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High-Frequency Current-Controlled Vortex Oscillations in Ferrimagnetic Disks
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Recently, it has been shown that ferrimagnets made from Gd(Fe, Co) alloys exhibit ultrafast dynamics
near the angular momentum compensation point. Owing to the small net magnetization in these alloys,
stable magnetic vortices can be the ground state in a nanoscale disk, and gyrotropic motion can be driven
by spin torque. It is shown that the Oersted field from the current can stabilize the vortex, and the critical
current for gyrotropic motion and the current-dependent frequency are calculated in the Thiele model.
This system can be used as a vortex-state spin-torque auto-oscillator working at frequencies of tens of
gigahertz.
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I. INTRODUCTION

In the search for higher frequency ranges of magnetic-
vortex-based nanopillar oscillators, it is shown [1] that
ferrimagnetic disks made with rare earth-transition metal
alloys at the compensation point have gyrotropic frequen-
cies much higher than those of ferromagnets. However,
when used in spin-torque oscillator applications, there is
a serious limitation, namely, for ferrimagnetic [1] and anti-
ferromagnetic [2] vortices, the critical size of the disk
is much larger than that of the standard permalloy disk
size. In particular, the large value of the critical thick-
ness limits the possibility of using ferrimagnetic vortices
as spin-torque generators (for spintronic applications, thin
free layers less than 5 nm are required). Here, it is shown
that these limitations can be overcome through the Oer-
sted field from a current perpendicular to the free layer in
a typical nanopillar; this will tend to stabilize the vortex at
smaller thicknesses. In addition, the current will also sig-
nificantly increase the frequency-tuning range relative to
that of ferromagnetic spin-torque oscillators.

In addition to nano-oscillators [3–6], the magnetic vor-
tex structure makes these systems useful in areas such
as information storage [7–9] and logic gates [10]. For
microwave frequency oscillator applications, the vor-
tices in ferromagnetic disks can exhibit high-amplitude
sub-GHz gyrotropic oscillation of the vortex core about
the disk center; this makes them particularly useful as
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microwave signal generators. In vortex oscillators driven
by spin torque, the restoring force [11] controls the oscilla-
tion frequency. Two contributions to the restoring force are
magnetostatic, arising from the formation of magnetostatic
charge, as the vortex is displaced from the disk center and
the Oersted field from an electron current in the nanopil-
lar device. Therefore, the frequency is determined by the
saturation magnetization and the disk aspect ratio, L/R,
for a disk of radius R and thickness L. An advantage of
vortex-state spin-torque oscillators is the uniquely narrow
generated line width and high amplitude compared with
that of nanopillar devices based on magnets with quasi-
uniform magnetizations [3,4,6,11]. However, there are two
disadvantages of ferromagnetic spin-torque vortex oscil-
lators: the frequency is limited to about 1–2 GHz, which
is only tunable through variation of the electron current,
and a slight frequency variation through the corresponding
Oersted field [12] from a current perpendicular to the disk.

To exploit the high amplitude of vortex oscillations,
as well as the ultrafast vortex oscillations in transition
metal-rare earth alloys [1,13], it is necessary to show that
ferrimagnetic vortices are supported in disks thin enough
for spin-torque applications. In the following, it is demon-
strated that an Oersted field from a current perpendicular to
the free layer in a typical nanopillar driven by spin torque
will tend to stabilize the vortex for a smaller free-layer
thickness. Moreover, it is shown how a spin-polarized
current will excite high-frequency orbital motion of the
vortex core, and the Oersted energy significantly increases
the tunable frequency range of vortex-based spin-torque
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oscillators. The design of this spin-torque oscillator can be
the same as that for the standard vortex-state oscillators
based on a spin-valve nanopillar made with metallic fer-
romagnets, where giant magnetoresistance (GMR) is the
source of an ac signal. Conceptually, the simplest system is
a magnetic nanopillar with three magnetic layers [14,15],
where the vortex precession in a soft magnetic layer is
excited by spin-polarized current through the polarizer (see
Fig. 1 and the discussion in the Sec. II). In this system,
vortex precession leads to the rotation of total sublattice
spins in the plane of the soft layer. The ac signal is pro-
duced by the GMR effect in the contact of the soft layer and
analyzer with in-plane magnetization. For ferromagnetic
bilayer systems, the contribution of GMR to the resistiv-
ity of the contact “soft layer-analyzer” with the magnetic
moments �Msoft and �Man depends on the mutual orienta-
tion of these moments, �ρ ∝ ( �Msoft · �Man). Equivalently,
the standard bilayer system, where the GMR signal is cre-
ated on a free-layer contact with the polarizer, could be
used, but the polarizer magnetization should be inclined to
the disk normal.

