
PHYSICAL REVIEW APPLIED 12, 044070 (2019)

Electron rf Oscillator Based on Self-Excitation of a Talbot-Type Supermode in an
Oversized Cavity
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We propose the concept of selective excitation of a terahertz operating wave in a high-power electron
maser with an oversized microwave system fed by a high-current relativistic electron beam. This concept is
based on excitation of a supermode formed by a fixed set of transverse modes, rather than a fixed transverse
mode of the operating cavity. A possible approach to form a high-Q supermode inside a simple cavity is
the use of the Talbot effect, namely, periodic reproduction of the transverse structure of a multimode wave
field in an oversized waveguide.
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I. INTRODUCTION

Currently, there is growing interest in the creation of rf
sources operating in the terahertz (THz) and subterahertz
frequency range with a high power of the output radiation,
as well as in the use of such sources in various applications.
Powerful THz sources are required, for instance, for heat-
ing and current drive or diagnostic systems of fusion instal-
lations of the next generation, such as DEMO [1,2]. One
can also mention many actively developing areas, such
as high-gradient THz acceleration [3–5], sub-THz wave
undulators for short-wavelength free-electron lasers [6–8],
and various plasma physics applications [9–11].

A natural way to generate powerful coherent microwave
radiation is the use of a powerful high-current relativis-
tic electron beam. However, the problem is that rela-
tivistic electron masers [12] (cyclotron resonance masers
[13–17], free-electron masers [18–21], Cherenkov and
Smith-Purcell devices [22–25]) operating in the millimeter
(mm) wavelength range are based typically on excitation
of a one chosen far-from-cutoff transverse mode of the
operating cavity (waveguide). Moreover, as a rule, this is
the lowest possible transverse mode because of the prob-
lem of mode selection. Application of this approach to
sub-THz and THz waves encounters natural difficulties.
Evidently, the operating waveguide in this case should be
oversized; this means that the characteristic transverse size
should be much greater than that of the operating wave-
length. This is necessary for a number of reasons, namely,
transportation of the relativistic high-current beam, the
problem of breakdown of the field of high-power radiation
inside the cavity, ohmic heating of the cavity walls, etc.
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In this situation, it is difficult to ensure selective excita-
tion of a definite transverse mode. First, several transverse
modes are close to the resonance with electrons in an over-
sized system. This makes it difficult to provide a single-
wave character of the electron-wave interaction [26–29].
The second problem is the difficulty in providing selec-
tive single-mode feedback in an oversized system. This
is important, especially in auto-oscillators based on exci-
tation of a forward wave with the Doppler-upshifted
frequency (that is, a natural scheme for high-frequency
masers). A typical configuration of the electron-wave
interaction region in such an auto-oscillator is a piece of
a waveguide terminated at the input and output ends by
two mirrors, which provide feedback, for instance, Bragg-
type mirrors can be used to provide effective reflection
of far-from-cutoff waves [30] [Fig. 1(a)]. However, if the
operating waveguide is oversized, it is difficult to provide
selective single-mode reflections from the ends for a far-
from-cutoff operating transverse mode [31,32]. In this sit-
uation, special methods for selection of the operating mode
of the radiated sub-THz wave should be used; one can
mention here excitation surface waves in spatially devel-
oped waveguides with the distributed 2D feedback [33,
34], the use of two-wave effects (including frequency
multiplication) [16,35–38], providing spontaneous char-
acter of the THz radiation from specially prepared short
electron bunches [39–41], etc. Naturally, we also men-
tion the best-developed solution of the problem described
above; this is selective excitation of very-high-order near-
cutoff transverse modes in powerful sub-THz cyclotron
masers (gyrotrons), operating either at the fundamental res-
onance [42,43] or at high cyclotron harmonics [44,45].
However, this approach has natural limitations on the
generated power.
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FIG. 1. (a) Traditional scheme of excitation of a far-from-cutoff
traveling wave in the cavity formed by a piece of waveguide with
two input and output mirrors (Bragg-type mirrors are shown as
an example). (b) Excitation of a supermode formed by a set of
several transverse modes.

Here, we propose a different concept of selective excita-
tion of a THz operating wave in a high-power relativistic
electron maser with an oversized microwave system fed
by a high-current relativistic electron beam. Our basic idea
is to give up working in a fixed transverse mode. Instead,
we propose to work in a supermode, which is formed by
a fixed spectrum of several transverse modes of an over-
sized waveguide [Fig. 1(b)]. The spectrum of the partial
transverse modes is determined by both electronic and
electrodynamic factors. First, effective interaction between
the supermode formed by these partial modes and the elec-
tron beam should be provided. This means that, in the
middle part of the waveguide, the supermode field should
have a maximum at the point of injection of the electron
beam into the transverse cross section of the waveguide.
Second, the supermode should possess a high Q factor.
Therefore, at the input and output ends of the waveguide,
the transverse structure of the supermode field should be
very specific, namely, the field should be present only close
to the mirrors, to provide almost complete reflection of the
supermode back to the cavity [Fig. 1(b)].

In Sec. II, we describe a simple approach, which is
based on the use of the Talbot effect [46], namely, periodic
reproduction of the transverse structure of a multimode
wave field in an oversized waveguide. This effect is widely
used in various microwave schemes of electron masers and
accelerators [47–50]. We propose to use this approach to
fix a high-Q operating supermode in a simple microwave
system, consisting of a waveguide terminated by two sim-
ple mirrors [Fig. 1(b)]. Section III describes a multimode
set of self-consistent equations of the electron-wave inter-
action, which is valid for a wide class of electron masers
(free-electron masers, cyclotron masers, Cherenkov and
Smith-Purcell devices). On the basis of this formalism, in

Sec. IV, we demonstrate the possibility of selective self-
excitation of the supermode. The “proper” transverse-axial
structure of the high-Q supermode is formed at the small-
signal stage of the gain guiding during several trips of the
wave over the cavity. In fact, the effect described in this
paper (formation of a high-Q supermode by a set of sev-
eral partial transverse modes) is analogous to the effect of
mode locking known in the physics of quantum lasers [51].
In Sec. V, the possibility for the realization of a relativis-
tic high-current THz-frequency-range free-electron maser
(FEM) oscillator is considered as an example of the use of
the approach proposed in this paper.

