Hamil-
tonian of the Dirac fermions, a coupling term Ĥe − HC =
evF(σ · AK

e + σ ∗ · AK ′
e ) occurs, where AK

e (AK ′
e ) is the

electron beam vector potential acting on the Dirac
fermions in a Dirac cone K (K ′) (see Appendix B for the
expression of AK

e and AK ′
e ).

Then, the perturbation of the density matrix, ρ̂1 =
ρ̂(t)− ρ̂0, can be calculated. The distribution of hot car-
riers is the diagonal elements of the density matrix ρ̂1. For
example, above the Fermi energy, in Dirac cones K and K ′,
the hot carrier distributions with momentum p and pseudo
spin s are (see Appendix C for detailed derivation)

gK(p, s) = gK ′
(p, s) = f (−svFp1)

×
∣∣∣πvFe

�ω
(eiθ1 − e−iθ )Ee,x(r,ω)|x=0,z=0

∣∣∣2, (6)

where p1 is the momentum of the hot carrier before absorb-
ing a photon from the field of the electron beam, θ (θ1)

is the angle between p (p1) and the x axis, and ω is
the frequency of the absorbed photon. p1, θ1, and ω can
be obtained from energy-momentum conservation (see
Appendix C for expressions). Ee,x(r,ω) is the x compo-
nent of the electric field spectrum of the electron beam (see
Appendix B). Thus, information on how the hot carrier is
excited is obtained.

C. Excitation of SPPs by HC QCE

The coupling Hamiltonian between the hot carriers

and SPPs is ĤHC−SPPs = evF(σ · Â
K + σ ∗ · Â

K ′
), where

Â
K
(Â

K ′
) is the vector potential of SPPs acting on the hot

carriers in a Dirac cone K (K ′). Notice that Â
K

and Â
K ′

are operators given by Eq. (3), while AK
e and AK ′

e in Ĥe−HC

are classical fields. Thus, ĤHC SPPs and Ĥe − HC are actu-
ally quite different, although they may look similar at first
glimpse.

Based on Fermi’s golden rule and some properties of the
Dyadic Green’s Function, we can obtain: For hot carriers
in a Dirac cone K, K ′ with momentum p0 and pseudo spin
s0, the excitation rate of SPPs with frequency ω and guide

wave number k is (see Appendix D for detailed derivation)

�K(k,ω; p0, s0) = �K ′
(k,ω; p0, s0)

=
∑

s

∑
i

1
|dk/dθ |θi(k)

vFe2

(2π�)2
p	(svFp − EF)

× {[ImFxx(k,ω)−ImFxx(k,−ω)][1+s0s cos(θi +θ0)]

+ [ImFyx(k,ω)− ImFyx(k, −ω)
+ ImFxy(k,ω)− ImFxy(k, −ω)]ss0sin(θi + θ0)

+ [ImFyy(k,ω)−ImFyy(k,−ω)][1−ss0cos(θi +θ0)]},
(7)

where p is the momentum of the hot carrier after SPPs
excitation and θi(k) are all possible angles between
p and the x axis. These two quantities are given by
the energy-momentum conservation. Fij (k,ω) are the
Fourier transformation of the Dyadic Green’s Function
Gij (r, r′;ω)|z=z′=0 on the x,y directions. The direction of
k is determined by its length, given later in Eq. (8). θ0 is
the angle between p0 and the x axis.

The angle between the SPPs’ guide wavevector k and
the x axis can be obtained from energy-momentum conser-
vation. The result is

ϕ = θ0 ± arccos
[
vp

vF
+ �(k2 − ω2/v2

F)

2p0k

]

≈ θ0 ± arccos
vp

vF
. (8)

In Eq. (8), vp = ω/k is the phase velocity of SPPs. If vp is
viewed as the phase velocity of light in dielectric mate-
rials, then Eq. (8) gives the radiation angle of ordinary
Cherenkov radiation. This is the reason why HC QCE is
named as it is.

The overall excitation rate of SPPs can be obtained by
summing up the excitation rates of all hot carriers. Consid-
ering that both electrons and holes can contribute to HC
QCE, the excitation rate of SPPs with frequency ω and
guide wave number k is

�(k,ω) = S
π2�2

∑
s0

∫ +∞

0

∫ 2π

0
p0dp0dθ0gK(p0, s0)

× �K(k,ω; p0, s0). (9)

Summing up the contribution of HC SPPs with different
guide wave number k in Eq. (9), the overall excitation rate
of SPPs with frequency ω, namely �(ω), can be obtained
as well.

Just like the excitation rate that depends on the guide
wave number, �(k,ω), the excitation rate that depends on
the direction of the guide wavevector, �(ϕ,ω), can also be
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obtained as

�(ϕ,ω) = S
π2�2

∑
s0

∫ +∞

0

∫ 2π

0
p0dp0dθ0gK(p0, s0)

× �K(ϕ,ω; p0, s0), (10)

�κ(ϕ,ω; p0, s0) =
∑

s

∑
i

�κ(ω; p0, s0; θi(ϕ), s)
|dϕ/dθ |θi(ϕ)

, (11)

where θi(ϕ) are all possible values of momentum angle
θ given by the parameters ω, ϕ, p0, s0, s and energy-
momentum conservation, and �κ(ω; p0, s0; θ , s) is given in
Appendix D.

