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We study theoretically how loss impacts the amplification and squeezing performance of a generic quan-
tum traveling-wave parametric amplifier. Unlike previous studies, we analyze how having different levels
of loss at signal and idler frequencies can dramatically alter properties compared to the case of frequency-
independent loss. We find that loss asymmetries increase the amplifier’s added noise in comparison to the
symmetric loss case. More surprisingly, even small levels of loss asymmetry can completely destroy any
quantum squeezing of symmetric collective-output quadratures, while nonetheless leaving the output state

strongly entangled.
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I. INTRODUCTION

High-fidelity qubit readout is a crucial ingredient to any
viable quantum computing technology. Superconducting
qubits operated in circuit QED architectures are among
the most promising platforms for quantum computing.
Here, readout is typically performed through heterodyne
or homodyne detection of the output signal from a cavity
dispersively coupled to a qubit [1]. High readout fidelity
requires the use of quantum-limited amplifiers [2,3] at the
cavity output. The recently developed Josephson traveling-
wave parametric amplifier (TWPA), a nondegenerate para-
metric amplifier built from a chain of Josephson junctions,
offers this capability across a broad bandwidth of several
GHz [4-6], and will likely be a centerpiece of future circuit
QED experiments of increasing size [7,8].

While TWPASs have proven to be excellent signal ampli-
fiers, their utility is not limited to amplification. Even with
only vacuum input, the output of an ideal TWPA exhibits
broadband two-mode squeezing and entanglement, and can
be viewed as a source of two-mode squeezed vacuum
states (TMSS). Such states have a myriad of possible appli-
cations [9—11]. The collective symmetric quadratures of a
TMSS are squeezed below vacuum, which directly enables
enhanced readout protocols [12,13]. Further, the signal-
idler entanglement generated at the output could be used
to entangle remote qubits [14—16], and opens up the possi-
bility for many continuous variable protocols [9], such as
quantum teleportation [17].

All of the above applications require high-quality output
states, implying that it is necessary to carefully model and
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understand how loss mechanisms in a TWPA degrade its
output; experiments suggest such losses are non-negligible
[5]. Previous theoretical studies of loss in TWPAs have
either treated the loss as occurring only at the end of the
device by introducing a fictitious beam splitter [16], or
have considered distributed loss throughout the device, but
only for a degenerate amplification regime (where signal
and idler are at the same frequency) [18]. Furthermore,
these previous treatments consider the case where signal
and idler modes of the TWPA have equal (or symmetric)
loss rates.

In this work, we extend the methodology of Refs. [16]
and [18] to the more general situation of unequal (or
asymmetric) signal and idler loss, in both the beam split-
ter and distributed models of loss (see Fig. 1). Although
we are motivated by recent work on Josephson TWPAs,
our models and results are general, and thus also apply
to more general TWPAs such as those of Refs. [19-22].
Our key results concern the use of TWPAs as squeezing
sources. We find that asymmetric loss is detrimental to col-
lective quadrature squeezing: asymmetry feeds amplified
noise into the squeezed quadrature, thus quickly suppress-
ing squeezing. This also has implications for applications
to continuous variable teleportation [23,24], as well as
schemes for enhanced qubit readout [12,13]. We also draw
analogy to a cavity-based nondegenerate parametric ampli-
fier (NDPA) source of two-mode squeezing, showing that
a similar susceptibility to asymmetry of the internal loss
exists for such devices.

We further show how the output states of such models
can be understood as thermal two-mode squeezed states.
This allows us to quantify the states’ entanglement and
purity in simple terms. With this description, we find
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FIG. 1. Schematic figure of two loss models. (a) Beam-splitter

loss model: signal and idler modes are passed through beam
splitters with transmission coefficients ng and 7, respectively.
(b) Distributed loss model: signal and idler modes experience
different decay rates ks and «;, respectively, as they propagate
through the TWPA.

that these quantities are hardly degraded by asymmetric
loss. It is thus possible to have nonzero entanglement
while having no squeezing of symmetric collective quadra-
tures below the vacuum level (see Fig. 4). For applica-
tions where one requires the symmetric quadratures to be
squeezed, we propose a correction protocol to the lossy
output state, which allows one to regain squeezing below
zero point.

We also analyze the impact of asymmetric loss on the
amplification properties of a TWPA. By analyzing the
TWPA as a nondegenerate parametric amplifier with dis-
tributed loss, we find that asymmetry increases the level of
gain (compared to the case of symmetric loss). The amount
of noise added by the amplifier is also increased by loss
asymmetries; nonetheless, the TWPA still remains nearly
quantum limited.

This paper is organized as follows. In Sec. Il we outline
the generic model of a TWPA, and in Sec. III introduce an
ideal way to describe the output of an imperfect TWPA as
a thermal two-mode squeezed state. In Sec. IV we consider
the effective beam-splitter model of a lossy TWPA, includ-
ing the effects of asymmetry; we do the same using the
distributed model of loss in Sec. V. We quantify the effect
of symmetric and asymmetric distributed loss on the output
squeezing and gain of the TWPA, thereby characterizing
its use as both a squeezing source and an amplifier. Further,
we explore the interplay between phase mismatch [4] and
asymmetric distributed loss, and compare to a cavity-based
NDPA. Our conclusions are finally presented in Sec. VI.

II. MODEL OF AN IDEAL TWPA

As is standard [18], we model a generic TWPA
as a nonlinear one-dimensional transmission line or

waveguide. The basic amplification process involves driv-
ing the system with a large coherent pump tone (frequency
wp, wavevector kp > 0), which is then scattered by the
nonlinearity into photons at signal and idler frequencies.
For a four-wave mixing nonlinearity (as is relevant to
setups employing Josephson junctions), two pump photons
are converted to a pair of signal and idler photons. We con-
sider signal photons with frequency ws € (ws — D, ws +
D), where D is the maximum bandwidth of interest. Energy
conservation then determines the relevant range of idler
photons via w; = 2wp — ws. We focus exclusively on non-
degenerate modes of operation, where signal and idler
frequencies do not overlap; we thus take wg — D > @p.
Given this condition, we can treat signal and idler photons
(in the bandwidth of interest) as propagating in effectively
independent one-dimensional bosonic channels. We take
these fields to have infinite extent, with a nonzero inter-
action only between positions x = 0 and x = L. Further,
only right-moving signal and idler fields are phase matched
to the pump, hence we do not consider left-moving fields
(which are decoupled from the dynamics).

To write the system Hamiltonian, we work in a rotat-
ing frame at frequency ws (w; = 2wp — ws) for the sig-
nal (idler) channel. Treating the nonlinear interaction at
a mean-field level and setting i = 1, the basic TWPA
Hamiltonian is

H = / dx{&jé(x) (—ivsdy) as(x) + &) (¥) (—ivydy) ar (x)

+ % [V(x)ag(x)&}“(x) - H.c.] } (1

Here, v, denotes the group velocity of channel n =
S, P, I, and the lowering operator for channel 7 is b,/ (x) =
e* g, (x), where k, = @,/v,. The operators &, (x) describe
the spatial envelope of the signal and idler fields, and are
[@0),3,0)] = 8 = )8

Finally, the parametric interaction, with units of a rate, is

canonical bosonic fields:

V(x) = A, e BT —o(x — L)],  (2)

where A, (x) = Aype*P*  for three-wave mixing and
Ap(x) = A|Pp|*e™P* for four-wave mixing, and 6 (x) is the
Heaviside function. Here vp is the classical pump ampli-
tude, A is the bare three- or four-wave mixing interaction
strength, and the exponential factor accounts for a lack of
phase matching. We start by assuming all group velocities
are the same, implying perfect phase matching; v(x) can
then be taken to be real and positive without any loss of
generality.