II. HIGH-Q TALBOT-LIKE SUPERMODE OF A
PLANAR 2D CAVITY

Here, we consider a simple 2D model of the microwave
system of an electron rf oscillator in the form of a pla-
nar waveguide [Fig. 2(a)] terminated by two mirrors at the
input and the output [they are shown in Fig. 2(a) schemat-
ically]. We assume that the system is homogeneous along
the y direction; this implies that the waveguide fields are
independent of the y coordinate. We assume also that the
operating electron beam interacts only with the waveguide
modes possessing the y component of the electric field. In
the particular case of a FEM, this means that the planar
undulator of this maser creates the x component of the peri-
odical magnetic field and, therefore, electrons oscillate in
this undulator along the y coordinate [Fig. 2(a)]. It should
be emphasized that such a simple model is chosen only to
demonstrate the basic physical effects within a relatively
simple formalism. These effects will obviously not dis-
appear when moving to more realistic 3D models of the
electron-wave interaction.

We consider a wave field formed by all transverse
modes of this system at a fixed frequency. The operating
y component of this field is represented as,

E =
∑

n

En = y0Re
∑

n

En(z)fn(x) exp(iωt− ihnz). (1)

Here, n is the transverse mode number, fn(x) = sin(k⊥,nx)
describes the transverse structure of the wave field, hn =√

k2 − k2
⊥,n is the axial wave number, k = ω/c = 2π/λ,

and k⊥,n = πn/D is the transverse wave number. Gener-
ally speaking, the complex amplitudes of the modes, En(z),
depend on the axial coordinate due to amplification of the
wave by the operating electron beam.

The condition k⊥,n < k determines the number of trans-
verse modes involved in the formation of the wave field,

nmax = 2D
λ
= 2D̂. (2)
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FIG. 2. (a) Schematic of the 2D model of the system (planar
waveguide with wave reflection at the input and output ends).
(b) Supermode as a wave packet formed by several partial trans-
verse modes. (c),(d) Two variants of Talbot-type supermodes in
different cavities.

Here, we introduce the normalized transverse size of the
waveguide, D̂ = D/λ. In fact, this is the factor of the trans-
verse oversizing of the microwave system. In this paper,
we consider the situation of a highly oversized system,
D̂ >> 1. Most of the modes in this situation are very far
from the cutoff, k⊥,n << k, and their axial wave numbers
can be approximated with high accuracy,

hn ≈ k − k2
⊥,n

2k
= k − πλn2

4D2 .

Within the cold approximation, the phase incursion of the
mode during its trip along the waveguide of length L is
equal to

φn = hnL ≈ kL− πn2

4
× λL

D2 . (3)

Let us consider any symmetrical transverse distribution
of the wave field, E(x) = E(D− x), which is formed by
modes with odd indices, n = 2n′ − 1 [Fig. 2(b)]. For these

modes,

φn ≈ kL− π

4
× λL

D2 − πn′(n′ − 1)× λL
D2 .

Therefore, any symmetrical transverse distribution of the
wave field is reproduced in the waveguide,

E(x, z + L) = E(x, z), (4)

with a period described by

L = D2

λ
. (5)

This phenomenon of repetition of the transverse wave
structure is well known in the literature as the Talbot
effect [46–49].

We propose to use the Talbot effect as a way to create
an oversized microwave system of an electron maser that
provides a high Q factor for a supermode forming several
transverse modes [Fig. 2(b)]. Let us imagine that the field
of this supermode, E�(x), is concentrated only at the input
of the cavity in quite a narrow section close to the center of
the waveguide cross section [Fig. 2(c)]. If the length of the
waveguide satisfies Eq. (5), then these transverse profiles
of the total wave field, E�(x), are reproduced at the output.
This wave field can be reflected completely by a simple
output mirror that has only a metal surface in the region
of the nonzero field area of the supermode. The counter-
propagation of the reflected wave back to the input mirror
is completely analogous to the direct propagation of the
supermode. Therefore, the input mirror, which is similar
to the output one, completely reflects the counterpropagat-
ing wave into the forward wave and closes the feedback
circuit.

Thus, a simple cavity [Fig. 2(c)] provides a high Q fac-
tor for any supermode, the electric field of which, E�(x),
is concentrated in the region of the mirrors placed in the
middle of the input and output transverse cross sections
of the cavity. This high-Q supermode is a specific set of
transverse waveguide modes [Fig. 2(b)]. Notably, the sep-
arate excitation of each of the partial modes included in
this set is not possible. Actually, for every partial mode, the
mirrors are semitransparent and, accordingly, the resonator
provides a low Q factor.

One more peculiarity of the Talbot effect is multiplica-
tion of the wave beam [46–49]. This means that, in the
middle of the cavity shown in Fig. 2(c), the transverse
distribution of the supermode field, E�(x), represents two
wave beams concentrated close to the waveguide walls.
Therefore, such a supermode can be excited effectively
by two electron beams injected in the regions close to the
walls. Therefore, the problem of separation of the electron
beam and the input and output mirrors is easily solved.
The natural analogue for the cylindrical geometry of the
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scheme shown in Fig. 2(c) is a waveguide of the circular
cross section and a tubular electron beam; such beams are
traditionally used in high-power cyclotron and Cherenkov
masers.

Another scheme of a Talbot-type cavity can be formed
by “shifting” the scheme shown in Fig. 2(c) along the z
axis by half of the Talbot length, L/2. In this case, the
supermode forms two wave beams at the input and out-
put of the cavity [Fig. 2(d)]. In the middle of the cavity,
these two beams are transformed into one beam located in
the middle of the cavity cross section. Again, the electron
beam injected in the center of the cross section is easily
separated from the input and output mirrors placed near
the walls of the waveguide.

Naturally, there is a question of how to form the
complicated supermodes shown in Figs. 2(c) and 2(d).
In Secs. III–V, we show that such supermodes can be
excited by electron beams automatically from random ini-
tial noises. The “proper” supermode structures shown in
Figs. 2(c) and 2(d) are built-up in the self-consistent pro-
cess of cavity excitation due to their high Q factor and
effective coupling with the electron beams. In fact, the for-
mation of a supermode is a process of synchronization of
several partial transverse waveguide modes both by the
electron beam and by the feedback system (i.e., by the
shape of the input and output mirrors). To some extent, this
process is similar to the synchronization of longitudinal
modes in optical lasers [51].

III. EQUATIONS OF EXCITATION OF A
TALBOT-LIKE CAVITY SUPERMODE

A. Single-mode asymptotic equation of the
electron-wave interaction

As a first step, we consider the process of amplifica-
tion of a single waveguide mode with a fixed frequency.
In the model of a 2D planar waveguide (Fig. 2), the trans-
verse component of the electric field of this wave can be
represented as,

En = y0ReEn(z)fn(x) exp(iωt− ihnz).