IV. RESULTS AND DISCUSSIONS

A. Hot carrier distribution

Eq. (6) indicates that:

(a) The coupling Hamiltonian Ĥe − HC does not intro-
duce intervalley scattering. The distributions of hot carriers
in Dirac cones K and K ′ are equivalent.

(b) According to Eq. (6), the hot carriers are created by
interband excitations. This is because the distribution of
hot carriers with pseudospin s relies on the unperturbed
Fermi-Dirac distribution with pseudo spin −s. This phe-
nomenon is a unique character of electron beam excitation.
It originates from the fact that the velocity of the elec-
tron beam is larger than the velocity of the Dirac fermions
(see Appendix C for more details). Because of this phe-
nomenon, almost all hot carriers are in the upper half of the
Dirac cone (When EF < 0, the distribution of hot carriers
in the lower half cone is proportional to the Fermi-Dirac
distribution in the upper half cone, which is almost zero.
When EF > 0, the lower half cone is under the Fermi sea,
all states are occupied by Dirac fermions, and transition to
there cannot occur easily.).

Thus, in order to study the hot carrier distribution, we only
need to discuss the distribution of hot carriers in the upper
half of the Dirac cone K, gK(p, +1) [The distribution in
the lower half of the cone gK(p, −1) is close to zero and
gK ′
(p, s) = gK(p, s).] The distributions gK(p, +1) with

different Fermi energies and electron beam velocities are
calculated from Eq. (6), as shown in Fig. 2.

(a) (b)

(c) (d)

FIG. 2. Distributions of the hot
carriers gK (p, +1). The Fermi
energies and electron beam
velocities are: (a) EF = 0.1 eV,
u0 = 0.03c; (b) EF = 0.6 eV,
u0 = 0.03c; (c) EF = 0.6 eV,
u0 = 0.35c; (d) EF = −0.6 eV,
u0 = 0.03c. In the centers of
(a)–(c), there are circular areas
of radius EF/vF without a hot
carrier. These areas are the Fermi
Sea, where all states are occupied
by Dirac fermions.
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According to Fig. 2, the hot carrier distribution is
affected by the Fermi energy. When EF > 0, the hot
carriers are distributed in the p > EF/vF region in the
momentum space due to the Fermi Sea. As the momentum
becomes larger, the distribution of the hot carriers becomes
sparser.

On the other hand, when EF < 0 (which means the
Fermi energy is below the Dirac point), the hot car-
rier distribution exhibits a unique “double-ring” structure
[Fig. 2(d)]. The outer ring is similar to the hot carrier dis-
tribution with Fermi energy |EF |, while the inner ring is
located near p = (1/9 ∼ 1/8)|EF |/vF with a very narrow
width on the radius direction. This peculiar inner ring orig-
inates from the near-field enhancement due to graphene
SPPs’ near terahertz frequency. This inner ring does not
occur when EF > 0, because at this situation, the required
photon frequency for interband hot carrier excitation is
higher than the terahertz frequency.

When EF = 0, there is no significant hot carrier excita-
tion.

To realize the excitation of monochromatic HC SPPs,
we would expect to generate a relatively simple hot carrier
distribution. Therefore, in the following study, the situation
where EF > 0 is discussed in detail.

According to Fig. 2, the hot carrier distribution is also
affected by the electron beam velocity. The electron beam
excites both the forward and backward propagating hot
carriers. When the electron beam velocity is low, there are
more forward propagating hot carriers; when the velocity
is high, there are nearly the same number of forward and
backward propagating hot carriers. At different electron
velocities, the ratio between the numbers of backward and
forward propagating hot carriers is shown in Fig. 3(a). The
average angle θ between p and the x axis in each quadrant
is shown in Fig. 3(b).

From Fig. 3, the above change rule can be explained
qualitatively: Consider a Stationary Reference Frame

(SRF) where the electron beam does not move. In SRF,
the near field of the electron beam forms a potential barrier
on the graphene, and the Dirac fermions are incident on the
potential barrier from the –x direction. When the velocity
of the electron beam in the Laboratory Reference Frame
(LRF) is low, the momentum of the Dirac fermions in SRF
is also low. Therefore, most of the incident Dirac fermions
are reflected by the potential barrier, and a relatively large
reflection angle will appear. This is corresponding to the
small backward-forward ratio N2/N1 and relatively large
excitation angle θ at low electron beam velocity u0. On
the other hand, when the velocity of the electron beam
in LRF is high, the momentum of the Dirac fermions in
SRF is also high. Therefore, a relatively large amount of
the Dirac fermions transmits through the potential barrier.
The transmission and reflection angles are also relatively
small. This is corresponding to the close-to-0.5 backward-
forward ratio N2/N1 and relatively small excitation angle
θ at large electron beam velocity u0.

