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Excitation of Propagating Plasmons in a Periodic Graphene Structure by Incident
Terahertz Waves
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The transformation of an electromagnetic wave into a propagating plasmon in a periodical dual-grating-
gated graphene structure is theoretically investigated. The electromagnetic wave is incident at normal
direction upon the structure. The most effective transformation appears in two cases: (i) a combined exci-
tation of the radiative and “nonradiative” gated plasmon modes and (ii) excitation of the plasmon modes
with the wavevectors in multiples of the structure inverse period. We find a 70% transformation of the
incident power into a propagating plasmon for a 1-ps carrier momentum relaxation time in graphene
when canceling the transmission of the electromagnetic wave through the graphene structure by a metallic
ground plate and blocking the reflection with a Fabry-Perot resonator.
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I. INTRODUCTION

Graphene is a perspective media for excitation and
investigation of the plasmons in the terahertz (THz) fre-
quency range [1–5]. Graphene may be used in the van
der Waals structures [6]. Encapsulating graphene between
two films of hexagonal boron nitride (h-BN) provides a
high-quality plasmon medium [7] with high charge-carrier
mobility around 100 000 cm2/(V s) at room temperature
[8,9]. The momentum relaxation time of charge carriers in
graphene reaches the value of 2 ps at room temperature
[10,11].

It has been suggested that the plasmon properties of
a periodical graphene structure are used to amplify [12],
detect [13], and transform THz waves [14]. Coupling of
plasma waves in graphene [15,16] to incident electro-
magnetic waves demands special couplers that balance
different momenta of the incident electromagnetic wave
and the plasmon. Typically, wide-area couplers to be used
for exciting standing THz plasmon in graphene are periodi-
cal one-dimensional [17–19] and two-dimensional [20,21]
gratings. Unlike periodic systems, in which the diffraction
of electromagnetic waves is investigated [22], slow plas-
mon modes are excited in short-period structures in which
higher diffraction harmonics are nondiffractive (evanes-
cent). Plasmon excitation in such wide-area graphene
structures can be identified via absorption of the energy
of incident electromagnetic waves. The perfect absorp-
tion of incident waves was found in a periodic graphene
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structure with a metallic ground plate due to utilizing the
Fabry-Perot conditions for reflected waves [23].

In order to excite the propagating plasmon, different
methods can be used: diffraction of incident waves on the
cantilever of a scanning near-field microscope [24–28],
on a single metal gate [29], or on a slit in a metal gate
[30] that is placed over graphene. The traveling plasmon
mode can be excited in a graphene structure with a periodic
metal grating gate and dc drift current in graphene [31]
or by using a magneto-optical substrate [32]. The effect
of attenuated total reflection is proposed for an excitation
traveling plasmon in graphene [33,34]. Also, the compres-
sion of surface polaritons in tapered bulk slabs is proposed
to transform an electromagnetic wave into a propagating
plasmon [35]. The excitation of the unidirectionally prop-
agating plasmon can be possible due to the interference of
two plasmons excited by two nanoridges in graphene [36].
All optical generation of graphene plasmons can be accom-
plished without local scatters by manipulating the phase
matching conditions [37]. The drawbacks of the meth-
ods mentioned above are low transformation efficiency for
diffraction methods and strong dependence on the incident
angle for attenuated total reflection methods.

In this work, we propose the periodic graphene structure
with a dual-grating gate (DGG) and asymmetric unit cell
as an effective transformer of normally incident THz elec-
tromagnetic wave into a propagating plasmon in graphene.
The asymmetric DGG ensures the conservation of momen-
tum for excitation of propagating plasmon by the incident
THz wave. We theoretically demonstrate that transfor-
mation of an incident wave into a propagating plasmon
exceeds 70% for realistic parameters of the structure for
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room temperature in the DGG graphene structure with a
metallic back gate in the case of blocking the reflectance
by a Fabry-Perot resonator.