Working in the Heisenberg picture, the output of our
amplifier is described by the operators ag/(L,), and
the input by as;;(0,¢). For the ideal TWPA described
by Eq. (1), one can easily solve the Heisenberg equa-
tions of motion for the system. By relating output fields
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to input fields in the frequency domain, one finds the
basic scattering relations that characterize the system as a
nondegenerate (phase-preserving) amplifier:

as[L, @] = €”"\/Gigearis[0, @]
+ O Gren — 14110, ], 3)

where we have taken the Fourier transform of our fields,
and defined the power gain as

Gigeal = cosh?(Lv/v) = cosh?(r), 4)

with » denoting the frequency-independent squeezing
parameter for our model. Note that in a more realistic
model, » is frequency dependent due to, e.g., dispersion
effects that cause a lack of phase matching.

In the case where the input fields are just vacuum noise,
the output of the ideal TWPA is characterized by the
correlation functions

<a§ L wlaslL, w’]> — 27 sinh®(MDS[w + @], (5)

(as[L, w]a[L, ®']) = 7 sinh(2r)8[w + ']. (6)

Note that the frequency-conserving & functions imply that
there are no L-dependent phase factors above. These corre-
lators imply we have perfect two-mode squeezing at each
frequency.

Introducing Hermitian quadrature operators via
asyi (L, ) = [Xs(L,t) + iPs); (L, H]/+/2, we define the
symmetric collective quadratures

Xs(L, 1) £ X1 (L, 1)
\/z b

Xe(L,0) =

()

with a similar definition for Isi (L,t). The noise spectral
density of a generic quadrature is defined as

Selw] = %/_w dt e"wf<{)?(r),)?(0)}>. )

o0

One finds that with the choice of interaction phase in
Eq. (1),1.e., v(x) taken to be real, the ideal TWPA squeezes
fluctuations in both the X_ and P, quadratures. The noise
spectral density of these squeezed quadratures are

. : 1
i) = Spl[w] = e 9)

For any r > 0 we obtain squeezing below zero point
(Sx_[w] =1/2).

III. THERMAL TWO-MODE SQUEEZED-STATE
PARAMETERIZATION OF A LOSSY TWPA

The main goal of this paper is to characterize the output
state of an imperfect TWPA. Losses degrade the perfect
two-mode squeezing of the signal and idler generated at
each frequency by an ideal TWPA. Generically, the state at
each frequency is now a thermal two-mode squeezed state
(THTMSS). Such a state has the form

primmss = S2(R) [p(s) ® pap | SI®),  (10)

where 32 (R) = exp [R (fisl}] - Hc)] is the two-mode

squeezing operator for bosonic modes By /1 with squeezing
parameter R, and ﬁ}h(ﬁi) describes a single-mode thermal
state with average photon number #;. An imperfect TMSS
can be fully described by these three parameters: #ng, 1,
and R. In general R can be complex, however, we can
always work in a gauge where R is real.

A general THTMSS has the following nonzero correla-
tors:

<B}“B,»> — i + (s + 7y + Dsin®(R),  (11)
C o Asdiy 41
(BSB,> — % sinh(2R), (12)

where i = §,/. Note that ng — n; determines the asym-
metry of the state (e.g., how different is the state if we
exchange the S and / modes). The anomalous entan-
glement properties of asymmetric THTMSS have been
discussed in Ref. [25].

Important properties of the state have a simple expres-
sion in terms of the THTMSS description. The purity w of
the state is independent of R and is given by

R 1
pn=Tr (/OTHTMss)2 = (13)

(14 2a5)(1 +27)

The entanglement of the modes S and [ in this state can be
characterized by the logarithmic negativity [9], and takes
the form [26]

Ey=—1In [nR — \/nfg — (14 2n5)(1 + 2711)] , (14)

where
ng = (ns + iy + 1) cosh(2R). (15)
Introducing  Hermitian ~ quadrature  operators  via

B = ()A(S/] + iﬁg/l) / V2, we define symmetric collective
quadratures X. = (X £+ X;)/+/2. A crucial quantity is the
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variance of the squeezed symmetric collective quadra-
ture X_,

n N 1 _ -
Sy = (X — (X)? =5 [+ + e 2k,

(16)
In general, an asymmetric THTMSS (ng # 1) can be both
entangled and have symmetric collective quadrature vari-
ances above the vacuum level. We show an example of this
in Fig. 2, which plots both the entanglement and symmet-
ric quadrature variance of a THTMSS as a function of #;,
for constant 7y = 0 and R = 1.2. As can be seen, the vari-
ance grows far above vacuum level as 7; increases, while
the entanglement saturates at a finite value.

Squeezing of the symmetric collective quadrature only
goes hand in hand with entanglement in the case of a
symmetric THTMSS. For an asymmetric THTMSS, the
entanglement is associated with squeezing of an asymmet-
ric collective quadrature, see Sec. [V B 3, and violation of
generalized Duan and Tan inequalities [9,27]. Such asym-
metric states play a key role in our results, as they describe
the output of a TWPA with asymmetric loss.

Finally, note that the multimode output of the TWPA
(even with loss) can be understood as a product of
THTMSS states. For each frequency w of interest, we can
introduce frequency-resolved temporal modes, defined as

52
Bg‘/‘} = lim 7 / do' a§j[+o + o], (17)

§—0 5/2

where the + (—) sign is for the signal (idler) mode. These
modes have center frequency +w, a vanishing bandwidth
3, and satisfy {fS’ [w], éT [w]} = §; ;. For each frequency w,
the pair of modes BOut 1[w] is a THTMSS state of the form
in Eq. (10), and thus can be completely parameterized by
ns, iy, R.

1.2

0.8}«
0.6
0.4 —
0.2 --Ex

--- Vacuum noise

0 4 8 12 16 20
ny

FIG. 2. Symmetric collective quadrature variance (solid red
line) and logarithmic negativity (dashed blue line), as a func-
tion of 7; for an asymmetric THTMSS with ng = 0 and R = 1.2.
The quadrature variance grows beyond vacuum level (dot-dashed
black line), indicating amplified noise, even as the entanglement
remains finite.

IV. LUMPED-ELEMENT LOSS

We begin our treatment of loss in a TWPA by consid-
ering the simplest possible model of loss, the so-called
“lumped-element model.” Here, we model the final output
of'alossy TWPA by applying an independent beam-splitter
transformation to each output (S, /) of an ideal TWPA,
see Fig. 1(a). The nonunity transmission of the beam split-
ters corresponds to loss. This model is described by the
transformation

Vnslwlas[L, o] + V1 — nslwléslw],  (18)

agut[a)] =

Vnilwla[L, o] + /1 = nilwllw]l,  (19)

where ag//[L, ] are the modes leaving the amplification
region of the ideal TWPA, ng/;[w] are the transmission
rates of the signal and idler through the beam splitters,
and ég//[w] are the noise modes coming from the other
input ports of the beam splitters. We take this noise to
be simple §-correlated vacuum noise (we consider thermal
occupation of these noise modes in Appendix E). Using
Eqgs. (18) and (19), we find the output-field variances that
characterize the output of the lossy TWPA:

([agut

(@ 1-eT]' " 1—]) = 2nn -] sinh* (5[0 + ',

Aout[ ]

]] AOut[a)]> — 27[”5[0}] Slnhz(r)a[(,!) +w ]a (20)

(21)
<&§“t[w]&}’“t[w/]) = w+/ns[w]n[e']sinh(2r)é[w + o'].
(22)

Recall that the signal and idler channels correspond to
different frequency intervals of the single nonlinear trans-
mission line that makes up the TWPA. In the original lab
frame, ns[w] describes loss at frequency ws + w, whereas
n[w] describes loss at frequency w; + @ = 2wp — ws +
w. It is thus entirely possible that these channels experi-
ence different levels of loss. The simplest way to model
this is to allow the transmissions ng[w] and n;[w] to differ
from one another. While the effects of symmetric lumped-
element loss, ng = n;, have been studied previously in Ref.
[16], asymmetric loss effects have not.

