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The effect of thermal fluctuation on the spin-chirality-induced anomalous Hall effect in itinerant magnets
is studied theoretically. Considering a triangular-lattice model as an example, we find that a multiple-spin
scattering induced by the fluctuating spins increases the Hall conductivity at a finite temperature. The tem-
perature dependence of anomalous Hall conductivity is evaluated by a combination of an unbiased Monte
Carlo simulation and perturbation theory. Our results show that the Hall conductivity can increase up to
103 times the ground-state value; we discuss that this is a consequence of a skew-scattering contribution.
This enhancement shows that the thermal fluctuation significantly affects the spin-chirality-related Hall
effect. Our results are potentially relevant to the thermal enhancement of the anomalous Hall effect often
seen in experiments.

DOI: 10.1103/PhysRevApplied.12.021001

I. INTRODUCTION

The anomalous Hall effect (AHE) has been one of the
central topics in the study of quantum-transport phenom-
ena [1]. Continuous study over more than a century has
revealed that the AHE shows rich properties, which attract
interest not only with regard to basic science but also
applications (e.g., high-accuracy Hall-effect sensors) [2,3].
Microscopically, the mechanism of the AHE is often clas-
sified into two groups: the intrinsic mechanism, related to
the Berry curvature of the electronic bands [4], and the
extrinsic mechanism, due to impurity scattering [5–7]. The
difference in the microscopic origin is often reflected in
the behavior of the AHE. For instance, the intrinsic AHE
reflects singular structures in the Berry curvature. This
gives rise to the nonmonotonic temperature (T) [8] and
field [9] dependence of the anomalous Hall conductivity
σAHE. On the other hand, the extrinsic AHE by mag-
netic scattering shows a peaklike enhancement of the Hall
resistivity at a certain T that characterizes the underlying
physics, such as the magnetic transition [10] and coher-
ence [11–13] Ts. These rich features of the AHE have
been intensively studied in both theory and experiment,
and are also useful in identifying the physics behind the
phenomena.

Among various studies, a recent breakthrough was the
discovery of an AHE related to scalar spin chirality, which
is often called the topological Hall effect (THE). The scalar
spin chirality is a quantity defined by the scalar triple prod-
uct of magnetic moments S1 · (S2 × S3), where Si is a local
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magnetic moment [Fig. 1(a)]. This quantity is a measure of
the noncoplanar nature of the spin texture, because the spin
chirality is zero whenever the three spins lie in the same
plane. It has been pointed out that the spins produce a fic-
titious magnetic field b when the three adjacent spins have
a finite scalar spin chirality, resulting in an AHE [14–16]
[Fig. 1(a)]. Alternatively, it is interpreted as an AHE due
to the magnetic scattering by multiple scatterers [17,18].
The spin-chirality-related mechanism is studied in vari-
ous materials, such as perovskite [19–22] and pyrochlore
[16] oxides, chiral magnets [23–26], triangular oxides
[27–31], and kagome antiferromagnets [32,33]. The THE
in these materials is often investigated via the magnetic
field dependence, which is consistent with the theoretical
predictions [16,23,24].

In contrast, the T dependence of the THE in noncoplanar
magnetic states is less understood. The Hall conductivity is
expected to decrease with increasing temperature in mag-
nets with noncoplanar magnetic orders because the scalar
spin chirality decreases [curve B in Fig. 1(b)]. In experi-
ments, however, many materials show an increase of the
Hall conductivity with increasing T [25,30,31] [curve A
of Fig. 1(b)]; some materials show the maximum slightly
above the magnetic transition temperature Tc [30,31]. This
is in contrast to the known theories, in which the maxi-
mum is expected to be below [10] or much [11] higher
than Tc. No theoretical understanding on the T dependence
has been reached so far.

In this work, we theoretically study the enhancement of
Hall conductivity (σTHE) by thermal fluctuation, focusing
on fluctuation-induced skew scattering. As an example, we
consider a triangular lattice model with a four-sublattice
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FIG. 1. The noncoplanar magnetic structure and the THE. (a)
A schematic figure of the effective magnetic field induced by a
noncoplanar magnetic structure. (b) A schematic figure for the T
dependence of the anomalous Hall conductivity σTHE. Curve B′
(B) indicates the case in which σTHE is proportional to the (spon-
taneous) scalar spin chirality, while curve C indicates the case
with an extrinsic THE in chiral magnets [18]. In contrast, σTHE in
this study shows a different feature (curve A). (c) The triangular
lattice model. The orange triangle (green plaquette) depicts the
three-(four-)spins consisting of χp (hp ). The red, orange, blue,
and purple sites indicate the a-, b-, c-, and d-sublattice struc-
tures of order 3Q, respectively. (d) The spin orientation at each
sublattice. All the spins in the ν-sublattice align with Sν at T = 0.

noncoplanar order called 3Q order [Figs. 1(c) and 1(d)].
The T dependence of σTHE is calculated combining a
Monte Carlo (MC) simulation and a large-size numerical
calculation using the Kubo formula. We find that σTHE
increases with increasing T, sometimes up to 103 times
compared with the ground state. The scan over the carrier
density nel (0.1 ≤ nel ≤ 1.9), which is the average number
of electrons per site, shows that the enhancement due to
the skew scattering by multiple spins generally appears in
this model. Our results show that the thermal fluctuation
causes enhancement of the AHE at finite T.