II. THEORETICAL MODEL

The DGG structure under consideration is shown in
Fig. 1. The homogeneous graphene layer is separated
from the DGG by a thin dielectric slab with thickness d.
The graphene layer is screened by a spatially homoge-
neous metallic back gate. The thickness of a dielectric
slab between the graphene and the back gate is h. The
THz electromagnetic wave with the electric field polar-
ized across the DGG fingers is normally incident from
the top onto the metal DGG. The DGG consists of two
periodical interdigitated subgratings. Two subgratings of
the DGG are laterally shifted with respect to each other
in order to introduce an asymmetry into the unit cell of
the periodic DGG graphene structure. In structures with
two-dimensional (2D) plasmons excited via diffraction of
electromagnetic waves on the DGG with an asymmet-
ric unit cell, a noncentrosymmetric electric field can be
induced [38]. The in-plane noncentrosymmetric electric
fields in the DGG structure with a 2D electron gas trig-
ger the plasmonic effect of electron drag in the 2D electron
gas [13,38,39], which was studied in the experiment in
Ref. [40].

We solve the problem of the excitation of plasmon
modes in a DGG graphene structure within a self-
consistent electromagnetic approach using the full system
of the Maxwell equations. The solving of the electro-
magnetic problem consists of transforming the Maxwell
equations and boundary conditions into the spatial Fourier
representation, then formulating the integral equations
with respect to the surface currents in DGG strips, and
numerically solving the integral equations by the Galerkin
procedure with the expansion of surface currents into series

on the Legendre polynomials (for a description of the elec-
tromagnetic approach, see the Appendix; for details of a
similar approach, also see Ref. [41]). The THz response of
graphene is described by the dynamic conductivity [42,43]
described by Eq. (A4) in the Appendix with a Fermi energy
of 150 meV. All results shown here are calculated for the
sum of the DGG openings s1 + s2 = 350 nm, width w2 =
500 nm, and the sum of the dielectric slabs thicknesses
d + h = 6 μm.

The electromagnetic energy flux in the graphene struc-
ture is described by the time-averaged Poynting vector
S = 1

2 Re[EH∗], where E is the total electric field and
H is the total magnetic field. We investigate the excita-
tion of the plasmons in a DGG graphene structure [Fig.
1(b)] by the TM electromagnetic wave of the DGG and,
therefore, the energy flux has only two components: Sx =
− 1

2 Re
(

EzH ∗
y

)
and Sz = 1

2 Re
(

ExH ∗
y

)
.

The incident flux of a normally incident THz wave is

Sinc
z = −1

2

√
ε1ε0

μ0

∣∣Einc
x

∣∣2
, (1)

where Einc
x is the electric field of the incident wave, ε1 is the

dielectric constant of the upper medium (air), and ε0 and
μ0 are the electric and magnetic constants respectively.

For a spatially periodic structure, the electric and
magnetic fields can be expanded into Fourier series
as Ex (x, z, t) = ∑∞

p=−∞ ex, p (z) exp
(
iqpx − iωt

)
, where

ex, p (z) is the Fourier amplitude of the x component of the
electric field, qp = 2πp/L is the reciprocal vector with p
being an integer, and ω is the frequency of the incident
THz wave.

The energy flux in the x direction caused by a propagat-
ing plasmon is given by averaging over the spatial period
of the structure and integrating over the z coordinate the x

(a) (b)

(c)

Metal
Graphene

FIG. 1. (a) Schematic view of the DGG graphene structure. (b) One unit cell of the DGG graphene structure. A typical spatial
distribution of a plasmon electric field in the unit cell of the DGG graphene structure is shown. (c) Fabry-Perot resonance for the
graphene structure without DGG.
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component of the Poynting vector

SP
x = 1

L

∫ +∞

−h

∫ L

0
Sxdxdz, (2)

where L is the spatial period of the structure. This plasmon
energy flux is composed of three terms, SP

x = SP1
x + SP2

x +
SP3

x , where

SP1
x = ωε1ε0

4

∑
p �=0

qp∣∣∣q(1)
z,p

∣∣∣
2

β(1)
p

∣∣∣e(1)
x,p

∣∣∣
2

Im
(

q(1)
z,p

) ,

SP2
x = ωε2ε0

4

∑
p �=0

qp∣∣∣q(2)
z,p

∣∣∣
2

β(2,2)
p

∣∣∣e(2,2)
x,p

∣∣∣
2
− β(2,1)

p

∣∣∣e(2,1)
x,p

∣∣∣
2

Im
(

q(2)
z,p

)