For a wide class of electron masers based on inertial elec-
tron bunching in the field of the radiated wave (Cherenkov
devices, cyclotron masers, free-electron masers), the evo-
lution of particles in the field of the wave can be described
by the universal set of Eqs. (6) and (7) [12,51], which are
valid in the case of a small change in the electron energy
caused by the electron-wave interaction:

dγ

dζ
= −fn(xe)ReχAn exp(iθ), (6)

dθ

dζ
= μ(γ0 − γ )−�n. (7)

Here, ζ = kz is the axial coordinate of the particle normal-
ized to the wave number of the radiated wave k = ω/c,

γ = 1/

√
1− (v/c)2 is the relativistic Lorentz factor of the

particle, An = eEn/kmc2 is the normalized wave ampli-
tude, xe is the transverse coordinate of the electron beam,
and θ is the slow resonant phase of the particle with respect
to the wave. The initial conditions,

γ (0) = γ0, θ(0) = θ0 ∈ [0, 2π ],

describe an electron beam with no spread in initial energy
and uniformly mixed over initial phases with respect to
the wave. The latter means that we consider the induced
radiation from a nonbunched electron beam.

As an example, we illustrate the origin of these equa-
tions in the case of a free-electron maser. Equation (6)
follows from the general equation for the change in the
electron energy,

mc2 dγ

dz
= − e

V||
VE, (8)

where V|| is the axial component of the electron velocity.
Radiation is produced due to the work of the wave field
under the oscillating transverse component of the elec-
tron velocity, V⊥ = y0V⊥ cos(huz). The product V× E
includes the slow (resonance) term ∝ReAn exp(iθ), where
θ = ωt− hz − huz is the resonant phase of the particle
with respect to the wave; this phase is slow, if the electron-
wave resonance condition ω = (h+ hu)V||, is fulfilled
approximately [Fig. 3(a)]. Thus, Eq. (8) is transformed into
Eq. (6), where the electron-wave coupling factor is deter-
mined by the oscillatory electron velocity, χ = V⊥/2V||.
If the change in the electron energy in the process of the
electron-wave interaction is small, then the coupling factor
can be assumed to be constant. As for Eq. (7), it is obtained
by simple differentiation of the phase,

dθ

dZ
= c

V||
− hn + hu

k
. (9)

If the change in the electron energy is small, then one
can present the right-hand part of Eq. (9) in the form of a
Taylor series,

c
V||
≈ c

V||0
+ μ(γ0 − γ ),

where μ = −(d/dγ )(c/V||) = (c3/V3
||γ

3). This leads to
Eq. (7), in which �n = [(hn + hu)/k]− (c/V||0) is the
mismatch of the electron-wave resonance [Fig. 3(a)].

Within the simplest approximation of an amplifierlike
case, the spatial evolution of the wave amplitude, A(Z), in
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FIG. 3. (a) Dispersion characteristics of different transverse
modes and the electron-wave resonance. (b) Reflection of the
wave from the output mirror (transverse structures of the forward
incident wave packet and the backward reflected wave packet are
shown). (c) Schematic of the system studied in simulations (see
Sec. IV).

the process of the gain guiding can be described,

dAn

dζ
= fn(xe)χG〈exp(−iθ)〉. (10)

Here, 〈. . .〉 denotes averaging over the whole electron
ensemble. The excitation factor, G, can be easily found by
means of comparing the integral following from Eqs. (6)
and (10),

〈γ0 − γ 〉 = 1
2G

(|An|2 − |An0|2),

and the energy conservation law,

mc2 I
e
〈γ0 − γ 〉 = Pw − Pw,0.

Since the radiated wave power is proportional to the
squared wave amplitude, Pw ∝ |An|2, the excitation factor
is determined by the electron beam current, G ∝ I .

Equations (6), (7), and (10) can be transformed into
[12,52],

du
dζ
= fn(xe)Rean exp(iφ),

dφ

dζ
= u,

dan

dζ
+ i�nan = fn(xe)C3〈exp(−iφ)〉.

(11)

Here, u = μ(γ0 − γ ) is the normalized change in the rela-
tivistic electron energy, φ = θ +�ζ , a = μχA exp(−i�ζ),
and C = (χ2μG)1/3 is the Pierce amplification parameter.
Within the framework of this formalism, this is a single
parameter that describes the intensity of the electron-wave
interaction. In particular, it determines the increment of the
wave amplification at the small-signal stage of the gain
guiding,

an ∝ exp(�ζ ), � ∼ C. (12)

Therefore, the product of the Pierce parameter and the
normalized cavity length, C× 2πL/λ, is responsible for
the degree of axial inhomogeneity of the wave amplitude,
a(ζ ), that occurs due to gain guiding.

B. Multimode equations

Notably, the substitutions θ → φ and An → an mean
that, instead of the electron phase with respect to the real
waveguide wave (with the axial wave number hn(ω) =√

k2 − k2
⊥n), we introduce the electron phase with respect

to an artificial wave that does not exist in this system. The
axial wave number, h0, of this wave corresponds to the
exact electron-wave resonance,

ω = V||0(h0 + hu).

In other words, now h0 plays the role of the base wave
number, such that

E ∝ y0Rean(z)fn(x) exp(iωt− ih0z).

This is not important in the case of the interaction of the
electron beam with a single waveguide mode. However,
this is of principal importance when we generalize the
above approach to the case of excitation of a supermode,
the field of which is generally a superposition of the fields
of all existing transverse modes of the system,

E = y0

∑
n

ReEn(z)fn(x) exp(iωt− ihnz)

= kmc2

e
y0

∑
n

Rean(z)fn(x) exp(iωt− ih0z).

Since all components of the supermode have the same base
wave number, the total normalized complex amplitude of
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the wave field in any cross section of the waveguide is
determined as

a�(z, x) =
∑

n

an(z)fn(x).

In addition, phases of a particle with respect to all
transverse modes are the same. Evidently, Eq. (11) is
transformed,

du
dζ
= Re

∑
n

fn(Xe)an exp(iφ),
dφ

dζ
= u,

dan

dζ
+ i�nan = fn(Xe)C3〈exp(−iφ)〉 − σnan.

(13)

Here, the normalized transverse coordinate, X = x/D, is
introduced. At the beginning of the operating cavity, ζ =
0, all electrons have the same energies, u(0) = 0, whereas
their initial phases, φ(0), are mixed homogeneously over
the interval (0, 2π).

In the right-hand part of the wave equation in Eq. (13),
we introduce the term σnan to describe the distributed
loss of the wave in the waveguide walls. This term may
describe both ohmic losses in the walls and, possibly, the
output of the radiation from the cavity [see Fig. 3(c) and
Sec. IV].

The mismatch of the nth mode is related to the mismatch
of the first mode by the difference between the normalized
axial wave numbers of the two waves, ĥn = hn/k,

�n = �1 + ĥn − ĥ1, ĥn =
√

1−
(

n

2D̂

)2

.

