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Extended Drude Model for Intraband-Transition-Induced Optical Nonlinearity
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No existing model has completely explained the physics of the optical nonlinearity for epsilon-near-zero
materials, which have recently emerged as candidates for design and fabrication of active nanophotonic
devices. We propose to extend the Drude model by adopting a weighted electron effective mass, which
takes into account the electron distribution in the nonparabolic conduction band. The extended Drude
model is able to interpret the cause of the nonlinearity and provide a functional relationship between the
refractive index and wavelength. Both the band nonparabolicity and the temperature-dependent mobility
are responsible for the intraband-transition-induced optical nonlinearity. The spectrally resolved nonlinear
refractive index and nonlinear susceptibilities are obtained from this model. The results can be applied
to other transparent conducting oxides and will help in the design and modeling of spectral responses of
nonlinear plasmonic devices.
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I. INTRODUCTION

In recent years, the growing interest in nonlinear all-
optical active nanophotonic devices has led to the devel-
opment of high-speed, low-power, and large modulation
depth switching devices [1–4]. The optical nonlineari-
ties of materials play a crucial role in all-optical active
nanophotonic devices [5]. All-optical controls at different
wavelengths using a variety of plasmonic materials have
been reported [5,6].

Large optical nonlinearities of the transparent conduct-
ing oxides (TCOs) [7,8], such as indium tin oxide (ITO) [9]
and aluminum-doped zinc oxide (AZO) [10,11], were dis-
covered at their epsilon-near-zero (ENZ) wavelengths. The
unity order of refractive index changes of TCOs at ENZ
wavelengths have attracted researchers’ attention to the
study of ENZ modes [12,13] and their strong coupling with
plasmonic nanostructures [14–19]. A number of nanos-
tructured all-optical active devices have been studied and
exhibit advantages such as high modulation depth, ultrafast
modulation speed, and low-power operation [17,20–22].
As the plasmonic materials with large optical nonlin-
earities at ENZ wavelengths [5,23], TCOs have become
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material platforms for integrated devices and metasurfaces
[23,24].

The knowledge of Kerr-like optical nonlinearities of
these materials is vital for designing the nanostructures
as the nonlinearities vary greatly in the ENZ region [9].
Optical nonlinearities were experimentally investigated
with experimental data presented at several discrete wave-
lengths [9,25], but this knowledge might not be sufficient
for calculating nonlinear responses of nanostructures over
a spectral region. Therefore, we need a general formalism
to fill the gap between theory and experiment, which is
able to provide the optical nonlinearities of TCOs over a
spectral range.

The basis for calculating the change in permittivity is
through the Drude model. One has to take into account
the fact that the plasma frequency (ωp) and the damp-
ing factor (γ ) under intraband pumping are functions of
the electron temperature (Te) and the Fermi level (EF).
However, several authors have not considered the inter-
dependence of ωp , γ , m∗ (electron effective mass), μ

(electron mobility), EF , and Te. Guo et al. considered the
relationship of ωp on EF , and Te through the linearized
collisionless Boltzmann equation [26] taking m∗ and γ as
constants [26,27]. Lyer et al. considered only the depen-
dence of m∗ on Te through Hall measurement [21], leaving
the dependence on unexplored EF . Kim et al. extracted
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the values of m∗ and μ induced by intraband transition
from the pump-probe transmission spectra of nanocavities
[22]. However, the relationship between Te and m∗ has not
been proposed. In our formulation, ωp and γ are measured
through a pump-probe experiment and m∗, EF , and Te are
related to one another through the conservation of elec-
tron concentration in intraband transitions when taking into
account the nonparabolicity of the conduction band. The
spectrally resolved nonlinear refractive index and nonlin-
ear susceptibilities are obtained from this extended Drude
model. At the same time, we are able to obtain the relax-
ation time of the excited carriers and deduce that the
nonlinearity originates from both band nonparabolicity and
temperature-dependent electron mobility.

II. MODEL

The relative permittivity of TCOs in the near-infrared
(NIR) region is well described by the Drude model in the
low optical intensity regime [6,7,28]

εr(ω) = ε∞ − ω2
p

ω2 + iγω
, (1)

and

ω2
p = Ne2

ε0m∗ , γ = e
m∗μ

, (2)

where ε∞ is the high-frequency permittivity, ω is the opti-
cal angular frequency, N is the electron density, e is the
electron charge, and ε0 is the vacuum permittivity.