− ωε2ε0d
∑
p �=0

qp∣∣∣q(2)
z,p

∣∣∣
2 Re

[
e(2,1)

x,p

(
e(2,2)

x,p

)∗]
,

SP3
x = ωε3ε0

4

∑
p �=0

qp∣∣∣q(3)
z,p

∣∣∣
2

β(3,2)
p

∣∣∣e(3,2)
x,p

∣∣∣
2
− β(3,1)

p

∣∣∣e(3,1)
x,p

∣∣∣
2

Im
(

q(3)
zp

)

− ωε3ε0h
∑
p �=0

qp∣∣∣q(3)
z,p

∣∣∣
2 Re

[
e(3,1)

x,p

(
e(3,2)

x,p

)∗]
,

where

β(1)
p = exp

[
−2Im

(
q(1)

z, p

)
d
]

,

β(2,n)
p = exp

[
(−1)n2Im

(
q(2)

z, p

)
d
]

− 1,

β(3,n)
p = 1 − exp

[
(−1)n+12Im

(
q(3)

z, p

)
h
]

.

We use the dependencies of the induced electric fields in
different media on the z coordinate [see Fig. 1(b)] as Eq.
(A1) from the Appendix. Here, q(α)

z,p =
√

ω2εαε0μ0 − q2
p

(for α = 1, 2, 3) are the transversal wavevectors of the spa-
tial Fourier harmonics in different dielectric media and
εα are the dielectric constants of the dielectric media. In
case of the plasmon excitation in graphene by a short-
period DGG, all transversal wavevectors with |p| > 0 are
imaginary and the transversal wavevector with p = 0 is
real. Therefore, all Fourier harmonics with |p| > 0 are the
evanescent waves and the reflected THz wave is described
by the spatial harmonic with p = 0. Then the Poynting flux
of the reflected wave is

SR
z = 1

2

√
ε1ε0

μ0

∣∣∣e(1)

x,0

∣∣∣
2
. (3)

Then the reflectance coefficient is

R = SR
z∣∣Sinc

z

∣∣ , (4)

and the absorbance coefficient is A = 1 − R. We introduce
the coefficient of transformation of the incident wave into
the propagating plasmon as

TP = SP
x∣∣Sinc

L, z

∣∣ , (5)

where Sinc
L,z = LSinc

z is the Poynting flux incident onto one
unit cell of the periodic DGG structure.

We calculate the velocity of the energy of the propagat-
ing plasmon as

vs = SP
x

WLT
, (6)

where WLT is the spatiotemporal averaged energy den-
sity of the electric and magnetic fields of the plasmon.
For the DGG graphene structure, the spatiotemporal aver-
aged energy density of the electric and magnetic fields of
the plasmon can be written as WLT = W(1)

LT + W(2)
LT + W(3)

LT ,
where

W(1)
LT = ε1ε0

8

∑
p �=0

ξ (1)
p

β(1)
p

∣∣∣e(1)
x,p

∣∣∣
2

Im
(

q(1)
z,p

) ,

W(2)
LT = ε2ε0

8

∑
p �=0

ξ (2)
p

β(2,2)
p

∣∣∣e(2,2)
x,p

∣∣∣
2
− β(2,1)

p

∣∣∣e(2,1)
x,p

∣∣∣
2

Im
(

q(2)
z,p

)

+ ε2ε0d
2

∑
p �=0

ζ (2)
p Re

[
e(2,1)

x,p

(
e(2,2)

x,p

)∗]
,

W(3)
LT = ε3ε0

8

∑
p �=0

ξ (3)
p

β(3,2)
p

∣∣∣e(3,2)
x,p

∣∣∣
2
− β(3,1)

p

∣∣∣e(3,1)
x,p

∣∣∣
2

Im
(

q(3)
z,p

)

+ ε3ε0h
2

∑
p �=0

ζ (3)
p Re

[
e(3,1)

x,p

(
e(3,2)

x,p

)∗]
,

with

ξ (α)
p = 1 + ω2εαε0μ0 + q2

p∣∣∣q(α)
z,p

∣∣∣
2 ,

ζ (α)
p = 1 − ω2εαε0μ0 + q2

p∣∣∣q(α)
z,p

∣∣∣
2 .

