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The time response to an external signal is the main characteristic of optoelectronic devices that deter-
mines their maximum modulation frequency. The use of plasmonic structures provides the opportunity to
significantly reduce the response time. In this paper, we study the temporal dynamics of a plasmonic dis-
tributed feedback laser consisting of a two-dimensional metallic structure coated with a layer of the active
medium. Combining numerical simulations with an analytical evaluation, we show that the response time
in the large-signal modulation regime strongly depends on the size of the pump beam. We demonstrate that
the interaction of a large number of modes of the plasmonic structure with the pumped active medium leads
to the formation of a single collective mode. If the size of the pump beam is larger than the propagation
length of electromagnetic waves in the plasmonic structure, the collective mode is localized in the pumped
area. In this case, the response time slightly increases with the size of the pump beam. In the opposite case,
the mode is not localized inside the pumped area and the response time increases with the narrowing of the
beam. We demonstrate that there is a minimum size of the pump beam for which the modulation speed is a
maximum, and can achieve 1 THz. The results obtained opens the way to increasing both the modulation

speed and the energy efficiency of plasmonic laser devices.
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I. INTRODUCTION

For many optoelectronic applications, such as the modu-
lation of optical signals and sensing, lasers with an ultrafast
modulation response are required [1,2]. Such devices often
operate in a large-signal modulation regime where a pump-
ing pulse switches the laser between the subthreshold
regime and the above-threshold regime. In such a scheme
the response of the laser to a pumping pulse can be divided
into three stages [3—5]. First, the response is initiated by
spontaneous emission in the active medium, which cre-
ates the electromagnetic (EM) field in the cavity. In the
second stage, the stimulated emission begins to prevail
over the spontaneous emission and the intensity of the EM
field in the cavity rapidly increases, while the population
inversion of the active medium decreases. When the pop-
ulation inversion has vanished, the growth of the EM-field
intensity ceases and the third stage begins. The EM-field
intensity drops due to losses in the cavity.

During the first stage, the intensity of the EM field in
the cavity is negligible, and only in the second stage does a
significant response to the external pumping pulse appear.
Hence the duration of the first stage determines the delay
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time of the output pulse. It can be reduced by accelerat-
ing the spontaneous emission by an increase of the Purcell
factor [3,4]. To achieve a high Purcell factor, one can use
a large Rabi constant of the interaction between the elec-
tric field and the active medium. In turn, the increase of
the Rabi constant leads to an increase of the rate of stimu-
lated emission and a decrease of the duration of the second
stage. The duration of the third stage is determined by the
relaxation rate of the EM field in the cavity. Thus, to create
a short output pulse, one has to work in the high-Purcell
regime to reduce the delay time, and use cavities with a
high relaxation rate to shorten the third stage and narrow
the width of the pulse.

The maximal modulation frequency of surface-emitting
lasers based on dielectric structures is limited to several
tens of gigahertz [6,7]. This frequency can be significantly
increased if one use metallic plasmonic structures. The
localization of the EM field at the nanoscale results in a
strong interaction with the atoms of the active medium and,
as a consequence, a high Purcell factor. Losses in the metal
cause a high relaxation rate of the EM field of the plas-
monic structure. Both of these factors lead to an increase of
the modulation speed. At the same time, the use of periodic
structures enables the achievement of desirable radiation
losses and beam directionality of plasmonic lasers. These
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arguments have stimulated significant interest in the cre-
ation and study of lasers based on plasmonic nanoparticle
arrays or perforated films [2,8—10], particularly in the
large-signal modulation regime [1].

Periodicity inevitably results in the multimode nature
of these lasers [8,11]. As a result, the excited active
medium emits in many modes simultaneously. This leads
to a decrease in the energy in each mode and a delay
of the second stage, in which stimulated emission dom-
inates. Consequently, the total response time increases,
which may limit the advantages of the use of plasmonic
structures. Thus, the question arises of the possibility of
overcoming the difficulties associated with the multimode
nature of plasmonic lasers.

