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Acoustic radiation torque (ART) plays an important role in the subject of acoustophoresis, which could
induce the spinning rotation of particles on their own axes. The partial wave series method (PWSM)
and T matrix method (TMM) are employed to investigate the three-dimensional radiation torques of both
spherical and nonspherical objects in a single Bessel beam over broader frequencies (from Rayleigh scat-
tering to geometric-optics regimes), with emphasis on the parametric conditions for torque reversal and the
corresponding physical mechanisms. For elastic objects, the dipole, quadrupole, and even several higher-
scattering modes are dominant to induce the axial ARTs beyond the Rayleigh limit with a relatively large
offset from the particle centroid to the beam axis in Bessel beams. The reversals appear with parametric
conditions (including wave number, cone angle, and offset) for the extrema or null values of the corre-
sponding cylindrical Bessel functions. The reversal of transverse ART from a rigid nonspherical particle
is also investigated in an ordinary Bessel beam and the geometrical surface roughness is briefly studied
for the effect on the radiation torques. This suggests the possibility of acoustic tweezers controlling the
spinning motion of particles within and beyond the Rayleigh limit.
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I. INTRODUCTION

Acoustic manipulations have attracted more and more
attention for the peculiar advantages of biocompatibility
and remote contact, which mainly consider the translo-
cation and rotation dynamics of the particles immersed
in fluids. As compared to its optical counterpart, acous-
tic tweezers could provide larger forces and torques with
the same incident wave field intensity and get rid of heat-
ing issues [1]. Meanwhile, the transducers in designing the
acoustic tweezers could provide a broader band of frequen-
cies from kHz to GHz, which could be applied for a large
range of particle sizes [2]. It is noteworthy that the acoustic
radiation force (ARF) is induced by the transfer of lin-
ear momentum, while the acoustic radiation torque (ART)
comes from the exchange of angular momentum from the
acoustic field to immersed particles. In general, acoustic
scattering [3–11] and streaming [12–16] are the two typical
kinds of physical mechanisms to move or rotate particles
in the fluids illuminated by vortex beams [17–22] or stand-
ing waves [23–27]. For the ARFs in a viscous fluid, the
acoustic streaming will dominate for small-sized particles,
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whereas the acoustic scattering plays a dominant role for
particles with sizes larger than the critical value [28–30].
To date, the ARF has been studied extensively in the field
of particle manipulation including particle trapping, selec-
tivity, sorting, patterning, orbital rotation, and so on, while
the applications of spinning (i.e., rotation around the par-
ticle centroid) induced by ART still need more attention,
especially on the reversal conditions and physical mech-
anisms for particles with different geometrical shapes and
material composition. In addition, most of the theoretical
work related to acoustic torque are focused on the Rayleigh
limitation [31]. It is worthwhile noting that particle dynam-
ics are interesting and promising beyond long-wavelength
approximation, such as in the Mie and geometric-optics
regimes. Hence, it is necessary to develop physical models
and theoretical or numerical methods to take the broadband
frequency analysis in acoustofluidics into consideration.

Standing waves and vortex beams are very promising
candidates in designing acoustic tweezers for biomedical
applications and material chemistry in the future, which
could both induce the three-dimensional ARFs to move or
trap particles and the ARTs to spin particles in the acous-
tic field under certain circumstances. The vortex beams
could be employed to rotate the particles by the transfer
procedure of the orbital angular momentum between the
acoustic field and particles. Rotations give extra degrees
of particle dynamics other than the translocations in three
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dimensions. For particles in a single vortex beam, the rel-
ative location of the object and beam axis will affect the
ARFs and ARTs exerted on the object. Zhang and Marston
derived a theoretical relationship between the axial torque
Tz on an axisymmetric object located on the axis of a sin-
gle vortex beam and the absorption energy Pabs, weighting
by the ratio of topological charge M and wave angular
frequency ω, written as Tz = (M/ω)Pabs [32]. However,
this theory cannot be applied when the particle moves off
the beam axis. In the following work by Zhang, a sim-
ilar expression was given for the off-axis situation [31],
which is, in fact, based on the Graf’s addition theorem
of Bessel functions [33] to use the summation of on-axis
torques to describe the off-axial condition. Under this cir-
cumstance, the sign of effective topological charge could
not be decided intuitively since it depends on the weighting
amplitude and cylindrical Bessel functions. As observed
in the aforementioned formulas for the on-axis situation,
the direction of axial ART can be determined once the
signs of the topological charge are known. The sign of the
effective topological charge is very important for finding
the positive or negative axial torques as well as the rever-
sal parameters. Zhang gave the theoretical derivation of
the effective topological charge for a small particle (i.e.,
long-wavelength approximation) and found the condition
for axial torque reversal in the off-axis incidence [31]. It
is noteworthy that the ARTs from small particles of fluid
[34] and viscoelastic [35] materials have been investigated
in the traveling/standing plane wave and Bessel beam with
the on-axis configuration. The secondary radiation torques
from multiple particles in arbitrary position have been
studied in the Mie scattering regime under the illumina-
tion of traveling and standing plane waves [36]. However,
it still needs to be discussed for a more general case in
Bessel beams, which will include a broadband frequency
(in and beyond the Rayleigh regime). This is discussed and
investigated in the present work.

