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Photoelectron emission from solids, as driven by high-intensity lasers, offers a platform for the coherent
control of electron motion on ultrashort spatiotemporal scales. By solving the time-dependent Schrödinger
equation, we present an exact analytical solution for the nonlinear ultrafast electron emission from a dc-
biased metal surface illuminated by two-color laser fields. We systematically examine the combined effects
of a dc electric field and two-color laser fields. In addition to the remarkable tunability of electron emis-
sion processes due to interference from two-color laser fields, we find that a strong dc electric field not
only opens up more tunneling emission channels, but also introduces intense modulation to the emission
current. We find surprising results that strong current modulation (with respect to the phase difference of
the two-color lasers) persists (>70%), even with a large dc bias (i.e., ratio of the electric fields for dc :
fundamental laser : second-harmonic laser ∼= 1 : 0.5 : 0.07). In the meantime, the average emission cur-
rent level increases by about three orders of magnitude relative to the case of zero dc bias. Application
of our model to time-resolved photoelectron spectroscopy is exemplified and shows that the dynamics
of the n-photon excited states depends strongly on the applied dc field. Our study suggests a practical
way to maintain a strong modulation to high current photoemission, by the addition of a large dc bias for
two-color laser-induced electron emission.
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I. INTRODUCTION

Photoelectron emission from nanotips with strong-field
lasers is a powerful technique for controlling ultrafast
electron dynamics [1–11], which makes it important in
many research areas, including time-resolved electron
microscopy [12–15], free-electron lasers [16,17], carrier-
envelope-phase detection [18–20], and nanoscale vac-
uum electronics [21–25]. In the last decade, the under-
lying emission mechanisms have been broadly studied
[1–11,18,20,26–30]. Hommelhoff et al. [1,18] reported
coherent electron emission from a metal nanotip driven
by a low-power femtosecond laser. Bormann et al. [4]
and Schenk et al. [5] demonstrated the transition from
multiphoton emission to optical-field emission regimes
under a strong-field laser. Yanagisawa et al. [26,27]
studied the photoemission field distribution on a tung-
sten tip with different azimuthal and polar orientations.
Yalunin et al. [28] presented a comprehensive theoret-
ical treatment for photoemission from metal surfaces,
including perturbation theory, the Floquet method, and
the Crank-Nicolson numerical approach. Zhang and Lau
[30] developed an exact theory for photoelectron emis-
sion due to the combination of a dc electric field and
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a single-frequency laser field. Piglosiewicz et al. [20]
explored the carrier-envelope-phase effects on the strong-
field photoemission from a gold nanotip.

Recently, there has been strong interest in photoelec-
tron emission from nanostructures, as driven by two-color
lasers [9–11,29,31], because of the relatively straightfor-
ward implementation of strong-field waveform control of
the two-color lasers and of the resulting substantial emis-
sion current modulation. In particular, Förster et al. [9]
experimentally demonstrated great flexibility in the coher-
ent control of two-color photoemission from a tungsten
nanotip by the interference effect. Most recently, we devel-
oped an exact quantum mechanical model for two-color
photoemission [29], showing excellent agreement with the
experimental results reported in Ref. [9] on the current
modulation depth. Previous studies testify [18,30] that a
strong dc field can dramatically change the photoemission
characteristics and modulate both the emission current and
photoelectron energy distribution. It is thus interesting and
important to investigate the role of dc bias on two-color
photoemission, which is expected to introduce more flexi-
bility into electron emission due to the nonlinear interplay
of the dc field and the two-color laser fields.

Here, we present an analytical model for nonlinear
ultrafast electron emission from a dc-biased metal sur-
face, as driven by two-color laser fields, by solving the
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time-dependent Schrödinger equation exactly. The model
accounts for various emission processes, including mul-
tiphoton emission, photoinduced over-barrier emission,
direct tunneling emission, or field emission, in a single
formulation. We provide a comprehensive analysis of the
electron emission properties under various combinations
of laser intensities and frequencies, dc fields, and relative
phase differences of the two lasers. We study the effects
of image charge on the emission current, which allows
an examination of the sensitivity of photoemission to the
shape of potential barrier. The application of our analytical
model to the time-resolved photoelectron spectroscopy of
one-dimensional (1D) systems is also demonstrated. We
should emphasize that our model is 1D, which may be
readily applied to the study of the photoemission process
from 1D structures, such as nanoscopic tips.

II. ANALYTICAL SOLUTION

In our ID model (see Fig. 1), electrons with an initial
energy ε are emitted from a dc-biased metal surface at
x = 0; F0 is the dc electric field; the two-color laser fields
are F1cos(ωt) and F2cos(βωt + θ), where F1 and F2 are
the amplitudes of laser fields, ω is the fundamental laser
frequency, β is a positive integer, and θ is the phase differ-
ence between the two-color lasers. The electric fields of the
lasers are assumed to be perpendicular to the flat metal sur-
face. For simplicity, the scattering effect of photoexcited
electrons with phonons and other electrons in the laser
penetration depth are not included in our model [29,30].
Therefore, a time-varying potential barrier will exist across
the metal-vacuum interface,

�(x, t) =
{

0, x < 0
V0 − eF0x − eF1x cos(ωt)− eF2x cos(βωt + θ), x ≥ 0, (1)

where V0 = EF + W; EF and W are the Fermi energy and
work function of the metal, respectively, and e is the
elementary charge.