In order to enhance the interaction of the incident THz
wave with graphene, we cancel the transmission of the
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THz wave through the DGG structure by using a homoge-
neous metallic back gate and weaken the reflection from
the DGG structure by using the Fabry-Perot conditions
for the reflected wave. By varying the thickness h, we
can tune the frequency of the Fabry-Perot resonance to
the frequencies of excited plasmon modes. The Fabry-
Perot resonance for the graphene structure without the
DGG is shown in Fig. 1(c). The presence of the DGG
shifts the frequency of the Fabry-Perot resonance. There-
fore, we examine the DGG graphene structure, looking for
maximum values of absorbance near the frequency of the
Fabry-Perot resonance for the graphene structure without
DGG.

III. RESULTS AND DISCUSSION

In the DGG graphene structure, it is possible to excite
the gated plasmon modes with wave numbers quantized as
kx = πn/wl (for l = 1, 2), where wl are the widths of the
fingers of different DGG subgratings and n = 1, 2, 3, . . .. In
the spatially symmetrical structure, only “bright” plasmon
modes with odd numbers n = 1, 3, 5, . . . can be excited,
while for the excitation of “dark” plasmon modes with
even numbers n = 2, 4, 6, . . ., spatial asymmetry of the unit
cell of the periodic structure is needed.

The resonantly excited gated plasmon under gate w1 and
forced plasmon under gate w2 have a weak asymmetry
of the spatial distribution of the electric field. Hence, we
consider the conditions of excitation of the “hybrid” plas-
mon mode, which consists of a simultaneously resonantly
excited gated plasmon with n = 1 under gate w1 and a
gated plasmon with n = 2 under the gate w2. Such hybrid
plasmon modes have enhanced asymmetry of the plasmon
electric fields in graphene [see the electric field distribu-
tion near the dashed line in Fig. 2(c)], which leads to the
effective excitation of the traveling plasmon modes.

We examine the interaction of the gated plasmon modes
close to the Fabry-Perot resonance, optimizing every
geometrical parameter of the DGG graphene structure.
Keeping the width of the gate w2, the frequency of the
Fabry-Perot resonance, and the sum of s1 + s2 unchanged
and optimizing the asymmetry coefficient K = 1 − s1/s2,
we calculate the absorbance A and transformation coef-
ficient Tp [see Figs. 2(a) and 2(b)]. In the regime of
interaction of the fundamental plasmon mode with index
n1 = 1 and dark plasmon mode with index n2 = 2, the
transformation of an incident wave into a propagating
plasmon reaches the value of 51% [Fig. 2(b)] for the
carrier momentum relaxation time in graphene τ = 1 ps.
The absorbance reaches the value of 0.9996 at the point
of the maximum transformation coefficient Tp [Fig. 2(a)]
due to the Fabry-Perot resonance of the electromagnetic
wave. The transformation coefficient for this hybrid gated
plasmon mode at the frequency of 4 THz reaches its
maximum value for the asymmetry coefficient K = 0.6.
The distribution of the in-graphene-plane component of
the electric field at the maximum transformation point
clearly demonstrates the interaction of the fundamental
plasmon mode with index n1 = 1 under the gate w1 and
dark plasmon mode with index n2 = 2 under the gate
w2 [Fig. 2(c)]. The calculated velocity of the propagat-
ing plasmon is vs = 1.27 × 106 m/s; then the mean free
pass (MFP) can be estimated as lMFP = vsτ , which equals
1.27 μm.

The physical mechanism of the excitation of a propagat-
ing plasmon in a periodic graphene structure is connected
with the excitation of the dark plasmon modes with an odd
(asymmetric) spatial distribution of the longitudinal com-
ponent of the electric field with respect to the center of
the plasmon cavity. The dark plasmon modes are described
by the sum of the Fourier harmonics traveling in oppo-
site directions, which have unequal amplitudes in pairs
of the same order. In a situation where the amplitudes of

(a) (b) (c)

FIG. 2. Transformation of an incident THz wave into a propagating plasmon mode for w2 = 500 nm, d = 25 nm, d + h = 6 μm,
and K = 0.6. (a) Spectra of absorbance A depending on the width of the gate finger w1. (b) Spectra of the transformation coefficient
Tp depending on the width of the gate finger w1. The point of maximum transformation is shown by the cross of the dashed straight
lines. (c) Spatial distribution of the x component of the electric field over the unit cell of the DGG graphene structure at the point of
maximum transformation frequency for w1 = 0.34 μm and frequency 4 THz.
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(a) (b) (c)

