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Many published biomedical and chemical experimental results involving ultrasound suffer inconsis-
tencies. One of the main reasons is due to the nonuniform field produced by conventional piston-type
ultrasonic transducers; severe intensity fluctuation occurs in the near-field region where most experiments
are conducted. We show both theoretically and experimentally that if the transducer surface vibration can
be controlled to have an amplitude distribution in the form of J0[(ρ/R0)

γ U1], where ρ is the radial coor-
dinate, R0 is the radius of the acoustic source, γ ≥ 1, and U1 is the first zero of the zeroth-order Bessel
function of the first kind J0(r), then the pressure amplitude space variation in the near-field can be elim-
inated to produce a three-dimensional (3D) cylindrical region with uniform pressure distribution near the
transducer surface. The width of the cylindrical region increases while its height decreases with γ , which
gives the flexibility of manipulating the shape of the uniform pressure field region. The presented design
is beneficial for many biomedical and chemical experiments, as well as industrial applications that require
uniform pressure sonication.

DOI: 10.1103/PhysRevApplied.12.034056

I. INTRODUCTION

Diffraction is a ubiquitous manifestation of coher-
ent waves, including mechanical (acoustic) waves, elec-
tromagnetic waves, and de Broglie waves in quantum
mechanics. For a circular coherent wave source with finite
aperture, the transverse beam profile in the far field is
featured with an Airy disk and its transverse dimension
expands with propagation distance. As a nondiffracting
solution of the free space wave equation, Bessel-type
beams have been introduced to neutralize this divergent
effect, which could maintain its transverse beam pro-
file to be independent of propagation distance. Bessel
beams have been applied in a wide range of applica-
tions, including, but not limited to, transmission electron
microscopy, optical microscopy [1,2], micromanipulation
of small particles [3], three-dimensional (3D) fluores-
cence imaging [4], diagnostic ultrasound [5–7], etc. Such
nondiffracting beam studies mainly concern the counter-
balancing of transverse spreading of waves after long-
distance propagation. However, in other applications, such
as holography, interferometry, and ultrasonic therapy, the
requirement for wave beams is different. A uniform trans-
verse profile across a finite distance is demanded and the
transverse dimension also needs to have a certain size.
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Conventional Bessel beams with a prominent narrow cen-
tral peak do not meet this requirement. Typical solutions
for optical applications are beam-shaping techniques that
convert a Gaussian irradiance profile to a flat-topped one.
However, because of diffraction, the stable working depth
of the converted beam is quite limited since its uniform
profile cannot be preserved across a long distance.

In most ultrasonic applications, such as ultrasound-
mediated gene transfer [8], membrane sonoporation
[9,10], sonodynamic therapy [11–15], and ultrasound
cleaning [16], piston sources are most commonly
employed. Ultrasound plays its role via the interaction
with tiny gas bubbles in the fluid, i.e., via acoustic cavi-
tation [17,18]. The dynamic characteristics of acoustically
driven bubbles are sensitive to the amplitude of ultra-
sound. Different degrees of cavitation could exert diverse
types of impacts on the surroundings, e.g., inertial and
noninertial cavitation effects, depending on the ultrasound
intensity [19]. As a result, such ultrasonic investigations
inevitably suffer from the beam-intensity nonuniformity of
ultrasound.

Specifically, consider ultrasound propagation from a
circular piston transducer of radius R0 to the half-space
(z > 0); its typical characteristic distance z0 (Rayleigh dis-
tance) is given by z0 ≈ R2

0 f/v, where f is the frequency
and v is the sound velocity in the medium. The near-field
region refers to the region from the transducer surface to
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z0, in which the pressure amplitude of ultrasound fluctuates
drastically. The acoustic pressure amplitude changes from
point to point in space and there are many intensity minima
and maxima inside the near-field region, a large number of
points in this region even have nearly zero field intensity
(hollow pores).

Taking in vitro biomedical ultrasound experiments in
cancer research as an example, cells are attached to the
bottom of the incubation dish of a certain size, and the
dish is placed in the near-field region of an ultrasonic trans-
ducer. Cells distributed in the near-field region cannot be
exposed equally due to the intrinsic nature of the nonuni-
form near field. Besides, sonication in the far-field region
suffers the same problem as Bessel beams: the intensity
profile in the far field is sharply peaked. On the other
hand, because of dimensional constraints, most biomed-
ical, chemical, and industrial applications of ultrasound
use the near field because the far field is too far away
for larger size transducers. The severe variation of ultra-
sonic intensity in the near field has caused a great deal of
inconsistent data in the literature, producing some mislead-
ing results [20,21]. To fulfill the requirement of large-area
uniform irritation across a finite distance, we present here
a method to achieve a large-scale 3D cylindrical region
near the transducer surface where the wave amplitude is
practically uniform.