In Eq. (13), we assume that the Pierce factor, C, is the same
for all modes, so that the modes differ from each other
only by different mismatches of the electron-wave reso-
nance, �n, and different fields affecting electrons, fn(xe) =
sin(πnXe). It should be clarified that, along with this
approximation in the framework of this model, we also
assume the ideality of the electron beam (no spread in
the velocities and in the guiding centers). Also, the trans-
verse structures and dispersion characteristics of all partial
modes are found in the approximation of ideal (perfect
conductivity) walls of the waveguide.

B. Simulation of the wave reflections

We model the process of excitation of the supermode of
the cavity in time using the trip-by-trip approach. Within
this approach, the initial (at the cavity input, ζ = 0) com-
plex amplitude of each partial mode at the current N th
trip, am(ζ = 0)|N , is determined by the output ampli-
tudes (at the end of the cavity, ζ = L̂ = kL) of all partial

modes amplified by electrons at the previous (N−1) trip,
am(ζ = L̂)|N−1,

am(ζ = 0)|N =
∑

n

Km,nan(ζ = L̂)|N−1. (14)

Here, the feedback matrix, Km,n, should describe three
successive processes, namely, (i) reflection of the wave
from the output reflector, (ii) backward trip of the reflected
wave from the output reflector to the input one, and (iii)
reflection of this backward wave from the input reflector.

As for the first process, the total wave field that is
incident on the output reflector is represented as follows:

a�(X , ζ = L̂) =
∑

n

fn(X )an(ζ = L̂).

The reflected wave field,

b�(X , ζ = L̂) = Rout(X )a�(X , ζ = L̂)

=
∑

n

Rout(X )fn(X )an(ζ = L̂), (15)

is determined by the structure of the output mirror, which
is described by the function Rout(X ); the latter is equal to
one on the metal surface of the mirror and zero in vac-
uum [Fig. 3(b)]. Naturally, we assume here that the metal
surface possesses ideal conductivity.

The backward wave described by Eq. (15) can be
decomposed into transverse waveguide modes,

b�(X ) =
∑

p

fp(X )bp , bp =
∫ 1

0 b�(X )fp(X )dX∫ 1
0 f 2

p (X )dX
.

This leads to,

bp(ζ = L̂) =
∑

n

Rout
p ,nan(ζ = L̂). (16)

Here,

Rp ,n =
∫ 1

0 R(X )fn(X )fm(X )dX∫ 1
0 f 2

p (X )dX
. (17)

The backward wave field, which is incident on the front
reflector, is taken from Eq. (16), taking into account the
different phase incursions for different transverse modes:

b�(X , ζ = 0) =
∑

p

fp(X )bp(ζ = 0),

bp(ζ = 0) = exp(−i�p L̂)bp(ζ = L̂).

(18)

The conversion of the backward wave field, b�(X , ζ = 0),
into the forward wave field, a�(X , ζ = 0), on the input
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reflector can be described similarly to Eq. (16). Thus, the
feedback loop is closed, and we obtain Eq. (14) from the
following feedback matrix:

Km,n =
∑

p

Rin
m,p exp(−i�p L̂)Rout

p ,n. (19)

Here, both reflectors are described by the matrices Rin
m,p and

Rout
p ,n, which are calculated from Eq. (17).

IV. INDUCED SELF-EXCITATION OF THE
TALBOT-TYPE SUPERMODE BY THE

ELECTRON BEAM

In numerical calculations, we study both configurations
of the Talbot-type supermode shown in Figs. 2(c) and 2(d).
In both cases, the results are very similar, namely, if
the starting threshold of the oscillator is exceeded, then
the “proper” supermode is excited over a wide range of
parameters of the system by the electron beam automati-
cally from random initial noises at the linear (small-signal)
stage of the electron-wave interaction. As a result, at the
nonlinear stage, the stable generation of the Talbot-type
supermode is achieved.

As an example of numerical calculations of the self-
excitation of a Talbot-type supermode, here, we describe
simulations of the cavity with the input and output mirrors
placed in the center of the cross section of the waveguide
[Fig. 2(c)]. In these calculations, the transverse size of the
waveguide is as large as D = 20λ; therefore, the waveg-
uide supports 40 transverse modes. According to Eq. (5),
in this case, the normalized length of the cavity is

L̂ = kL = 2π

(
D
λ

)2

≈ 2500.

The transverse size of both mirrors amounts to 0.3D
[Fig. 3(c)]. Since the Talbot-type supermode forms two
wave beams in the middle of the waveguide, we use two
symmetrical electron beams to excite this field. The trans-
verse positions of these electron beams are xe = 0.22D and
xe = 0.78D [Xe = 0.22 and 0.78, Fig. 3(c)]. In fact, the
electron beams are injected into the first and third max-
ima of the third partial transverse mode, a3 ∝ sin(3πX )

[Fig. 3(c)]. Therefore, mismatches, �n, of the transverse
modes are chosen, such that the third transverse mode is
closest to the electron-wave resonance.

A significant problem of such Talbot-type systems is
that they form supermodes, which are almost completely
locked inside the cavity in the build-up regime of rf gener-
ation due to the almost complete reflection of their field
from the input and output mirrors. To introduce losses
of the excited set of the waveguide modes, we use the
term σnan in the right-hand part of the wave equation in
Eq. (13). In our model, this term describes both ohmic

losses in the waveguide walls and output of the radia-
tion from the cavity. The latter can be provided either by
the use of semitransparent waveguide walls that provide
passage of the radiation through the system of holes [as
shown in Fig. 3(c)] [53], or by providing scattering of one
selected transverse mode into another mode on a periodic
Bragg-type structure [54] (which should disrupt the exact
implementation of the Talbot effect). It should be recog-
nized that here we do not propose any specific solution to
the problem of output of useful radiation from the cavity,
and model this process only schematically. More specifi-
cally, in the numerical calculations, we introduce the same
damping decrements, σn = 0.1/4L̂, for all partial trans-
verse modes, which correspond to a loss of approximately
10% of the wave power per round trip through the cavity.

According to numerical calculations, for the parameters
of the system described above, the starting value of the
Pierce amplification factor is estimated as CL̂ ≈ 1.5. In
simulations, we consider the case where the electron cur-
rent does not exceed the starting threshold significantly,
CL̂ = 2. According to Eq. (12), this case corresponds to
the situation where the effect of gain guiding on the axial
structure of amplifying modes is not strong and, therefore,
does not disrupt significantly the exact implementation of
the Talbot effect. At least, this is true at the steady state of
the oscillator operation, whereas the effect of the electron-
wave interaction on the effective wave numbers of the
amplifying modes is quite noticeable at the small-signal
stage of excitation. In particular, this is observed in Fig. 4,
which illustrates the trip-by-trip dynamics of excitation of
the auto-oscillator. The excitation process starts with small
random noises in the electron beam. After the first trip of
the wave packet through the cavity, several modes close
to the resonance with electrons are excited with different
amplitudes and phases [Fig. 4(a)]. The biggest amplitude
belongs to the transverse mode with n= 3 because this
mode is closest to the resonance. As a result, the transverse
structure of the wave field in the point before the output
mirror is close to the structure of this mode with n= 3.
Naturally, the output mirror is almost transparent for this
wave field, and about 2/3 of the wave power escapes from
the cavity.