The electron wave function ψ(x, t) is obtained by solv-
ing the time-dependent Schrödinger equation,

i�
∂ψ(x, t)
∂t

= − �2

2m
∂2ψ(x, t)
∂x2 +�(x, t)ψ(x, t), (2)

where � is the reduced Plank constant, m is the electron
mass, and �(x, t) is the potential energy given in Eq. (1).

An exact solution to Eq. (2) for x ≥ 0 is found to be (see
Appendix for the method),

ψ(x, t) =
∞∑

n=−∞
Tn[Ai(−ηn)− iBi(−ηn)]

× exp
(
−i
ε

�
t − inωt

)

× exp
(

ie
�

Lx + ie2

8�m
M − ie2F1F2

2β�mω2 N

− ie2F0

�m
Q

)
, x ≥ 0, (3)

where L = [F1 sin(ωt)/ω] + [F2 sin(βωt + θ)/βω]; M =
[F2

1 sin(2ωt)/ω3] + [F2
2 sin(2βωt + 2θ)/β3ω3]; N = {sin

[(β − 1)ωt + θ ]/(β − 1)ω} − {sin[(β + 1)ωt + θ ]/(β + 1)
ω}; Q = [F1 sin(ωt)/ω3] + [F2 sin(βωt + θ)/β3ω3]; ηn =
{(En/eF0)+ x + [eF1 cos(ωt)/mω2] + [eF2 cos(βωt + θ)/

mβ2ω2]}(2emF0/�
2)1/3; the drift kinetic energy is

En = ε + n�ω − EF − W − Up1 − Up2; the ponderomo-
tive energies are Up1 = e2F2

1/4mω2 and Up2 = e2F2
2/4m

β2ω2; Ai and Bi are the Airy functions of the first and
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FIG. 1. Energy diagram for photoemission under two-color
laser fields and a dc bias. Electrons with initial energy ε are emit-
ted from the dc-biased metal-vacuum interface at x = 0, with a
transmitted energy of ε + n�ω, due to the n-photon contribution
[multiphoton absorption (n> 0), tunneling (n = 0), and multi-
photon emission (n< 0)], where n is an integer. The fundamental
and harmonic laser fields are F1cos(ωt) and F2cos(βωt + θ),
respectively. The dc electric field is F0. The photon energy of
the fundamental (harmonic) laser is �ω (β�ω). EF and W are the
Fermi energy and work function of the metal, respectively.
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second kind, respectively, showing an outgoing wave trav-
eling in the +x direction (see Fig. 1) [30,32,33]; Tn repre-
sents the transmission coefficient; and ε is the initial energy
of the electron. It is easy to find that Eq. (3) is periodic
with a time period of 2π/ω; therefore, Eq. (3) is ready to
be recast into a Fourier series, which denotes the superpo-
sition of transmitted traveling electron waves with energies
ε + n�ω. These ladder eigenenergies are made possible
by multiphoton absorption (n> 0), tunneling (n = 0), and
multiphoton emission (n< 0) [28–30].

The solution to Eq. (2) for x< 0 is,

ψ(x, t) = exp
(

− iεt
�

+ ik0x
)

+
∞∑

n=−∞
Rn exp

(
−i
ε + n�ω

�
t − iknx

)
, x < 0,

(4)

which denotes the superposition of an incident plane wave
and a set of reflected waves with reflection coefficient
Rn and energies ε + n�ω, where k0 =

√
2mε/�2 and kn =√

2m(ε + n�ω)/�2.
Applying the boundary conditions that both ψ(x, t)

and ∂ψ(x, t)/∂x are continuous at x = 0, Fourier trans-
form yields, in nondimensional quantities [29,30], ε̄ =
ε/W, ω̄ = ω�/W, t̄ = tW/�, ĒF = EF/W, x̄ = x/λ0,
λ0 =

√
�2/2mW, F̄0 = F0eλ0/W, F̄1 = F1eλ0/W, F̄2 =

F2eλ0/W, Ūp1 = Up1/W, Ūp2 = Up2/W, the following
equations,

2
√
ε̄δ(l) =

∞∑
n=−∞

Tn

[√
ε̄ + lω̄Pn(n−l) + Qn(n−l)

]
, (5)

where δ(l), Pn(n−l), and Qn(n−l) are given by,

δ(l) =
{

1, l = 0,
0, l �= 0, (6a)

Pnl = 1
2π

∫ 2π

0
pn(ω̄t̄)e−ilω̄t̄d(ω̄t̄),

Qnl = 1
2π

∫ 2π

0
qn(ω̄t̄)e−ilω̄t̄d(ω̄t̄), (6b)

pn(ω̄t̄) = φ(ω̄t̄)[Ai(αn)− iBi(αn)], (6c)

qn(ω̄t̄) = φ(ω̄t̄)zn(ω̄t̄), (6d)

φ(ω̄t̄) = eiM̄−(iF̄1F̄2/βω̄
2)N̄ × e−i2F̄0Q̄, (6e)

zn(ω̄t̄) = L̄[Ai(αn)− iBi(αn)] + F̄1/3
0 [iAi′(αn)+ Bi′(αn)],

(6f)

with L̄ = (F̄1/ω̄) sin(ω̄t̄)+ (F̄2/βω̄) sin(βω̄t̄ + θ), M̄ =
[F̄2

1 sin(2ω̄t̄)/4ω̄3] + [F̄2
2 sin(2βω̄t̄ + 2θ)/4β3ω̄3], N̄ =

{sin[(β − 1)ω̄t̄ + θ ]/(β − 1)ω̄} − {sin[(β + 1)ω̄t̄ + θ ]/
(β + 1)ω̄}, Q̄ = (F̄1/ω̄