In this paper, we study the dynamics in the large-signal
modulation regime of a plasmonic distributed feedback
(DFB) laser that consists of a gold film perforated by a
periodic array of holes and coated with a layer of an active
medium. We examine the behavior of the laser for different
sizes of the pump beam. Combining numerical simulations
of the laser dynamics within the framework developed in
Refs. [12,13] with an analytical evaluation, we show that
the response time strongly depends on the size of the pump
beam. This dependence is due to the complex structure
of the modes of the DFB laser. The interaction of the
laser modes with the pumped active medium causes the
emergence of a single collective mode whose properties
strongly depend on the pump-beam size. If the pump beam
is larger than the decay length of the EM field in the plas-
monic structure, the collective mode is localized inside
the pumped area. The response time in this case reaches
picoseconds and practically does not change with the size
of the pump beam. In the opposite case, the mode is not
localized inside the pumped area and the response time
increases with the narrowing of the beam. Consequently,
there is a diameter of the pump beam, dj ., necessary to
achieve the shortest response time. This diameter is about
the decay length of the EM field in the plasmonic structure,
and for the plasmonic laser considered it is approximately
15 wm. When the size of the pump beam is greater than
d;..m» the response time of the plasmonic laser is approx-
imately 1 ps. The results obtained confirm that plasmonic
DFB lasers can have a modulation frequency exceeding
several hundred gigahertz in the large-signal modulation
regime. Optimization of the size of the pump beam allows
an increase in the modulation speed, as well as in the
energy efficiency of plasmonic DFB-laser devices.

II. TEMPORAL DYNAMICS OF A
TWO-DIMENSIONAL PLASMONIC DFB LASER

A conventional plasmonic DFB laser consists of a peri-
odic plasmonic structure (e.g., a metallic film perforated
by an array of holes [8,10,11,13—17] or two-dimensional
arrays of plasmonic nanoparticles [1,2,9,18-22]) and an
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FIG. 1. The two-dimensional plasmonic distributed feedback
laser. The diameter of the holes is 160 nm, the distance between
the holes is 470 nm, and the thickness of the Au film is 100 nm.

active medium. The eigenmodes of such a system are
Bloch modes that are distributed over the whole surface of
the laser. To overcome losses in the metal, external pump-
ing (optical or electrical) of the active medium is used.
In the case of optical pumping, the diameter of the pump
beam is usually smaller than the size of the periodic plas-
monic structure [1,2,15] (see Fig. 1). In such a case, the
EM field is excited inside the pumped area and is formed
by a large number of Bloch modes [13,15]. To describe the
multimode dynamics of the plasmonic DFB laser we use
an approach proposed in Ref. [12] for considering ultrafast
phenomena in dispersive dissipative media. This approach
is based on the following equations:

% == + )i+ i(e — o) m
Natom
+ Z (ka(pjm + Q;km(pltm)’ (1)
m=1
Nmode
df;m =~y (+Dy) =2 (Qjm%'m + Qfm“";»’
=1
’ b
d(pjm _ 4 ] 4 J*m
7 — —)/,m%m + i (Cl)] — Cl)o-) gﬂjm + T (Dm + 1)
Nmode

=1

054067-2



RESPONSE TIME OF A PLASMONIC DISTRIBUTED FEEDBACK...

PHYS. REV. APPLIED 11, 054067 (2019)

In these equations 7;; is the photon number in the jth
Bloch mode, 7 is an interference term responsible for
the flow of photons from the kth mode to the jth mode
(where j # k), D, is the population inversion of the mth
atom, @, = —i (&f&m) describes the energy flow between
the mth atom and the jth mode, w; and y; correspond to
the real and imaginary parts of the Bloch modes of the
plasmonic structure, w, and yp are the atom transition fre-
quency and the relaxation rate of the population inversion
of the atoms, y;, = ¥» + ¥ + ¥p/2, ¥ is the relaxation
rate of the phase of the atom polarization, and €2, is the
Rabi constant of coupling between the the jth mode and the
mth atom, which can be expressed as

Qjm = —d, - Ej (rm)/h’ (4)

where d,, is the dipole moment of the mth atom at the
transition frequency and E; (r,,) is the electric field “per
quantum” in the jth Bloch mode at the position r,, of the
mth atom (see the Appendix and Sec. 2 in the supplemental
material for Ref. [13]). Every atom of the active medium
has coordinates r,,, which determine the Rabi constants
of interaction between the atom and the Bloch modes of
the plasmonic structure [see Eq. (4)]. This allows us to
take into account the spatial distribution of the pumping
and the population inversion within the active medium.
Assuming that the time of the external pumping pulse lies
in the femtosecond range and is much shorter than all the
characteristic times of the plasmonic DFB laser, in our
model, the ultrashort-pulse pumping is described as the
initial condition, D,,(0). For atoms lying inside the pump
beam, the value of D,,(0) is proportional to the pump-
ing energy per unit area. The population inversions of the
atoms whose coordinates lie outside the pump beam are
—1 at the initial time. Note that the square of the Rabi con-
stant is inversely proportional of the Bloch-mode volume
and is proportional of the Purcell factor of the mode (see
the Appendix).