II. THEORY

A. Nondiffraction beam

As a nondiffracting solution of the scalar wave equation,
an axial symmetric Bessel beam that propagates along the
z axis can be described by

ϕ(r, t) = J0(αρ)ei(βz−ωt) , (1)

where ϕ represents the wave potential, J 0 is the zeroth-
order Bessel function of the first kind, r = (x,y,z) represents
the vector coordinates of the observing point in space,
ρ = (x2 + y2)1/2 is the distance away from the center axis
of the source, α is a scaling parameter with β2 +α2 = k2,
and k represents the wave number.

In the current study, we focus on the uniform irritation
issue of ultrasound beams. Assuming a Bessel acoustic
source is composed of a center disk and an infinite number
of contiguous annuluses with the inner radius Un and outer
radius Un+1, where Un(α) denotes the nth zeros of J 0(αρ).
According to the superposition principle, the pressure on
the central axis (z axis) can be written as [22]

Pn(r) = A0k
2π

∫ Un+1

Un

J0(αρ)
eikr

r
ρdρ , (2)

where A0 denotes the pressure amplitude at the origin
point. The center disk is described by n = 0 and U0 = 0 in
Eq. (2).

FIG. 1. Normalized amplitude distribution of the first four ele-
ments (n = 0–3) along the central axis calculated using Eq. (2).

Figure 1 illustrates the normalized amplitude distri-
bution of the first four elements (n = 0–3, α = 96.2,
U1 = R0 = 25 mm, z0 = 416 mm, v = 1500 m/s, f = 1 MHz,
and kR0 = 104.7) along the central axis, which was cal-
culated using Eq. (2). When only the central disk is
activated, the amplitude of pressure fluctuation on the
central axis does not exceed 10% as long as the dis-
tance ratio z/z0 < 0.6. Moreover, the results presented in
Fig. 1 demonstrate that the contributions of peripheral
annuluses increase with the axial distance. Most of the
acoustic energy on the central axis is emitted from the cen-
ter element in the near-field region; while contributions of
surrounding elements become apparent only in the far-field
region of z > z0.

In the present study, we define that a deviation of
amplitude less than 10% could be considered “uniform.”
Therefore, the axial pressure of a J 0 Bessel beam truncated
on the region [0, U1] can be considered uniform in the
region very close to the center region of the source surface.
We calculate its amplitude distribution of the ultrasound
beam emitted by an acoustic source with the amplitude
distribution in the form of J 0 truncated to the central ele-
ment only, i.e., in [0, U1]. Figures 2(a) and 2(b) show
the near field of a 25-mm radius piston transducer; one
can see that a large number of maximum and minimum
nodes exist. On the other hand, the distribution of the ultra-
sound energy emitted by a 25-mm-radius (α = 96.2) center
disk of a Bessel distribution transducer shows a very dif-
ferent feature as shown in Fig. 2(c). Its lateral pressure
variation at z/z0 = 0.05, 0.1, 0.25, and 0.5, respectively,
are extracted and presented in Fig. 2(d). As revealed in
Fig. 1, the pressure amplitude along the axis is uniform
in the region of z/z0 < 0.25. It is rather encouraging, but
the downside of this design is that its lateral distribution of
ultrasound amplitude is not uniform; the pressure ampli-
tude decreases rapidly along the radial direction as shown
in Fig. 2(d).
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(a) (b)

(c) (d)
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FIG. 2. Spatial distribution of pressure amplitude in the axial
plane generated by a 1 MHz circular acoustic source. (a) Piston-
type uniform amplitude distribution, (c) J 0-type acoustic source
truncated on [0, U1], (e) B2-type amplitude distribution; the lat-
eral profiles at z/z0 = 0.05, 0.1, 0.25, and 0.5 are presented in
(b),(d),(f), respectively. All three types of sources have the same
radius of 25 mm. The dashed lines in (c),(e) represent contour
amplitude levels of ±10%. The pressure amplitude has been
normalized by the source amplitude at ρ = 0.