The Drude model treats the electron effective mass for
all electrons in the free electron gas as identical. However,
in materials with a nonparabolic electron band, the electron
effective mass depends on energy [7], such that the conven-
tional Drude model is no longer applicable for a collection
of electrons with different energies. Therefore, the electron
effective mass needs to be weighted to satisfy the intraband
transition situation when considering optical nonlinearity
if one is to retain the Drude model. The effective mass is
derived as follows.

In the first-order nonparabolic approximation, the
E–krelationship of ITO is expressed as [7,26,29]

�2k2

2m∗
0

= E + CE2, (3)

where E is the electron energy referenced to the conduc-
tion band minimum, k is the wavevector, � is the reduced
Planck constant, m∗

0 is the electron effective mass at the
conduction band minimum, and C is the first-order non-
parabolicity factor. The electron density is derived as (see

Appendix A)

N = 1
2π2

(
2m∗

0

�2

)3/2 ∫ ∞

0
f0(E + CE2)

1/2
(1 + 2CE)dE,

(4)

where f0 = {exp[(E − EF)/(kBTe)] + 1}−1 is the Fermi-
Dirac distribution with EF , Te, and the Boltzmann constant
kB. N is conserved under intraband transition. For a given
N, the EF∼Te relation can be obtained using Eq. (4).
With the presence of a large number of electrons at dif-
ferent energies, the electron effective mass to be used
in the Drude model should be a statistically averaged
value taking their distribution in energies into account,
and is expressed in the following integration form (see
Appendix A)

1
m∗ = 1

2π2m∗
0N

(
2m∗

0

�2

)3/2 ∫ ∞

0
f0(E + CE2)

1/2
dE. (5)

The electron effective mass defined above could accurately
predict the temperature-dependent free electron effective
mass. With m∗ defined above, ωp and γ in Eq. (2) are thus
defined, where the calculation of μ will be shown in the
next section.

III. RESULTS AND DISCUSSION

We used ITO (supplier: Suzhou Research Materials
Microtech Co., Ltd.) as the TCO to verify the model. The
band gap of ITO is 3.5 eV, and the pump at the ENZ
wavelength causes the intraband transition. The sample
under test is a commercially available ITO film, with a
thickness of 220 ± 10 nm, deposited on a 1.1-mm-thick
flat glass substrate. The sheet resistance of the ITO film
is 6 �/square. The high-frequency permittivity for ITO is
ε∞ = 3.404, similar to that in a previous report [30], and
the first-order nonparabolicity factor is C = 0.4191 eV−1

[31]. In our work, N = 1.5 × 1021cm−3 is obtained by Hall
measurement (see Supplemental Material) [32].

A femtosecond-pump-continuum-probe [33] experi-
mental setup (Fig. 1) is adopted in this work to measure
the transmittance T(ω) and reflectance R(ω) spectra from
which the values of m∗ and μ are extracted. The fem-
tosecond laser operating at a wavelength of 1250 nm, a
pulse width of 50 fs, and a repetition rate of 1 kHz is
split into two beams. The pump beam is delayed and then
focused on the sample by a lens at an incidence angle of
60° with p polarization, causing the maximum optical non-
linear response of ITO [9]. The probe beam is focused on
a 5-mm-thick sapphire plate to generate a continuum beam
[34] in the spectral range of 1000–1650 nm, which is sub-
sequently attenuated and focused by a lens on the sample
at normal incidence. The short axial length of the elliptical
spot of the pump beam on the sample is about 500 µm, and
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FIG. 1. Experimental setup of optical pump-continuum
probe. M = mirror, L = lens, A = attenuator, BS = beam splitter,
PBS = polarization beam splitter, P = polarizer, T = transmitted
probe beam, R = reflected probe beam, PD = photodiode.

the diameter of the probe focal spot is about 50 µm. Such
a geometric effect of oblique incidence brings an approx-
imately 144 fs cross-correlation broadening of transient
responses. Apart from this, the imperfect Gaussian shape
with side lobes of the pulse may also broaden the rising
and falling edges of pulse responses. The pump intensity
(Ip) is tuned in the range of 0–140 GW/cm2, while the
probe intensity is reduced to lower than 1 GW/cm2 to avoid
probe-induced nonlinearity. In order to improve accuracy,
both the transmittance and reflectance spectra of the probe
beam are measured for extracting the Drude parameters
ωp and γ [35]. The Drude model and the transfer matrix
method [36] are applied in the Levenberg-Marquardt opti-
mization algorithm [37,38] to extract ωp and γ from T(ω)

and R(ω). Using Eq. (2), m∗ and μ can be calculated.
Under zero pumping, the measured and fitted transmit-

tance and reflectance spectra are shown in Fig. 2(a), which
are in excellent agreement with published results [26]. The
repeatability errors of ωp and γ are less than 0.05 eV,
while the 95% confidence bounds for fitting is less than
0.005 eV. The calculated permittivity spectrum using ωp
and γ is shown in Fig. 2(b), providing Re{εr} = 0 with a
wavelength of 1214 nm. With the value of ωp , m∗ can be
calculated from Eq. (2).