Equations (1)—+3) generalize the rate equations widely
used in laser theory [5]. In addition to the dynamics of
the photon number in each mode and the population inver-
sion of each atom, they describe energy flows between the
active medium and the Bloch modes, and the interference
between the EM fields of the different modes, n;; [12].

For a quantitative description of the temporal dynam-
ics of a plasmonic DFB laser under pulse pumping, we
consider a laser based on a Au film perforated by a peri-
odic array of nanosized holes and coated with a layer of
the active medium (see Fig. 1). We consider that the thick-
ness of the Au film is 100 nm, the diameter of the holes
is 160 nm, and the distance between holes is 470 nm.
The surface of the entire periodic plasmonic structure is
190 x 190 um?. We consider that the transition frequency
of the active medium, w, is close to the frequency of the
second Bloch condition in the plasmonic structure; that is,

koi(ws) ~ G, where ky is a wavevector of the mode in
the plasmonic structure and G is a reciprocal lattice vector
[11,13,15]. The linewidth of the active medium is about
100 nm. Similar plasmonic DFB lasers have been imple-
mented in a number of experiments [8,11,15] and their
parameters have been well studied [8,11,13,15].

The EM-field distribution of the Bloch modes of the
plasmonic structure are found within the coupled-mode
theory [11,13,15] (see also the Appendix), which describes
the hybridization of modes of the system without holes
through scattering on the holes. The scattering amplitudes
for these modes are taken from Refs. [11,15]. The coupled-
mode theory with such scattering amplitudes demonstrates
good agreement with the experimental measurement of
the band structure of the plasmonic nanohole array laser
[11,15].

In the numerical simulations, we take into account 468
Bloch modes, which have different distributions of the EM
field inside the cell of the plasmonic structure. The step
of quantization of the Bloch wavevectors is determined by
the size of the periodic plasmonic structure (see Ref. [13]
and its supplemental material).

Using Egs. (1)+3), we simulate the time response to
an ultrashort pumping pulse for different diameters of the
pump beam. In Fig. 2(a) the dependence of the photon
number on time is shown. As mentioned in Sec. I, there are
three stages in the response of the system. In the first stage,
the response of the system is determined by spontaneous
emission in the active medium. The photon number in the
plasmonic DFB laser is small. For the system considered,
the duration of this stage (i.e., the delay time) is less than
1 ps. In the second stage, the photon number in the plas-
monic laser rapidly increases due to stimulated emission
in the active medium. This growth ceases with the satura-
tion of the population inversion in the active medium. In
the third stage, the photon number in the system decreases
exponentially with time. We identify the total response
time with the time when the number of photons in the sys-
tem has decreased by a factor of 10 from its maximum
value. This time is about 1 ps.

The dependence of the total photon number on time is
qualitatively the same for different diameters of the pump
beam. However, the response times have a nonmonotonic
dependence on the size of the pump beam [see Fig. 2(b)].
It can be seen that there is a critical size of the pump beam
at which the response time is a minimum. For the plas-
monic DFB laser considered, the critical diameter of the
pump beam is about 15 um. As the pump-beam diame-
ter decreases, the response time increases rapidly. With an
increase in the diameter of the pump beam, the response
time changes slowly. This kind of behavior of the plas-
monic DFB laser occurs for different initial values of the
population inversion of the active atoms. Thus, there is a
diameter of the pump beam, 4, . , for which ultrafast light
modulation in the plasmonic DFB laser is achieved.
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FIG. 2. (a) Dependence of the

total photon number on the time
for different diameters of the pump
beam. The diameters are 20 um
(black line), 10 um (blue line),
and 5 um (red line). (b) Depen-
dence of the modulation times on
the diameter of the pump beam.