3) sin(ω̄t̄)+ (F̄2/β
3ω̄3) sin(βω̄t̄ +

θ), αn = −F̄1/3
0 [(Ēn/F̄0)+ (2F̄1/ω̄

2) cos(ω̄t̄)+ (2F̄2/β
2

ω̄2) cos(βω̄t̄ + θ)], and Ēn = ε̄ + nω̄ − ĒF − Ūp1 −
Ūp2 − 1. Since Eq. (5) is derived from the conditions that
electron wave function and its first derivative are contin-
uous at the metal-vacuum interface (x = 0), pn(ω̄t̄) and
qn(ω̄t̄) in Eqs. (6c) and (6d) represent the phase factor
of the nth-state wave function and of its spatial deriva-
tive at x̄ = 0, respectively. Pnl and Qnl are the lth Fourier
coefficients of pn and qn respectively. The transmission
coefficient Tn (and therefore, the reflection coefficient Rn)
is calculated from Eq. (5).

The normalized emission current density is defined
as the ratio of the transmitted probability current
density over the incident probability current density,
w(ε, x, t) = Jt(ε, x, t)/Ji(ε, x, t), where the probability
current density is J (x, t) = (i�/2m)(ψ∂ψ∗/∂x − ψ∗∂ψ/
∂x) = (i�/2m)

∑∞
n=−∞

∑∞
l=−∞ (ψn∂ψ

∗
l /∂x − ψ∗

n ∂ψl/∂x).
Thus, the normalized instantaneous emission current
density is,

w(ε̄, x̄, t̄) = 1√
ε̄

∞∑
n=−∞

∞∑
l=−∞

Im[ei(l−n)ω̄t̄TnT∗
l (C + iD)],

(7a)

C = L̄[Ai(−ηl)Bi(−ηn)− Ai(−ηn)Bi(−ηl)]

+ F̄1/3
0 [Ai(−ηn)Ai′(−ηl)+ Bi(−ηn)Bi′(−ηl)], (7b)

D = L̄[Ai(−ηl)Ai(−ηn)+ Bi(−ηl)Bi(−ηn)]

+ F̄1/3
0 [Ai(−ηn)Bi′(−ηl)− Bi(−ηn)Ai′(−ηl)], (7c)

where ηn = F̄1/3
0 [(Ēn/F̄0)+ (2F̄1/ω̄

2) cos(ω̄t̄)+ (2F̄2/β
2

ω̄2) cos(βω̄t̄ + θ)+ x̄], and L̄ is defined in Eq. (6f). The
normalized time-averaged emission current density is
obtained as,

〈w(ε̄)〉 =
∞∑

n=−∞
〈wn(ε̄)〉, 〈wn(ε̄)〉 = |Tn|2 F̄1/3

0

π
√
ε̄

, (8)

where 〈wn(ε̄)〉 denotes the time-averaged emission cur-
rent density through the nth channel, with emitted electron
energy ε + n�ω due to the n-photon contribution [30].
Notably, this 1D analytical model assumes no variation in
the direction perpendicular to the electric field, which may
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be realized when the extension of the target in the laser
propagation direction is smaller than the wavelength of the
light field, e.g., a nanotip.

III. RESULTS AND DISCUSSION

First, to understand the detailed underlying multiphoton
emission processes, the photoelectron energy spectra for
different combinations of in-phase (θ = 0) two-color laser
fields, F1 (at frequency ω) and F2 (at frequency 2ω), and
dc fields, F0, are shown in Fig. 2. The results are calcu-
lated from Eq. (8), except for the F0 = 0 cases [Figs. 2(a)
and 2(d)], which are obtained from our previous work [29].
The wavelength of the fundamental laser F1 is 800 nm
(�ω = 1.55 eV). F2 has a frequency of 2ω [i.e., β = 2 in
Eq. (1)]. The metal is assumed to be gold [4,29,30], with
a Fermi energy of EF = 5.53 eV and a work function of
W = 5.1 eV. Since most of the emission electrons from
sources are located near the Fermi level [28,30,33–35], we
choose the electron initial energy ε = EF for simplicity.
Unless stated otherwise, these are the default values for
the calculations in this paper.

When the dc field, F0, is turned off [cf. Figs. 2(a)
and 2(d)], the dominant emission process is the