FIG. 3. Transformation of an incident THz wave into a propagating plasmon mode for w2 = 500 nm, d = 105 nm, d + h = 6 μm,
and K = 0.7. (a) Spectra of absorbance A depending on the width of the gate finger w1. (b) Spectra of transformation coefficient Tp
depending on the width of the gate finger w1. The point of maximum transformation is shown by the cross of the dashed straight
lines. (c) Spatial distribution of the x component of the electric field over the unit cell of the DGG graphene structure at the point of
maximum transformation frequency for w1 = 0.672 μm and frequency 5.025 THz.

the Fourier harmonics differ significantly, the propagating
plasmon arises.

Fabry-Perot resonance also allows for increasing the
transformation coefficient Tp for plasmon modes with
wave numbers quantized as kx = 2πn/L (where n is an
integer) [Fig. 3(a)]. Such plasmon modes can be excited
when the distance between the DGG and graphene is com-
parable to (or greater than) DGG finger widths. Using the
optimization process (similar to that for the gated plas-
mons), we find a maximum transformation coefficient of
71.5% [Fig. 3(b)] for a 1-ps carrier momentum relax-
ation time in the case of excitation of the plasmon mode
with wave number kx = 4π/L. The absorbance reaches
the value of 0.9996 at the point of the maximum trans-
formation coefficient Tp [Fig. 3(a)] due to the Fabry-Perot
resonance of an electromagnetic wave. The transformation
coefficient for this plasmon mode reaches its maximum
value for the asymmetry coefficient of K = 0.7. The distri-
bution of the in-graphene-plane component of the electric
field at the maximum transformation point corresponds to
the excitation of a spatially asymmetric plasmon mode
with kx = 4π/L [Fig. 3(c)]. In such a case, the calcu-
lated velocity of the propagating plasmon is vs = 3.77 ×
106 m/s, which gives the mean free pass 3.77 μm.

By varying the position of graphene in Fabry-Perot slab
(varying d and keeping the sum d + h constant) and opti-
mizing other geometrical parameters, we establish two
optimum distances d for the best transformation of the THz
wave into the propagating plasmon (Fig. 4). Figure 4 is
obtained following the evolution of the maximum transfor-
mation points in Figs. 2(b) and 3(b) by varying the position
of graphene in the Fabry-Perot slab. The first maximum at
small distance d = 25 nm corresponds to the most effective
excitation of gated plasmon modes in the structure (Fig.
2). The second maximum at d = 105 nm corresponds to
the most effective excitation of the plasmon modes with
the wave number kx = 4π/L (Fig. 3). Further increasing d

is inexpedient since, for greater d, the evanescent fields of
the DGG weakly excite plasmons in graphene (the decay
length of the plasmon electric field in the z direction is
determined by the plasmon wavelength λp ∝ L/n, where
n is the index of the plasmon mode [44]).

Now, we investigate the dependence of the transforma-
tion coefficient on the carrier momentum relaxation time
for both types of plasmon modes (Fig. 5). The trans-
formation coefficient Tp for a plasmon mode with wave
number kx = 4π/L (d = 105 nm) reaches greater values in
comparison with that for the gated plasmon modes (d =
25 nm). Each transformation coefficient reaches its max-
imum at the value of the relaxation time (Fig. 5), which
corresponds to the optimum coupling between the DGG
structure and the incident THz wave [45]. Estimations of
the mean free paths for optimum values of the momen-
tum relaxation times give 2.03 μm for the gated plasmon
mode and 15.39 μm for the plasmon modes with wave
number kx = 4π/L (Fig. 5). Because of such long mean

FIG. 4. Dependence of the transformation coefficient for the
gated plasmon modes (black curve 1) and plasmon modes with
kx = 4π/L (red curve 2) on distance d, keeping the sum d + h
constant as d + h = 6 μm.
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FIG. 5. Dependence of the transformation coefficient Tp (red)
and mean free paths (blue) for the gated plasmon modes (1) and
plasmon modes with kx = 4π/L (2) on the carrier momentum
relaxation time τ . Curves 1 are calculated for w1 = 0.34 μm,
d = 25 nm, K = 0.6, and frequency 4 THz. Curves 2 are calcu-
lated for w1 = 0.672 μm, d = 105 nm, K = 0.7, and frequency
5.025 THz.

free paths in comparison with period of the structure, the
energy of the propagating plasmon is not fully absorbed at
the unit cell of the periodic structure, but overflows into the
neighboring unit cells. Because of that, the transformation
coefficients can exceed unity.