For two sublattice magnets, the total conductivity is the
sum of two partial conductivities caused by two sublat-
tices. Since the magnetic sublattices in ferrimagnets are
formed by different magnetic ions, their partial conductivi-
ties are different. This property was reported recently [16],
where a wide range of magnetoresistive effects in ferrimag-
netic Gd(Fe, Co) wre investigated. The magnetic moment

FIG. 1. Sketch of a three-layered magnetic nanostructure
(schematically). Left: three-layer nanopillar structure as in
Ref. [14]. P denotes the polarizer; FL is the free ferrimagnetic
layer in the vortex state; and A: denotes the analyzer; lay-
ers of nonmagnetic metals are shown between them. The long
orange arrow indicates the direction of the current (antiparallel to
the direction of the electron flow), and the thick red arrows
indicate the direction of magnetization in the polarizer and in
the analyzer. Right: the instant directions of the total mag-
netic moments of transition-metal spins, �Mt,1 = ∫ �M1(�r, t)d2r,
and rare-earth spins, �Mt,2 = ∫ �M2(�r, t)d2r. The vectors �Mt,1 and
�Mt,2 are perpendicular to the displacement of the vortex core from
the origin by �R0(t); these vectors are rotating with frequency ω.
Thin blue arrows show schematically the direction of the antifer-
romagnetic vector �l, which is proportional to the difference of the
sublattice spin densities, see the text for details.

of transition-metal subsystem Fe-Co is solely responsible
for the magnetoresistance, and all effects show monotonic
behavior across the compensation point [16]. Thus, one
can expect a nonsmall GMR signal for the ferromagnet-
ferrimagnet spin-valve nanopillar, even near the compen-
sation point, which is similar to a standard ferromagnetic
system. Unfortunately, we are unable to find any refer-
ences in the literature for GMR in ferrimagnet-transition
layer contacts. Notably, for antiferromagnets, the situation
is completely different: the magnetic sublattices in anti-
ferromagnet are formed by identical atoms; therefore, the
partial conductivities of spin-polarized electrons are equal,
and one can expect an absence of the GMR effects in a
ferromagnet-antiferromagnet spin-valve structure [17].

II. FERRIMAGNETIC VORTEX DYNAMICS

To investigate the dynamics of the ferrimagnetic vor-
tex, we begin with the two-sublattice model with mag-
netizations �M1,2. These magnetizations are related to
the spin-volume densities �s1,2 by �M1,2 = g1,2μB�s1,2, where
g1 and g2 are the sublattice g values and μB is the
Bohr magneton. At the angular momentum compensation
point, s1 = s2 (here and below s1,2 = |�s1,2|), it is conve-
nient to use the antiferromagnetic two-sublattice formu-
lation for the spin densities, �m = (�s1 + �s2)/(s1 + s2) and
�l = (�s1 − �s2)/(s1 + s2). In the linear approximation on the
small parameter s1 − s2, they are constrained as �m · �l =
(s1 − s2)/(s1 + s2) and �m2 +�l2 = 1. Transforming from a
discrete to a continuum model, the energy density can then
be expressed as

w = Eex

2
�m2 + A

2
(∇�l)2 − μ0 �M

2
(�BMS + 2�BOe). (1)

Here, first two terms are the standard forms of the
exchange energy for the two sublattice magnets, such as
ferrimagnets or antiferromagnets [1,13,18–22]; Eex is the
homogeneous exchange energy; and A is the nonhomoge-
neous exchange constant, reflecting the structure of mag-
netic excitations. Their values for the material of interest,
Gd(Fe, Co) alloys, are estimated below. The last term con-
tains the magnetic energy from the magnetic fields, where
�BMS is the magnetostatic field and �BOe is the Oersted field.