On the other hand, Baresch et al. recently found that the
quadrupolar particle vibration mode could not be neglected
even in the Rayleigh regime for the viscous dissipation in
the fluid and absorption in the particle [37]. Hence, it is
important to compute the total radiation torque at a broad-
band frequency, which will consider not only the dipolar
vibration mode, but also higher-order vibration modes.
The partial wave series method (PWSM) is one kind of
theoretical method that considers the necessary individual
vibration modes and can correctly compute the scattering
field of particles immersed in fluid. Based on the angu-
lar momentum stress tensor theory, the ARTs could be
expressed in terms of the incident and scattered beam
shape coefficients with the explicit derivation given below.
It is anticipated that the PWSM could provide a theo-
retical method for spherical shapes to calculate the exact
torques induced by the acoustic field. In biomedical appli-
cations and physical chemistry, the spherical shapes cannot

always model the particle properly. Hence, the model using
more accurate geometric shapes will predict more pre-
cise torques on the particles of interest. To this end, a
versatile numerical method, the T matrix method (TMM)
[38–41], is introduced to calculate the three-dimensional
ARTs for the nonspherical particle. Note that the TMM
could apply for a spherical shape as a special case of
general three-dimensional shapes. In addition, it is neces-
sary to pay attention to the surface shape of the particle
since the geometrical shape will influence the scattering
field and accordingly the transfer process of both the lin-
ear and angular momenta between the particle and the
acoustic field. The influence of the surface roughness will
be briefly studied in this work. In combination with the
work of ARFs in three dimensions [11], it is promising
to develop the acoustic tweezers numerical toolbox with
six degrees of freedom [42,43], which could provide pre-
cise and stable manipulations and will finally facilitate the
applications of acoustofluidics technology in ultrasound
diagnosis and clinical medicine. The orbital rotation of the
particle around the beam axis (due to the lateral ARFs) is
outside the scope of this work, while the emphasis will be
on the spin rotation around the particle center induced by
the ARTs.

II. PHYSICAL MODELS AND MATHEMATICAL
FORMULAS

A. Three-dimensional ARTs in arbitrary acoustic
waves

The theoretical methods (partial wave series method)
and the numerical method (T matrix method) have been
demonstrated for acoustic scattering in our previous work
[3–5,33,39–44], which will not be shown here for simplic-
ity. Both the PWSM and TMM provide a linear relation-
ship between the incident (anm) and scattered (snm) beam
shape coefficients. In the following, the acoustic radia-
tion torques in three dimensions are independently derived
based on the radiation angular momentum stress tensor
approach [32,45,46], which gives a general relationship
between the three-dimensional torques and (incident and
scattered) beam shape coefficients.

Consider an object surrounded by an ideal fluid (the
angular momentum stress tensor meets ∇ · S′

T = 0) illu-
minated by an arbitrary acoustic field and based on the
divergence theorem, the integral of the angular momentum
stress tensor over the object surface (S) could be extended
to an arbitrary spherical surface in the far-field (S0 with
r → ∞) with the center located at the geometric center of
the particle O (see Fig. 1). This procedure facilitates the
theoretical and numerical methods to compute the ARTs
on arbitrary shape objects and gives a uniform formula
in terms of incident and scattered fields. According to the
formula T = ∫ ∫S0

S′
TdS and the angular momentum stress
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fluid

FIG. 1. Schematic of an arbitrarily shaped object in a nonvis-
cous fluid illuminated by a Bessel beam with arbitrary topologi-
cal charge and location.

tensor S′
T = r × ST where ST = 〈L〉 − ρ0〈uu〉 is the lin-

ear momentum stress tensor, the torque vector could be
expressed as

T = −ρ0

∫∫
S0

〈L〉r × dS − ρ0

∫∫
S0

〈(r × u)u〉dS, (1)

where ρ0 is the fluid density, 〈L〉 is the time average of
the Lagrangian density, and u denotes the total veloc-
ity vector. The differential surface area in the far field is
dS = n · r2 sin θdθdϕ with n the outward unit normal vec-
tor. Introducing the relationship r × dS = 0 and the time
average of complex numbers, Eq. (1) could be simplified
as

T = −ρ0

2
Re

∫∫
S0

{(r × ∇�) · n∇�∗}dS, (2)

where � is the total velocity potential having u = ∇�

and * denotes complex conjugation. For convenience, the
angular momentum operator L from quantum mechanics is
introduced with L = −i(r × ∇) [47], where i is the imag-
inary unit. By substituting r × ∇ = iL and � = �i + �s
into Eq. (2), it is rearranged as

T = ρ0

2
Im

∫∫
S0

{
∂�i

∗

∂r
L�i + ∂�i

∗

∂r
L�s + ∂�s

∗

∂r
L�i

+∂�s
∗

∂r
L�s

}
dS, (3)

where Im designates the imaginary part. The far-field
incident �i and scattered �s potentials are, respectively

�i = �0

∞∑
n=0

n∑
m=−n

anmjn(kr)Ynm(θ , ϕ), (4)

�s = �0

∞∑
n=0

n∑
m=−n

snmh(1)
n (kr)Ynm(θ , ϕ). (5)

In the above, anm and snm are the incident and scattered
coefficients of expansion (beam shape coefficients), �0
is the beam amplitude, and jn(kr) and h(1)

n (kr) are the
spherical Bessel and Hankel functions of the first kind,
respectively, Ynm(θ , ϕ) represents the normalized spheri-
cal harmonics and k is the wave number. In the absence
of scatterers there is no transfer of angular momentum in
the ideal fluid, and therefore, the incident acoustic field will
remain as original so that the term in Eq. (3) only involving
�i will vanish. In order to further simplify the ART in Eq.
(3) and use incident and scattered beam shape coefficients
to describe the ART, the far-field (kr → ∞) asymptotic
expressions of the spherical Bessel function and Hankel
function of the first kind with a recursion relation of the
spherical Bessel function and its derivative are employed

jn(kr) 
 i−(n+1)eikr/2kr + in+1e−ikr/2kr,

h(1)
n (kr) 
 i−(n+1)eikr/kr,

j ′
n(kr) = (n/kr)jn(kr) − jn+1(kr). (6)

By inserting Eqs. (4)–(6) into Eq. (3) and conducting sev-
eral algebraic operations, the ART vector can be described
briefly in terms of the incident and scattered beam shape
coefficients, such that