B. Creating a wider uniform region using γ -power
zeroth-order Bessel function amplitude distribution

For many practical applications, a sizable 3D region of
uniform ultrasonic exposure is needed. For example, in
biomedical experiments, the cell dish has a certain size and
the whole cell dish must have the same level of ultrasound
exposure to guarantee that the results are meaningful. We
have tried many different types of amplitude space dis-
tributions aiming to widen the Bessel beam, and finally
we find that a γ -power zeroth-order Bessel function of
the first kind (Bγ ) truncated within the region bounded
by the first zero [0, R0] can serve this purpose. Specifically,

the function is given by

Bγ (ρ) = J0

([
ρ

R0

]γ

U1

)
, (3)

where R0 denotes the radius of the circular radiating
source, U1 (approximately 2.4048) denotes the first zero
of J 0(r), and γ ≥ 1. Apparently, Bγ becomes flatter as γ

increases and goes to a constant on [0, R0) when γ → ∞,
which corresponds to the traditional piston transducer. The
pressure distribution of a Bγ acoustic source with a radius
of R0 can be calculated by [22]

P(r) = A0k
2π

∫ 2π

0

∫ R0

0
J0

([
ρ

R0

]γ

U1

)
eikR

2πR
ρdρdθ , (4)

where R = |r − r′(ρ, θ)| denotes the distance between the
observation point and the point on the source surface.
When γ = 2, the acoustic field on the axial plane in the
near-field region is shown in Figs. 2(e) and 2(f). The
dashed line and dotted line represent the contour amplitude
levels of 90% and 110%, respectively, forming a uniform
region nearly two times as wide as that of the case of γ = 1
[Fig. 2(c)]. The lateral profiles of the beam in this region
are much flatter than that of the J 0 beam.

The beam shape along the central axis is well maintained
in the whole region from 0 to 0.5z0 when γ = 1 [Fig. 2(d)].
The pressure amplitude along the z axis fluctuates more
with the increase of γ , accompanied by the increase of
the radius of this cylindrical uniform region. As shown
in Fig. 2(f), the upper limit of the uniform region along
the axial direction decreases to 0.28z0 when γ = 2. When
γ = 3 and γ = 4, the height of this uniform cylindrical
region decreases to 0.17z0 and 0.11z0, respectively, while
the corresponding width of this uniform region increases
to 0.65R0 and 0.71R0, respectively. For the 25-mm-radius
example case with γ = 4, the height of this cylindrical
region is 0.11z0 = 45.8 mm, while the radius becomes
17.75 mm; the uniform 3D region is still quite large. A
wider but shorter cylindrical region is more suitable for
biomedical experiments using a cell dish since the dish
height is rather short. Calculated results for cases of γ from
1 to 5 are listed in Table I. Specifically, for a 1-MHz ultra-
sound to uniformly sonicate on a cell dish with a radius
of 17.5 mm, we can make a Bγ source with a transducer
radius of R0 = 33 mm. The corresponding height of the uni-
form cylindrical region along the z axis is 229 mm, which
well satisfies most experimental requirements.

It is worth noting that the scalar diffraction theory is
appropriate when the wavelength is much smaller com-
pared to R0 [23]. Obviously, this criterion cannot be sat-
isfied at a very small R0 or very low frequencies. Larger
uniform regions could be obtained using this Bγ ampli-
tude distribution design only with a larger R0 or higher
frequencies.
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TABLE I. Calculated height and radius of the uniform cylindrical region for γ from 1 to 5 for a 25 mm-radius Bγ acoustic source at
the frequency of 1 MHz.

γ = 1.0 γ = 2.0 γ = 3.0 γ = 4.0 γ = 5.0

Height of uniform region 0.60z0 0.28z0 0.17z0 0.11z0 0.09z0
Radius of uniform region 0.26R0 0.52R0 0.65R0 0.71R0 0.76R0

The above results demonstrate that this innovative Bγ -
type source design could eliminate the severe near-field
variations to create a sizable 3D cylindrical region with
uniform ultrasound amplitude, making it possible for
experimental objects, such as cells in an incubation dish
or chemicals in a beaker to expose a similar level of
ultrasound to guarantee the consistency of experimental
results.