II. MODEL

In this study, we consider a classical Heisenberg spin
model on a triangular lattice as an example of short-range
noncoplanar magnetic order [34]. The Hamiltonian reads
as follows:

Hspin = K
∑

p

hp + D4

∑

i

[(Sx
i )

4 + (Sy
i )

4 + (Sz
i )

4]

− Ba

∑

i∈a

Sx
i + Sy

i + Sz
i√

3
− Bχ

∑

t

χt, (1)

where Si (|Si| = 1) represents localized spin at site i, the
sums

∑
p ,

∑
i, and

∑
t run over all the four-site plaquettes,

all the sites, and all the three-site plaquettes, respectively,
and K , D4, Ba, and Bχ represent a short-range multispin
interaction, a single-ion anisotropy, a sublattice specific
magnetic field, and a fictitious field coupled to the spin
chirality, respectively. For each triangular plaquette t and
rhombic plaquette p , the multispin interactions are defined
as follows:

hp={i,j ,k,l} ≡ (Si · Sj )(Sk · Sl) − (Si · Sl)(Sj · Sk)

− (Si · Sk)(Sj · Sl)

+ (Si · Sj + Si · Sk + Si · Sl + Sj · Sk

+ Sj · Sl + Sk · Sl),

χt={i,j ,k} ≡ Si · (Sj × Sk),

where {i, j , k} of a triangular plaquette t is defined in coun-
terclockwise order and {i, j , k, l} of a rhombic plaquette p is
defined so that the pairs of (i, k) and ( j , l) are the diagonal
pairs of the corners of a rhombic plaquette [see Fig. 1(c)].
A model with the first K term was originally introduced in
a study on two-dimensional solid 3He [35]. More recently,
the biquadratic terms in hp were discussed in the effec-
tive spin models for the Kondo lattice model [36,37]. The
model with only K terms (D4 = Ba = Bχ = 0) exhibits a
finite-T phase transition with the spontaneous Z2 symme-
try breaking from paramagnets to a chiral phase in which
spins are disordered but χs are ordered [34].

With D4, Ba, and Bχ , the low-T phase becomes a mag-
netic order because these terms reduce the symmetry:
the D4 term represents the single-spin cubic anisotropy,
because of which the spins favor one of the [±1, ±1, ±1]
directions (D4 > 0); the Ba term represents the Zeeman
coupling between the a-sublattice spins and an external
magnetic field Ba ‖ [111] (Ba > 0), and the Bχ term rep-
resents a coupling between a fictitious field Bχ > 0 and χt,
because of which χ > 0 over the entire T range. With these
three terms, the low-T chiral phase is replaced by a four-
sublattice long-range magnetic ordered phase [Figs. 1(c)
and 1(d)]. In this state, the four spins on each sublattice
in Fig. 1(c) point along different directions [Fig. 1(d)],
forming a noncoplanar magnetic texture.

III. RESULTS

A. Monte Carlo simulation

The finite-T properties of this model are calculated by
MC simulations using a standard single-spin-flip Metropo-
lis algorithm [38]. Figure 2 shows the results of MC sim-
ulations with Hspin. The specific heat C in Fig. 2(a) shows
a peak at Tc/K � 2 and the normalized structure fac-
tor S(π , π)/N= 〈[(∑i∈a,c Si) − (

∑
i∈b,d Si)]2〉/N 2 [where

N (= L2) is the number of spins and L is the size of the
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FIG. 2. The results of MC simulations of the model given in
(1): (a) the specific heat C and (b) the normalized spin structure
factor S(π , π)/N and the scalar spin chirality χ . (c) A spin con-
figuration in MC simulation at T/K = 0.1: each point represents
a spin orientation and the arrows provide a visual guide. (d) The
spin chirality of the fluctuating spins δχ .

system] becomes nonzero below Tc, reflecting a phase tran-
sition to a magnetic order phase. At the lowest value of
T, S(π , π)/N approaches S3Q/N = 1/3 and χ approaches
χ3Q = 4/(3

√
3), as shown in Fig. 2(b). Figure 2(c) shows

a spin configuration obtained in simulation at a sufficiently
low value of T. These results consistently show that the
ground state is the 3Q order and that the phase transi-
tion is continuous. We also find that the overall behavior
of the above quantities converge sufficiently with L ≥ 24,
with some finite-size effect close to Tc. The behavior of C,
S(π , π)/N , and χ , as well as the observed finite-size effect,
indicate that the phase transition is continuous.