IV. CONCLUSION

It is possible to transform a normally incident electro-
magnetic wave into a propagating plasmon in graphene
using the DGG structure with an asymmetric unit cell.
Screening the structure with the back metal gate and Fabry-
Perot blocking of reflectance from the DGG structure
allows for increasing the efficiency of the transformation
of the incident wave into a propagating plasmon. The max-
imum of the transformation occurs for two types of the
plasmon modes: the gated plasmon modes and plasmon
modes with wave number in multiples of the structure
inverse period. Periodical structures with an asymmetric
unit cell can be utilized as transformers of the incident
electromagnetic wave into propagating plasmons.
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APPENDIX: ELECTROMAGNETIC APPROACH

We represent the DGG graphene structure (Fig. 1 of the
paper) by a model shown in Fig. 1(b). All elements of the
structure are spatially homogeneous in the y direction. We
investigate the DGG graphene structure with a spatially
homogeneous graphene and back gate. The electromag-
netic wave with components of electric Einc

x and magnetic
field H inc

y is incident normally from the top onto the DGG

and excites the TM polarized diffracted electromagnetic
field (with nonzero components of the electric field Ex,
Ez, and magnetic field Hy). The DGG is represented by
infinitely thin layers with surface conductivity equal to the
surface conductivity of gold. The back gate is modeled by
a perfect conductor.

The basic steps of electromagnetic approach are
described below.

In the first step, we write the Maxwell equa-
tions in three media in a Fourier representation. It
means that all components of the electric and magnetic
fields are expanded into Fourier series as Hy (x, z, t) =∑∞

p=−∞ hy,p (z) exp
(
iqpx − iωt

)
, where Hy is the y com-

ponent of the magnetic field and hy,p (z) are the Fourier
amplitudes of the magnetic field. We use the dependencies
of the induced electric fields in different media on the z
coordinate [see Fig. 1(b)] as

e(1)
x,p (z) = e(1)

x,p exp
(

iq(1)
z,pz

)
,

e(2)
x,p (z) = e(2,1)

x,p exp
(

iq(2)
z,pz

)
+ e(2,2)

x,p exp
(
−iq(2)

z,pz
)

,

e(3)
x,p (z) = e(3,1)

x,p exp
(

iq(3)
z,pz

)
+ e(3,2)

x,p exp
(
−iq(3)

z,pz
)

,

(A1)

where e(α)
x,p (z) are the Fourier amplitudes of the electric

field in different dielectric media. Then, we apply the
boundary conditions in the planes z = d, z = 0, and z =
−h, which in the Fourier representation can be written as

{
e(1)

x,p (d) + δp ,0Einc
x (d) = e(2)

x,p (d) ,

h(1)
y,p (d) + δp ,0H inc

x (d) − h(2)
y,p (d) = −jx,p(d),

{
e(2)

x,p (0) = e(3)
x,p (0) ,

h(2)
y,p (0) − h(3)

y,p (0) = −jx,p(0),
{

e(3)
x,p (−h) = 0,

(A2)

where jx,p(z) are the Fourier harmonics of the current
densities in the planes z = d and z = 0.

The Fourier harmonics of the electric fields and current
densities in spatially homogeneous graphene are connected
by the Fourier-transformed Ohm’s law as

jx,p(0) = σgr(ω)e(2)
x,p (0) , (A3)

where

σgr(ω) = e22τkBT
π�2(1 − iωτ)

ln
[

2cosh
( EF

2kBT

)]

+ e2

4�2 Q
(

�ω

2

)

− e2ω

iπ

∫ ∞

0

Q (E) − Q
(

�ω
2

)

�2ω2 − 4E2 dE (A4)
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is the frequency-dependent conductivity of graphene [42,
43], with

Q (ϑ) =
sinh

(
ϑ

kBT

)

cosh
(

ϑ
kBT

)
+ cosh

(
EF
kBT

) .