To quantify the effects of loss asymmetry on the two-
mode squeezing between as[w] and a;[—w], we use the
following parameterization:

nslw] =1—-€(+94), ml[-w]=1-€l—-23). (23)
Here € describes the average loss and § is the relative
asymmetry; we suppress the explicit w dependence of €, §.
Without loss of generality we take § > 0, implying that
the signal mode has higher loss than the idler mode. As
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discussed in detail below, we find that asymmetry in the
loss (i.e., nonzero &) starts to play a significant role when
the average amount of loss is large enough to disrupt
the squeezing of an ideal TWPA. This corresponds to the
condition € > e~ [cf. Eq. (9)].

A. Thermal two-mode squeezed states

As discussed in Sec. 111, for each frequency w, the out-
put of the lossy TWPA can be mapped onto a thermal
TMSS using Egs. (17) and Egs. (11), (12). We use this
parameterization to discuss the effect of loss.

1. Weak average loss

Consider first the limit of weak average loss, € < 1 and
a large intrinsic squeeze parameter ». Useful expressions
are obtained by taking the large- and small-€ limit while
keeping ée?” finite and small. This amounts to an expan-
sion in €e?". For purely symmetric loss, €e*” < 1 implies
the amount of vacuum noise added from the loss channels
to the output is small enough to not appreciably change the
squeezing in the output.

Following this procedure, and expanding the solution
to Egs. (11) and (12) in terms of the small parameter €,
the effective thermal occupancies ng,; are given to second
order in € by

is)r A~ ! (ee”) (1 £8) — % (€)1 — 8% + 0@,

4
(24)

where +/— corresponds to S//. Similarly, the effective
squeezing parameter is given by

M ~ _ l = 2r i — 2 2 _ 2 3
cosh (V) ~ 1 4 (Ee ) + 32 (Ee ) (5 28 ) + O(E )
(25)

Thus, in this regime the effect of loss asymmetry is mini-
mal: it only changes the coefficients in the expansions for
each parameter, and is not exponentially enhanced (com-
pared to the symmetric loss case). As we now show, this is
not true for larger levels of loss.

2. Larger average loss, weak asymmetry

For larger values of average loss, we consider the large-
r limit where € is no longer arbitrarily small. In this case,
€e* is no longer a small parameter and we therefore cannot
expand with respect to it. Insight is instead obtained by first
assuming a weak asymmetry (6 < 1) and expanding in §.
We again consider the case of large intrinsic squeezing, and
take the asymptotic large-» form of each coefficient in our

expansion while keeping € fixed. Doing this, the effective

thermal numbers are given by

(1 —¢)¢ y e2r_8
n N —m¢ —€
i 2 4

1

3r-242 3
+ 16\/@8 €75+ O(8). (26)

We now see that asymmetry has a dramatic effect: for § =
0 the thermal numbers scale as ¢", whereas with asymmetry
(i.e., 8 # 0), there is a much stronger heating scaling as ¢*".

For the effective squeezing parameter in the same weak-
3, large-r regime, we find

cosh(R) J1—€
cosh(r) [1+( - g)gezr]‘/“

5282€4r

) {1 T T6[1+ (1 — dée”]

+ 0(33)}. (27)

Again, we see that the loss-induced suppression of R is
more pronounced in the asymmetric loss case.

The above analysis suggests the existence of a kind of
crossover: for weak average loss € < e~ %", loss asymmetry
has a minor effect on our output state, whereas for larger €
it has a pronounced effect. This behavior is highlighted in
Fig. 3, where we compare the exact behavior of 75/, and R
as a function of average loss, with and without asymmetry;
the crossover scale € ~ e~ beyond which asymmetry is
important is clearly seen.

(a) (b)
25 3
~ 10
I
+ 1 2
[95)
IS 01
1.4
0.001 0.01 0.1 0.001 0.01 0.1
€ €
FIG. 3. Properties of the TWPA output state as a function

of average loss for the effective beam-splitter model (cf. Sec.
IV). Using the THTMSS description, we plot (a) the sum of
the average effective thermal photon populations (s + 72;) and
(b) the effective squeezing parameter R for symmetric (black-
solid curve) and fully asymmetric (red-dashed curve, asymmetry
parameter § = 1) loss, as functions of the average loss €. The
asymmetry parameter is defined in Eq. (23). The vertical dot-
ted lines are markers for the crossover point, € = e~2’; for larger
€ loss asymmetry has a strong impact. The ideal TWPA output
squeezing parameter is » = 3 for both figures, corresponding to a
gain of 20 dB in the loss-free case.
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B. Squeezing below vacuum
1. Symmetric loss
Recall that our choice of pump phase ensures that
without loss, the collective X_ and P, quadratures are
squeezed, cf. Eq. (7). For the symmetric loss case (ns =
n; = n), we find directly from Egs. (20) and (22) that

Sym 1 —2r
S;ﬁ[w]=§[1—n+ne ]. (28)

with a similar result for S;erm[w]. As might be expected,

with symmetric loss, we simply interpolate between the
perfect squeezed state at » = 1 and a vacuum state when
n = 0. Note that unless the loss level is 100%, there is
always some squeezing in the output in this symmetric loss
case.

2. Asymmetric loss

When the transmission rates for the signal and idler
modes are different, the noise spectral density of the minus
quadrature of the output field is

m 1 ns N
asyi _ 1
S”, [w] = 7 |:<1 > >

(/- ﬁ)z]- (29)

(J_+f)

In this expression, ng (n;) is evaluated at frequency +w
(—w). The first bracketed term of Eq. (29) describes the
vacuum noise added to the output field as a result of the
lossy transmission lines, and the second term describes
the usual squeezed noise (which is suppressed when
ns, N7 < 1). The third term, unique to asymmetric loss,
describes amplified noise o ¢ that is now mixed into
the minus quadrature due to the asymmetry in the beam
splitters’ transmission rates. This mixing in of amplified
noise is clearly detrimental to achieving squeezing below
zero point. In Fig. 4 we see that for larger levels of aver-
age loss, the squeezing for asymmetric loss is above zero
point, whereas for symmetric loss it is still below zero
point. Loss asymmetries can thus have a large impact on
the production of squeezing, and greatly affect schemes
that use the output of a TWPA as a squeezing source, such
as two-mode qubit readout [13] and continuous variable
teleportation [17,23,24].

In the context of using a two-mode squeezed state to per-
form quantum teleportation, Ref. [28] also considered the
effect of asymmetric beam-splitter loss. This work derived
a similar expression for Sj;ym[a)], and the results of this

paper are consistent with those of Ref. [28].

3. Squeezing of asymmetric collective quadratures

While the symmetric X_ collective quadrature rapidly
becomes unsqueezed with loss asymmetry, one might ask

whether there are other collective quadratures that remain
squeezed. It is easy to verify that any symmetric collec-
tive quadrature of the form V2X Xsym _XS + ¢ X; have
a contribution from amplified noise (o €*) in its noise
spectral density when there is loss asymmetry; hence,
loss asymmetry prevents any such quadrature from being
squeezed.