Using the energy density in Eq. (1), the spin dynamics
at s1 − s2 � s1 + s2 can be described by the equation for
vector �l only [1,13,18–22]:

s1 − s2

2s0

∂�l
∂t

+ 1
ωex

[(
∂2�l
∂2t

− c2∇2�l
)

×�l
]

+ 1
2�s0

(
δWr

δ�l ×�l
)

+ αG

(
∂�l
∂t

×�l
)

+ σ I�l × (�l × �̂p) = 0. (2)

Here, Wr is the energy of relativistic interactions, which,
in our model, originates from the magnetic field [last term

044019-2



HIGH-FREQUENCY VORTEX OSCILLATIONS. . . PHYS. REV. APPLIED 12, 044019 (2019)

in Eq. (1)]; ωex = Eex/2s0� is the characteristic exchange
frequency; c2 = Aωex/2s0� is the characteristic velocity
that coincides with the spin-wave velocity at s1 = s2; and
s0 = (s1 + s2)/2 is the average spin density. Within this
approach, the vector �m or, equivalently, the total spin
�s = �s1 + �s2 is a slave variable and can be present as
�s = (s1 − s2)�l + 2s0(�l × ∂�l/∂t)/ωex, whereas the total
magnetization is �M = μB[(g1 − g2)�l + (g1 + g2)�m]s0. For
ferrimagnets such as Gd(Fe, Co) g1 − g2 ∼ 0.2 and the
first term of equation for �M is dominant. The last two terms
determine nonconservative dynamics, including Gilbert
damping with constant αG (this constant is quite low:
αG = 0.007 for Gd(Fe, Co) alloys [23]), and the last term
defines the spin torque from the spin current with polariza-
tion �̂p , σ = ε/(2es0πR2L), where I is the charge current,
ε is the spin-polarization efficiency, e is the magnitude
of the electric charge, and πR2 is the area of the circular
nanocontact [24,25].

It is extremely important to note that the spin torque
in magnets, such as antiferromagnets or nearly compen-
sated ferrimagnets, is proportional to the vector �l, rather
than the total spin [21]; thus, it is finite, even at full com-
pensation. Notably, exactly at the compensation of spins
(s1 = s2), Eq. (2) coincides with the relativistic sigma-
model equation, with c as the chosen velocity, and the
presence of this Lorentz invariance significantly simpli-
fies the analysis of soliton dynamics (see a recent review,
Ref. [26]). In the following, the second time derivative in
Eq. (2) is significant near the compensation point, where
(s1 − s2)/2s0 ≤ ω/ωex � 1 and ω/ωex ∼ 10−2, which is
the case considered here (see the next section).

Magnetization is driven by spin torque in a spin-valve
nanopillar structure, where the spin current is polarized in
a fixed layer, with magnetization perpendicular to the plane
and collinear to the direction of the electron current, as
seen in Fig. 1. Vortex dynamics can be described in collec-
tive coordinates by transforming Eq. (2) to the generalized
Thiele equation [27] for a vortex confined to a magnetic
disk, with the vortex core at �R0 relative to the disk center,

M
d2 �R0

dt2
+ �G × d�R0

dt
− �FMS − �FOe

= −D
d�R0

dt
+ σ�LIs0(�̂z × �R0), (3)

where M is the vortex effective mass, �FMS is the mag-
netostatic restoring force, and �FOe is the restoring force
from the Oersted field. The right-hand side contains
the nonconservative spin-torque antidamping force and
the Gilbert damping force, which can be taken in the
same form as that for the ferromagnetic vortex [28],
where the polarization of the current, �̂p , is perpendicular
to the disk plane. The Gilbert damping coefficient is
D = παGμ0M 2