B. The properties of the HC SPPs

The HC SPPs’ excitation rate from Eqs. (7) and (9)
indicates that when EF > 0, the HC SPPs are excited by
intraband transitions. This is because of the	(svFp − EF)

factor in Eq. (7), demonstrating that interband transition
into the Fermi Sea cannot happen easily. However, this fac-
tor does not put a rigorous upper limit for the frequency
of HC SPPs, because the momentum of the hot carrier
after the excitation of HC SPPs’ p is smoothed out on the
momentum space. When EF < 0, both the intraband and
interband transitions are allowed.

According to Eqs. (7) and (9), Fig. 4 is the frequency
dependent excitation rates of HC SPPs �(ω) when EF >

0. Figure 5 is the guide wave number and frequency
dependent excitation rates of HC SPPs �(k,ω) when
EF > 0.

(a) (b)

FIG. 3. (a) The ratio between the numbers of backward and forward propagating hot carriers N2/N1 when the electron beam velocity
is u0 = cβ. (b) The average angle θ between p and the x axis in each quadrant when the electron beam velocity is u0 = cβ. Because
the hot carrier distribution is mirror symmetric along the x axis on momentum space, only the angles in the first and second quadrants
are plotted. The Fermi energy EF = 0.6 eV.
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(a) (b) FIG. 4. The frequency depen-
dent excitation rates of HC SPPs
�(ω). The Fermi energies and
electron beam velocities are: (a)
EF = 0.1 eV, u0 = 0.03c; (b)
EF = 0.6 eV, u0 = 0.35c. All
data are normalized by their peak
values.

According to Fig. 4, the excited HC SPPs are monochro-
matic.

According to Fig. 5, the nonzero value of the excitation
rate �(k,ω) is concentrated at the position where the Fermi
velocity vF is slightly larger than phase velocity vp on the
SPPs’ dispersion curve.

This shows that:

(a) The guide wavelength of the HC SPPs is as small as
1/300 of the vacuum wavelength and the guide wavelength
bandwidth is small. Therefore, the SPPs are indeed highly
confined.

(b) The values of the frequency and guide wavelength
(i.e., the working point) are primarily determined by the
Fermi energy of graphene. Thus, there would be great
freedom to choose the electron beam velocity.

The reason for the above distribution of the excitation
rate �(k,ω) to occur is: The excitation of HC SPPs is
only possible when the excitation angle ϕ is real. Accord-
ing to Eq. (8), this yields vp < vF . Therefore, HC SPPs’
excitations are restricted on the right-hand side of the hot
carrier dispersion curve ω = vFk. On the other hand, Refs.
[8,9,14] show that the loss of HC SPPs grows rapidly with
the guide wave number k. Thus, HC SPPs with smaller

guide wave numbers are easier to excite. Combining the
two aspects, as shown in Fig. 5, the working point of HC
SPPs should locate at the position where the Fermi veloc-
ity vF is slightly larger than the phase velocity vp on the
SPPs’ dispersion curve.

Further calculations based on Eqs. (7) and (9) shows that
when the Fermi energy EF grows by 1 eV, the frequency
of the excited HC SPPs grows by approximately 30 THz,
and the guide wave number k by 2π × 30 THz/vF .

According to Eqs. (7) and (9), Fig. 6 is the excitation
angle and frequency dependent excitation rate �(ϕ,ω).
The figure shows that there are four propagation directions
of HC SPPs. Two of the directions are forward and the
other two are backward. When the electron beam veloc-
ity u0 is low, the HC SPPs on the forward direction are
stronger. When the electron beam velocity u0 is high, the
strengths of forward and backward excitations are close to
each other.

These propagation directions of HC SPPs are similar
to that of the hot carriers (Fig. 3). This is because the
excitation of HC SPPs is strongest when the phase veloc-
ity of SPPs vp is slightly smaller than the Fermi velocity
vF . According to Eq. (8), ϕ ≈ θ0. Therefore, the propaga-
tion direction of HC SPPs is primarily determined by the
direction of motion of the hot carriers.

(a) (b) FIG. 5. The frequency and guide
wave number-dependent excita-
tion rates of HC SPPs �(k,ω).
The Fermi energies and electron
beam velocities are: (a) EF =
0.1 eV, u0 = 0.03c; (b) EF =
0.6 eV, u0 = 0.35c. The disper-
sion curves of graphene SPPs, the
electron beam (ω = u0k), and the
hot carriers (ω = vF k) are plotted
as the dashed lines.
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(a) (b) FIG. 6. The excitation angle
and frequency dependent excita-
tion rates of HC SPPs �(ϕ,ω).
The Fermi energies and electron
beam velocities are: (a) EF =
0.1 eV, u0 = 0.03c; (b) EF =
0.6 eV, u0 = 0.35c.