That being said, one can define asymmetric collective
quadratures (i.e., S and / modes weighted unequally) that
exhibits squeezing even with asymmetric loss. We define

XM = cos X" — sin 60X, (30)
PY™ = cos 0P 4 sin O PO™, (31)

By taking the parameter tan 6 = \/ns/n,, one finds

1 2nsn 2
Sgomo] = 3 [1 Rl Ul )}, (32)

with a similar result for S,sisym; again, in this expression

ns (n) are evaluated at frequency +w (—w). We thus see
that these quadratures are squeezed below vacuum when-
ever r > 0, irrespective of loss asymmetries. Note crucially
that the definition of this quadrature depends sensitively
on the amount of loss asymmetry; further for 0 # 7 /4,
the squeezed collective quadratures xeem PaIsym do not
commute with one another.

The utility of having such noncommuting, asymmet-
ric quadratures squeezed is mixed. They do imply the

10— Asym. Loss
—— Sym. Loss
J— Corr. Loss

0 0.1 0.2
€

FIG. 4. Output squeezing of the output state of a TWPA, for the
beam-splitter model (cf. Sec. IV), as a function of average loss
€. The squeezing parameter r = 2.65, corresponding to a gain
of approximately 17 dB. For a fully asymmetric situation where
only the signal mode is lossy [i.e., § = 1 in Eq. (23), red curve],
loss can destroy any squeezing below the vacuum level. In con-
trast, if the loss is symmetric, one always has squeezing below
vacuum (black curve). Even with fully asymmetric loss, one can
use our proposed correction scheme (cf. Sec. IV D) to regain
squeezing below zero point (blue curve). Note that while asym-
metric loss can kill vacuum squeezing, signal-idler entanglement
always remains nonzero (see Fig. 5).
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....... Asym. Loss
—— Sym. Loss

FIG. 5. Logarithmic negativity of the output state of a TWPA,
for the beam-splitter model (cf. Sec. IV), as a function of aver-
age loss €. The squeezing parameter » = 2.65, corresponding to
a gain of approximately 17 dB. For asymmetric loss (red curve),
we consider the maximally asymmetric case where all loss is in
the signal mode [i.e., § = 1 in Eq. (23)]. Logarithmic negativity
is much less sensitive to asymmetry (cf. Sec. IV C). Even with
asymmetry we retain nonzero logarithmic negativity.

presence of entanglement, as they allow violation of gener-
alized versions of the well-known Duan and Tan inequal-
ities [9,27]. As we see in Sec. IV C, this implies that
loss asymmetry does not prevent using the TWPA output
state to entangle other systems. However, there are other
applications that crucially require two commuting joint
quadratures to be squeezed, e.g., the enhanced dispersive
measurement scheme described in Ref. [13].

C. Purity and logarithmic negativity

We now study how loss (modeled using the lumped-
element approach) impacts the purity and entanglement (as
measured by the logarithmic negativity [9]) of the TWPA
output state at a given frequency.

1. Symmetric loss

Without any loss asymmetry [i.e., § = 0in Eq. (23)], the
log negativity is given by

Ey=—In[e™” + (1 — e ™)é]. (33)

This saturates to Ey = In[1/€] > 0 in the large r limit. The
logarithmic negativity mimics the behavior of the sym-
metric squeezed quadrature [see Eq. (28)]: it decreases
monotonically from 27 to 0 as the loss € increases.

In contrast, the purity of the state for symmetric losses
is given by

1
~ 1+ 2(1 — &)é[cosh2r) — 1]’

M (34)

For any nonzero loss €, the purity decays exponentially as
e~ in the large-r limit. Thus, for large intrinsic squeez-
ing », even a small amount of loss leads to a highly

impure output state that nonetheless possesses a potentially
large logarithmic negativity. The utility of such a state
in potential applications is thus at first glance somewhat
suspect.

To test the utility of such an entangled thermal two-
mode squeezed state, we consider the remote entanglement
protocol of Ref. [14]. Here, the signal and idler of a TMSS
are each sent to a separate qubit, with the goal of sta-
bilizing a two-qubit entangled state (see Appendix A for
further details). In the ideal (zero-loss) case, when the sig-
nal (idler) qubit is resonant with the signal (idler) mode,
the steady state of the two-qubit system is a pure entangled
state, and reaches a maximally entangled Bell state in the
large gain limit [14].

The situation changes when there is loss, and the out-
put state from the TWPA becomes a THTMSS. Consider
first the case where the loss is identical for signal and idler
modes, and completely frequency independent. As shown
in Ref. [16], the qubit entanglement (quantified by the con-
currence [29]) has a distinct maximum as a function of
ideal squeezing parameter r (see Fig. 6), which is at odds
with the fact that the logarithmic negativity of a THTMSS
increases monotonically with . We show here that this can
be simply understood as being a result of the decreasing
purity of the THTMSS with increasing 7.

(a)

Signal

0 2

4 6 8 10 12
Gideal(dB)

FIG. 6. Signal and idler modes at the output of a TWPA
are each sent to separate qubits, resulting in the entanglement
of qubits. (a) Schematic figure of protocol. (b) Concurrence
[C(pss)] of the two-qubit steady state of Eq. (A1), along with the
purity (1), and logarithmic negativity (Ey) of the qubits’ thermal
TMSS environment, all as functions of . The logarithmic nega-
tivity is normalized such that its maximum value is 1, i.e., the plot
shows Ey = Ey JEN®. While Ey saturates at a nonzero value, the
qubit concurrence has a distinct maximum, eventually dropping
to zero as the purity of the thermal TMSS decays. € = 0.05 and
8 = 0 for these curves.
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An example of this is shown in Fig. 6, where we plot the
qubit concurrence in the steady state, C(pss), as a func-
tion of the intrinsic gain Gijge, = cosh? 7 of the TWPA.
We also plot the corresponding THTMSS purity and log-
arithmic negativity (normalized so that its maximum is
1). The qubit concurrence is calculated by solving for the
steady state of the master equation given in Appendix A.
As can be seen, for increasing r the qubit entanglement ini-
tially grows as the THTMSS entanglement; however, very
quickly the THTMSS becomes too impure, and the qubit
entanglement rapidly decays.

This qubit-based example highlights the fact that the
logarithmic negativity alone is not enough to quantify the
usefulness of the entanglement found in a THTMSS, and
therefore from the output of a lossy TWPA. The purity of
the state also plays a crucial role.

2. Asymmetric loss

Extending to the asymmetric case, § # 0, we use the
small € expansion for the three THTMSS parameters
derived in Sec. III to calculate asymptotic forms of the log-
arithmic negativity and purity. To second order in € this
gives a logarithmic negativity

Ey ~ —In[e™ + (1 — e ?)é + tanh()&*s*].  (35)
While introducing asymmetry further decreases the log-
arithmic negativity, in the large-r limit asymmetry adds
only a constant correction of order €2 to the expression,
and hence does not affect the THTMSS entanglement
significantly.

The purity, similarly to the logarithmic negativity, is also
only minimally affected by asymmetry. In the large-r limit,
the expansion takes the form

1 |: €8 ]2 iy
n = — — —— e .
1 4+ 2(1 — €)€[cosh(2r) — 1] 2(1 — €)e
(36)

As before, the asymmetric correction can be thought of as a
renormalization of the coefficient of the exponential decay
[since the first term also decays as exp(—2r) in the large-r
limit when € > 0].