T = −ρ0�
2
0

2kr2 Re
∫∫

S0

{∑
nm

∑
n′m′

in−n′
(a∗

nm + s∗
nm)sn′m′

×(Y∗
nmLYn′m′)

}
dS. (7)

To obtain the ARTs theoretically or numerically,
the outward unit normal vector n = sin θ cos ϕex +
sin θ sin ϕey + cos θez in Cartesian coordinates is applied
for the projections of ARTs in three dimensions. The
dimensionless ART function Γ is introduced to depict the
ART with the relationship T = πr3

0I0c−1
0 Γ, where I0 =

(ρ0c0/2)(k�0)
2 with c0 being the speed of sound in the

surrounding fluid and r0 is the characteristic dimension of
the target (i.e., the radius of the maximum circumscribed
sphere). Finally, the dimensionless ART function Γ could
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be rewritten as

Γ = − 1
π(kr0)

3 Re
∫∫

S0

{∑
nm

∑
n′m′

in−n′
(a∗

nm + s∗
nm)sn′m′

×(Y∗
nmLYn′m′)

}
sinθdθdϕ. (8)

In Cartesian coordinates, the angular momentum opera-
tor is expressed as L = Lxex + Lyey + Lzez, with the three
components [47]

Lx = i sin ϕ
∂

∂θ
+ i cot θ cos ϕ

∂

∂ϕ
,

Ly = −i cos ϕ
∂

∂θ
+ i cot θ sin ϕ

∂

∂ϕ
,

Lz = −i
∂

∂ϕ
. (9)

To implement the integration of the product of the angu-
lar momentum operator and spherical harmonics over the
solid angle, the ladder operators L± = Lx ± iLy are con-
sidered, which are related to the spherical harmonics as
L±Ynm = √

(n ± m + 1)(n ∓ m)Yn,m+1. In addition, the z
component Lz of the angular momentum operator has
a relationship with the spherical harmonics as LzYnm =
mYnm. Substituting the relationships of the angular momen-
tum operator and spherical harmonics into Eq. (8), the
dimensionless ARTs in Cartesian coordinates could be
derived as follows:

Γx = − 1
2π(kr0)

3 Re
∑
nm

(a∗
nm + s∗

nm)(bnm−sn,m−1

+ bnm+sn,m+1),

Γy = − 1
2π(kr0)

3 Im
∑
nm

(anm + snm)(bnm+s∗
n,m+1

− bnm−s∗
n,m−1),

Γz = − 1
π(kr0)

3 Re
∑
nm

m(a∗
nm + s∗

nm)sn′m′ , (10)

with coefficients defined as bnm− = √
(n − m + 1)(n + m)

and bnm+ = √
(n + m + 1)(n − m). Re designates the real

part of the indicated expression. It is noteworthy that the
above formulas, which are derived independently, agree
with the ART results in Silva’s work [48], which are
obtained by using the trigonometric functions to express
the incident potential in the far field. The general expres-
sions in Eq. (10) demonstrate the possibility of calculation
of the three-dimensional ARTs of objects in arbitrary fields
once the incident and scattered beam shape coefficients
can be computed properly, and in fact, could be applied

for arbitrary acoustic waves once the incident beam shape
coefficients are available.

B. Beam shape coefficients of a Bessel beam with
arbitrary location

Bessel beams are one kind of typical vortex beams,
which are a theoretical solution to the scalar Helmholtz
equation. The essential point to describe a vortex beam in
theoretical and numerical methods is to obtain the incident
beam shape coefficients anm on a given basis function. In
this paper, Bessel beams with arbitrary topological charges
(or orders) M and locations OVB relative to the particle
center (as shown in Fig. 1) are considered with the acoustic
potential

�B = �0iM eikz(z−z0)JM (krR′)eiMϕ′
, (11)

where kr = k sin β and kz = k cos β depict the radial and
axial components of the wave number with β the cone

angle of the Bessel beam, R′ =
√

(x − x0)
2 + (y − y0)

2

gives the radial distance of a field point (x, y, z) to the beam
origin OVB,(x0, y0, z0), and ϕ′ = tan−1[(y − y0)/(x − x0)]
is the relative azimuthal angle. Note that Eq. (11) degrades
into the special cases of on-axis incidence situation
[3,4,44] when the particle center is located on the axis
of Bessel beams. By using the Graf’s addition theorem of
Bessel functions, the incident beam shape coefficients anm
were first derived theoretically in our previous work [33]

anm = 4πξnmin−m+M Pm
n (cos β)Jm−M (σ0)e−ikzz0e−i(m−M )ϕ0 ,

(12)

where ξnm = [(2n + 1)(n − m)!]1/2[4π(n + m)!]−1/2 are
the normalized coefficients, Pm

n are the associated Leg-

endre functions, σ0 = krR0, R0 =
√

x2
0 + y2

0 , and ϕ0 =
tan−1(y0/x0).