We note that the scalar spin chirality remains positive in
the entire T range, even above Tc [Fig. 2(b)]. The nonzero
χ comes from the local correlation of fluctuating spins
under the Bχ field in Eq. (1), which acts as the “mag-
netic field” for χ . As a measure of the chirality due to the
fluctuating spins, we use the following:

δχ = χ

χ3Q
−

[
S(π , π)

S3Q

]3/2

. (2)

In contrast, δχ shows a different T dependence. Figure 2(d)
shows that δχ increases with increasing T and shows a cus-
plike peak at Tc. The magnetic scattering due to fluctuating
spins produces an AHE proportional to the scalar spin chi-
rality [17,18]. Therefore, the fluctuating spins may produce
a nonmonotonic T dependence of σTHE.

B. Anomalous Hall conductivity

To study the T dependence of σTHE, we consider itin-
erant electrons coupled to the spins in Hspin. The electrons
are coupled to the localized spins via Hund’s coupling, i.e.,
we consider a Kondo lattice model on the triangular lattice.
The Hamiltonian reads as follows:

HKL = −t
∑

〈i, j 〉,s
(c†

iscjs + h.c.) − J
∑

i,s,s′
Si · (c†

isσ ss′cis′),

(3)

where σ = (σ x, σ y , σ z) are the vector of Pauli matrices
and c†

is (cis) is a creation (annihilation) operator of the
itinerant electron at site i with spin s. The first term repre-
sents the kinetic energy term of the itinerant electrons and
the second term the Hund’s coupling. We assume that the
coupling is relatively weak (J = t/2) and that the energy
scale in the electron system is much larger than in the
spin system. Then, for simplicity, we fix the temperature
of the electron system Tel/t = 0.025. The Hall conduc-
tivity σTHE is calculated by the Kubo formula using spin
configurations generated by the MC simulation [38–43].

Figures 3(b) and 3(c) show σTHE(T) at nel = 0.3 and 0.7
as examples. The different lines are for different choices of
L and Lφ; we find only a small finite-size effect after taking
the average over the twisted boundaries. When nel = 0.3
[Fig. 3(b)], we find σTHE ∼ 10−2e2/h at T/Tc = 0.05 
 1.
However, σTHE increases monotonically with increasing T,
reaching σTHE ∼ 0.3e2/h at T ∼ Tc; this is approximately

(a)

(d) (e)

(b)

(c)

FIG. 3. The Hall conductivity σTHE as a function of nel and T.
(a) A contour plot of |σTHE(T/Tc)/σTHE(T = 0)| computed with
L = 32 and Lφ = 3. (b,c) σTHE(T/Tc) at nel = 0.3 and 0.7. (d)
The ratio of σTHE(T/Tc = 1/2, 1, or 3/2) and σTHE(T = 0) [44].
(e) The nel dependence of σTHE(T � Tc) and σTHE(T = 0). The
solid lines are obtained by perturbation theory, with a scale factor
of 3 for visibility [17].
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30 times larger than σTHE(T/Tc = 0.05). In our calcula-
tion, we find the enhancement of σTHE in nearly all the
choices of nel. Figure 3(c) shows the results for nel =
0.7. Similar to Fig. 3(b), σTHE increases with increasing
T and decreases above Tc; the curve shows a maximum
around T ∼ Tc with a kink slightly below it. This trend also
appears for nel > 1, except for the difference in the sign of
σTHE [38].

The increase of σTHE implies that the enhancement
is related to the fluctuation effect. Indeed, the T depen-
dence of σTHE is in contrast to that of χ , which decreases
monotonically with increasing T [Fig. 2(b)]. Therefore,
the enhancement is different from what is expected in the
intrinsic THE mechanism. On the other hand, the increase
of σTHE below Tc and the maximum around Tc are coinci-
dent with the T dependence of δχ . Furthermore, at some
filling, e.g., nel = 0.7 [Fig. 3(c)], σTHE shows a cusp at
Tc resembling δχ . These features imply that the enhance-
ment is related to the spin chirality of the fluctuating spins
δχ , this presumably being related to the skew-scattering
mechanism [18].

Our results in Fig. 3(a) also show that the thermal
effect is larger when the Fermi level is close to the
band edge, i.e., nel ∼ 0 or ∼ 2. Figure 3(d) shows the
ratio σTHE(T)/σTHE(T = 0) at T/Tc = 1/2, 1, and 3/2. As
shown in the figure, σTHE(T/Tc = 1/2, 1, 3/2) is typically
2–10 times larger than σTHE(T = 0). On the other hand, the
enhancement at the band edges is much larger, sometimes
up to 103 times that at T = 0.