four-photon absorption (n = 4) for the fundamental laser;
this indicates that the electron at the Fermi level needs
to absorb at least four photons to overcome the potential
barrier W (see Fig. 1). This is consistent with the ratio
of the work function over the fundamental laser photon
energy, W/�ω = 3.29. Applying a strong dc field, F0, to
the metal is able to open the tunneling emission chan-
nels below the over-barrier emission threshold (n< 4), as
shown in Figs. 2(b), 2(c), 2(e), and 2(f). This is because
the dc field could sufficiently narrow the potential barrier
at the metal-vacuum interface (x = 0) (see Fig. 1), enabling
the tunneling emission process for n < 4. As F0 increases
from Figs. 2(b) to 2(c), and 2(e) to 2(f), the potential barrier
becomes narrower, increasing the probability of electron
emission through the tunneling channels, and the emis-
sion channel with the highest probability shifts towards the
direct tunneling process (n = 0), which is consistent with
the observation in Ref. [30]. Here, a local dc electric field
of up to 8 V/nm is realized in experiments at sharp metal-
lic tips, via either powerful THz pulses, or laboratory-scale
setup based on pulsed capacitor discharge [2,36]. For a
given dc field, F0, as either laser field (F1 or F2) increases,
the energy spectra become broader because more emission
channels open up and contribute to photoemission. In the
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FIG. 2. Photoelectron energy spectra under different in-phase (i.e., θ = 0) laser fields, F1 (at frequency ω) and F2 (at frequency 2ω),
and dc fields, F0. In (a)–(c) F2 is fixed as 1 V/nm, and in (d)–(f) F1 is fixed as 10 V/nm. The n-photon process (i.e., the horizontal axis)
is given with respect to the fundamental laser frequency, which measures the energy of the emitted electrons. The units of dc field, F0,
and laser fields, F1 and F2, are V/nm throughout.
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meantime, the dominant emission process shifts to the
channel with larger n because electrons have to absorb
a sufficient number of photons to overcome the increas-
ing ponderomotive energies Up1 = e2F2

1/4mω2 and Up2 =
e2F2

2/4mβ2ω2 with increasing laser field strength; thus
exhibiting the transition from the multiphoton regime to
the optical strong-field regime [37]. These observations
are consistent with previous experimentally and theoreti-
cally obtained energy spectra [5,7,20,29,30]. Since F2 is
fixed at 1 V/nm in Figs. 2(a)–2(c), whereas F1 is fixed at
a larger value of 10 V/nm in Figs. 2(d)–2(f), the spectra
in Figs. 2(d)–2(f) are generally broader than those in
Figs. 2(a)–2(c).

In general, as the dc field, F0, or the laser field, F1 or F2,
increases, the total emission current 〈w〉 increases because
more emission channels are opened up (see Fig. 2). When
one field becomes much stronger than the other two, the

total current emission is dominated by this largest field.
Figure 3 shows the normalized total time-averaged emis-
sion current density 〈w〉 as a function of the fundamental
laser field, F1, for different second-harmonic laser fields,
F2, and dc fields, F0, when θ = 0 and π . When the second-
harmonic field, F2, increases, 〈w〉 becomes less sensitive
to F1, since F2 gradually dominates the emission process.
For single-frequency laser-induced electron emission [30],
it is confirmed that, in the multiphoton regime, the slope of
the curve of 〈w〉 versus F1 follows the scale 〈w〉 ∝ F2n

1 ;
this indicates that the dominant emission process is the
n-photon process. This scale is not strictly valid for the
two-color photoemission here; however, the change of the
slope of the curves could still manifest the shift of the main
n-photon emission process. For instance, as the dc field,
F0, increases from Figs. 3(a) to 3(c) for θ = 0 and from
3(d) to 3(f) for θ = π , the slope of 〈w〉 for a given F2
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2

FIG. 3. Normalized total time-averaged emission current density 〈w〉 for the phase difference between the two-color lasers (a)–(c)
θ = 0, and (d)–(f) θ = π , as a function of the fundamental laser field, F1, under various combinations of the second-harmonic laser
field, F2, and dc electric field, F0. The laser intensity is related to the laser electric field by I 1,2 (W/cm2) = 1.33 × 1011 × [F1,2 (V/nm)]2

[29,30].
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decreases, since the dominant emission process shifts to
lower emission channels.

The above trend is also reflected in Fig. 4, which shows
the normalized time-averaged emission current density
〈wn〉 through the nth channel as a function of the funda-
mental laser field, F1, for fixed F2 = 5 V/nm. For both
cases of θ = 0 and θ = π , when F0 increases from 1 to
4 V/nm, the dominant emission channel shifts from n = 3
to n = 2, in general [cf. Figs. 4(a), 4(b), 4(d), and 4(e)].
When F0 reaches 8 V/nm, the dominant emission pro-
cess transits from the two-photon absorption (n = 2) for
F1 ≤ 7 V/nm to single-photon absorption (n = 1) for F1 >

7 V/nm [cf. Figs. 4(c) and 4(f)]. It is clear that direct tun-
neling (n = 0) is almost independent of the laser field F1,
but very sensitive to the dc field F0.

When the phase difference, θ , changes from 0 to π , due
to the interference effect between the two lasers, new dips
appear in the curves of 〈wn〉, which can cause changes
to the dominant emission process when F1 increases. For
example, in Fig. 4(e), the dip in the curve of n = 2 at
around F1 = 5.5 V/nm changes the dominant emission to
the n = 3 process instead of the n = 2 process otherwise
observed. The dips are also present in the total emission
current 〈w〉 [cf. Figs. 3(d) and 3(e)], which is consistent

with our previous observation of two-color laser-induced
emission without a dc bias (see Fig. 3 in Ref. [29]). As
the dc field, F0, becomes larger, these new dips gradu-
ally disappear, as shown in Figs. 3(f) and 4(f), because the
interference effect of the two lasers is masked by the strong
dc field.