C. Working efficiency

The working efficiency of our method can be calculated
in the following way,

First, since the excitation rate of HC SPPs �(ω) is
already known (see Sec. IV B), it is straight forward to
sum it over all frequencies and obtain the total power of
HC SPPs’ excitation PSPPs.

Second, according to Ref. [51], in our system, the
total work done by the electron beam per unit time
Ptot equals the power absorbed by graphene Pabs. Pabs
can be calculated directly from the field of the electron
beam Ee(x, y, 0, t) and the corresponding charge current
Je(x, y, 0, t) on the graphene monolayer. The first quantity
Ee(x, y, 0, t) can be obtained from Appendix B. The second
quantity Je(x, y, 0, t) can be obtained from Ee(x, y, 0, t) and
the conductivity of graphene σg(ω) in Eq. (4).

Finally, since the remaining energy of the electron beam
can be collected by an electron beam collector and will not
be wasted [52], the working efficiency is the ratio between
PSPPs and Ptot, namely

η =
∫ +∞

0 �ω�(ω)dω∫∫
S Ee(x, y, 0, t) · Je(x, y, 0, t)dxdy

. (12)

According to Eq. (12), at Fermi energy EF = 0.6 eV, elec-
tron beam velocity u0 = 0.35c, and other relevant param-
eters, the working efficiency η can reach 37.28%. (It is
worth noting that the working efficiency is not affected by
the charge of the electron beam, because in Eq. (12), both
the power of HC SPPs’ excitation and the total work rely
on the square of the charge q2.)

In Sec. IV D, the x-ray emission in the system will be
considered. Even at this situation, the working efficiency
calculated here is still valid. This is because compared
with HC SPPs’ excitation, the x-ray emission due to scat-
tering is a higher order process. Its effect on the working
efficiency is relatively small.

D. X-ray emission

In the above parts (Secs. IV A–C), we discuss the major
properties of our method. In this part, we will show that
when the HC SPPs and the electron beam in this method
are used in the electron-plasmon scattering system [3],
x-ray emission can be achieved.

In an electron-plasmon scattering system, SPPs inter-
act with an electron beam. The result is the emission of
a high-frequency photon and the change of electron beam
and SPPs’ momenta. Based on energy-momentum con-
servation, the angular frequency of the emitted photon
is

ωX =ω1−(c/vF)β cosϕ−(�ω/γmc2){[(c/vF)
2 −1]/2}

1−β cosψ+(�ω/γmc2)[1−(c/vF) cos(ψ−ϕ)] ,

(13)

where ω is the angular frequency of SPPs, ϕ is the angle
between the propagation direction of SPPs and the elec-
tron beam velocity, ψ is the angle between the emission
direction of the photon and the electron beam veloc-
ity, m is the rest mass of electrons, β = u0/c, and γ =
1/
√

1 − β2.
According to Eq. (13), in the case where HC SPPs

are excited by an electron beam of velocity u0 = 0.35c
on a graphene monolayer of Fermi energy EF = 0.6 eV,
x-rays of frequency 3.16 × 1016 Hz can be emitted due
to the scattering between the electron beam and the HC
SPPs.

According to the relevant Refs. [3,53], the electron
beam energy E = 35 kV and graphene Fermi energy EF =
0.6 eV are easily achievable. Furthermore, we can signif-
icantly increase the frequency of the x-rays by increasing
either the electron beam energy E or the graphene Fermi
energy EF , as shown in Fig. 7.

In addition to the frequency, the average output power
of the x-rays can be estimated based on classical perturba-
tion theory and Larmor’s Formula, where the result is (see
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FIG. 7. The frequency of the photons emitted by electron-
plasmon scattering at different electron beam energy E and
graphene Fermi energy EF . The shaded area is the x-ray fre-
quency regime.

Appendix E for detailed derivation)

P̄ =
∫ +∞

0
dω
∫ 2π

0
dϕ

�qγ 2e3

3πkε2
0m2c3

×
(

1 − β2cos2ϕ +
∣∣∣∣β(ω/c) cosϕ − k

kz1

∣∣∣∣
2
)

× �(ϕ,ω)
(1/|kz1|2)[1/Im(kz1)] + (εs/|kz2|2)[1/Im(kz2)]

× e−2Imkz1z0 , (14)

where kz1 =
√
(ω/c)2 − k2 and kz2 =

√
εs(ω/c)2 − k2, k is

the guide wave number determined by the frequency ω and
the dispersion relation of HC SPPs.

According to Eq. (14) and the expression of �(ϕ,ω),
Eq. (10), the radiation power P̄ is proportional to q3. There-
fore, it is possible to significantly increase the x-ray power
by increasing the charge of the electron beam. For an elec-
tron beam with charge q = 1 nC/m, the x-ray power can
reach 54.14 mW, which is a considerable value for a com-
pact system. (Other parameters are u0 = 0.35c and EF =
0.6 eV, which are the same as those used in the discussion
of x-ray frequency.)