III. STEPPED DESIGN FOR PRACTICAL
IMPLEMENTATION

When an annular array transducer is employed for
beamforming, smoothly and continuously varying the
amplitude on the radiating surface of a transducer requires
an infinite number of elements, which is impractical.
Instead, stepped amplitude modulation with a finite num-
ber of elements can be easily realized. We investigate
the performance degradation induced by this compromise.
For the case of γ = 2, we assume that the outer radius
of the 1-MHz annular transducer is 25 mm, containing a
certain number of equal-area annular elements (for exam-
ple, N = 10 and 15). The output amplitude changes from
element to element according to the γ -power Bessel func-
tion. The step function amplitude distribution is shown in
Fig. 3(a) and the corresponding beam profiles for N = 10
and 15 are shown in Figs. 3(b) and 3(d), respectively. To
intuitively see the useful region in both cases, a smaller
region (0–0.5z0, 0–0.6R0) was enlarged and redrawn in
Figs. 3(c) and 3(e). We can see that N = 10 is not enough
because the near-field amplitude shows strong variations
in the region of z < 0.05z0, while N = 15 is sufficient to
eliminate most of the variations in the very near field. Of
course, larger N will be better for approaching the continu-
ous function to completely eliminate the drastic amplitude
variation in the near-field, but it will increase the difficulty
in the annular array transducer fabrication. Based on our
calculations, there is practically no difference between the
continuous and step function distributions when N = 20.

As an example, we calculated a 1-MHz circular source
of 25-mm radius to quantitatively show the effective 3D
region of uniform amplitude. When we use 15 annular ele-
ments of equal area, the uniform cylindrical region near
the acoustic source will be 100 mm in height with a radius
of about 13 mm. The near-field variation is practically
smoothed out inside this region.

In general, using the design principle given here, one
could easily create a desired 3D near-field region with

uniform pressure amplitude by controlling the radius of
the transducer and the value of γ . In addition, as shown
in Fig. 3(a), for an equal radiating surface, the width of the

N = 10

N = 15

N = 10

N = 15

(a)

(b) (c)

(d) (e)

FIG. 3. (a) Stepped-amplitude modulation of two partition
numbers (dashed line, N = 10; dotted line, N = 15). Spatial dis-
tribution of pressure amplitude in the axial plane at a partition
number of 10 (b) and 15 (d). Their linear coordinates forming a
smaller space (0–0.5z0, 0–0.6R0) were redrawn in (c) N = 10,
and (e) N = 15; green maps indicate the uniform region. The
pressure amplitude has been divided by the source amplitude at
ρ = 0.
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annular element decreases monotonically from the center
to the edge. For example, in the presented case above, the
geometric aspect ratio in the center element is approximate
0.1, while the outmost one is more than 1. Their electrome-
chanical coupling factor changes from kt (plate mode)
toward k33 (bar mode) [24]. This change of electrome-
chanical coupling factor from element to element causes
great difficulties in practical control of the surface vibra-
tion amplitude, and there is a transverse mode coupling
for the kt mode, making things even worse. To overcome
this problem, we employ 1–3-type piezoelectric compos-
ite to make the transducer [25], which makes all elements
vibrate in the k33 mode when the lateral dimension of the
ceramic rods is sufficiently small. We also found that using
1–3 composite could further reduce the number of ele-
ments needed to effectively approximate the continuous
Bγ amplitude distribution, owing to the coupling between
ceramic rods.

IV. EXPERIMENTAL VALIDATION

The new transducer design can be realized using annu-
lar elements without phase modulation, so that only one
channel electronic source is needed. The manipulation of
surface vibration amplitude can be achieved by connect-
ing different resistors to those parallel-connected annular
elements.

To overcome the issue of the aspect-ratio-dependent
electromechanical coupling factor, we employ 1–3-type
piezoelectric composite elements to produce the Bγ beams.
A 25-mm-diameter 1–3 composite plate was made of lead

zirconate titanate ceramic (PZT-4) rods and epoxy resin.
The thickness of the 1–3 composite plate at 1 MHz is
1.574 mm, while its pitch (PZT rods) and kerf (epoxy filler)
widths are 0.3 and 0.15 mm, respectively. We utilize laser
ablation to cut one side of the electrode on the plate surface
into ten equal-area concentric rings based on our simula-
tion results. A structural illustration of the composite plate
is shown in Fig. 4(a), and the insert is a magnified portion
of the real composite plate. The applied voltage on each
subelectrode is modulated by the resistor connected to each
element in series. All annular elements are connected to the
same power source in parallel.

The profiles of the produced B2 and B3 beams are
measured in degassed water using a needle hydrophone
that is attached to a 3D precise positioning system. In
addition, the finite-element software COMSOL is employed
to simulate the pressure field and electrical impedance
curves. As shown in Fig. 4(b), both simulated and mea-
sured composite plates resonate at 1 MHz; the slight
disparity is caused by the missing mechanical loss in the
simulation.