Here, EF is the Fermi energy in graphene, T is the tem-
perature, e is the electron charge, and kB is the Boltzmann
constant. Then using the Maxwell equations and boundary
conditions (A2), we obtain the equations

e(1)
x,p (d) = Zp(σgr)jd

−
(

2
√

ε0ε1

μ0
Z0(σgr)e−idω

√
ε0μ0ε1 + 1

)
δp ,0Einc

x ,

(A5)

where

Zp(σgr) =
q(1)

z,pq(2)
z,p

(
η1η5q(2)

z,p − η2η6q(3)
z,p

)

ε0ωχ

are the Fourier impedances of the graphene structure in the
DGG plane, with

χ = η6q(3)
z,p

(
η2q(2)

z,pε1 − η1q(1)
z,pε2

)

− η5q(2)
z,p

(
η1q(2)

z,pε1 − η2ε2q(1)
z,p

)
,

η1 = −1 + exp
(

2idq(2)
z,p

)
,

η2 = 1 + exp
(

2idq(2)
z,p

)
,

η3 = −1 + exp
(

2ihq(3)
z,p

)
,

η4 = 1 + exp
(

2ihq(3)
z,p

)
,

η5 = η3q(3)
z,pσgr − η4ε0ε3ω,

η6 = η3ε2ε0ω.

In the second step of the approach, we form the integral
equations with respect to the current densities in DGG fin-
gers. In the plane of the DGG z = d, we write Ohm’s law
in real space as

Ix(x, d) = σ(x, d)Ex(x, d), (A6)

where Ix is the current density in the DGG plane and

σ(x, d) =

⎧⎪⎨
⎪⎩

σM at 0 < x ≤ w1,
0 at w1 < x ≤ w1 + s1,
σM at w1 + s1 < x ≤ w1 + s1 + w2,
0 at w1 + s1 + w2 < x ≤ L,

(A7)

with σM being the surface conductivity of metal. Using
Eqs. (A5)–(A7) and the Fourier inversion, we form two
integral equations for the oscillation current densities in
DGG fingers as follows:

I (w1)
x (x, d) − σM 2

ε0ε1ω

q(1)

z,0

exp
(
−iq(1)

z,0d
)

Z0Einc
x

=
∫ w1

0
I (w1)
x (x′, d)G(x, x′)dx′

+
∫ w1+s1+w2

w1+s1

I (w2)
x (x′, d)G(x, x′)dx′,

I (w2)
x (x, d) − σM 2

ε0ε1ω

q(1)

z,0

exp
(
−iq(1)

z,0d
)

Z0Einc
x

=
∫ w1

0
I (w1)
x (x′, d)G(x, x′)dx′

+
∫ w1+s1+w2

w1+s1

I (w2)
x (x′, d)G(x, x′)dx′, (A8)

where I (w1)
x (x, d) and I (w2)

x (x, d) are the electric current
densities in gate fingers w1 and w2 and, correspondingly,

G(x, x′) = 1
L

σM

∞∑
p=−∞

Zp(σgr) exp
[
iqp

(
x − x′)] (A9)

are the kernels of the integrals.
At the third step of the approach, we solve the system

of integral equations (A8) by the Galerkin method with
expansion of the current densities in the DGG fingers into
series of the orthogonal Legendre polynomials

I (w1)
x (x, d) =

∞∑
β=0

a(1)
β Pβ(ρ1),

I (w2)
x (x, d) =

∞∑
β=0

a(2)
β Pβ(ρ2),

(A10)

where a(n)
β are the expansion coefficients, Pβ(ρn) are the

Legendre polynomials, and ρ1 = 2x/w1 − 1 and ρ2 =
2(x − w1 − s1)/w2 − 1 (−1 < ρn < 1 ). Substitution of
expansions (A10) into the system of integral equations
(A8) transforms it into an infinite system of linear algebraic
equations for coefficients a(n)

β . Based on the convergence
of this numerical procedure, we truncate the system of
the algebraic equations for β < β0 and solve it numeri-
cally. Finally, upon finding the current densities by solving
Eq. (A8), and using Eq. (A5) and the Maxwell equations
in each media, we can calculate the induced electric and
magnetic fields at an arbitrary point of the structure.
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