Thus, we show that based on the scattering between HC
SPPs and an electron beam, it is possible to integrate an x-
ray source and the HC SPPs’ emitter that drives the x-ray
source in the same cavity, achieving relatively strong x-ray
output with relatively low electron beam energy (35 KeV).

V. CONCLUSION

In this paper, a method for the effective excitation of
HC-SPPs that can generate x-ray radiation is presented. In
the method given above, an electron beam moves along a
graphene monolayer and excites hot carriers of velocity vF .

These hot carriers are able to produce HC QCE. Here, this
quantum phenomenon allows the excitation of SPPs sat-
isfying vp < vF , and the excited SPPs are highly confined.
Compared with traditional methods of HC SPPs’ excitation
[8,9,12], this method has the following advantages:

(a) In this method, no periodic structure is needed, so it
is possible to achieve a miniaturized system.

(b) This method allows the excitation of monochro-
matic HC SPPs with a guide wavelength as small as 1/300
of the vacuum wavelength.

(c) The working point of SPPs can be dynamically
tuned by the Fermi energy of graphene, but it is not sen-
sitive to the velocity of the electron beam. This provides
much more freedom in the choosing of the electron beam
velocity.

(d) The working efficiency can be significantly impr-
oved. At electron beam velocity u0 = 0.35c and graphene
Fermi energy EF = 0.6 eV, the working efficiency can
reach about 37.28%.

(e) When the HC SPPs and the electron beam in this
method are used in the electron-plasmon scattering sys-
tem, it is possible to integrate an x-ray source and the HC
SPPs’ emitter that drives the x-ray source in the same cav-
ity, realizing a unified system. The electron beam energy
requirement is relatively low (35 KeV).
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APPENDIX A: THE DERIVATION OF THE
DYADIC GREEN’S FUNCTION

According to the relation between the Dyadic Green’s
Function Gij (r, r′;ω) and vector potential Âi(r, t), Eq. (3),
the Dyadic Green’s Function Gij (r, r′;ω) should satisfy all
the boundary conditions of the vector potential Âi(r, t) at
z = 0 and also satisfy the following equations

[∇ × ∇ × G(r, r′;ω)]ij − ω2

c2 Gij (r, r′;ω)

= μ0δij δ(r − r′), z > 0, (A1)

[∇ × ∇ × G(r, r′;ω)]ij − εd
ω2

c2 Gij (r, r′;ω)

= μ0δij δ(r − r′), z < 0, (A2)

where δij is the Kronecker delta.
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Considering the situation where z′ > 0, the Dyadic
Green’s Function can be solved by dividing it into the
homogeneous part and the free space part

Gij (r, r′;ω)

=
{

G(0)
ij (r, r′;ω)+ G(1)

ij (r, r′;ω) z > 0, z′ > 0
G(0)

ij (r, r′;ω) z < 0, z′ > 0
,

(A3)

where the homogeneous part G(0)
ij (r, r′;ω) is the solution of

the homogeneous form of Eqs. (A1) and (A2). It contains
undetermined constants. The free space part G(1)

ij (r, r′;ω)

is the solution of Eq. (A1) in an infinitely large space,
which can be obtained by Fourier transformation without
introducing undetermined constants. The undetermined
constants in the homogeneous part G(0)

ij (r, r′;ω) can be
obtained by substituting Eq. (A3) into the boundary con-
ditions of the vector potential Âi(r, t) at z = 0.

When z′ < 0, the Dyadic Green’s Function Gij (r, r′;ω)
can be obtained in a similar manner.

The complete expression of the Dyadic Green’s
Function Gij (r, r′;ω) is very complex. Here we only
give the results that are needed for the later cal-
culation, that is, Gxx(r, r′;ω)|z=z′=0, Gxy(r, r′;ω)|z=z′=0,
Gyx(r, r′;ω)|z=z′=0, and Gyy(r, r′;ω)|z=z′=0

Gxx(r, r′;ω)|z=z′=0 = 1
(2π)2

∫∫
Fxx(kx, ky ,ω)eik·(r−r′)d2k, (A4)

Gxy(r, r′;ω)|z=z′=0 = − 1
(2π)2

∫∫
Fyx(ky , −kx,ω)eik·(r−r′)d2k, (A5)

Gyx(r, r′;ω)|z=z′=0 = 1
(2π)2

∫∫
Fyx(kx, ky ,ω)eik·(r−r′)d2k, (A6)

Gyy(r, r′;ω)|z=z′=0 = 1
(2π)2

∫∫
Fxx(ky , −kx,ω)eik·(r−r′)d2k, (A7)

Fxx(kx, ky ,ω)

= (iμ0/2kz1)[1/(k2
z1 + k2

x )][2k2
z1 − (c2/ω2)(kykx)

2 + (c2/ω2)(k2
z1 + k2

x )(k
2
z1 + k2

y )]

1+ [kz1/(k2
z1 +k2

x )]{[(k2
z2 +k2

x )/kz2]+ωμ0σg}−{[(kxky)
2/k2

z1 +k2
x ](1+kz1/kz2)

2}/[(1+kz1/kz2)k2
y +(1+kz2/kz1)k2

z1 +ωμ0σ ]} ,

(A8)

Fyx(kx, ky ,ω) = − kykx(1 + kz1/kz2)

(1 + kz1/kz2)k2
y + (1 + kz2/kz1)k2

z1 + ωμ0σg
Fxx(kx, ky ,ω), (A9)

where kz1 =
√
(ω2/c2)− k2

x − k2
y and kz2 =

√
εd(ω2/c2)− k2

x − k2
y .