As neither the logarithmic negativity or purity are
affected drastically by loss asymmetry it is likely that an
asymmetric version of the two-qubit entanglement pro-
tocol considered previously will also be only minimally
affected. The concurrence of the two-qubit steady state
is shown in Fig. 7 for various amounts of loss asymme-
try, and as can be seen, the fully asymmetric case is only
marginally worse than the symmetric case. Thus the asym-
metric state is almost as useful as the symmetric state for
generating two-qubit entanglement.

o
(o5}

o
o

Concurrence
o o
N SN

o

0 2 4 6 8 10 12
Gideal (AB)

FIG. 7. Concurrence [C(pss)] of the two-qubit steady state of
Eq. (A1), as a function of 7, for various values of loss asymme-
try §, with € = 0.05 for all three curves. While an asymmetric
THTMSS leads to lower qubit entanglement the difference is
minimal, and the asymmetric states perform almost equally as
well as the symmetric state in producing qubit entanglement.

D. Correcting for asymmetric loss

We now consider how to correct for asymmetric loss
such that we are able to achieve squeezing below vac-
uum of symmetric and commuting joint quadratures, while
ideally minimally affecting the purity and logarithmic neg-
ativity. The idea here is simple: to counteract asymmetric
loss, simply add extra loss to the less lossy channel (i.e.,
the mode with the larger transmission rate in its effective
beam splitter). Recall that without loss of generality we
take ng < n; [see Eq. (23)], implying the signal mode has
more loss than the idler. Our correction thus corresponds
to adding an additional beam splitter at the idler port with
transmission rate 77; < 1 (thus further attenuating the idler
output). Choosing 1; = ns/n; results in a noise spectral
density of the final output X_ quadrature given by

S9 =5 [1—ns +nse™], (37)

N | —

which for » > 0 is below zero point for any ng > 0.
Remarkably, by deliberately attenuating the output of the
lossy TWPA by a specific amount, we regain the possi-
bility of squeezing below zero point in a symmetric joint
quadrature, as shown in Fig. 4. Thus, the Tan and Duan
inequalities can now be violated while using symmetric,
commuting joint quadratures. Further, the purity and log-
arithmic negativity of the final output state are minimally
affected, taking the value of that for symmetric loss with
transmission rate ng. Overall, this deliberate introduction
of loss can increase the usefulness of the lumped-element-
model lossy TWPA output state in certain applications
that require two-mode squeezing of commuting joint
quadratures.
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V. DISTRIBUTED LOSS

In the beam-splitter model of loss, all losses occur at the
end of the amplification region. We now consider a more
realistic model of an imperfect TWPA, where loss occurs
continuously as photons propagate through the device, and
where there is imperfect phase matching between pump,
signal, and idler. We start again with the setup shown in
Fig. 1(b), as described by Eq. (1). We now allow both
signal and idler modes to decay, at independent rates, as
they interact parametrically in the region between x = 0 to
x=0L.

To implement this distributed loss, we follow the
approach used in Ref. [18] to model loss in a degener-
ate TWPA. We imagine connecting independent loss ports
at a set of regularly spaced points x; along the TWPA;
at each point, there is an independent loss channel for
signal and for idler photons. These loss ports both pro-
vide a means for photons to leave the TWPA, and also
inject additional vacuum noise into signal and idler modes
(we consider thermal occupation of these noise modes in
Appendix E); their effects are described by standard input-

output theory. We label the injected vacuum noise from

these ports as &(Sl;),ss) (x) (where x labels the noise injected at

position x). The coupling rate to the loss port at each point
is taken to be the same: «g for signal photons, «; for idler
photons. Finally, we consider the limit where the spacing
between the coupling points x; tends to zero, resulting in a
continuous loss per unit length [18].

In addition to this distributed loss, we also now include
the effects of imperfect phase matching between pump, sig-
nal, and idler modes. Such phase matching is known to
be important in realistic TWPAs constructed using Joseph-
son junctions (cf. Refs. [4] and [5]). In such a system,
the group velocity is the same for all modes (as they
correspond to the same transmission line), but a phase
mismatch can arise from nonlinearity-induced frequency
shifts. Imperfect phase matching is characterized by a
nonzero wavevector mismatch Ak = 2kp — kg — k;. For
nonzero mismatch, the effective parametric drive in the
Hamiltonian has a position-dependent phase, cf. Eq. (2),
which serves to disrupt amplification.

With both of these imperfections included, the
Heisenberg-Langevin  equations for our system
become

IANkY . A KS A
0; + voy + - as(x) =va;(x) — 3as(x)

+ Jesdl ™), (38)

iAk At n KI A%
0, + Vo, — - a; (x) = vag(x) — Eal x)

+ Vaa . (39)

Here v is the group velocity (taken to be the same for sig-
nal and idler), v is the parametric interaction strength, and
ks, are the respective decay rates for the signal and idler
modes. These equations are valid fromx = 0tox = L.

Solving the equations of motion in frequency space (see
Appendix B), we are able to relate the modes at the end of
the amplification regions to those at the beginning, allow-
ing us to calculate the system’s scattering matrix and per-
formance as a nondegenerate parametric amplifier. Note
that within the approximations we use here, the gain and
output squeezing of the TWPA are completely independent
of frequency; see Appendix B for more details.

A. Gain
1. Effects of asymmetric loss

For the case of symmetric, distributed loss (i.e., kg =
kr), we find the gain is frequency independent and
given by

Goym = e LIV cosh? (Lv/v)
e(2v7;?)L/v
~ ya
which is equivalent to the result of Ref. [18] obtained for a
degenerate parametric amplifier. This result can be mapped
to the effective beam-splitter model of loss in Sec. IV, if we
take the beam-splitter transmission to be n = e </V.

For the case of asymmetric loss, a simple mapping to the
effective beam-splitter model is no longer possible. Letting
ks =k + €, k; = k — €, and considering the large length
limit, we find the gain with asymmetric loss to be

(40)

pQP—RIL/v € 12
Gagm~ ——[1- 5], (41)
where
€e\2
b= v+ (5) , (42)

plays the role of a renormalized interaction amplitude.
Comparing symmetric and asymmetric loss results, we see
that for fixed average loss i, introducing loss asymme-
try can increase the gain through its exponential depen-
dence on length (outweighing any reduction due to the
nonexponential prefactor).

While this might seem surprising, a similar effect occurs
in a simple cavity-based nondegenerate parametric ampli-
fier. Following the results of Ref. [3], the zero-frequency
gain for such a system is given by

0 +1 2 2v
VG = — - @3
0> -1 o VESKI ka1 — €2 “3)

where ks;; = k + € are the coupling rates of signal and
idler cavities input-output waveguide, and v is again the
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parametric interaction amplitude. Again, keeping « fixed
and increasing € increases the gain.

This setup is quite different from a TWPA with dis-
tributed loss, as here kg/; represent coupling rates to the
input-output ports rather than internal loss rates, and yet
a similar effect is observed for the gain in both situations.
In Appendix D we consider a cavity-based amplifier with
asymmetric internal loss, which is a closer comparison to
a TWPA with asymmetric distributed loss.

2. Phase mismatch

We now consider the effects of having imperfect phase
matching (Ak # 0) in addition to asymmetric, distributed
loss. For small asymmetry and in the large length limit, the
gain becomes

2
: (44)

€ +iAk

G ~ o—RL/v 2L0R(G) /v
2V

1 —

where the effective complex parametric interaction ampli-
tude is defined as

. 2
T)z\/vz—i—(é—'—zlAk) | 45)

Without asymmetry, and for large enough Ak, the effective
interaction amplitude v becomes purely complex and there
is no amplification (i.e., G remains smaller than 1) [4,16].
The above result suggests that the effective increase in the
parametric interaction amplitude brought on by loss asym-
metry can be used to partially offset the decrease in gain
due to phase mismatch.