In order to obtain the three-dimensional ARTs of the
particle in an ideal fluid according to Eq. (10), the scat-
tered (beam shape) coefficients need to be calculated with
a suitable method. In the present work, both the the-
oretical method (PWSM) for spherical shapes and the
semi-analytical and semi-numerical method (TMM) for
nonspherical shapes are introduced to study the rotational
characteristics of the particles of interest. Both the PWSM
and TMM give a linear relationship between the inci-
dent (anm) and scattered (snm) beam shape coefficients.
For the PWSM, the relation could be described as snm =
Ananm, where the partial wave coefficients An are related
to the complex functions (scattering coefficients) sn: An =
(sn − 1)/2. The scattering coefficients sn are known for a
wide variety of spheres [44] and could be easily extended
for spherical shapes with different material compositions.
On the other hand, the transition relationship between anm
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and snm in TMM is described by snm = Tnm,n′m′an′m′ , where
Tnm,n′m′ denotes the transition matrix, which only depends
on the properties of the object, including the geometri-
cal shape, the material composition, and the boundary
conditions at the interface, and otherwise is independent
of the sources. For the PWSM, the partial wave coeffi-
cients An could be regarded as the transition matrix Tnn′ =
(sn − 1)/2 without the dependence on the azimuthal index
m for spheres. The TMM has been verified for the scat-
tering of several typical rigid nonspherical objects [39–43]
and hence could be extended for ART computations in the
present work. In the following computations, the trunca-
tion number is set as Nmax = 2 + Int

(
8 + kr0 + 4.05 3√kr0

)
(Int denotes the integer part of the indicated argument),
which could ensure the accuracy and convergence of the
present computations of PWSM and TMM [38].

III. THEORETICAL AND NUMERICAL RESULTS

A. Validation and resonance scattering explanation
with PWSM

The transfer of angular momentum could come from
dissipation mechanisms by the absorption either in the
absorbing particle or the viscous boundary layer in the sur-
rounding fluid [37]. In this work, an ideal fluid without
the viscosity and only the spinning motions around the
particle centroid are considered to investigate the three-
dimensional ARTs of spherical and nonspherical shapes
in a single Bessel beam. To verify the theory and home-
made programming, a viscoelastic solid sphere located on
the axis of the first-order Bessel beam is studied. The
sphere is made of polyethylene (PE) [49] with density ρe =
957 kg/m3, and longitudinal and transverse sound speeds
cp = 2430 m/s, cs = 950 m/s, respectively. The normal-
ized absorption coefficients are γp = 0.0074 and γs =
0.022, respectively. The surrounding fluid is an ideal water
with density ρ0 = 1000 kg/m3 and speed of sound c0 =
1500 m/s. As shown in Fig. 2, the characteristic length
of the spherical shell is the outer radius r0 = a and the
inner radius is b. b = 0 gives the special case for a solid
sphere and the shell case will be discussed in Sec. B. The
partial wave coefficients An for the viscoelastic spherical
shell could be obtained by using the complex wave num-
bers instead of those in elastic materials [43,50]. When the
spherical shell case turns into a solid sphere, Eq. (18) in
Ref. [50] [Eq. (A2) in Appendix A] should choose the
first and second rows with the first and third columns
both for the numerator and denominator according to the
boundary condition and continuity [43], as shown in the
Appendix A.

The dimensionless axial ARTs of the solid PE sphere
are depicted versus the dimensionless frequency ka and
cone angle β of the first-order (M = 1) Bessel beam for
the on-axis incidence [transverse offset (x0, y0) = (0, 0)],
as shown in Fig. 2. The present theory could be applied for

FIG. 2. The two-dimensional axial acoustic radiation toque pat-
tern of a viscoelastic solid sphere (b/a = 0) vs (ka, β) with ka the
dimensionless frequency and β the cone angle of the first-kind
Bessel beam (order M = 1). The modulus of the dimensionless
resonance backscattering form function (see text) from the solid
sphere by an ordinary plane wave is scaled by a ratio of 20
with the magenta solid line. The frequencies of the quadrupole
(n = 2) and octupole (n = 3) scattering are marked out where
the axial ART peaks occur.

both the on-axis and off-axis incidences of a Bessel beam
illuminating a particle. In other words, when the origin
of the beam coincides with the particle center, our theory
could degrade into the special case of on-axis incidence,
as derived previously [32]. The theory and homemade
programming could be validated according to the theoreti-
cal expression Tz = (M/ω)Pabs and could be extended for
more general situations. To explain the physical mecha-
nism for the maximum axial ARTs, the modulus of dimen-
sionless resonance backscattering form function (given in
the Appendix A) in an ordinary plane wave is also depicted
in Fig. 2 with a scale ratio of 20 (the magenta solid line),
which is obtained by subtracting a complex rigid back-
ground according to the resonance scattering theory [51].
As observed, the frequencies of ART peaks appear beyond
the Rayleigh regime and coincide with those of resonance
scattering peaks (especially the quadrupole (n = 2) and
octupole (n = 3) scattering, respectively). The physical
interpretation may be given as: based on the energy con-
servation, the vibration modes at the resonance frequencies
will absorb more energy (i.e., larger Pabs) from the Bessel
beam with the same topological charge (M ) and angu-
lar frequency (ω), resulting in a larger transfer of orbital
angular momentum and accordingly larger axial ARTs, as
illustrated by Tz = (M/ω)Pabs. This result has also been
studied recently by Baresch et al., who concluded that the
dipolar and quadrupolar particle vibration modes domi-
nate for the ART even in the Rayleigh scattering regime
[37]. Furthermore, as shown in Fig. 2, there is no negative
axial ARTs (i.e., ART reversal), which is easily under-
stood from Tz = (M/ω)Pabs > 0 since M > 0, ω > 0, and
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Pabs > 0 for the considered situation. However, the theory
will fail when the particle center moves off the beam axis.
The axial ART may reverse under off-axis incidence and
will be further investigated in the following.