The next step is to calculate the value of m∗
0. At

zero pumping, Te is room temperature (300 K), thus

(a) (b)

FIG. 2. (a) Measured transmittance and reflectance spectra in
the case of zero pumping and the fitted curve. (b) Calculated real
and imaginary parts of permittivity of the ITO film. The Re{εr} =
0 wavelength occurs at 1214 nm.

EF = 0.8793 eV can be numerically calculated from Eq.
(4). Using the value of m∗ obtained at room temperature,
and with EF and Te at room temperature, the value of m∗

0 is
found from Eq. (5) to be m∗

0/me = 0.3964, where me is the
electron rest mass.

The dependence of ωp and γ on pump intensity (Ip)

are studied for the peak nonlinear response. The mea-
sured transmittance and reflectance spectra at zero delay
shown in Figs. 3(a) and 3(b) exhibit a saturation trend with
increasing Ip . Such a trend is better illustrated by the plots
of the calculated ωp and γ vs Ip in Fig. 3(c). The saturation
trend of ωp(Ip) is consistent with that reported previ-
ously in which the ωp(Ip) is extracted from the plasmon
resonance spectroscopy of ITO nanorod arrays [26].

As governed by Eq. (5), m∗ increases with increas-
ing Te for positive C, as seen in the plot of m∗ vs
Te in Fig. 3(d). The mobility decreases with increasing
Te as seen in Fig. 3(d), and the curve fitting provides
μ = 18.3 − 2.13 × 10−5T1.53

e (solid line) in which the
exponential index 1.53 is close to 3/2, indicating that
ionized impurity scattering is the dominant scattering

(a) (b)

(c) (d)

(e) (f)

FIG. 3. Measured Ip -dependent transmittance spectra (a)
and reflectance spectra (b). (c)–(e) Calculated Ip -dependent
responses of ωp and γ , m∗ and μ, and EF and Te. The solid
lines are theoretical curves: the μ∼Te relation is given by μ =
18.3 − 2.13 × 10−5T1.53

e , Te∼Ip is the polynomial fitting, EF∼Ip
is calculated by substituting Te ∼ Ip in Eq. (4), m∗∼Te is calcu-
lated from Eqs. (4) and (5), and ωp∼Ip and γ∼Ip are calculated
from Eq. (2).The theoretical curves are in perfect agreement with
the experiment. (f) Real and imaginary parts of the complex
refractive index calculated from ωp and γ in Fig. 3(c) from 0
to 140 GW/cm2 with a 20 GW/cm2 step.
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mechanism [7,39]. In many cases, especially those using
the two-temperature model, the relations between Drude
parameters and Te are useful, and they are plotted in Fig. 7
(Appendix B).

The saturation trend of the Te∼Ip relation illustrated in
Fig. 3(e) shows that the electron heat capacity increases
as the electron temperature rises, consistent with the pre-
viously reported work [26] and fitted by a polynomial
function (solid line). The saturation of Te with Ip leads to
the saturation of m∗, μ, ωp , and γ in their relations with Ip .

The Ip -dependent real and imaginary parts of the com-
plex refractive index [Fig. 3(f)] are calculated using Eq. (1)
with the above obtained values of ωp(Ip) and γ (Ip). The
Ip -dependent complex refractive index at the Re{εr} = 0
wavelength is plotted in Fig. 4(a) and exhibits a saturation
trend with increasing Ip . The relative permittivity in Eq.
(1) can be rewritten in terms of m∗ and μ as

εr = ε∞ − Ne2

ε0(m∗ω2 + ieω/μ)
, (6)

which is a function of the implicit variable Te. In nonlinear
optics, the relative permittivity is expressed in the form of

εr = 1 + χ(1)(ω) + 6χ(3)(ω : ω′, - ω′, ω)|Ep(ω
′)|2

+ 20χ(5)(ω : ω′, - ω′, ω′, - ω′, ω)|Ep(ω
′)|4 + · · · ,

(7)

where Ep is the pumping electric field. Comparing Eqs.
(6) and (7), it is clear that the origin of nonlinear suscepti-
bilities is in the m∗∼Ip and μ∼Ip relations. The spectrally

(a)

(c)

(b)

(d)

FIG. 4. (a) The Ip -dependent real and imaginary parts of the
complex refractive index at Re{εr} = 0 wavelength. The three
sets of curves are the measured results and are calculated using
the Drude model and the optical nonlinear model, respectively.
(b) The real and imaginary parts of the refractive index change
under 140 GW/cm2 pumping with respect to zero pumping. Spec-
trally resolved real and imaginary parts of the third-order (c) and
fifth-order (d) complex nonlinear susceptibility.