The total emission current density 〈w〉 as a function
of the dc field, F0, for different laser fields, F1 and F2,
is shown in Fig. 5. When the phase difference of the
two lasers θ = 0, the total emission current density 〈w〉
increases as either of the laser fields (F1 or F2) increases.
When the dc field F0 becomes larger, 〈w〉 becomes less
sensitive to the laser fields, since the Fowler-Nordheim-
like field emission [32] due to the dc electric field becomes
more important than the over-barrier photoemission. The
curves in Fig. 5(a) resemble the experimentally measured
trends of the voltage- and power-dependent electron flux
(cf. Fig. 2 in Ref. [2]). As shown in Figs. 5(d)–5(f), when
θ = π , due to the interference effect of the two lasers, the
curves are intertwined, indicating strong nonlinear depen-
dence of the emission current on the laser fields. For large
F0 (≥ 7 V/nm) and small F2 (= 1 V/nm) in Fig. 5(d), 〈w〉
remains almost the same as that with θ = 0 in Fig. 5(a),
since the interference effect is suppressed by the dc field.
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FIG. 4. Normalized time-averaged emission current density 〈wn〉 through the nth channel for the phase difference between the two-
color lasers (a)–(c), θ = 0, and (d)–(f) θ = π , as a function of the fundamental laser field, F1, for various dc electric fields, F0, when
the second-harmonic laser field is F2 = 5 V/nm. Dotted lines represent the normalized total emission current 〈w〉 = ∑

n wn.
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FIG. 5. Normalized total time-averaged emission current density 〈w〉 for the phase difference between the two-color lasers (a)–(c),
θ = 0, and (d)–(f) θ = π , as a function of the dc electric field, F0, for different fundamental laser fields, F1, and second-harmonic laser
fields, F2. Intertwined curves in (d)–(f) indicate the strong interference effect of the two lasers.

Figure 6 shows the emission current density 〈wn〉 as a
function of the dc field F0 for the case of F1 = 7 V/nm.
It is clear that the dominant multiphoton emission process
shifts to smaller n as F0 increases. As F2 increases, these
shifts would occur at larger dc field F0. For example, when
θ = 0, the shifts of three-photon emission to two-photon
emission occur at F0 ≈ 3.5, 4, and 4.5 V/nm when F2 = 1,
5, and 10 V/nm in Figs. 6(a)–6(c), respectively. The shifts
of the dominant emission process also depend strongly
on the phase difference, θ . For F2 = 5 V/nm, a new dip
appears in the curve of n = 2 when θ = π , compared with
the case of θ = 0, leading to the change of the dominant
emission channel [i.e., two-photon process in Fig. 6(b) vs
single-photon process in Fig. 6(e) at F0 ≈ 7.5 V/nm].

Previous studies [9,29] show that changing the phase
delay of the two-color lasers is able to modulate the
photoemission current, due to the interference effect. By
applying a strong dc bias in addition to a weak single

laser field, strong time-varying current emission perse-
veres and sometimes can even be enhanced [30]. Figure 7
displays the combined effects of the dc field and the inter-
ference between two-color lasers on the energy spectra
and total emission current; this reveals the strong effects
of the dc bias on the photoemission current modulation
depth. Figure 7(a) shows the effects of the phase dif-
ference, θ , of the two-color lasers on the total emission
current density 〈w〉, under different dc fields, F0. Here,
the ω-laser field, F1, and the 2ω-laser field, F2, are fixed
as 1.6 and 0.22 V/nm, respectively (i.e., intensity ratio
of 2%). It is clear that 〈w〉 oscillates as a function of θ
with a period of 2π , which shows a close resemblance
to the experimental observation [see Fig. 2(b) in Ref.
[9]]. As the dc field F0 increases, 〈w〉 also increases.
The maximum (minimum) values of 〈w〉 occur at around
θ = 0 (θ = π), when the two-color lasers are in phase
(180° out of phase). Figure 7(b) shows the photoelectron
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FIG. 6. Normalized time-averaged emission current density 〈wn〉 through the nth channel for the phase difference (a)–(c) θ = 0, and
(d)–(f) θ = π , as a function of the dc electric field, F0, for various second-harmonic laser fields, F2, when the fundamental laser field
is F1 = 7 V/nm. Dotted lines represent the normalized total emission current w = ∑

n 〈wn〉.

energy spectra of 〈w〉 at different θ in a single period
for the case of F0 = 1 V/nm in Fig. 7(a). When θ = 0
(A), π/2 (B), and 3π/2 (D), the electron emission prob-
ability through the dominant channel (n = 3) driven by
two-color lasers is larger than that driven by the strong fun-
damental laser field F1 alone. However, when θ = π (C),
the emission through n = 3 driven by the two-color lasers
becomes smaller than that driven by F1 alone, due to the
strong interference effect. The emission current driven by
the two-color lasers is always larger than that driven by
the weak second-harmonic laser field F2 alone, regardless
of θ . These observations are in excellent agreement with
the experimentally measured electron spectra (see Fig. 3 in
Ref. [9]).

Figure 7(c) summarizes the modulation depth in
Fig. 7(a), defined as Γ = (〈w〉max − 〈w〉min)/(〈w〉max +
〈w〉min), as a function of the dc field, F0. When F0 is
zero, the modulation depth, �, is as high as 99% [29].
As F0 increases, � decreases because the interference
effect is gradually suppressed by F0. When F0 = 8 V/nm,
� drops to approximately 2.98%; thus showing a strong
dependence of current modulation on the dc bias. It is
important to note that, even when the dc bias F0 reaches

3 V/nm (significantly larger than the laser fields F1 = 1.6
and F2 = 0.22 V/nm, corresponding to a ratio of F0 : F1 :
F2 ∼= 1 : 0.5 : 0.07), a current modulation of � ≥ 70% can
still be achieved. This suggests a practical way to main-
tain a strong current modulation, while increasing the
total emission current by orders of magnitude, by sim-
ply adding a strong dc bias for two-color laser-induced
electron emission.