The simulated surface vibration amplitude distribution
of the transducer is shown in Fig. 4(c). In the central region
of the plate, the vibration amplitude is about 85 nm/V.
The distribution of the vibration amplitude well matches
the shape of B2 and B3 functions with the same radius
[the dark dotted lines in Fig. 4(c)]. The fluctuating feature
of the amplitude distribution originates from the acous-
tic impedance mismatch between the ceramic and epoxy
phase. On the other hand, this acoustic mismatch helps
localize the vibration energy of each element and inhibits

1 mm1 mm

(a)

(c) (d)

(b)

k

FIG. 4. (a) Illustration of 1–3 compos-
ite plate annular array transducer design
(not in real scale) which was used to
generate B2 and B3 beams (the insert
is optical microscope image of the real
composite). (b) Simulated (solid line,
amplitude; dashed line, phase) and mea-
sured (circle, amplitude; square, phase)
electrical impedance of the composite
plate. (c) Simulated vibration amplitude
on the plate surface. (d) Simulated near-
field pressure distributions of B2 and B3
beams.

034056-5



ZHOU, ZHANG, and CAO PHYS. REV. APPLIED 12, 034056 (2019)

the interference of the transverse mode so that the field
becomes quite uniform when the element number N = 10.

The simulated near-field pressure distributions of B2 and
B3 transducers presented in Fig. 4(d) are in agreement with
the integration results shown in Fig. 2. Different from the
results shown in Fig. (3), no severe variations are observed
in the region of z < 0.05z0, although the driving signal
applied on the composite plate only consists of 10 stepped
amplitudes (N = 10). This shows the advantage of using
1–3 composite material to make the Bγ transducer. The
cross talk between nearby pitches smoothes the vibration
energy over the plate, which eliminates the stepped change
of amplitude distribution. As a result, N = 10 was adequate
for this validation experiment when the 1–3 composite was
employed.

As shown in Figs. 5(a) and 5(b), for B2 and B3
beams, the measured pressure produced by our transducer
along the beam axis is almost constant in the region of
0 < z < 80 mm. The measured B2 beam has a uniform
length of 0.277z0 (115 mm), while the measured B3 beam
has a uniform length of 0.264z0 (110 mm). Both of them

z/z0 = 0.05

z/z0 = 0.1

z/z0 = 0.25

z/z0 = 0.5

z/z0 = 0.05

z/z0 = 0.1

z/z0 = 0.25

z/z0 = 0.5

(a)

(b)

FIG. 5. Near-field feature of B2 and B3 beams measured by a
needle hydrophone. (a) Amplitude distribution along the central
axis. (b) Lateral amplitude distribution at z/z0 = 0.05, 0.1, 0.25
and 0.5.

are in agreement with the simulated data represented in
Figs. 4(d) and 4(e). The lateral features of B2 and B3
beams (at z/z0 = 0.05, 0.1, 0.25, and 0.5) are shown in
Fig. 5(c). The measured beam shapes are also consistent
with simulated data in the near-field region.

V. SUMMARY AND CONCLUSIONS

In conclusion, we present an innovative design for an
ultrasonic transducer with a surface vibration amplitude
distribution that follows the γ -power zeroth-order Bessel
function given by Eq. (3), which can smooth out the severe
spatial variation of the near field to produce a cylindrical
3D region with uniform amplitude. When the transducer
aperture is fixed, the radius of this uniform region can be
enlarged by increasing the exponent γ in Eq. (3) at the
expense of shortening the height of the uniform region
along the axial direction. It is important for the transducer
aperture to satisfy the relationship of kR0 > 30 in order
for the design to work. In other words, a lower frequency
needs a larger-radius transducer. We also provide a practi-
cal way to realize this design using annular array elements
made of 1–3 piezoelectric composite material with only a
one-channel electric driving power source. The amplitude
of each element can be controlled by connecting different
resistors to each element under the same applied electric
voltage. The B2 and B3 transducers that we make utiliz-
ing 1–3-type piezoelectric composite plates validate our
design. The simulated results and measured data for the
1–3 composite transducers are in very good agreement,
providing a solid support for the idea.

The current invention can help resolve the inconsistency
issue that has been troubling researchers in many biomed-
ical and chemical experiments that require a relatively
uniform sonication region with a sizable volume. The
idea may also be used in other fields involving coherent
wave propagation, such as optical holography, holographic
transmission electron microscopy, optical interferometry,
etc., in which a sizable 3D uniform irradiation region is
needed.
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