0 L/fM [ln(R/2lex) + 3/4], where M0 is an

average of the two magnetizations and fM = 2M0γ is a
characteristic frequency. For a typical ferromagnet, the
mass is negligible, but it appears naturally for Eq. (3) with
second time derivatives. Moreover, close to the compensa-
tion point, the gyrovector, �G = �̂z2π�L(s1 − s2), becomes
small, so it is necessary to include a higher time deriva-
tive term in the Thiele equation containing the vortex
acceleration [1,13].

Next, the terms in Eq. (3) are specified for the two-
sublattice model. The effective mass of a vortex in a disk
of radius R and thickness L is given in terms of the vor-
tex energy and the spin-wave velocity, c, by Mc2 = Ev ,
where exchange [29] is the dominant contribution to the
vortex energy. To proceed, it is necessary to estimate
the constant of uniform exchange between Fe and Gd
(the concentration of Co is negligibly small), which can
be written as εGd−Fe�SGd · �SFe/2 per single spin, where �SGd

and �SFe are unit vectors parallel to the sublattice spin
densities [25,26], �SFe = �m +�l and �SGd = �m −�l. Then, the
exchange energy density becomes wex = εGd−Fem2(nGd +
nFe), where nGd = sGd/SGd and nFe = sFe/SFe are atomic
densities and atomic spins are SGd = 7/2 and SFe = 1; this
gives the value of the parameter from Eq. (1) as Eex =
εGd−Fe(nGd + nFe). Using the known value of Gd − Fe
exchange [30–32] for one spin, εGd−Fe = 4.8 × 10−21 J,
the exchange energy is Eex = 3.6 × 108 J/m3. From this,
the exchange frequency is estimated as ωex = Eex/2s0� =
3.1 × 1013 rad/s, or fex = 5 THz. Next, using the vortex
energy and spin-wave speed c = √

Aωex/2�s0, the vortex
mass is

M = 2πL(�s0/ωex) ln(4R/lex). (4)

For a disk of radius R and thickness L, lex = √
A/μ0M 2

s is
the exchange length for a saturation magnetization, Ms =
M1 − M2. The gyrovector is proportional to sGd − sFe, so at
the compensation point G = 0, and in the following only
this case is considered.

III. VORTEX RESTORING FORCE

The additional terms in the Thiele equation are from
restoring forces as the vortex core moves off of the disk
center. These are from the formation of magnetostatic
charges, as well as the force from the Oersted field when
the vortex moves off center, which are obtained for the
magnetization �M = Ms(cos ϕ, sin ϕ). First, the magneto-
static restoring force is typically obtained without a mag-
netostatic edge charge, which is calculated using complex
variable methods for the circular disk. In this case, mag-
netization can be expressed as a function of the complex
variable with t = t1 + it2, where t1 = x/R and t2 = y/R.
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The components of the magnetization are given by

mx + imy = 2w
1 + w̄w

, (5)

where the bar indicates complex conjugation and the
exchange energy is minimized by any analytical function,
w(t). The next step is to find a less general function that
will minimize the MS energy subject to the in-plane con-
straint of the magnetization. For the vortex distribution, the
function w is given by

w = f (t)√
f (t)f̄ (t)

, (6)

resulting in the vortex-type structure. Finally, the analyti-
cal function [33], f (t), describing the vortex with no edge
magnetostatic charge is the complex function

f (t) = i[t − (a + āt2)], (7)

where a = a1 + ia2 is related to the displacement of the
vortex core from the disk center, tc = (

1 − √
1 − 4āa

)
/2ā.

Equations (5)–(7) then represent the magnetization for a
vortex confined to the circular disk with the vortex center
at tc.

Using this form for magnetization, the magnetostatic
energy form vortex core displacement has the quadratic
form [29,30] for small R0/R,

WMS = 1
2
κMSR2

0, κMS = 20
9

2πμ0M 2
s

L2

R
(8)

where the saturation magnetization is Ms = MGd − MFe
near the compensation point.