B. Reversal of axial radiation torque and physical
mechanism with PWSM

The PWSM is employed to study the axial ARTs for the
PE spherical shell and solid sphere. There is air inside the
shell with density ρi = 1.23 kg/m3 and sound speed ci =
340 m/s. The reversal of axial ARTs for a polyurethane
sphere in a first-order Bessel beam has been observed
[48], however, the physical mechanism and parametric
conditions have not yet revealed, which is one of the
motivations of the present work. As shown in Fig. 3, the
two-dimensional axial ARTs patterns versus (ka, β) for

a spherical shell (the first row, aspect ratio b/a = 0.99)
and solid sphere (the second and third rows, b/a = 0) in
a Bessel vortex beam are presented with different offsets:
(x0, y0) = (π/ka, π/ka), (2π/ka, 2π/ka), (3π/ka, 3π/ka)

for the first to third columns with the distances in the
unit of meters. Obviously, the reversal ARTs could be
observed at certain dimensionless frequencies and cone
angles. Note that the axial ART of a sphere will vanish for
the zeroth-order Bessel beam even in the off-axis incidence
since there is no orbital angular momentum in the ordi-
nary Bessel beam [31], which is not given here. However,
the axial ART may still exist for nonspherical shapes with
the off-axis situation. Similar to the results in Fig. 2, the
maximum modulus of axial ARTs lies at the frequencies
of resonance scattering due to the large absorption energy.
In addition, when the particle deviates further away from
the beam axis (with larger offset), the high-order scattering

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

FIG. 3. The two-dimensional axial acoustic radiation toque patterns for (a–c) spherical shell with aspect ratio b/a = 0.99 and (d–i)
solid sphere with b/a = 0. The first-order for (a–f) and second-order for (g–i) Bessel beams are considered with off-axis incidence
(The offset is in the length unit of meter.): (x0, y0) = (π/ka, π/ka) for the first, (x0, y0) = (2π/ka, 2π/ka) for the second, and (x0, y0) =
(3π/ka, 3π/ka) for the third column, respectively. The numbers of scattering modes (n = 2, 3, 4) are also marked out in panels (e) and
(f) at frequencies where the axial ART reverses.
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(a)

(b)

FIG. 4. (a) The two-dimensional axial ARTs pattern of a PE
solid sphere (b/a = 0) illuminated by the first-order (M = 1)

Bessel beam with a fixed offset ,(x0, y0) = (5, 5). (b) The cylin-
drical Bessel function of the first kind versus krR0 = k sin βR0.
The ART reversals occur on the β − ka lines with the param-
eters of β and ka, which makes J1(k sin βR0) the extremum or
zero values.

modes, including the octupole (n = 3) and hexadecapole
(n = 4) or even higher orders as marked in Figs. 3(e)
and 3(f), also play a dominant role in the axial ART
for the off-axis incidence situation. However, the maxi-
mum torque will decrease with the increase of offset. This
phenomenon and principle may be very meaningful for
acoustic rotation of elastic particles beyond the Rayleigh
regime. It is interesting to note that the intervals of both
the thin shell and solid sphere are almost equally spaced
along the dimensionless frequency ka, due to the leak of
elastic wave components, which circumnavigate the shell
or sphere repeatedly (the zeroth-order symmetric and anti-
symmetric Lamb modes are for thin shells [52], while the
Rayleigh surface wave is for solid spheres). Comparing the
axial ARTs of the second-order case (third row for M = 2)
with the first-order (second row for M = 1), higher topo-
logical charges tend to give a larger maximum torque since
beams with larger topological charges carry more orbital
angular momentum [32].

To further study the physical mechanism and the param-
eter conditions of the reversals, the axial ARTs of a PE
sphere (b/a = 0) illuminated by the first-order (M = 1)

Bessel beam with a fixed offset (x0, y0) = (5, 5) are
depicted [Fig. 4(a)] as well as the cylindrical Bessel func-
tion of the first kind versus krR0 = k sin βR0 [Fig. 4(b)].
As shown in Eq. (11), the velocity potential of the Bessel
beam depends on the cylindrical Bessel function JM (krR′).
It is more important to discuss the properties of JM (krR0)

rather than those of JM (krR′), which is only related to
the offset of the particle to the beam axis and indepen-
dent of the arbitrary field point (x, y, z). Similar to the
results in Fig. 3, Fig. 4(a) also depicts the reversals of
axial ARTs, especially at certain fixed ka and different
β. To find out the parameter conditions when the rever-
sal appears, the ka − β curves are also plotted in Fig.
4(a), which meets k sin βR0 = 1.85, 3.832, 5.335, 7.016,
8.551, 10.17, and 11.71 [in fact the roots of the extremum
or zero values of J1(krR0) from left to right as shown in
Fig. 4(b)]. It is obvious to observe that the reversals (the
negative and positive ARTs exchange) will occur when
the parameters of dimensionless frequency ka and cone
angle β are located on the ka − β curves in Fig. 4(a). This
phenomenon has been found independently by numeri-
cal experiments for the parameter condition of axial ART
reversal at broadband frequencies (beyond the Rayleigh
limit) [42,43], which coincides with the recent theoretical
derivation for a small particle in the Rayleigh limit [i.e.,
JM (krR0)J ′

M (krR0) = 0] [31].

C. Reversal of transverse radiation torque of rigid
spheroid with TMM

For the experimental setup, it may be challenging for
the calibration of the vortex beam and the center of par-
ticles. Hence, one technology of the vortex-beam-based
acoustic tweezers may be promising, which could reverse
the torque without rotating the devices of the experimen-
tal transducers and only need to tune the cone angle or
incident frequency. In the long-wave approximation, the
interactions between the acoustic field and particle will not
be sensitive to the particle shapes, while the geometrical
shape effect may dominate beyond the Rayleigh scatter-
ing regime. To this end, the traditional TMM is introduced
to study the ARTs combined with the derived formulas
in Sec. II. Considering a rigid spheroid centered on the
axis of the zeroth-order Bessel beam (M = 0), as shown in
Fig. 5(a), the incident beam shape coefficients are derived
using the addition theorem of spherical harmonics [39]

anm = 4πξnminPm
n (cos θi)Pm

n (cos β)

(
cos(mϕi), σ = e
sin(mϕi), σ = o

)
,

(13)

where θi and ϕi are the polar and azimuthal angles of
the incident beam and σ = e, o (even, odd) specifies the
azimuthal parity, which is introduced to compute the tran-
sition matrix for convenience [41]. The transition matrix
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(a) (b)