B. Added noise

We also consider the added noise of our amplifier with
distributed loss and imperfect phase matching. Recall that
even in the ideal case, a nondegenerate parametric ampli-
fier must add half a quantum of noise to the input signal.
To calculate the added noise, denoted by S,4ded, We look at
the spectral density of the output signal mode, normalize
by the gain and subtract off the input singal contribution to
obtain

({asoul@'], a} gy [w]})
2Gasym
({asin[@'], a};, [])

- : . (46)

277 Saqgead[w + '] =

Including both asymmetric loss and phase mismatch, in the
large gain, small asymmetry, and small phase mismatch

10
1
| 10} s
% 10
10 i
10"} [ ——1oea e
0 10 20 30 40
Gideal (dB)

FIG. 8. Output squeezing of a TWPA for the distributed loss
model (cf. Sec. V). Curves are plotted as a function of the gain
of the ideal distributed model [see Eq. (4)], where the ideal
gain is increased by increasing the length L. We set v/v =1,
k/v=1/5,and € = k/2. As we increase gain, asymmetric loss
(red curve) goes above zero-point squeezing whereas symmetric
loss (blue curve) saturates to a value below zero-point squeezing.
The dashed black line represents zero-point squeezing and the
pink curve represents the output squeezing of an ideal TWPA.

limit we find that

(AK? — €?)

1
S ~ —
added + —4v(2v 0

2 2v—«k

[E +e+ :| , (47
independent of frequency. We see that loss increases the
added noise above the quantum-limited value of 1/2, and
that this extra noise is sensitive to the amount of asym-
metry. The first order in asymmetry term (o< €) reflects the
fact that i + € is the loss of the signal mode. The additional
terms (which involve both the amount of phase mismatch
and asymmetry ¢€) reflect the effective modification of the

parametric interaction amplitude due to imperfections, cf.
Eq. (45).

C. Phase-matched symmetric squeezing

Having analyzed how the gain and added noise are
affected by asymmetric loss, we now focus on the squeez-
ing. We begin by considering the symmetric case where
the signal and idler modes decay at the same rate (i.e.,
ks = k; = k) and the modes are phase matched (Ak = 0).
In this case, we find that the noise in the squeezed output
quadrature is given by

SY"w] = (ic +2ve 2LV/ve 7LIvy - (48)

2(k +2v)

Note there is no mixing in of amplified noise, and that
taking the large-length limit is always beneficial, as the
squeezing decreases monotonically with L, saturating at a
value k /[2(2v + k)] (cf. Fig. 8).

We find that for symmetric amounts of loss in sig-
nal and idler modes, the distributed loss model predicts
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a less severe degradation of squeezing than the lumped-
element model of Sec. IV. To see this, we first re-express
Eq. (48) as

n 1 ,
Sl =5 [ —me™ +ne ], @)
where
2v il
=————e K 50
T= e ’ (50)
eV = i (51)

K +2v (1 —eFL/v)’

and » = Lv/v. This expression is reminiscent of Eq. (28)
for the squeezing in the lumped-element model of loss.
It is in fact equivalent to a lumped-element loss model
where squeezed light (characterized by squeezing param-
eter 7 > 0) is injected into the dark port of the effective
beam splitter (rather than just vacuum noise). By varying
the transmission coefficient (via k), we are interpolat-
ing between two different levels of squeezing rather than
one level of squeezing and vacuum (no squeezing). Thus,
unlike the symmetric lumped-element model, the symmet-
ric distributed model always has squeezing below zero
point.

A heuristic understanding of this effect comes from
our model of symmetric distributed loss, where we con-
sider vacuum noise entering throughout the TWPA, (i.e.,
from x = 0 to x = L). One might naively expect this to
be detrimental; however, these fluctuations are themselves
squeezed by the TWPA interaction. In fact, by consid-
ering a spatially varying decay rate [k = k(x)], we can
show that only the fluctuations entering near the end of
the TWPA section matter. For such a decay rate, the noise
in the squeezed output quadrature takes the form

ZS)SA(ym (0] = e*(l/”)be dxie () p—2Lv/v
1 —(/) [Faee!) —2v(L—x) /v
+ - dxi (x)e Ju XK o R (52)
v Jo

where the second term corresponds to the contribution
from vacuum fluctuations injected from the loss ports.
In the large-length limit and assuming v >> k(x) V x, the
contribution to the squeezing from the added-noise inte-
gral is exponentially insensitive to noise close to the input
port. In other words, it is only the added noise coming from
a small region near the end of the amplification region that
affects the squeezing. Hence, by minimizing the decay rate
near the end of the TWPA section, one could obtain higher
amounts of squeezing.

This model of a spatially varying decay rate can also
be used to treat weak backscattering of the right-moving
signal and idler fields into the left-moving fields. This

assumes the left-moving fields are extremely lossy, which
prevents multiple scattering events back and forth between
the right- and left-moving fields. A full treatment of
backscattering and disorder is beyond the scope of this
work.

D. Phase-matched asymmetric squeezing

Next, we consider the asymmetric loss case where kg #
k1, while keeping the phase-matching condition (Ak = 0).
Without loss of generality, we assume ks > «; and define
Ks =k + €, k] = k — €, where k is the average loss and
€ is the asymmetry. The full expression for S;(Sym [@] is
cumbersome, and so we consider the low-asymmetry limit.
Expanding in the small parameter € /v and keeping only the
lowest order term for each possible component of the noise
(constant, squeezed, and amplified), we find

S;(Sjlm[a)] ~ I:lz + 2ve—2Lﬁ/ve—EL/v:|

2(k + 2v)
EZeﬂ?L/v
Geg——————, 53
o 0 (>3)
where
G2L5/v
Ger = 1 54)

is an effective gain parameter and v is the renormalized
interaction strength given by Eq. (42). As can be seen in
Eq. (53), asymmetric distributed loss introduces a compo-
nent to the noise spectral density, which scales like the gain
of the TWPA. Similarly to the result of Eq. (29) for the
lumped-element model of asymmetric loss, we find that
asymmetric distributed loss introduces amplified noise to
the X_ quadrature.

If the gain is large enough this amplified component
dominates the noise, even for small asymmetries. This
can be seen in Fig. 8. The squeezing for asymmetric dis-
tributed loss (red curve) initially goes below zero point,
however, as the gain for the ideal TWPA increases, our
X% quadrature itself experiences gain. Unlike the sym-
metric distributed-loss case, there is now an optimal length
for maximal squeezing below zero point. Working in the
low-asymmetry regime, we find that the optimal length is

Vv
Lot &~ — log ——.
o 2y 8 s — x|

(55)
Fortunately, we can do better than just using the opti-
mal length to achieve squeezing below zero point in the
asymmetric distributed-loss case. By correcting for the
asymmetry, we can remove this length limitation.
However, before addressing how to correct for asymme-
try, we again draw analogy with the simple cavity-based
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NDPA with asymmetric couplings to the input-output. We
find the squeezing given by

2
g L (21

- 2\0+1)

with Q, as defined in Eq. (43), monotonically increasing as

a function of the asymmetry. This shows that S}C;‘V < 1leven

(56)

for large asymmetry, unlike for distributed asyrl{metric loss
in a TWPA where S;(Sym can grow without bound. Thus,

in regards to the squeezing, the analogy between the two
setups is not as close as it is for the gain.