However, the situation changes radically during the next
several trips of the wave, when the transverse structure of
a high-Q supermode is established [Figs. 4(b) and 4(c)].
In the small-signal regime of the electron-wave interac-
tion, we see the supermode formed by a set of mainly five
symmetrical transverse modes (n= 1, 3, 5, 7, and 11). The
input mirror reflects this supermode almost perfectly (the
power transmission coefficient is under 1%). As for the
output mirror, in the small-signal regime, it reflects only
about 85% of the power of this supermode back to the cav-
ity. This is due to the effect of the electron-wave interaction
on both the spectrum of the excited partial modes and their
axial structure. Both of these factors disturb slightly the

044070-7



OPARINA, PESKOV, and SAVILOV PHYS. REV. APPLIED 12, 044070 (2019)

FIG. 4. Evolution of the spatiotemporal structure of the rf wave
excited in the Talbot-type cavity. Transverse structures of the
wave field in different cross sections of the cavity, and spectra
of the excited transverse modes in the small-signal regime of the
auto-oscillator excitation after the first (a), second (b), and fifth
(c) trips, as well as at the steady-state regime of stable operation
(d). Calculated power transmission factors for both mirrors are
also shown.

high-Q “cold” structure of the supermode. In other words,
the ideal reproduction of the transverse structure of the
total field due to the Talbot effect described in Sec. II is
slightly disturbed. Specifically, the third transverse mode
interacts with the electron beam better than that of the oth-
ers. This interaction (amplification) results in a significant
perturbation of the axial structure of the mode with n= 3
[Fig. 5(a)]. In addition, this leads to the fact that the contri-
bution of this mode to the spectrum of the total supermode
field increases [Fig. 4(c)].

a1

a3

a5

a1

a3

a5

0 0.5 1
Axial coordinate, z / L

0

2

4 norm. electron
efficiency,
< u > / C

Mode amplitudes, an (arb. units)

Mode amplitudes, an (arb. units)

(a)

(b)

(c)

FIG. 5. Axial structures of the partial transverse modes with
n= 1, 3, and 5 at the small-signal (a) and nonlinear steady-
state (b) stages of the electron-wave interaction, as well as the
dependence of the normalized electron efficiency on the axial
coordinate at the steady-state stage (c).

The structure of the supermode stays constant during the
small-signal stage of the excitation of this auto-oscillator.
This stage lasts for several tens of round trips of the wave
through the cavity and is then replaced by the nonlin-
ear stage of the stable steady-state generation (Fig. 6).
Notably, the normalized electron efficiency in the steady-
state regime is in the order of the Pierce factor, < u >∼ C
[Fig. 6(a)]. The transition to a nonlinear mode leads to
a slight change in the structure of the supermode. This
is due to the reduced influence of gain guiding on the
axial structure of the resonant transverse modes [compare
Figs. 5(a) and 5(b)]. As a result, the Talbot reproduction
of the transverse structure of the total supermode field is
almost perfect, and the power transmission factor of the
output mirror is reduced from 15% (in the small-signal
regime) to 0.6%. Thus, in the steady-state regime of rf
wave generation, a very high-Q supermode is excited; the
total losses of the power of the supermode at the input and
output mirrors are about 1% [Fig. 4(c)]. One more result is
that, in the steady-state regime, the mode with n= 3 closest
to the resonance ceases to be dominant [compare the mode
spectra in Figs. 4(c) and 4(d)]. This means that the spec-
trum of the supermode generated in the steady-state regime
is determined by the parameters of the microwave system
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FIG. 6. Dynamics of excitation of the auto-oscillator. Normal-
ized electron efficiency (a), as well as factors of the transmission
of the wave power through the output (b) and input (c) mirrors
versus the trip number.

(namely, by the size of the input and output mirrors). The
predictability of the spectrum of partial transverse modes
of the waveguide forming the supermode is an impor-
tant factor from the point of view of organization of the
radiation output from the resonator.

In these numerical calculations, we use two symmetrical
electron beams. In this situation, only symmetrical modes
(n= 1, 3, 5, . . . ) are excited. In the case of a small devi-
ation from the symmetry of the electron beams (either in
the ratio of currents or in the points of their injection into
the cross section of the cavity), a small admixture of asym-
metric transverse modes appears. However, this does not
lead to a significant change in the structure of the excited
supermode.

An important approximation used in the approach
described above is the single-frequency character of the
process of excitation of the Talbot-type supermode. At the
same time, the system of two mirrors provides an effective
feedback (a high Q factor) for this supermode not at a fixed
frequency, but within some finite frequency band. Figure 7
shows losses of the power of the excited supermode in
the small-signal regimes as functions of the wavelength at

ˆ

ˆ

FIG. 7. Total losses of the excited supermode on the input
and output mirrors versus the wavelength of the excited wave
at different factors of the intensity of the electron-wave interac-
tion, CL̂.

various values of CL̂, describing the effect of gain guiding
on the axial structures of the resonant partial transverse
modes [see Eq. (12)]. More precisely, these are depen-
dences on the deviation, �λ, of the wavelength of the
excited supermode from the wavelength, λ, corresponding
to the exact execution of the Talbot effect and determined
by the geometry of the resonator [see Eq. (5)]. We see
that there is a band �λ/λ ∼ 7− 10%, where the losses of
the supermode on the mirrors are minimal. Notably, these
losses depend on the factor CL̂. The greater this factor, the
greater the disturbance caused the electron-wave interac-
tion in the longitudinal structures of the resonant partial
modes and, accordingly, in the performance of the Talbot
effect.