The nel ∼ 0 and nel ∼ 2 regions are close to the ideal
setup in which skew scattering is often studied. In the
case nel ∼ 0 (nel ∼ 2), the electron (hole) bands are well
approximated by the quadratic dispersion. The skew scat-
tering in these situations is often driven by large-angle
scattering, which is predominant when ξkF 
 1. Here,
kF and ξ are the Fermi wave number and the correlation
length for χt, respectively. Therefore, the skew-scattering
theory in Ref. [18] applies to this case. The ξkF 
 1 con-
dition is not satisfied when the chemical potential moves
away from the band edge. Hence, the results may gener-
ally change due to the large Fermi surface. Nevertheless,
our result shows that the enhancement is commonly seen
regardless of the size of the Fermi surface.

C. High-temperature region

We next turn to the nel dependence of σTHE at a high-
T region well above Tc. The results of the MC simulation
are shown in Fig. 3(e). They show a qualitatively differ-
ent nel dependence compared to the T = 0 result; σTHE for
nel < 1 tends to be larger than that for nel > 1 in the high T
regime while the trend is opposite in the low T near T = 0.
This contrasting trend at a high value of T is explained by
the relaxation-time (the electron lifetime) dependence of
the skew-scattering mechanism. To see the density-of-state

[ρ(μ)] dependence, we evaluate σTHE using a perturbation
method presented in Ref. [17]. In the T � Tc region, the
fluctuation contribution is expected to be the only contri-
bution to the Hall effect. Also, the correlation length of
the spins becomes very short in this region. Therefore, we
only take into account the contribution from the nearest-
neighbor spin correlation. With these approximations, the
conductivity reads as follows [17]:

σTHE = −e2J 3τ 2

πN

∑

(ijk)∈t

εαβγ 〈Sα
rk

Sβ
ri

Sγ
rj

〉

× Ix(rj − rk)I0(rk − ri)Iy(ri − rj ), (4)

where Ia(r) ≡ (1/τN )
∑

k va
keik·r/(ε2

k + 1/(4τ 2)) and vk
(εk) is the velocity (energy) of electrons with momen-
tum k (v0

k = 1). Here, the sum of (ijk) is limited to the
three spins forming the triangles t [Fig. 1(c)]. The electron
lifetime τ is evaluated using the first Born approxima-
tion, τ−1(μ) = 2πJ 2ρ(μ). Here, we neglect the spin-spin
correlation for the evaluation of τ .

The result of Eq. (4) is shown in Fig. 3(e). The per-
turbation theory semiquantitatively reproduces the overall
trend of the numerical results. The similarity between the
numerical results and the perturbation suggests that the
Hall effect is related to the skew scattering by the fluctuat-
ing spins in the high-T regime; in the perturbation theory,
a larger skew-scattering contribution to σTHE is expected
when τ ∝ ρ(μ) is larger [2,17,18] and indeed ρ(μ) for
nel < 1 is smaller than that for nel > 1.

IV. SUMMARY AND CONCLUDING REMARKS

To summarize, in this work, we study the effect of
thermal fluctuation on the spin-chirality-related AHE.
Through an unbiased numerical simulation, we find that
the Hall conductivity σTHE increases with increasing tem-
perature, sometimes approximately 103 times the ground-
state value. Detailed analysis of the temperature and
electron-density dependence shows that the enhancement
is consistent with the skew-scattering mechanism proposed
recently [18]; the thermal enhancement is larger when the
Fermi level is close to the band edge and is also related
to the density of states. These results show a significant
effect of the thermal fluctuation on the Hall effect induced
by noncoplanar magnetic orders.

In contrast to our results, the skew-scattering mecha-
nism is also discussed in relation to the sign change of
σTHE close to the critical temperature in chiral magnets
with long-period magnetic orders (e.g., MnGe) [18]. This
is a decidedly different behavior from the current case,
in which the skew scattering enhances the Hall effect.
Presumably, a key difference is the size of the magnetic
structure, i.e., the characteristic wave number k∗ is large
(small) in order 3Q (magnetic skyrmion crystals). In the
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skew-scattering mechanism [18], the scattering amplitude
is proportional to sin θ , where θ is the angle between the
incoming and outgoing electrons, i.e., larger-angle scatter-
ing is important. In addition to the skew scattering, small-
angle scattering is also induced by the intrinsic THE when
k∗ is small. In other words, from the viewpoint of scatter-
ing theory, the scattering channels for the skew scattering
and the intrinsic THE are different for small k∗. In con-
trast, since the magnetic unit cell of order 3Q has only four
sites (k∗ is large), both the skew scattering and the intrinsic
THE induce large-angle scattering. Our results presented
here show that magnetic fluctuations play a nontrivial and
crucial role in magnets with such a short-period order.
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