(d) (c)

FIG. 5. (a) The schematic
of a rigid spheroid (aspect
ratio b/a = 0.5) centered on
the axis of the zeroth-order
Bessel beam (M = 0) with the
incident polar angle θi. (b, c)
the transverse ARTs �y curves
versus the incident angle θi in
the Rayleigh (ka = 0.0628)

and geometric-optics regimes
(ka = 10). Different cone angles
are selected with β = 0◦ (plane
wave case) and β = 30◦, 45◦,
60◦, and 80◦. (d) The geometrical
ray diagram of the zeroth-order
Bessel beam with oblique inci-
dence to qualitatively explain
the reversal of the transverse
ART �y .

could be calculated by Eqs. (14) and (15) from Ref. [39],
which is given in Appendix B. When the axis of the beam
coincides with that of the rotational axis of the spheroid,
the axial ART will vanish for the symmetry and out of
absorption. However, the transverse ARTs will be induced
because of the asymmetrical scattering, which leads to the
spinning motions.

A rigid spheroid with the aspect ratio b/a = 0.5 (here,
r0 = a) is illuminated by the ordinate Bessel beam with
normal or oblique incidences (i.e., different θi), where
a and b are the polar and equatorial radii as shown in
Fig. 5(d). The geometrical shape function of the spheroid is
r(θ) = (cos2θ/a2 + sin2θ/b2)−1/2 with θ the polar angle,
which is independent of the azimuthal angle for the rota-
tional symmetry. The transverse ART �y with different
cone angles β are investigated at frequencies lying in both
the Rayleigh limit [Fig. 5(b): ka = 0.0628] and geometric-
optics regime [Fig. 5(c): ka = 10]. β = 0◦ gives the special
case when the Bessel beam turns into an ordinary plane
wave. The black dashed line describes θi = 45◦. As shown
in Fig. 5(b) in the Rayleigh limit, the ART �y vanishes
with normal θi = 0◦ or broadside θi = 90◦ incidence for
symmetry and the maximum modulus occurs at θi = 45◦.
The direction of the ART is defined based on the right-hand
rule. This phenomenon agrees with the theoretical results
of a rigid spheroid in a plane standing-wave field by Fan
et al. with �y proportional to sin(2θi), suggesting the maxi-
mum modulus of ART occurs at θi = 45◦ [53]. Since in the
Rayleigh regime the wavelength is much larger than the

characteristic length r0 = a of the spheroid, the transverse
torque �y is not sensitive to the geometrical crosssection
of the spheroid, leading to the symmetry about θi = 45◦
of the �y ∼ θi curves depicted in Fig. 5(b). However, the
crosssection will play an important role when the parti-
cle size is comparable to the wavelength, for example, in
the geometric-optics regime. The results are shown in Fig.
5(c) and the symmetry about θi = 45◦ of the �y ∼ θi curve
breaks as expected for the variety of the crosssection of the
spheroid as the incident polar angle changes. In addition,
the transverse ART reverses at certain cone angles when
the incident polar angle θi is larger than a critical value.
This could be explained with the acoustic rays diagram as
shown in Fig. 5(d): the beam vectors deviate the axis with
a cone angle β for Bessel beams and the red-marked rays
dominate to produce a larger positive �y . It is easier to
obtain the ART reversal for a larger cone angle (e.g., beam
with β = 80◦ reverses at θi = 25◦ while with β = 60◦ it
reverses at θi = 48◦). The present work could be extended
for other kinds of geometrical shapes if the geometrical
function is available, for example, the finite cylinder with
endcaps [40,41].

D. Roughness effect on the transverse ARTs with
TMM

The surface roughness of particles will affect the acous-
tic scattering in three-dimensional space and thus alter
the transfer of linear and angular momenta between the
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(a)

(b)

FIG. 6. Similar to Figs. 5(b) and 5(c) except that the aspect
ratio of the rigid spheroid is b/a = 0.8 with rough surfaces
at dimensionless frequencies (a) ka = 0.0628 and (b) ka = 10,
respectively. The rough spheroid is still rotationally axisymmet-
ric. The two-dimensional rough spheroids are depicted at the
bottom with the relative roughness δ/a = 0 (smooth spheroid),
0.01, 0.03, and 0.05.

acoustic field and particles. This section will discuss
the effect of surface roughness of a rigid nonspherical
shape on the dimensional ARTs with the same expres-
sion of incident beam shape coefficients (zeroth-order
Bessel beam with a fixed cone angle β = 60◦). The geo-
metrical shape function of the rough spheroid is r(θ) =
(cos2θ/a2 + sin2θ/b2)−1/2 + δ cos(lθ) with δ the ampli-
tude of the roughness and l the periodic number of
the roughness around the spheroid (a multiple of four),
as shown in Fig. 6 with aspect ratio b/a = 0.8 (here,
r0 = a), l = 32, δ/a = 0 (smooth spheroid), and δ/a =
0.01, 0.03, and 0.05 (rough spheroids). Note that the rough-
ness amplitude δ could be random over the geometrical
shape of the particle, which will be given as a statis-
tical distribution. For simplicity, only the fixed surface

roughness is taken into consideration in the present work.
The convergence test is conducted for the rough spheroid
with ka = 10, δ/a = 0.05 and demonstrates the correct-
ness of our homemade programming. The convergence is
achieved at Nmax = 19, which is smaller than the trunca-
tion number applied in the present work having Nmax =
2 + Int