The Oersted energy is calculated using the magneti-
zation in Eqs. (5)–(7) and the field is from a current, I,
perpendicular to the disk plane,

WOe = −L
∫

�M · �Bd2r, (9)

where �B is the Oersted field and the integration is over the
disk area. In the following, the field inside a long wire
is used, B = μ0Ir/2πR2, in the tangential direction. This
integral over the disk is done numerically and the Oer-
sted energy is shown in Fig. 2 as a function of the vortex
core deviation from the disk center. It is noted that, for
small displacements of the vortex center (R0R/ < 0.2), this
energy can be estimated analytically by expansion of the
magnetization in the small parameter, R0/R, to obtain,

WOe = 1
2
κOeR2

0, κOe = μ0MsI
8

15
L
R

. (10)

W

R R

FIG. 2. Oersted energy in units of μ0(M1 − M2)ILR versus the
vortex displacement.

The last two terms in the Thiele equation contain the
damping force and spin-torque force, which, for circular
orbits, are in the tangential direction and perpendicular to
the conservative forces.

IV. SOLUTION OF THE THIELE EQUATION

Now the circular orbit ansatz, �R0 = R0(x̂ cos ωt +
ŷ sin ωt), is used to solve the Thiele equation, where R0 is
the radius of the gyrotropic orbit. To obtain the frequency,
a balance of the radial forces results in

Mω2R0 = FMS + FOe, (11)

where the forces on the right-hand side are the derivatives
with respect to R0 of the corresponding energies at the
compensation point (s1 = s2). In the linear approximation,
the frequency is then

ω =
√

κMS + κOe

M
. (12)

For a typical ferromagnet, the effect of the Oersted field on
the gyrotropic frequency is small, with κOe/κMS � 1, but,
for the ferrimagnet, this ratio is κOe/κMS = 0.1I/πLMs
and, especially for small L and Ms, the Oersted restoring
force can become dominant.

For nonconservative forces in the tangential direction, it
is important to note that dissipation can be compensated
for by “antidamping” originating from the spin-pumping
effects, resulting in vortex auto-oscillations. From the
right-hand side of the Thiele equation [Eq. (3)], the con-
dition of this compensation is Dω = σ I�Ls0, where ω

is the frequency of the precessional motion found within
the nondissipative approximation. Thus, the threshold
value of spin current is obtained from Ith = Dω/σ�Ls0,
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where the frequency also depends on the current, owing
to the Oersted restoring force. Gd(Fe, Co) alloys can have
a low Gilbert constant [23], αG = 0.007, and the value of
Ith is reasonably small, at least for thin disks. The thresh-
old current is obtained numerically using the parameters
[21] MFe = 10.5 × 105 A/m, MGd = 9.5 × 105 A/m, and
the nonhomogeneous exchange constant [34] of A = 7.2 ×
10−12 J/m, to give an exchange length of lex = 23.9 nm.
The threshold current density for disks of thickness 3,
3.5, and 4 nm for radii 70–120 nm, with a spin-transfer
efficiency of ε = 0.3, is shown as a function of the disk
radius in Fig. 3. These current densities correspond to
a range of 1.0 × 108 − 3.0 × 108A/cm2, which is much
higher than that for a typical ferromagnetic vortex-state
nanopillar oscillator because of the high oscillation fre-
quency [35,36]. Nevertheless, such high values of current
are realized in experiments with standard ferromagnetic
active elements to obtain high frequencies in the range
40–60 GHz [37]. Note that contrary to our case, high mag-
netic fields, such as 1–2 T, were used in Ref. [37]. The
gyrotropic frequency versus free-layer radius is calculated
from Eq. (12) for the same nanocontact parameters, and
these results are illustrated in Fig. 4. First, notice that
the frequencies are much higher than that of sub-GHz
frequencies of vortex oscillations in ferromagnetic disks.
Second, the frequency increases with increasing aspect
ratio because of the higher threshold current for larger
diameter disks.