Since photoelectron emission paths (or channels)
depend strongly on the incident laser frequencies, as well
as the interferences between them, superimposing differ-
ent orders of harmonic lasers on the fundamental laser can
lead to different photoemission currents. Figure 8 shows
the effects of the harmonic order, β, on the total emis-
sion current density, 〈w〉, induced by the two-color lasers
of frequency ω and βω under various dc fields. When the
dc field F0 = 0, the maximum value of 〈w〉 occurs when
β = 4; this is because the maximum emission current
happens when the single-photon energy (of the fourth-
harmonic laser in this case) roughly equals the potential
barrier (4�ω/W ≈ 1) [29,30]. By comparing Fig. 8 with
Fig. 2, the harmonic order β where the maximum emis-
sion current occurs coincides with channel number n of the
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FIG. 7. Emission current modu-
lation depth. (a) Normalized total
time-averaged emission current
density 〈w〉 as a function of the
phase difference, θ , for different
dc electric fields, F0, with ω-laser
field F1 and 2ω-laser field F2 fixed
at 1.6 and 0.22 V/nm, respectively
(experimental laser parameters in
Ref. [9]). (b) Energy spectra of the
emission current at different values
of θ for the case of F0 = 1 V/nm
in (a). A, B, C, and D denote
θ = 0, π/2, π , and 3π/2 in (a),
respectively. (c) Current modula-
tion depth � in (a) as a function
of the dc field, F0. The unit of dc
field, F0, is V/nm throughout.

dominant n-photon process (with respect to the fundamen-
tal frequency ω), for a given combination of F0, F1, and F2.
As observed in Fig. 8, as F0 increases, the value of β for
the maximum 〈w〉 shifts to a smaller number. This is con-
sistent with the observation in Fig. 2 that a larger dc field,
F0, changes the dominant n-photon process to a smaller n.
When F0 ≥ 7 V/nm, the electron emission becomes almost
independent of the frequency (βω) of the harmonic laser,
since the Fowler-Nordheim-like field emission dominates
the emission process. When θ changes from zero to π ,
for small F0(≤ 4 V/nm) and β(≤ 4), the emission current
density 〈w〉 has a distinct reduction due to the interference
effect of the two lasers. However, for large F0(≥ 7 V/nm),
the emission current 〈w〉 is almost independent of θ for all
harmonic orders of the second laser.

Our calculations so far are based on the sharp triangular
potential profile (see Fig. 1), which does not include
the image-charge effects. Our earlier work [30] demon-
strates that the effects of image-charge-induced Schot-
tky barrier lowering on photoemission can be accurately
approximated in our model, by simply replacing the work
function, W, in Eq. (1) with the effective work function
Weff = W − 2

√
e3F0/16πε0, where ε0 is the free space

permittivity.
Reduction of the effective surface barrier due to the

image-charge effect (or Schottky effect) is another pro-
found effect of dc bias. A comparison between the total
emission current density 〈w〉 with and without the image-
charge-induced barrier lowering is shown in Fig. 9.
Due to the reduction of potential barrier (Weff < W), the

0 1 2 3
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<w
>

(a) (b)

<w
>

0 1 2 3
4 5 7 8

F0 (V/nm) =

FIG. 8. Normalized total time-averaged
emission current density 〈w〉 as a function of
harmonic order β, for the phase difference
(a) θ = 0, and (b) θ = π . The fundamental
ω-laser field F1 = 1.6 V/nm and the harmonic
βω-laser field F2 = 0.22 V/nm.
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function W). The gray dashed lines show the scale 〈w〉 ∝ F2n

1 .

emission current increases when considering the image-
charge effect. A larger dc field, F0, increases the emis-
sion current more significantly [F0 = 1 V/nm in Figs. 9(a)
and 9(b) vs F0 = 5 V/nm in 9(c) and 9(d)], since a smaller
effective barrier, Weff, is created. As F2 increases, the differ-
ence between the emission current 〈w〉 with Weff and with
W becomes smaller. The increase of the emission current
due to the inclusion of the image effect is relatively insensi-
tive to the phase delay, θ , of the two-color lasers. It is also
important to note that, with the inclusion of Weff, the slope
of 〈w〉 decreases, as observed from the value of n in the
scale 〈w〉 ∝ F2n

1 , which indicates that the number of pho-
tons involved in the dominant emission process decreases
because of the deduction of the potential barrier near the
metal surface.

IV. APPLICATION TO TIME-RESOLVED
PHOTOELECTRON SPECTROSCOPY

Photoelectron spectroscopy is one of the most popu-
lar techniques to study the composition and electronic
states of solid surfaces by analyzing the energy spectra
[38,39]. Particularly, time-resolved photoemission spec-
troscopy enables the measurement of short lifetimes of
the intermediate states, such as the image-potential states
on metal surface, via control of the time delay between
the pump and probe photons [40–42]. Here, we demon-
strate the application of our quantum analytical model to
describe the dynamics of different n-photon excited states
in time and energy. As shown in Fig. 10(a), our 1D model
is able to provide excellent fitting to the measured pho-
toelectron spectra in Ref. [9] for the tungsten nanotip,
by using a dc field of F0 = 0.01 V/nm and an effective
work function of Weff = 3.85 eV. Furthermore, the current
modulation profile (both magnitude and shape) obtained
from our 1D model [29] agrees very well with the exper-
imentally observed sinusoidal variation with a period of
2π for the relative phase delay θ , as shown in Fig. 10(b).