(
8 + kr0 + 4.05 3√kr0

) = 29. As is similar to the
case in Sec. III C with the rough spheroid replacing the
smooth one, the dimensionless ARTs around the y axis of
the rough spheroids with different roughnesses under the
illumination of the zeroth-order Bessel beam are described
versus the incident polar angle θi at dimensionless frequen-
cies ka = 0.0628 and ka = 10, respectively. Once again, as
shown in Fig. 6(a), the symmetries of the �y ∼ θi curves
still exist in the Rayleigh regime (ka = 0.0628 with a
wavelength much larger than the particle size and rough-
ness δ). This is because the geometrical shapes of the
rough spheroids are still symmetric. However, a slight
increase of the roughness will lead to a small increase in
the ART, probably due to the interactions between the sub-
wavelength structure along the geometrical surface of the
rough spheroid and the acoustic field. However, the phys-
ical mechanism is outside the scope of the present work.
For the effect of the roughness on the transverse ART
in the geometric-optics regime (ka = 10), the roughness
plays a dominant role to tune the �y versus the polar angle
θi, as shown in Fig. 6(b). This phenomenon suggests that
the surface shape with geometrical roughness may not be
neglected to model several biological cells or bacterial at
relatively high frequencies. At the broadband frequencies,
the more accurate model could provide a better forecast of
the three-dimensional ART as well as acoustic radiation
forces to better control particles or cells in acoustics.

IV. DISCUSSION AND CONCLUSION

The spinning rotation of a particle around its own axes in
an acoustic wave field describes extra degrees of freedom
besides the translocations and orbital rotations for acoustic
tweezers. The nonviscous fluid is considered in this work
and hence the radiation angular momentum stress tensor
theory [45,46] could be applied to compute the ARTs
by transferring the integrals over the geometrical shape
of the particle to a standard spherical surface in the far
field. In addition, theoretical formulas are derived indepen-
dently and proven to express the three-dimensional ARTs
in terms of the incident and scattered beam shape coeffi-
cients, which could be calculated with the PWSM [3–5]
and TMM [33,39–43]. Note that the dissipations both in
the bulk of an absorbing particle and in the viscous bound-
ary layer in the surrounding fluid play a dominant role to
induce the ARTs [37]. In addition, the spinning rate � for
a Rayleigh particle in a Bessel beam could be evaluated
by keeping the balance between the axial ART and the
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viscous-drag torqueTD = 8πa3vρ0�, where a is the par-
ticle size, v is the kinematic viscosity, and ρ0 is the fluid
density outside [31,37]. Viscous effects on the acoustic
torque neglected here can be unimportant when the oscil-
lating viscous boundary layer is small in comparison with
the object size, the effects of streaming are negligible, and
dissipation mechanisms within the particle are dominant.
Our approach is similar to that in Ref. [32], which pre-
dicted torques on an absorbing disk in an acoustic vortex
beam in agreement with measurements [54]. An approxi-
mation for estimating viscous contributions to the acoustic
torque for small spheres given in Ref. [55] is supported by
numerical simulation in a relevant situation [56].

Both the axial and transverse ARTs are investigated with
emphasis on the parameters’ conditions and corresponding
physical mechanisms of the radiation torque reversals. The
spherical and nonspherical particles are studied by using
the partial wave series method and the T matrix method,
respectively. It is found independently that the axial torque
will reverse at certain parameter conditions verified by
the combination of numerical computations and theoretical
formulas, which indicates that the dipole, quadrupole, and
even higher-order scattering modes have a large contribu-
tion to the radiation torque when the absorbing particle is
placed off the beam axis. Note that even in the Rayleigh
limit, the quadrupole vibration mode in the particle domi-
nates to induce the axial torque, and hence the long-wave
approximation will fail to obtain the total ARTs [37].
Meanwhile, higher-order vibration modes (e.g., octupole
with n = 3 and hexadecapole with n = 4) play a dominant
role for the ARTs when the particle moves far away from
the beam axis (with larger offsets). The resonance scat-
tering seems to lead to larger energy absorption from the
acoustic field by the energy conservation, resulting in the
larger ARTs at the resonance frequencies.

For the rigid spheroid, the transverse ART shows the
symmetry on the incidence angles in the Rayleigh regime
for both the smooth and rough geometrical surfaces since
the particle size and roughness is much smaller than the
long wavelength, leading to the fact the induced ARTs
are not sensitive to the geometrical shapes of the parti-
cles. On the contrary, the transverse ARTs will depend on
the shapes in the geometric-optics regime and the symme-
try on the incident angle is hence broken for the different
crosssections of the spheroid when the incident direction
varies. Furthermore, the transverse ART will reverse with
a relatively larger cone angle of the Bessel beam under
the oblique incidence and this can be understood qual-
itatively by a geometrical rays diagram. The roughness
on the geometrical shape is also discussed and found to
be important since it affects the ARTs in the geometric-
optics regime and can be neglected in the long-wavelength
approximation.

In the fields of life sciences [25] and microfluidics,
acoustic tweezers are playing a more and more important

role for precise control of particles in acoustics, which
mainly consider the translocation and orbital rotation
induced by the acoustic radiation forces or the drag force
from acoustic streaming, and the spinning rotation induced
by the acoustic radiation torques. Hence, it is helpful to
consider more degrees of freedom at broadband frequen-
cies (including the Rayleigh limit and Mie and geometric-
optics regimes) and more precise geometrical models,
leading to the applicability to explore new physical mecha-
nisms and applications in biomedical science and lab-on-a-
chip technology. The present work provides improvements
to some extent on these alternative phenomenon and phys-
ical mechanisms for the ART reversal in the spinning
motion dynamics, which may be beneficial to experimental
designs and engineering applications.
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APPENDIX A: PARTIAL WAVE COEFFICIENTS
FOR VISCOELASTIC SPHERICAL SHELL