Thus, the use of the Talbot-type cavity provides a certain
additional selectivity because the Talbot effect occurs over
a relatively narrow frequency band [27,55]. At the same
time, there exists a multifrequency problem of competi-
tion from Talbot-type supermodes with slightly different
frequencies, which are within the Talbot frequency band
and, therefore, possess relatively high Q factors. This prob-
lem is analogous to the problem of competition between
different longitudinal modes in the traditional scheme of
an electron auto-oscillator of the simplest Fabry-Perot-type
operating cavity (a piece of waveguide with two input and
output broadband mirrors) [55–58]. In the latter case, the
result of this competition is known, namely, if the oper-
ating value of the normalized cavity length, CL̂, does not
exceed significantly the starting threshold, then the longi-
tudinal mode with the biggest small-signal-stage increment
wins the competition. This mode is excited faster than
that that of all its competitors in the small-signal (linear)
stage and, accordingly, goes to the nonlinear stage before
all the rest, and then suppresses all other competitors. In
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our numerical calculations, we consider only excitation
of this wave, as we study the case of �λ = 0, where
the feedback (and, therefore, the growth increment at the
small-signal stage) are maximal. At the same time, the
multifrequency theory of oscillators based on excitation of
the Talbot-type supermodes should be a subject of future
studies.

One more natural question follows. Evidently, many
partial transverse modes supported by the operating
waveguide (40 modes in our case) can form many high-
Q supermodes. The question is which of the supermodes
is excited. Our answer is that the structure of the excited
supermode is primarily determined by the electron-wave
interaction. This fact is illustrated in Fig. 8, which demon-
strates the process of excitation of a supermode different
from that of the supermodes shown in Fig. 4. The differ-
ences between the cases shown in Figs. 4 and 8 are as
follows: (i) mode n= 5 (instead of n= 3) is close to the
electron-wave resonance in Fig. 7, and (ii) slightly dif-
ferent positions of the two electron beans (Xe = 0.3/0.7
instead of Xe = 0.22/0.78) are chosen to improve interac-
tion of the beams with the resonant transverse mode n= 5.
The change in the parameters of the electron-wave interac-
tion results in the change in the structure of the excited
supermode; in its spectrum, the mode with n= 5 domi-
nates both at the small-signal stage of excitation and in the
steady-state regime (Fig. 8). Notably, the Q factor of this
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(b)

FIG. 8. Evolution of the spatiotemporal structure of the rf wave
excited in the Talbot-type cavity when the mode n= 5 is close to
the electron-wave resonance. Transverse structures of the wave
field in different cross sections of the cavity and spectra of the
excited transverse modes in the small-signal regime of the auto-
oscillator excitation (a) and in the steady-state regime (b).

e
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incident
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reflected
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FIG. 9. Scenario for formation of the high-Q Talbot-type super-
mode. (a) First wave trip through the waveguide before the first
reflection leads to amplification of the close-to-resonance partial
mode. (b) First reflection of the wave packet: the output mir-
ror “cuts out” its central part. (c) During the next several round
trips of the wave packet, the supermode structure is slightly
“corrected” by both the electron-wave interaction process and
reflections from the input and output mirrors.

supermode is lower than that of the supermode shown in
Fig. 4, namely, the power transmission factor for the output
mirror is about 10%. Therefore, operation at higher reso-
nant transverse modes can be a way to provide the output
of useful radiation from the cavity.

Figure 9 illustrates the scenario of formation of the high-
Q Talbot-type supermode. In the first forward trip through
the cavity, the initial wave signal is a noise set of several
transverse modes; however, the electron beam amplifies
the mode that is closest to the resonance with electrons
[Fig. 9(a)]. In the process of the first reflection of the
wave packet, the output mirror “cuts out” its central part
[Fig. 9(b)], which is transmitted to the next trip without
distortion due to the Talbot effect. During the next several
round trips of the wave packet, the supermode structure
is slightly “corrected”; as a result, the transverse structure
of the supermode field in the region of the input and out-
put mirrors is located within the mirrors [Fig. 9(c)]. Thus,
the process of supermode formation is a combined result
of electronic and electrodynamic selection of the “correct”
set of transverse modes.

Let us discuss possible parameters for some concrete
examples of sub-THz and THz sources based on the use of
Talbot-type cavities. Although the formalism used above is
appropriate for a wide class of relativistic electronic masers
(free-electron masers, cyclotron masers, Cherenkov and
Smith-Purcell devices), we consider a free-electron maser,
which is probably the most convenient candidate in these
frequency ranges. The basic parameters of the system are
determined by the factor of the transverse oversizing of
the microwave system, D̂ = D/λ. According to Eq. (5), the
length of a Talbot-type cavity is estimated as

L = λD̂2. (20)
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If the undulator factor is not too big, then the undulator
period is related to the wavelength by

λu ≈ λ2γ 2. (21)

Therefore, the number of undulator periods of the undu-
lator on the length of the electron-wave interaction region
is

Nu = L/λu ≈ D̂2

2γ 2 . (22)

If the optimal regime of the electron-wave interaction is
provided, then the efficiency is described by [12]

η ≈ 1/Nu. (23)

We can consider the situation when the cross section of
the system is fixed by the thickness of the operating elec-
tron beam. If the undulator period is also fixed, then the
radiation wavelength is determined by the electron energy,
in accordance with Eq. (21). In this case, the shortening of
the wavelength increases the cavity length, L ∝ 1/λ, which
naturally increases the duration of the excitation process.
At the same time, the efficiency decreases, η ∝ λ. Evi-
dently, these are the most important factors that limit the
transverse oversizing of the Talbot-type system.

V. MODELING OF A 2 THz HIGH-CURRENT FEM
OSCILLATOR

As a possible application of the proposed approach,
we consider the possibility for the realization of a THz-
frequency-range FEM oscillator on the basis of the LIU
accelerator being created at the Budker Institute for
Nuclear Physics [59,60]. The goal of this work is to pro-
vide the formation of a high-current (up to 2 kA) electron
beam with electron energy up to 20 MeV and an electron
pulse duration of 200–300 ns. The expected thickness of
the electron beam is several mm. Therefore, the diameter
of the operating waveguide should be at least D= 1 cm.
In the case of an operating frequency close to 2 THz, the
factor of transverse oversizing, D/λ, is over 60.

In the model, we consider excitation of a cavity in
the form of a piece of waveguide with a circular cross
section terminated by two mirrors [Fig. 10(a)]. We assume
that a helically polarized undulator, together with the
axis-encircling electron beam, is used [61]. This means
that electrons move along a helix around the axis of the
operating waveguide. The basic reason to choose this
configuration is an improved selectivity of the system,
namely, the axis-encircling electron beam interacts only
with TE1,n and TM1,n modes, with an azimuthal index
equal to one [61]. These “active” modes also have circular
polarization, and the direction of their rotation coincides

(a)

(b)

(c)

(d)

FIG. 10. High-current 2 THz FEM oscillator. (a) Operating
cavity and structure of the excited supermode in the steady-state
regime [regime “1” in (b); the operating current is 2 kA]. Calcu-
lated factors of the transmission of the wave power through the
output and input mirrors are also shown. (b) Calculated power
reflection coefficient of the input and output mirrors for the high-
Q supermode in the “cold” approximation and the starting current
of the oscillator versus the frequency. (c) “Cold” amplitude spec-
tra of the supermodes excited in regimes “1”, “2”, and “3” (b).
(d) Process of excitation of the FEM oscillator; electron effi-
ciency versus the number of the round trip of the wave through
the cavity [regime “1” in (b); the operating current is 2 kA].

with the rotation direction of a circularly polarized field
of the undulator. If the input and output mirrors are
azimuthally symmetrical, then the description of this sys-
tem can be limited by consideration of only these trans-
verse modes.