APPENDIX B: THE ELECTROMAGNETIC FIELD
OF THE ELECTRON BEAM

The electron beam in Fig. 1 is described by its equiva-
lent charge and current density ρe(r, t) = qδ(z − z0)δ(x −
u0t) and Je(r, t) = êxqu0δ(z − z0)δ(x − u0t), where q is the
charge of the electron beam and êx is the unit vector in the
x direction. It is worth noting that the electron beam is y
invariant as shown in Fig. 1.

The Fourier spectrum of the electric field Ee(r,ω)
excited by the electron beam satisfies the following
equation

∇ × ∇ × Ee(r,ω)− εr(r,ω)
ω2

c2 Ee(r,ω) = iωμ0Je(r,ω),

(B1)

where Je(r,ω) is the Fourier transformation of the current
density Je(r, t). Applying the electromagnetic boundary
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conditions and making use of the y invariance of the
system, the expression of the electric field Ee(r,ω) can
be obtained. For example, Ee,x(r,ω)|x=0,z=0 that appears in
Eq. (6) is

Ee,x(r,ω)|x=0,z=0

= −(q/2π)(ω2/k2
z1c2)[1 − (c2/u0

2)]eikz1z0

(ε0ω/kz1)+ (εdε0ω/kz2)+ σg
, (B2)

where kex = ω/u0, kez1 = √
(ω2/c2)− k2

ex, and kez2 =√
εd(ω2/c2)− k2

ex

Therefore, the vector potentials AK
e and AK ′

e satisfy

AK
e (r, t) = AK ′

e (r, t) =
∫ +∞

−∞
dωe−iωt 1

iω
Ee|z=0

=
∫ +∞

−∞
dωe−iωt 1

iω
eikexx

[
ex + ez

kex

kez2

]

× Ee,x(r,ω)|x=0,z=0. (B3)

APPENDIX C: THE DERIVATION OF THE HOT
CARRIER DISTRIBUTION

Assuming under the coupling Hamiltonian Ĥe − HC, the
eigen states |p, s, κ〉 evolve as |ψ(t; p, s, κ)〉, then the
density matrix under evolution ρ̂(t) is given by

ρ̂(t) =
∑

p

∑
s

∑
κ

f (svFp)|ψ(t; p, s, κ)〉〈ψ(t; p, s, κ)|.

(C1)

According to the discussions in Sec. III B, the distribution
of hot carriers satisfies

gκ(p, s) = 〈p, s, κ|ρ̂(t)− ρ̂0|p, s, κ〉. (C2)

Substituting the expression of Eq. (C1) and the unper-
turbed density matrix ρ̂0 in Sec. III B into Eq. (C2), it can
be proven that

gκ(p, s) =
∑
p1

∑
s1

f (s1vFp1)|〈p, s, κ|ψ(t; p1, s1, κ)〉|2

− f (svFp). (C3)

Therefore, the hot carrier distribution relies on the inner
product 〈p, s, κ|ψ(t; p1, s1, κ)〉.

Considering κ = K , based on the perturbation theory,
the perturbed eigen states |ψ(t; p, s, K)〉 can be expressed
as a summation of the unperturbed eigen states |p, s, K〉,

and the inner product 〈p, s, κ|ψ(t; p1, s1, κ)〉 is obtained as

〈p, s, K |ψ(t; p1, s1, K)〉
= δp1,pδs1,s − δp+�kxex−p1,0

πvFe
�ω

(seiθ + s1e−iθ1)

× Ee,x(r,ω)|x=0,z=0, (C4)

where θ (θ1) is the angle between p (p1) and the x axis, ω is
given by energy-momentum conservation ω = vF(s1p1 −
sp)/�, and is the frequency of the absorbed photons in
Eq. (6) in the main text. The Kronecker delta δp+�kx êx−p1,0
ensures the conservation of momentum. The momentum
conservation implies that when ω > 0 and u0 > vF , the
only possible choice of the momentum p1 is

p1 = 1 + (vF/u0)
2 − 2s(vF/u0) cos θ

1 − (vF/u0)
2 p , (C5)

sin θ1 = p
p1

sin θ , (C6)

where s1 = −s. This implies that the hot carriers are
excited by interband transitions. Equations (C5) and (C6)
are the expressions of momentum p1 in Eq. (6) in the main
text.