FILLED WITH FLUID

For convenience, several dimensionless frequencies are
introduced as [43]: x = ka, xp = kpa, xs = ksa, zp = kpb,
zs = ksb, and zi = kib, where a and b describe the outer
and inner radii of the spherical shell and k, kp , ks, and ki are
the wave numbers in the outer fluid, in the elastic shell of
longitudinal and shear components, and in the inner fluid.
In the outer fluid, the velocity and density are ρ0 and c0. In
the elastic shell, the density is ρe and the longitudinal and
shear velocities are cp and cs. In the inner fluid, the velocity
and density are ρi and ci. The partial wave coefficients An
(instead of scattering coefficients sn) are given as [50]

An = − Fnjn(x) − xj ′
n(x)

Fnh(2)
n (x) − xh(2)

n
′
(x)

, (A1)

where the coefficients Fn

Fn = −ρ0

∣∣∣∣∣∣∣∣∣

α22 α23 α24 α25 0
α32 α33 α34 α35 0
α42 α43 α44 α45 α46
α52 α53 α54 α55 α56
α62 α63 α64 α65 0

∣∣∣∣∣∣∣∣∣

/

∣∣∣∣∣∣∣∣∣

α12 α13 α14 α15 0
α32 α33 α34 α35 0
α42 α43 α44 α45 α46
α52 α53 α54 α55 α56
α62 α63 α64 α65 0

∣∣∣∣∣∣∣∣∣
, (A2)
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with the matrix elements

α12 = (2ρe/x2
s )[(x

2
p − 1/2x2

s )jn(xp) + x2
p j ′′

n (xp)],

α13 = (2ρe/x2
s )[(x

2
p − 1/2x2

s )yn(xp) + x2
py ′′

n (xp)],

α14 = (2ρe/x2
s )n(n + 1)[xsj ′

n(xs) − jn(xs)],

α15 = (2ρe/x2
s )n(n + 1)[xsy ′

n(xs) − yn(xs)],

α22 = xp j ′
n(xp),

α23 = xpy ′
n(xp),

α24 = n(n + 1)jn(xs),

α25 = n(n + 1)yn(xs),

α32 = 2[xp j ′
n(xp) − jn(xp)],

α33 = 2[xpy ′
n(xp) − yn(xp)],

α34 = (n2 + n − 2)jn(xs) + x2
s j ′′

n (xs),

α35 = (n2 + n − 2)yn(xs) + x2
s y ′′

n (xs),

α42 = (2ρe/z2
s )[(z

2
p − 1/2z2

s )jn(zp) + z2
p j ′′

n (zp)],

α43 = (2ρe/z2
s )[(z

2
p − 1/2z2

s )yn(zp) + z2
py ′′

n (zp)],

α44 = (2ρe/z2
s )n(n + 1)[zsj ′

n(zs) − jn(zs)],

α45 = (2ρe/z2
s )n(n + 1)[zsy ′

n(zs) − yn(zs)],

α46 = ρijn(zi),

α52 = zp j ′
n(zp),

α53 = zpy ′
n(zp),

α54 = n(n + 1)jn(zs),

α55 = n(n + 1)yn(zs),

α56 = −zij ′
n(zi),

α62 = 2[zp j ′
n(zp) − jn(zp)],

α63 = 2[zpy ′
n(zp) − yn(zp)],

α64 = (n2 + n − 2)jn(zs) + z2
s j ′′

n (zs),

α65 = (n2 + n − 2)yn(zs) + z2
s y ′′

n (zs), (A3)

where jn and yn are the first and second kind of spherical
Bessel functions, one (′) and two (′′) primes of functions
represent the first- and second-order derivate with respect
to the indicated argument. For the viscoelastic materi-
als, the complex wave number should be introduced with
k∗

p=kp(1 − iγp) and k∗
s =ks(1 − iγs) in replacement of the

longitudinal and shear wave numbers in xp ,s and zp ,s where
γp ,s are the normalized absorption coefficients, respec-
tively. When the inner fluid is absent, the special case goes
to the spherical solid situation. According to the linear
equations of the boundary conditions, one has

Fn = −ρ0

∣∣∣∣ α22 α24
α32 α34

∣∣∣∣
/∣∣∣∣ α12 α14

α32 α34

∣∣∣∣. (A4)

Note that for a vacuum-filled spherical shell, the scattering
coefficients are given in Refs. [57,58]. The far-field form
function is defined in the PWSM as

f (ka, θ , β, ϕ) = −2i
ka

Nmax∑
n=0

n∑
m=−n

anmAnYnm(θ , ϕ). (A5)

For the nonspherical shape using the TMM, the outer
radius of the spherical shape a in Eq. (A5) should be
replaced with the characteristic length r0, and the partial
wave coefficients An should be replaced by the transition
matrix.

APPENDIX B: TRANSITION MATRIX FOR A
RIGID ROTATIONALLY SYMMETRIC SHAPE

As discussed in Sec. II B, the scattering coefficients
could be obtained using the transition (T) matrix multi-
plying by the incident beam shape coefficients. For a rigid
particle with rotational symmetry, the T matrix could be
calculated as T = −ReQQ−1 with the element of the Q
matrix [39]

Qσσ ′
nm,n′m′ =

∫ π

0
ξn′m′ jn′(kr)Pm′

n′ (cos θ)ξnm

×
[
∂h(1)

n (kr)
∂r

Pm
n (cos θ) − rθ

r2 h(1)
n (kr)

∂Pm
n (cos θ)

∂θ

]

× r2 sin θdθ

∫ 2π

0

(
cos m′ϕ
sin m′ϕ

)(
cos mϕ
sin mϕ

)
dϕ,

(B1)

where r(θ) is the geometrical shape function and rθ =
dr/dθ is the derivate of r(θ) with respect to the polar angle
θ on the particle surface. Further details and simplified
methods can be found in Refs. [40,41].
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