From Fig. 3, it is observed that disks with a smaller
radius and thickness have lower threshold current densi-
ties, so it will be of advantage to use smaller nanopillars.
However, there is an aspect ratio limit because of the insta-
bility of the vortex of the vortex state and a transition to
a single domain state at a critical disk radius. Therefore,

R

FIG. 3. Threshold current density versus radius for 3, 3.5, and
4-nm thick free layers. Here, and in Figs. 4 and 5, the thinner
layer (3 nm thick) corresponds to the lower black curve and the
thicker layer (4 nm thick) corresponds to the upper red curve.

R

FIG. 4. Gyrotropic frequency versus radius for the 3, 3.5, and
4-nm thick free layer.

the effect of the Oersted field on the stability of the vortex
state is considered to obtain a rough estimate of a min-
imum nanocontact radius. This is done by a comparison
of the energies in the single domain state and the vortex
state as a function of the nanocontact current. In the single
domain state, the energy is mainly of magnetostatic origin,
which is expressed as [38]

WSD = μ0(M1 − M2)
2 L2R

4
ln

(
8R
L

− 1
2

)
, (13)

and in the vortex state the energy is mainly a combination
of exchange and Oersted energies,

WV = 2πAL ln
R
lex

− μ0(M1 − M2)I
RL
3

. (14)

A comparison of these energies for the above parameters,
with R = 70 and L = 3 nm, indicates that they are equal for
a nanocontact current of about 15 mA, with a correspond-
ing current density of 108 A/cm2, which is in the region
of the critical current density. When the disk radius is
increased to 90 nm, these two energies are comparable at a
current density of 0.6 × 108 A/cm2, which is significantly
lower than the threshold current density. For this reason,
the vortex should be stable for parameters considered in
Figs. 3 and 4. Next, the current-dependent frequency is
calculated from Eq. (12), using R = 90 and L = 3 nm, and
the results are shown in Fig. 5. Here, it is observed that
there is a frequency variation of 180 MHz/mA. For the case
of a ferromagnetic nanopillar, the variation of frequency
with current is a nonlinear effect, but the variation here is
solely the result of the Oersted field. This effect provides
an additional frequency-tuning mechanism in ferrimag-
netic oscillators. Finally, let us compare the tunability of
the ferromagnetic vortex oscillator to the ferrimagnetic
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FIG. 5. Gyrotropic frequency versus nanocontact current for 3,
3.5, and 4-nm thick free layers with R = 70 nm.

oscillator. From Fig. 5, the slope is estimated to be about
170 MHz/mA and the slope for a ferromagnetic oscillator
of the same dimensions is about 10 MHz/mA.

V. CONCLUSION

The ultrafast dynamics of Gd(Fe, Co) alloys is a signif-
icant breakthrough in the development of high-frequency
nanopillar devices. This is because of significant dif-
ferences between the ferrimagnetic and ferromagnetic
gyrotropic frequencies. First, there is a large frequency dif-
ference, as seen by the high frequency for the ferrimagnetic
disk, which can be in the range of 15–30 GHz for the
above parameters, whereas the ferromagnetic oscillators
operate in the sub-GHz range. Second, the Oersted field is
more significant, with the benefit that the current can con-
trol the frequency over a larger range. This is because the
Oersted force is proportional to the small quantity (M1 −
M2), but the magnetostatic force is proportional to the
smaller quantity (M1 − M2)

2, and contains small multiplier
of L/R. In general, the combination of small magnetization
and the Oersted field will stabilize the vortex for smaller
disk radii, as well as result in much higher oscillation fre-
quencies and significantly increased tunability. Moreover,
this generator works with high frequencies (10–20 GHz)
without a bias magnetic field that is a mutual consequence
of both through exchange enhancement of the spin dynam-
ics in the vicinity of the spin-compensation point of a
ferrimagnet [13] and by the action of the Oersted field from
the electric current in a nanopillar.
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