Notably, other models, including the simple tunneling rate
model and 1D time-dependent density functional theory,
fail to describe the experimental results of the sinusoidal
profile (cf. Supplemental Material of [9]).

The photoelectron energy spectra from the tungsten nan-
otip under various dc fields are shown in Figs. 10(c)
and 10(d), for θ = 0 and θ = π , respectively. In the
calculation, for each dc field, the effective work func-
tion, Weff, is approximated by determining the peak
value in the surface barrier profile under dc bias [43,
44], �dc(x) = W − eF0dln[(2x + r)/r]/ln[(2d/r)+ 1] −
C2

s r/2e(x2 − r2), where the second term is the axial poten-
tial profile near a parabolic tip with a radius of curvature
r with d being a constant [= 83 nm to fit the spectra in
Fig. 10(a)] [44], and the third term is the image-charge
potential of a spherical surface, with Cs =

√
e3/4πε0 =

1.199985 eV(V/nm)−1/2 as the Schottky constant [43]. It
is important to note that the photoelectron spectra are very
sensitive to the applied dc field, F0, as shown in Figs. 10(c)
and 10(d). The shift of the dominant emission process to
a smaller n with larger dc field, F0, agrees with our dis-
cussions above. More importantly, the emission current
density is increased by more than three orders of magni-
tude as F0 is gradually increased from 0.01 to 0.09 V/nm;
this could strongly facilitate the experimental detection of
photoemission.

When the relative time delay θ changes from −π to
π , the variations of the photoelectron energy spectra dur-
ing one period for F0 = 0.01 and 0.09 V/nm are shown
in Figs. 10(e) and 10(f), respectively. To clearly observe
the dynamics of different excited states in time, Figs. 10(g)
and 10(h) show the projection of the energy spectra in
Figs. 10(e) and 10(f), respectively, on the θ − 〈wn〉 plane.
When the dc field is small, with F0 = 0.01 V/nm [see
Fig. 10(g)], all the n-photon orders of the spectra are mod-
ulated in the same way as a function of the relative phase
delay, θ , in agreement with the results in Ref. [9]. The ris-
ing tendency of the points along the phase difference, θ ,
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FIG. 10. Time-resolved photoelectron energy spectra for the tungsten nanotip. (a) Comparison between the experimentally measured
electron counts from Fig. 3 in Ref. [9] (see solid lines) and fitting results 〈wn〉 (see dotted lines). (b) Normalized total time-averaged
emission current density, 〈w〉, as a function of the phase difference between the two-color lasers, θ , for different F2/F1, with fixed
F1 = 1.6 V/nm. Blue and red lines denote the experimentally observed emission electron current and the sine fit from Fig. 2(b) in
Ref. [9], respectively. (c),(d) Energy spectra for various dc fields, F0, when (c) θ = 0, and (d) θ = π . (e),(f) Photoelectron spectra at
different phase delays, θ , for the dc fields (e) F0 = 0.01 V/nm and (f) F0 = 0.09 V/nm. (g),(h) Projection of the spectra in (e),(f) on the
θ − 〈wn〉 plane, respectively. Except for (b), the fundamental laser (1560 nm) field F1 = 1.8 V/nm and the second-harmonic laser field
F2 = 0.3 V/nm (experimental laser parameters in Ref. [9]).

from −π to 0 indicates the population of the n-photon
excited intermediate states induced by lasers, while the
decreasing signal from 0 to π implies the decay of the
excited states. When F0 is increased to 0.09 V/nm [see
Fig. 10(h)], it is interesting to find that, due to the effect
of the dc field, various n-photon excited states behave dif-
ferently with respect to time delay θ . For instance, the one-
photon tunneling state is almost invariable as θ changes
from −π to π , but the two-photon state decreases signif-
icantly at θ = −3π/4. In addition, for a small dc field,
the value of n for the dominant excitation state remains
unchanged over the relative phase delay θ [Fig. 10(g)],
which means that the energy of the n-photon excited

TABLE I. List of achieved local dc fields (after field enhance-
ment) of sharp tips before breakdown for eight materials.

Achieved local dc field (V/nm)

Au 8.8 [2]
W 9.64 [36]
Cu 10.35 [36]
Mo 8.09 [36]
Pt/Ir 16 [45]
Carbon fiber 10.7 [46]
Carbon nanotube (CNT) 14 [47]
CNT fiber 13.1 [48–50]

intermediate state is independent of the time delay [40].
However, when the dc field is larger, n for the dominant
excitation state changes with the relative phase delay θ
[Fig. 10(h)].

For electron emitters under a dc bias, it is important to
prevent breakdown and premature failure of the emitter
tips. Table I lists the local dc fields (after field enhance-
ment) of sharp tips achieved in experiments before break-
down for eight materials. It is known that nanostructures
survive large fields better for short pulse durations. As
mentioned earlier, a local dc field of up to 10 V/nm at
sharp tips may be realized in experiments via a laboratory-
scale setup based on a pulsed capacitor discharge [2,36] or
powerful THz pulses [45].