Substituting Eq. (C4) into Eq. (C3), and assuming that
the Fermi-Dirac distribution f (E) is a small quantity when
E > EF (which is always true unless the temperature is too
high), the expression of hot carrier distribution gK(p, s) is
obtained as Eq. (6).

When κ = K ′, Eq. (6) can be obtained similarly.

APPENDIX D: THE DERIVATION OF THE SPPs’
EXCITATION RATE

Let us consider a hot carrier in a Dirac cone κ = K , K ′
with momentum p0 and pseudo spin s0. Under the cou-
pling Hamiltonian ĤHC−SPPs, it emits a SPP described by
the Fock state â†

i (r;ω)|0〉 [â†
i (r;ω) is given in Eq. (3) in the

main text]. After the emission, the hot carrier momentum
and pseudo spin become p and s, respectively.

If κ = K , and according to Fermi’s golden rule, the
transition rate of the above-mentioned process is

�K(p, s; p0, s0; n, i, r,ω) = 2π
�

|M (p, s; p0, s0; n, i, r,ω)|2

× δ(s0vFp0 − svFp − �ω),
(D1)

M (p, s; p0, s0; n, i, r,ω) = vFe
2S
δn,1

√
Im[εr(r,ω)]

ε0�ω2

π

×
∫

S
d2r′′[Gxi(r′′, r; −ω)(s0eiθ0 + se−iθ )

+ iGyi(r′′, r; −ω)(se−iθ − s0eiθ0)]ei((p0−p)·r′′/�), (D2)
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where θ (θ0) are the angles between p (p0) and the x axis.
Noticed that the following equation is true for the

Dyadic Green’s Function Gij (r, r′;ω)

∑
k=x,y,z

∫
V

d3rIm[εr(r,ω)]Gik(r′, r;ω)Gjk(r′′, r; −ω)

= μ0c2

ω2 ImGij (r′, r′′;ω). (D3)

Based Eq. (D3), it is possible to integrate Eq. (D1) over all
possible final hot carrier states and all possible SPPs’ states
of certain frequency ω (i.e., integrate over p, s, n, i, and r).
The final SPPs excitation rate is obtained as

�K(ω; p0, s0) =
∑

s

∫ 2π

0
dθ�K(ω; p0, s0; θ , s), (D4)

�K(ω; p0, s0; θ , s)

= vFe2

(2π�)2
p
∑

k

	(svf p − EF)δp0−p+�k

× { Im[Fxx(k,ω)− Fxx(k, −ω)][1 + s0s cos(θ + θ0)]

+ Im[Fyx(k,ω)− Fyx(k, −ω)
+ Fxy(k,ω)− Fxy(k, −ω)]ss0sin(θ + θ0)

+ Im[Fyy(k,ω)− Fyy(k, −ω)][1 − ss0cos(θ + θ0)]},
(D5)

where 	(svf p − EF) is the Heaviside function demon-
strating that transition into the Fermi Sea cannot occur eas-
ily; the Kronecker delta δp0−p+�k ensures the conservation
of momentum. According to Eq. (D1), the energy conser-
vation s0vFp0 − svFp − �ω = 0 also holds in Eq. (D4).

Based on the energy-momentum conservation, for
any fixed parameters ω, p0, s0, θ , s, there is only
one choice of the SPPs’ guide wave number k =√

p0
2 + p2 − 2pp0 cos(θ − θ0)/� [where the final momen-

tum p = (s0vFp0 − �ω)/svF ]. Therefore, the integration
over momentum angle θ in Eq. (D4) can be transformed
into the integration over guide wave number k

�K(ω; p0, s0) =
∫ +∞

0
dk�K(ω, k; p0, s0), (D6)

�K(k,ω; p0, s0) =
∑

s

∑
i

�K(ω; p0, s0; θi(k), s)
|dk/dθ |θi(k)

, (D7)

where θi(k) are all possible values of momentum angle
θ given by the parameters ω, k, p0, s0, s and energy-
momentum conservation. Substituting Eq. (D5) into
Eq. (D7), Eq. (7) in the main text is obtained.

The calculation for situation κ = K ′ also gives Eq. (7).

APPENDIX E: THE DERIVATION OF THE
AVERAGE OUTPUT POWER OF X-RAYS

According to the classical theory, under the field of the
HC SPPs, the motion of the electrons in the electron beam
follows the equation below

d
dt

{γ ′[ṙ(t)]mṙ(t)} = −e{E[r(t), t] + μ0ṙ(t)× H[r(t), t]},
(E1)

where r(t) is the trajectory of the electron, E(r(t), t) and
H(r(t), t) are the fields of the HC SPPs on the trajectory of

the electron, and γ ′(ṙ(t)) = 1/
√

1 − [ṙ(t)/c]2.
Assuming that the electrons only deviate weakly

from the unperturbed trajectory r0(t) = u0tez + y0ez +
z0ez, Eq. (E1) is simplified as

γ 3m
dṙ1z(t)

dt
= −eEx(u0t, y0, z0, t), (E2)