In simulations, we consider the system shown in
Fig. 10(a). We use multimode equations of the electron-
wave interaction that are analogous to Eq. (13). The only
difference is that we should take into account the structures
of transverse modes of the circular waveguide describes by
Bessel functions (see Appendix). This means, in particu-
lar, that the Pierce factors are different for different modes,
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namely,
Cn = (χ2μGn)

1/3,

where χ ≈ Ku/2 (here, Ku = V⊥/cγ is the undulator fac-
tor), μ ≈ γ−3, and the excitation factor is

Gn = 2I
IA

k2
⊥,n

Nnhnk
.

Here, IA = mc3/e and Nn is the wave norm. The latter
is described in the Appendix, together with the formal-
ism used to describe the reflection of the multimode wave
packet from the input and output mirrors in the system with
the circular cross section.

In the case of the undulated factor, Ku= 0.5, and the
electron energy, 7 MeV (γ = 15), the undulator period
should be close to 5.5 cm. In the case of D= 1 cm and
λ ≈ 0.015 cm, the Talbot formula leads to L ≈ D2/λ ≈
65 cm. Thus, the length of the cavity should be approxi-
mately equal to Nu = 12 undulator periods. According to
Eq. (23), the estimated electron efficiency in this system
should be about 8%.

Accurately, the Talbot effect occurs only in systems
with an equidistant spectrum of transverse eigenmodes.
In a waveguide with a circular cross section, the mode
spectrum is quasi-equidistant; this is true only for suf-
ficiently high transverse modes. Accordingly, the Talbot
effect occurs only approximately. Nevertheless, the for-
mation of a high-quality supermodel is possible. Curve
R( f )in Fig. 10(b) illustrates the dependence of the diffrac-
tion losses of the high-Q supermode on the frequency.
This supermode is found in the “cold” approximation,
when the electron-wave interaction is absent. Namely, we
use Eq. (13), together with the matrix boundary condition
that describes the reflection of the multimode wave packet
from the input and output mirrors (see Appendix), for a
“noise” initial signal in which all partial modes of the sys-
tem are represented. After several round trips of the wave
signal through the cavity, the quasi-stationary structure
of the highest-quality supermode is established inside the
cavity.

Thus, Fig. 10(b) illustrates the dependence of the power
reflection coefficients R( f ) from the input and output
mirrors (which are the same in the “cold” approxima-
tions) on the frequency. We see that the high-Q supermode
exists in a quite narrow frequency band. The mode spec-
trum of this supermode depends on the frequency. In
region 1, this is formed mainly by high-order TE par-
tial modes [Fig. 10(c)]. Notably, due to violation of the
quasi-equidistance of the spectrum of these modes, the Q
factor of the supermode turns out to be finite, even with-
out taking into account additional losses in the walls of
the system. Namely, the maximum power reflection coef-
ficient of the wave from each of the mirrors is about 95%;
therefore, at each round trip of the wave through the cavity,

about 10% of its power is lost. In region 3 in Fig. 10(b),
at slightly higher frequencies, we see the high-Q super-
mode forms basically through the high-order TM modes
[Fig. 10(c)]. Interestingly, in the intermediate region of fre-
quencies [region 2 in Fig. 10(b)], we see the supermode
formed by relatively low TE and TM modes [Fig. 10(c)].
Since for such modes the equidistance of the spectrum is
strongly disturbed, the Q factor of this supermode is sig-
nificantly lower, namely, for each mirror R ≈ 75% and,
therefore, about 50% of its power is lost at each round trip
of the wave through the cavity.

Curve Ist( f ) in Fig. 10(b) illustrates the dependence of
the starting current on the frequency. We see that the lowest
starting current (approximately 1 kA) is achieved in region
1, corresponding to the TE-type supermode. If the operat-
ing current does not exceed 2 kA, then only such a type of
supermode can be selectively excited in this system inside
a narrow frequency band (less than 0.01 THz). This jus-
tifies the use of the single-frequency approximation of the
electron-wave interaction in this paper. At higher operating
current, generally speaking, we should solve a multifre-
quency problem to describe competition from different
supermodels.

It would seem that the inaccuracy of the equidistant
mode spectrum (and, accordingly, the approximate nature
of the implementation of the Talbot effect) is a disadvan-
tage of this system. However, this turns out to be a way
to solve the problem of ensuring the output of useful radi-
ation from the operating cavity mentioned in Sec. IV. In
the case of relatively low operating currents, the effect of
the electron-wave interaction on the axial structure of the
excited supermode in small. In this case, the same power
is carried out from the cavity through the input and out-
put mirrors [for each mirror, the transmission factor is
approximately 4%, see Fig. 3(a)]. At higher current and
under special conditions, the effect of the electron-wave
interaction may provide a significant “hot” perturbation of
the Talbot effect, such that a bigger fraction of the output
power is carried out through the output mirror. A more
detailed description of modeling of this system (includ-
ing possibilities of “hot” control of the diffraction Q factor
of the operating supermode) will be the subject of future
work.

In the case of a close-to-starting electron current,
I= 2 kA, the electron efficiency in the steady-state regime
amounts to approximately 6% [Fig. 3(d)]. This is close to
the estimation mentioned above and means that this regime
is close to the optimum of the electron-wave interaction.
This corresponds to an output power close to 1 GW at a
frequency of 2 THz. The typical duration of the transition
process is about 30 round trips of the wave through the
cavity, which corresponds to about 100 ns. At higher cur-
rents, the duration of the transient process is reduced to ten
passes; however, in this case, it would be more correct to
solve the multifrequency problem. Notably, the proposed
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approach makes it possible, in principle, to provide single-
mode self-excitation of an oversize cavity (the transverse
dimension is about 60λ and the axial dimension is about
4000λ) by an extended electron beam.