V. CONCLUSION

In summary, we construct an exact analytical solution
for ultrafast electron emission from a dc-biased metal
surface due to two-color laser fields, by solving the time-
dependent Schrödinger equation. The analytical model is
valid for arbitrary harmonic orders, laser intensities, phase
differences between two lasers, and metal work function
and Fermi level. Our calculations reveal various emis-
sion processes, including photoinduced over-barrier emis-
sion and tunneling emission, for different dc and laser
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fields, and recover the trend in the experimentally mea-
sured energy spectra [5,7,9,20] and voltage- and power-
dependent electron flux [2]. In addition to the properties
of the two-color lasers (i.e., relative phase, intensity, and
frequency), our model shows that the addition of a dc
field to the metal surface can provide great tunability of
the photoemission energy spectra and current modulation
depth for two-color laser-induced photoemission. Further-
more, the dc bias can increase the emission current by
orders of magnitude. This increase of the current emission
is due to the combined effects of potential barrier nar-
rowing and barrier lowering. The former opens up more
emission channels for multiphoton emission; the latter is
attributed to the image-charge effects (or Schottky effect).
Both effects significantly enhance the overall current emis-
sion. Various combinations of laser parameters and the dc
field could provide great flexibility for the coherent control
of ultrafast electron emission. Our results suggest a prac-
tical way to maintain a strong current modulation, while
increasing the total emission current by orders of mag-
nitude in two-color laser-induced electron emission, by
simply using a strong dc bias and a weak harmonic laser.
This simple, but effective, knob of dc bias will provide
flexible control of both emission current and emitted elec-
tron energy spectra. This work will enable applications that
require both a high current level and strong current mod-
ulation, e.g., miniaturized particle accelerators, photoelec-
tron microscopy, and ultrafast electron sources. Moreover,
being verified against the experimentally measured time-
resolved photoelectron energy spectra [9], the results from
our model are expected to guide future experiments on
time-resolved photoemission spectroscopy.

Future research includes a comparison of the analyti-
cal model and standard numerical solutions for two-color
photoemission, which will provide further benchmarks
for our analytical results. When one of the laser fields
has a high photon energy and/or shorter pulse duration,
our analytical model may be directly applied to model a
pump-probe experiment, where effects such as photoemis-
sion from population-enhanced surface states, excitation
of electronic band structures and surface states of cath-
ode materials, and hot carriers can be explored. The effects
of electron thermal redistribution inside the metal due
to laser heating, and thus induced transient change of
Fermi energy from two-color photoemission will be inves-
tigated in future research. The effects of defects or impu-
rity will be studied by considering the energy-dependent
electron supply function inside the material and work func-
tion variations along the emission surface. The scattering
effects between electrons in the finite laser penetration
depth will also be examined and compared with the exist-
ing three-step model [51] and Fowler-Dubridge model
[52]. The carrier-envelope-phase effects [6,20,53,54] on
photoelectron emission based on our quantum mechanical
model will be studied.

Ultimately, it is envisioned that a hybrid model can
be built around our exact analytical solution for simu-
lating electron emission in practical geometries, such as
sharp metal tips or cathodes with surface roughness, where
effects such as the electron emission angle and space
charge can be incorporated. The time-dependent field dis-
tribution near the emitter may be first calculated using a
Maxwell solver. Next, our exact model can be applied
along the surface of the emitter to give the instantaneous
emission current. The emitted electrons can then be loaded
into a particle-in-cell pusher to account for the detailed
space charge effects and electron dynamics. Once such a
tool becomes available, it would find immense applications
in various areas, such as solid-state physics, strong fields,
ultrafast sciences, vacuum electronics, and accelerators
and beams.
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APPENDIX

Following Truscott [29,30,55], the time-dependent
potential for x ≥ 0 may be written as �(x, t) = V(x)−
xf (t), with V(x) = V0 − eF0x, and f (t) = eF1 cos(ωt)+
eF2 cos(βωt + θ). Thus, Eq. (2) can be transformed
into the coordinate system ξ , t, where ξ = x − q(t),
the displacement is q(t) = (1/m)

∫ t p(t′)dt′, and p(t) =∫ t f (t′)dt′, by assuming that ψ(x, t) = φ(ξ , t)χ(x, t), with

χ(x, t) = exp
[
−iEt/� + ixp(t)/� − (i/2�m)

∫ t p2(t′)dt′
]
,

and E is a constant:

i�
∂φ(ξ , t)
∂t

=
[
− �2

2m
∂2

∂ξ 2 + U(ξ , t)− E
]
φ(ξ , t), (A1)

with U(ξ , t) = V0 − eF0[ξ + q(t)]. By separation of vari-
ables, Eq. (A1) can be solved to give

φ(ξ , t) = g(ξ)

× exp
[

e2F0F1 sin(ωt)
i�mω3 + e2F0F2 sin(βωt + θ)

i�mβ3ω3

]
,

(A2)

where g(ξ) = Ai(−η)− iBi(−η) is the solution of the
equation −(�2/2m)∂2g(ξ)/∂ξ 2 + (V0 − E − eF0ξ)g(ξ) =
0, where η = (2emF0/�

2)1/3[(E − V0)/eF0 + ξ ] [32,33].
From ψ(x, t) = φ(ξ)χ(x, t), we obtain Eq. (3), which is
the exact solution to Eq. (2), upon using E = ε + n�ω −
e2F2

1/4mω2 − e2F2
2/4mβ2ω2.
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