As described in Appendix D, a closer analog to a TWPA
with asymmetric loss is a cavity-based NDPA with sym-
metric input-output coupling, but asymmetric internal loss.
In this case, the squeezing of the symmetric collective
quadratures contain a term that is proportional to the gain
and the asymmetry (and can grow without bound), sim-
ilar to what is seen for a TWPA with asymmetric loss.
This shows that the results we obtain for the output of
an asymmetric TWPA are more generally a property of
two-mode squeezed vacuum that experiences asymmet-
ric loss, either during the internal evolution that creates
it (distributed-loss TWPA, cavity-based NDPA), or in
transmission (lumped-element-loss TWPA).

E. Correcting for asymmetric distributed loss

To correct for the asymmetry, we wish to remove the
amplified component of the noise in Eq. (53). In analogy
with the lumped-element model, we do so by introducing
a beam splitter on the mode with the smaller decay rate
(idler mode), therefore adding additional loss to this mode.
Using the full expression for S;:ym [w], we find that setting

the transmission of this beam splitter to

Vi = ——. (57
Rape

completely cancels the coefficient of the amplified compo-
nent of the noise to all orders. The noise is now given, to
lowest order, by the expression

~ 1 _ _2Lb/v_—kLjv
Si (01~ 5= a0 (K + 2ve v, )
1
+ 4_1(1 — ). (58)

We see that the corrected low-asymmetry distributed-loss
squeezing is what would be obtained with symmetric dis-
tributed loss (at decay rate k) plus a constant term coming
from the additional beam-splitter loss. Once again, the
large-length limit is always beneficial after this correc-
tion. Importantly, for sufficiently large gain, adding loss

(through the additional beam splitter) allows for squeezing
below zero point of the commuting, symmetrically defined
collective quadratures X_ and P,.

VI. CONCLUSION

In this work, we study the effects of frequency-
dependent loss on the output state of a TWPA, where pho-
tons at signal and idler frequencies see different amounts
of dissipation. Within a simple lumped-element model of
loss, we show that asymmetric loss can be very detri-
mental to output squeezing, yet have only minimal effect
on the entanglement. It is thus possible to have no joint
quadrature squeezing while still having entanglement, and
this entanglement may even be useful. By further adding
loss to the least lossy mode, we show that we are able to
regain squeezing below zero point; this could be useful in
applications that require the squeezing of symmetric and
commuting collective quadratures.

Using a more realistic distributed-loss model, we show
that asymmetric loss increases the gain of the TWPA. By
effectively modifying the interaction strength, the expo-
nential dependence of the gain increases. Asymmetric loss
can also offset the effects of phase mismatch, to a certain
extent, and allow for gain in a situation where it would
not occur otherwise. We show that when asymmetric loss
in included, there is an optimal length for the TWPA after
which output squeezing starts to deteriorate. By mapping
the distributed loss to a lumped-element model, we show
that distributed loss can be thought of as lumped-element
loss, where we inject squeezed noise rather than vacuum,
and that the output squeezing can be corrected in a similar
manner as for the true lumped-element model.

We show that a hallmark of asymmetric loss in a TWPA
is the existence of an asymmetric collective quadrature
(with the signal and idler modes weighted unequally) that
is squeezed below vacuum noise. This remains true even
when the symmetric collective quadratures all have noise
above the vacuum level. Combined with the TWPA out-
put remaining a Gaussian state, this is a reliable way
to pinpoint asymmetric loss as the most likely source
of imperfection. The noise in an asymmetric collective
quadrature can be measured as it is for the symmetric case,
via classical postprocessing on a shot-to-shot basis of the
measurement results for the signal and idler quadratures.

We note that while we are motivated by the Josephson
traveling-wave parametric amplifiers used in circuit QED
[5], our results apply universally to traveling-wave non-
degenerate parametric amplifiers of any design at any fre-
quency [19-22,30-32]. Furthermore, the lumped-element
model applies to any two-mode squeezing source that is
injected into lossy waveguides [33—36], and our work rep-
resents the first exploration of the effects of asymmetric
loss in such systems.
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APPENDIX A: MASTER EQUATION FOR TWO
QUBITS DRIVEN BY AN IMPERFECT TWPA

The evolution of a pair of qubits sharing a correlated
environment, as described in Refs. [14] and [16], can be
described by the master equation (for a detailed derivation
consult Ref. [16])

py= Y ve{(l+ N D[6* 1+ NeD[641} g
k=12

— VM (61,67 +61p,6,4
—{6161.p,} +Hel), (A1)

where D[x]p = xpx’ — {xTx, ,oq} /2 is the usual dissipa-
tor, 6% are the raising and lowering operators for qubit
k, and y; is the coupling rate between qubit £ and the

environment. The thermal photon population of the envi-
ronment for each qubit (Ny), defined by <&Z (wk)&k(a);c)> =
27 Ni 8(wi + w)), as well as the two-qubit anomalous bath
correlator (M), defined by (21 H(w1)ay (a)z)) =27 M&(w; +
w3), depend on the nature of the environment at the qubit
frequencies w1 /». For the output from a lossy TWPA with
signal-idler mode resonant with qubit 1/2 at frequency
w/ — w, these quantities are given by

Nijy = fisy; + (fis + ity + 1) sinh®(R) = ngy; sinh?(7),
(A2)

I 7 1
M:ng+n1+

sinh(2R) = ¥ ”25'7’ sinh(2r), (A3)

where we give the form of Ny and M in terms of both
the THTMSS parameterization and the lumped-element
lossy beam-splitter model. Recall that ng(n;) is evaluated
at frequency w(—w).

For the results of Sec. IV C shown in Figs. 6 and 7, we
solve for the steady state of Eq. (A1) numerically, and cal-
culate the concurrence of this state. We set y =y, =
for convenience, and in this case the numerical value of y
has no effect on the form of the steady state.

APPENDIX B: DISTRIBUTTED LOSS SOLUTIONS

In this appendix, we provide details on how to
obtain the solutions to the distributed-loss model. From
the Hamiltonian of Eq. (1) we obtain the followiing

Heisenberg-Langevin equations of motion:

iAkY At Ks A
0; + vdy + - as(x) =va;(x) — ?ag(x)

+ Jsas™ (), (BI)
iNEYN L4 N Kl n%
0 + vo, — BN a; (x) = vag(x) — 7a,(x)
~t(loss)
+ Vrap T (x), (B2)

where &g;;;s) () is vacuum noise injected at position x. To
obtain the expressions in this form, we gauge away the
phase of the parametric interaction [recall Eq. (2)].