(a) (b)

(c) (d)

(e) (f)

(g) (h)

FIG. 5. Measured spectrally resolved transient transmittance
(a) and reflectance (b) responses of the ITO film, and their slices
and fitted curves (c) at 0, 300, and 600 fs, respectively. (d)–(f)
Calculated transient responses of ωp and γ , m∗ and μ, and EF
and Te, the falling edges of which are fitted by the exponential
decay function y(t) = y0 + [y(I) − y0] exp(−t/τy) (solid lines)
and the relaxation times τ are shown. The transient real (g) and
imaginary (h) parts of the refractive index of the ITO film are
calculated using Eq. (1) with ωp(t) and γ (t) in (d).

resolved third- and fifth-order nonlinear susceptibilities are
obtained by polynomial fitting the εr∼Ip curve at each
wavelength and are shown in Figs. 4(c) and 4(d). The
nonlinear susceptibilities at the Re{εr} = 0 wavelength are
in the same order of magnitude as those above, but are
slightly smaller than the previously reported results [25].
The differences are mainly due to different pumping and
ENZ wavelengths. Note that the nonlinear susceptibili-
ties are monotonically varying at the ENZ wavelengths
[Figs. 4(c) and 4(d)] where the Re{	n} peak appears
[Fig. 4(b)] due to the enhancement effect of ENZ on optical
nonlinearity, that is, 	n = 	ε/(2

√
ε), and the continu-

ity of the electric displacement field across the ITO-air
interface [9]. The spectrally resolved nonlinear suscepti-
bilities [χ(3), χ(5)] shown in Figs. 4(c) and 4(d), which
is the key result of this study, will help researchers in
calculating the spectral responses of nonlinear all-optical
active nanophotonic devices.
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The experiment for the transient nonlinear optical
response is carried out with Ip = 140 GW/cm2. As shown
in Figs. 5(a) and 5(b), the transmittance and reflectance
spectra of a series of pump-probe delays show delay-
dependent variations. Figure 5(c) illustrates the trans-
mittance and reflectance spectra and their fitting curves
at 0, 300, and 600 fs. The Drude model is applica-
ble in assumption of a quasiequilibrium process. Thus,
the time-dependent Drude parameters, ωp(t) and γ (t),
can be extracted by curve fitting the transmittance and
reflectance spectra, then forming a transient response curve
in Fig. 5(d). It can be seen that ωp decreases while γ

increases in value when the ITO film undergoes the fem-
tosecond pump, and after that, they relax back to their
original values with time. Their relaxation times are both
on the order of hundreds of femtoseconds. By curve fit-
ting the falling edges of ωp(t) and γ (t) using exponential
functions, the relaxation times are determined as 339 and
330 fs, respectively.

When the pump pulse interacts with ITO, energy is
transferred to electrons, resulting in a Te rise [Fig. 5(f)]
and redistribution of electrons, as described by the Fermi-
Dirac distribution function. This leads to an increase in
the value of m∗ [Eq. (5) and Fig. 5(e)] and a decrease
in the value of ωp [Eq. (2) and Fig. 5(d)]. Immediately
after the pumping is over, there is a relaxation process in
which the energy is transferred from electrons to the lat-
tice as heat and then dissipates. This dynamic process is
usually described using the two-temperature model [9,40],
and the extended Drude model, presented in this paper,
interprets the consequent optical nonlinearity with the cor-
responding statistically averaged electronic parameters m∗
and μ. Different pump beam configurations, that is, with
different pulse energy and pulse width, will yield different
results. As shown in Fig. 5(e), accompanying the decay of
Te, m∗ and μ are relaxed at τm∗ = 328 fs and τμ = 379 fs,
respectively.

The real and imaginary parts of the transient complex
refractive index n of the ITO film can be calculated using
Eq. (1) with ωp(t) and γ (t) presented in Fig. 5(d). As
shown in Figs. 5(g) and 5(h), the Real (Imaginary) part of
the refractive index experiences rising (falling) and recov-
ery stages in unit order in hundreds of femtoseconds in the
NIR range under ENZ pumping.