VI. CONCLUSION

We use a very simple model that is as primitive and sim-
plified as possible. First, the model is two dimensional,
which, in particular, simplifies greatly the spectrum of
the partial transverse modes existing in this system. Sec-
ond, the simplest pendulumlike asymptotic equations are
used to describe the electron-wave interaction; notably,
the advantage here is that such equations within a cer-
tain approximation are valid for a wide class of rela-
tivistic electronic masers (free-electron masers, cyclotron
masers, Cherenkov and Smith-Purcell devices). Third, the
single-frequency process of excitation of a Talbot-type
supermode is considered; here, we consider the frequency
corresponding to the biggest growth increment of the wave
at the small-signal stage of the electron-wave interaction
and suppose that this wave should win in the process of
competition at the nonlinear stage of interaction. Finally,
the problem of output of useful radiation from the cavity is
not considered at all, although this problem turns out to be
fundamentally important for this type of system due to the
automatic formation of a supermode with a high diffraction
Q factor in the process of self-excitation. All of these prob-
lems exist and are important, and their solution should be
the subject of future work. Here, we outline only two rela-
tively simple possible ways to solve this problem. They are
associated with the violation of the ideal implementation
of the Talbot effect. This can be either using a system with
a quasi-equidistant spectrum of transverse modes (waveg-
uide with a circular cross section) and/or perturbations of
longitudinal structures (phase incursions) of some of the
partial modes, forming the normal supermode, due to their
interaction with the electron beam.

However, we should state that we deliberately use a
model that is as primitive and simplified as possible, as
a way towards clear demonstration of the basic physical
effects. This is the possibility for selective self-excitation
of a supermode formed by a fixed set of transverse modes.
This approach can be considered as an alternative (in
relation to the traditional excitation of a given transverse
mode) concept for the realization of electron masers based
on selective excitation of THz operating waves in over-
sized microwave systems fed by high-current relativistic
electron beams. Notably, the proposed system, despite its
simplicity, provides both temporal and spatial selectivity.
The frequency of the excited Talbot-type supermode is
determined simply by the geometry of the operating cav-
ity [namely, the Talbot condition described by Eq. (5)].
Excitation of any partial transverse mode is impossible
due to the transparency of the input and output mirrors

for any such mode. The feedback is provided for a spe-
cial set of partial modes (the supermode) with a zero field
in the regions outside the mirrors at the input-output cross
sections of the operating waveguide. The concrete spec-
trum of the supermode is fixed by both the electron-wave
resonance and the shape of the input-output mirrors.
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APPENDIX: MODELING OF TRANSFORMATION
OF WAVEGUIDE MODES ON THE MIRRORS

We limit our formalism by considering only waves with
the “proper” direction of circular polarization (coinciding
with the rotation direction of a circularly polarized field
of the undulator) and with an azimuthal index equal to
one. At a fixed frequency, electric and magnetic fields of
a wave packet propagating in the forward direction inside
a waveguide with the circular cross section are represented
in the cylindrical coordinate system (r, ϕ, z) as follows,

E = Re{Eω(r, z)exp(iωt− iϕ)} ,

B = Re{Bω(r, z)exp(iωt− iϕ)}.

The complex wave fields can be decomposed into trans-
verse eigenmodes of the waveguide,

Eω(r, z) =
∑

n

AnEn(r) exp(−ihsz),

Bω(r, z) =
∑

n

AnBn(r) exp(−ihsz),

where hs =
√

k2 − k2
⊥,n is the axial wave number, k =

ω/c = 2π/λ, and k⊥,n are the transverse wave numbers of
the modes determined further. We take into account that
the sum

∑
n . . . includes both TE and TM modes. For TE1,s

modes, transverse structures of the field components are
described [62]:

Er,n(r, ϕ) = i
J1(k⊥,nr)

r
, Eϕ, n(r, ϕ) = J ′1(k⊥,nr),

Br,n(r, ϕ) = −hn

k
Eϕ,n(r, ϕ), Bϕ,n(r, ϕ) = hn

k
Er,n(r, ϕ),

Bz, n(r, ϕ) = −i
k2
⊥,n

k
J1(k⊥,nr).

Here, J ′1 = (∂/∂r)J1, the transverse wave numbers for
these modes are k⊥,n = μ′n/Rw, Rw = D/2 is the radius of
the cross section of the waveguide, and μ′n is the nth root of
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J ′1(μ
′
n) = 0. As for TM1,s modes, their transverse structure

is described by

Er,n(r, ϕ) = J ′1(k⊥,nr), Eϕ,n(r, ϕ) = −i
J1(k⊥,nr)

r
,

Ez,n(r, ϕ) = −i
k2
⊥,n

hs
J1(k⊥,nr),

Br,n(r, ϕ) = −k
hn

Eϕ,n(r, ϕ), Bϕ,n(r, ϕ) = k
hn

Er,n(r, ϕ),

where k⊥,n = μn/Rw, and μn are the roots of J1(μn) = 0.
Let us generalize the formalism describing the reflection

of the wave from the mirror (see Sect. III C) for this set of
modes. We consider the total wave field incident on the
mirror:

�Eω(r, z) =
∑

n

�AnEn(r).

The reflected field is described by

←
Eω(r, z) = R(r)× �Eω(r, z) =

∑
n

�AnEn(r)× R(r).

Here, R(r) describes the mirror; it is equal to one on
the metal surface of the mirror and zero in vacuum. The
reflected field can be represented as an expansion over
waveguide modes:

←
Eω(r, z) =

∑
p

←
ApEp(r).

Then, we find the matrix, Rp ,n, describing the transfor-
mation on the mirror of the incident mode, �As, into the
reflected mode,

←
Ap ,

←
Ap =

∑
n

Rp ,n�An,

[see Eq. (16)]. This can be done if we take into account the
orthogonality of the waveguide modes,

∫
[En(r)×B∗p(r)] zrdr = 0, n �= p .

This easily leads to

Rp ,n =
∫

[En × B∗p ]zR(r)rdr∫
[Ep × B∗p ]zrdr

.

For the transformation of modes of the same type
(
−→
TEn →←−TEp and

−→
TM n →←−TM p ), this formula is reduced

to [compare with formula (17)]:

Rp ,n = 1
Np

∫ {
J1(k⊥,nr)

r
J1(k⊥,pr)

r

+ J ′1(k⊥,nr)J ′1(k⊥,pr)
}

R(r)rdr.

For a pair of modes of different types, the reflection matrix
elements are expressed by

Rp ,n = ±i
Np

∫ {
J1(k⊥,nr)

r
J ′1(k⊥,pr)

+ J ′1(k⊥,nr)
J1(k⊥,pr)

r

}
R(r)rdr.

Here,

Np =
∫ {(

J1(k⊥,pr)
r

)2

+ (
J ′1(k⊥,pr)

)2

}
rdr

is the wave norm, “+” corresponds to the
−→
TEn →←−TM p

transformation, and “–” corresponds to the
−→
TM n →←−TEp

transformation on the mirror.
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