Before tackling the full solution, we begin by solving
the differential equations without source terms [&gffs) ™].
We Fourier transform to frequency space and express

everything in matrix form

ax (?S[xa (,()])
a[x, w]

1 fiw— (ks +iAk) /2 v
) v iw— (k] — iAk)/2
as[x, o]
. B
x (&j[x, w]) (B3)

The eigenvalues of the matrix on the right-hand side are

1 - 2iAKk\?
s = = |iw — Ks k) o [0 (Ks— s+ 2IAK ,
v 4 4

(B4)

and the (unnormalized) eigenvectors are

T
b o |l =28k [ (ks — k£ 200k 2,1
4v 4v
(B5)
The solutions are given by
ng[x, (1)] =C ek+x1—)' + C e)\_xﬁ (B6)
Ezj[x, ] 1 + 2 -

We use the boundary conditions as[x = 0, w] = as[0, w]
and sz [x=00] = Ezj[O, ]. We know the signal and idler
that enters the chain and we wish to study how they evolve
along the TWPA. From these boundary conditions, we can
obtain expressions for the coefficients C; and C;:
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— ks — 2iAk — ke + 2iAk\°
asl0, 0] — | LS T0T \/ 1+ (—KS G ) &[0, 0]
4v 4v
C, = ; (B7)
2\/1 .\ (Ks — K+ 21’Ak)2
4v
— ks — 2iAk — ke + 2iAk\°
a0, — | KK =200k \/1 (Bt 2
4v 4v
C, =— (B8)
2\/1 n (KS — Ky +2iAk)2
4v
[
We now wish to express the solutions in the form of a ; 2
) ! . . Ks — k1 + 2iAk
scattering matrix equation D= /v4+ — ) (B11)

aslx,w]\ _ [Sasasle0] s, % 0]\ (a0, 0]
<5lz[x,w]) T \Siam el sl @] (&j[o,w])‘
(B9)

Using the form of C; and C, above, we isolate in terms of
as[0, w] and &}r [0, w]. The elements of the scattering matrix
are

Sag.aslr, @] = el s D /a/y [cosh(xﬁ/v)
— ks — 2iAk

HoEs = ! sinh(xf)/v)} ,

4v

) v sinh(xv/v)
— — plio—(kg+kp)/4]x/v
sas,&; [x, 0] = s&}»yas[x, w]l=ce 5 ,

8.1 t[xX, 0] = elio=(ksFxr)/4lx/v [cosh(xf) /v)
%7

- 2iAk
A smh(xa/u)], (B10)
4v
where
2(akas) + 1 0
0 2(akas) +1
o = f

(Gyas) + (@jag) 0

0 (asas) (a,a;

We can construct the full solution to the differential
equation, including the source terms, using these scattering

matrix elements. The full solution is given by

aslx, w] _ as(0) x
(&}L[x, w]) = s[x, o] (AT(O)> + = /0 dx's[x-x', w]
(\/—a(loss)[x w]>

\/—af (loss) (B 1 2)

where s(x) is the transfer matrix defined with the above
elements in Eq. (B10).

APPENDIX C: LOGARITHMIC NEGATIVITY AND
PURITY

In this section, we derive the form of Eq. (14) from its
definition based on the covariance matrix of a two-mode
squeezed state (taking our two modes to be the signal and
1dler modes) We define a four-dimensional basis vector

(XS,PS,X[,PI) In this basis, the covariance matrix
takes the form

(aras) + (ajak) 0
’
. 0 (aras) (a[as) (Cl)
2{a;ar) +1 0
0 2atar) + 1
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To find the logarithmic negativity, we need to take the
partial transpose of the covariance matrix and then find its
eigenvalues. The logarithmic negativity is given by

EN = — Zln)»i,
i

where ); are distinct eigenvalues with a value less than
1. Due to its symplectic form, the partially transposed
covariance matrix only has two distinct eigenvalues. Of
those two, only one will ever be less than 1. We find the
eigenvalues to be

(€2)

he = (abag) + (ala) + 1

2 2
i\/ (talas) — @an) + ((@as) + @ja) ", (©3)

where only A_ can ever be less than 1.

We can now express the needed averages using the ther-
mal TMSS parameters as introduced in Egs. (11) and (12).
A straightforward calculation then yields

Ey=—In |:nR —Jmh— (1 + 28901 + 2ﬁ,)] (C4)

The purity, as a function of the covariance matrix is given
by

1
H= Jdet(o)

For the case of a TMSS, the eigenvalues of the covari-
ance matrix are the same as the partially transposed one.
Since the eigenvalues are repeated, the determinant can be
expressed as

(C5)

det = (A4)* (A-)?

2 2
_ {n§ - [\/n§ (14275 (1 + 274,)} }

= [(1 + 2as)(1 + 271)]*. (C6)
Hence, the purity takes the form
1

W (C7)

T+ 29 +27))

APPENDIX D: CAVITY-BASED
NONDEGENERATE PARAMETRIC AMPLIFIER
WITH INTERNAL LOSS

Here we consider the effects of having additional
internal loss for a cavity-based nondegenerate paramet-
ric amplifier. The Heisenberg-Langevin equations for this

system are
A R Ks+¥s\ A N »
s = val _( ! )as — JRstsin — Tsbsim (D1)

R R Kr +Vvr\ «t At ~F
i = v (X5 ) a] = VRt ~ Vbl D)

where we treat the internal loss as coming from another
waveguide with couplings ys;; and noise modes IA)S/U“.
Using the input-output relations, the steady-state solution
for the output field of the X_ collective quadrature is
given by

V2xou — <1 +
_ <1 + 2K1(TS — 4U4/KSK1>X_1’in

4?2 — o507

ZKSO’[ —4U4/KSK[ A
Xs,in

4?2 — o0y

N (2«//(3)’501 - 4V«/K1Vs)j(b

42 — o507 Sin
s

B (2«//(1)/105 - 4V«/K1J/1))A(b

4p2 — 0507 Lin>

(D3)

where o5/ = k51 + Vs;1, and the superscript b denotes the
additional noise modes.

Focussing on the squeezing in the case that the input-
output couplings are equal (ks = k; = k), we consider
general asymmetric internal loss, described by ys/;; =y +
€. In the situation where both y and € are small compared
to v and «, we find to lowest order that

1 /0-1Y’ 1 8y
SX—[“’]_§<Q+1> oty @
w AG0-1) v

T @O &

(D4)

where G is defined as before, and for symmetric cou-
pling O = 2v/k. This shows that there is a correction term
that is linear in the average internal loss, 3, and one that
is quadratic in the asymmetry, €. As with distributed loss
in the TWPA, the asymmetric correction is amplified as it
scales with the gain.

APPENDIX E: THERMAL OCCUPATION OF THE
NOISE MODES

1. Beam-splitter model

We begin with the beam-splitter model and we allow
for the noise modes &£s/; to be thermally occupied such
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that (éST/[éS/I) = mg;. The noise in the squeezed output
quadrature is given by

asym 1— — 1— —
S w] = S w] + — s+~ (ED)

where Sj;ym is the expression of Eq. (29). As can be seen,

this is simply a constant correction to that found in the
main text. We note that this result agrees with that found in
Ref. [28].

2. Distributed-loss model

For the distributed-loss model, we assume the internal
loss modes are thermally occupied and that this ther-
mal occupation is constant along the whole length of the
TWPA. For symmetric loss, we find that with thermal noise
the noise in the squeezed output quadrature is

[1 _ e—(2V+K)L/‘U]

2Q2v 4+ k)

(ms + my),

(E2)

therm __ QSym k
shem o] = §¥"[w] +

where S)s?ym[w] is from Eq. (48). This is once again a con-
stant correction, which increases with increasing length.

For asymmetric distributed loss, we follow the same
procedure in the main text and find to lowest order in the
asymmetry and average loss that

Pa [1 _ 67(2174’12)11/1)

Sy ] = 7" 0] + —— T r s+
€ bk _ _
n = [1 _ e7(2U+K)L/vi| (s — iy)
ice? —kLjv = =
+ mGeﬁe (ms +myp), (E3)

where Sj;ym[a)] is from Eq. (53). Asymmetry again feeds
additional amplified noise into the squeezed quadrature.
However, note the emergence of a linear in € contribution,
which comes from the fact that the signal and idler need
not have equal thermal populations, and that kg;; = k - €.
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