γm
dṙ1y(t)

dt
= −e[Ey(u0t, y0, z0, t)− μ0u0Hz(u0t, y0, z0, t)],

(E3)

γm
dṙ1z(t)

dt
= −e[Ez(u0t, y0, z0, t)+ μ0u0By(u0t, y0, z0, t)],

(E4)

where γ =
√

1 − (u0/c)2 and r1(t) = r(t)− r0(t).
Then the explicit expression of the HC SPPs’

electromagnetic field should be calculated. For each
HC SPPs’ mode with frequency ω and direction of
propagation ϕ, the longitudinal electric and magnetic
fields are

Ex(r, t;ϕ,ω) = Re
[

C(ϕ,ω)ei(kx cosϕ+ky sinϕ)e−iωt

× cosϕ
{

eikz1z z > 0
e−ikz2z z < 0

]
, (E5)

Hx(r, t;ϕ,ω) = Re

⎡
⎢⎣C(ϕ,ω)ei(kx cosϕ+ky sinϕ)e−iωt

× sinϕ

⎧⎪⎨
⎪⎩

−ε0ω

kz1
eikz1z z > 0

εsε0ω

kz2
e−ikz2z z < 0

⎤
⎥⎦ , (E6)

where C(ϕ,ω) is the undetermined field amplitude and
the guide wave number k and frequency ω follow the
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dispersion equation

ε0ω

kz1
+ εsε0ω

kz2
+ σg = 0. (E7)

Based on the idea that the energy flow of each HC SPPs’
mode should be consistent with the HC SPPs’ excitation
rate calculated by quantum theory, �(ϕ,ω), the field ampli-
tude C(ϕ,ω) is determined as (here, the imaginary part of
k is ignored):

|C(ϕ,ω)|2 = 8π(dω/dk)�ω�(ϕ,ω)
Sωkε0[(1/|k′

z1|2)[1/Im(k′
z1)] + [εs/|k′

z2|2)(1/Im(k′
z2)]]

. (E8)

Considering the fact that the HC SPPs are excited by
hot carriers, it is reasonable to assume that each HC SPPs’
mode is not phase related. Therefore, their effect on the
electron beam can be calculated separately. Substituting
Eqs. (E5) and (E6) into Eqs. (E2)–(E4), the accelerations
of the electrons are obtained

r̈1x(t;ϕ,ω) = Re
[
−cosϕ
γ0

3m
eC(ϕ,ω)eiky y0eikz1z0ei(kxu0−ω)t

]
,

(E9)

r̈1y(t;ϕ,ω) = Re
[
−sinϕ
γ0m

eC(ϕ,ω)eiky y0eikz1z0ei(kxu0−ω)t
]

,

(E10)

r̈1z(t;ϕ,ω) = Re
[
−β0(ω/c) cos ϕ − k

kz1γ0m
eC(ϕ,ω)

× eiky y0eikz1z0ei(kxu0−ω)t
]

. (E11)

Since x-rays can penetrate graphene and the substrate
freely, the radiation power of the electron is given by the
famous Larmor’s Formula

P(t;ϕ,ω) = e2

6πε0c3 γ
6

×
{

r̈2(t;ϕ,ω)− 1
c2 [ṙ(t;ϕ,ω)× r̈(t;ϕ,ω)]2

}
.

(E12)

Using the above assumption that the electrons only deviate
weakly from the unperturbed trajectory, Larmor’s Formula
Eq. (E12) is simplified as

P(t;ϕ,ω) = e2γ 6

6πε0c3

[
r̈2

1x(t;ϕ,ω)+ 1
γ 2 r̈2

1y(t;ϕ,ω)

+ 1
γ 2 r̈2

1z(t;ϕ,ω)
]

. (E13)

Substituting Eqs. (E9)–(E11) into Eq. (E13), the average
radiation power from each HC SPP mode is obtained as

P̄(ϕ,ω)= 2�γ 2e4(dω/dk)
3Skε0

2m2c3

(
1 −β2cos2ϕ+

∣∣∣∣β0
ω
c cosϕ − k

kz1

∣∣∣∣
2
)

�(ϕ,ω)
[(1/|kz1|2)[1/Im(kz1)] + (εs/|kz2|2)[1/Im(kz2)]]

e−2Imkz1z0 .

(E14)

Summing up the contribution of all modes and all electrons in the electron beam, the estimated average output power of
x-rays is obtained as Eq. (13).

[1] S. Liu, C. Zhang, M. Hu, X. Chen, P. Zhang, S. Gong, T.
Zhao, and R. Zhong, Coherent and tunable terahertz radia-
tion from graphene surface plasmon polaritons excited by
an electron beam, Appl. Phys. Lett. 104, 201104 (2014).

[2] P. Torma and W. L. Barnes, Strong coupling between sur-
face plasmon polaritons and emitters: A review, Rep. Prog.
Phys. 78, 013901 (2015).

[3] L. J. Wong, I. Kaminer, O. Ilic, J. D. Joannopoulos, and M.
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