IV. CONCLUSION

Optical nonlinearity induced by intraband transition is
studied from the electron response, which is measured by
a femtosecond-pump-continuum-probe experiment. The
extended Drude model adopts a weighted effective mass
(m∗), which takes into account the electron redistribu-
tion in the nonparabolic conduction band during optical
excitation. Through the study of intensity dependence and
transient responses of the plasma frequency (ωp) and

the damping factor (γ ), it is found that the nonlinear-
ity originates from both the band nonparbolicity and the
temperature-dependent electron mobility (μ). In the ITO
sample studied, the dominant electron scattering mech-
anism is due to ionized impurity. During the relaxation
process of the excited electrons, the relaxation times for
m∗ and μ are found to be 328 and 379 fs, and those of
ωp and γ are 339 and 330 fs, respectively. The nonlinear
refractive indices and nonlinear susceptibilities are spec-
trally resolved in this study. The results can be applied
to other TCOs and will help researchers in designing the
spectral and transient responses of nonlinear all-optical
active nanophotonic devices.
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APPENDIX A: EFFECTIVE MASS OF
NONPARABOLIC CONDUCTION BAND

The E–k relation for a nonparabolic conduction band
(Fig. 6a) is

�2k2

2m∗
0

= E + CE2. (A1)

In an isotropic band, the total number of states, ns, in a
spherical region of the k space with a radius of k is

ns = 4
3
π

(
k

2π

)3

=
k3

3π2 . (A2)

E

k

(a) (b) (c) (d)

FIG. 6. (a) The E − k relation. (b) Fermi-Dirac distribution for
different electron temperatures. (c) Density of states. (d) Den-
sity of states effective mass. In (a, c, d), the dashed lines are the
parabolic band and solid lines are the nonparabolic band.
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Substituting Eq. (A1) obtains

ns = 1
3π2

(
2m∗

0

�2

)3/2

(E + CE2)3/2, (A3)

and the density of states is (Fig. 6c) [7]

ND = dns

dE
= 1

2π2

(
2m∗

0

�2

)3/2

(E + CE2)1/2(1 + 2CE).

(A4)

The distribution of electrons in the conduction band can be
described by the Fermi-Dirac distribution (Fig. 6b)

f0 = 1
exp[(E − EF)/(kBTe)] + 1

. (A5)

The electron density N is

N =
∫ ∞

0
f0NDdE. (A6)

Substituting Eq. (A4) obtains

N = 1
2π2

(
2m∗

0

�2

)3/2 ∫ ∞

0
f0(E + CE2)

1/2
(1 + 2CE)dE,

(A7)

which is Eq. (4) in the main text and is the same as that
previously reported [26]. For C → 0, that is, a parabolic
conduction band, the usual expression for electron density

N = 1
2π2

(
2m∗

0

�2

)3/2 ∫ ∞

0
f0E1/2dE, (A8)

is recovered [41]. The momentum effective mass of elec-
trons is

1
m∗ = 1

p
dE
dp

, (A9)

and

1
m∗ = 1

�2k
dE
dk

. (A10)

Substituting Eq. (A1) obtains the density-of-states effective
mass (Fig. 6d) [7,29]

m∗
D = m∗

0(1 + 2CE). (A11)

The overall effective mass statistically averages the effec-
tive mass over the electron distribution in the conduction

(a) (b)

(c)

FIG. 7. Electron temperature-dependent (a) Fermi level, (b)
electron total effective mass and mobility, and (c) plasma fre-
quency and damping factor.

band by the integration form with weights of f0ND/N

1
m∗ = 1

N

∫ ∞

0

f0ND

m∗
D

dE. (A12)

Substituting Eqs. (A4) and (A11),

1
m∗ = 1

2π2m∗
0N

(
2m∗

0

�2

)3/2 ∫ ∞

0
f0(E + CE2)

1/2
dE,

(A13)

which is Eq. (5) in the main text. Equation (A13) is reduced
to m∗ = m∗

0 for C → 0, that is a parabolic conduction band.

APPENDIX B: CALCULATION OF ELECTRON
TEMPERATURE

Upon pumping at the ENZ wavelength, only intraband
transition occurs and thus the electron density N is con-
served. Using Eq. (A7) the EF∼Te relation [Fig. 7(a)]
is numerically obtained [26,27]. The m∗∼Te relation
[Fig. 7(b)] is obtained by substituting the EF∼Te rela-
tion in Eq. (A13). The μ∼Te relation is the curve fit-
ting (μ = 18.3 − 2.13 × 10−5T1.53

e ) in the main text. The
ωp∼Te and γ∼Te relations [Fig. 7(c)] are calculated
from Eq. (2).
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