The blue line depicts the delay

(a) (b)

£4 g5

~ Q

g 3 g 2.0

E £15

g2 g

g = 1.0

£ E

£ x10 S 05 \\,\
0 . 0.0
00 05 1.0 15 20 25 30 5 10

Time (ps)

I11. SINGLE-MODE APPROXIMATION

The existence of a critical size of the pump beam can
be explained by the example of a single-mode model.
To justify the single-mode approximation, we calculate
the distribution of the electric field intensity over the
area of the plasmonic DFB laser at different time (see
Fig. 3). In Egs. (1)«3), we take into account several
hundred of the Bloch modes of the plasmonic structure,
which together form the EM-field distribution in the active
medium. Numerical simulations show that this distribution
does not change in the first and second stages of the sys-
tem response. In other words, there is a dynamical balance

15 20 25 30 35 40

time, the green line depicts the
time of the end of the second
stage, and the red line depicts the
total response time.

d (um)

between relaxation processes in the plasmonic structure,
the propagation of the EM field outside the pumped area,
and the stimulated amplification of the EM field inside
the pumped area. When the diameter of the pump beam

is larger than the critical value, dyecam > di.,» the elec-

tric field is located inside the pumped region of the active
medium [see Figs. 3(d)-3(f)]. In the opposite case, when
dyeam > dpeyr» the main part of the electric field is out-
side the pumped area [see Figs. 3(a)-3(c)]. However, in
both cases, the spatial distribution of the electric field
intensity remains almost unchanged during its temporal
evolution.
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FIG. 3. a)A(c) Distribution of the EM-field intensity on the surface of the plasmonic DFB laser when the diameter of the pump beam
Aycam < dijeor, at time 0.5 ps (a), 1.75 ps (b), and 2.5 ps (c). (d)~(f) Distribution of the EM-field intensity on the surface of the plasmonic

DFB laser when the diameter of the pump beam dpcam > df.,,,, at time 0.32 ps (d), 0.541 ps (e), and 1.5 ps (f). These times correspond
to circles on the red curve and the black curve in Fig. 2(a), respectively. The dashed circles denote the boundaries of the pump beam.
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We use the fact of the constancy of the EM-field distri-
bution to construct a single-mode model. To do this, we
assume that there is a single collective mode, the EM-field
distribution of which coincides with the EM-field distribu-
tion found in the numerical simulations of the multimode
problem. Furthermore, we assume that the pumped active
medium interacts only with such a single collective mode.
Within these approximations, the system dynamics can be
described by the following system of equations [5]:

= —2yan 4 2Nu 2R, (5)
O=—Wat+Ve)e+Qr2nD+D+1)/2, (6)
D= —yp(D+ 1) —4Qzg, (7)

where 7 is the number of photons in the collective mode,
D is the mean population inversion of pumped atoms in
the active medium, ¢ is the mean energy flow from the
active medium to the collective mode, and N is the num-
ber of atoms in the active medium lying in the collective
mode. We suppose that the relaxation rate of the EM field
in the collective mode is equal to the characteristic relax-
ation rate of the modes of the plasmonic structure (i.e.,
Ya =~ 10'2 s71). The finite size of the pump beam can lead
to the appearance of edge effects and can influence the
mode quality factor [21]. In the single-mode model, we
do not take into account these effects for simplicity. We
will further see that this simple model is in good agree-
ment with the numerical simulations of Egs. (1)~(3). The
typical relaxation rate of the population inversion of the
active medium is yp =~ 10° s~!, while the phase relaxation
rate is ¥, ~ 10'3 s~!. Thus, the phase relaxation rate is
much larger than other relaxation rates, y, > ¥, yp. For
this reason, one can adiabatically eliminate ¢ from Egs.
(5)+7) and obtain the conventional rate equations

it = =2y, + NuQ2% 2nD + D + 1) /y,, (8)
D=—yp(D+1)=2022nD+D+ 1) /y,. (9)

As initial conditions we take D(0) = 1 and n(0) = 0 (i.e.,
all atoms are inverted and there are no photons in the
mode). The temporal dynamics of such a system is well
known [5]; it is shown in Fig. 4.

The dynamics of the photon number in the collective
mode obtained with Egs. (8)+9) is similar to the behav-
ior of the total photon number in the real plasmonic DFB
laser [see Figs. 4(a) and 2(a)]. We observe three stages of
the laser response, which are quantitatively similar to the
stages in the real plasmonic DFB laser.

In the first stage, D is constant and # reaches stationary
states at fixed D. Under this assumption the solution of Eq.
(8)is

. NuQ D+ 1) /v,
 2NuSQ2D/Ve — 2va
{exp[2 (NaQ2D/ve — va) t] — 1}
_E(D+1D
C2E-1)

n (1)

{exp[(§D — 1) 2y.1] = 1}, (10)

where & = Ny Q%D /Yo Va 18 the inverse threshold value of
the pumping in the continuous-wave regime [23]. At the
initial moment, D ~ 1 and we have

10 = leplE ~ D2 - 11 (1)
Substituting Eq. (11) into Eq. (9), we obtain
D=y +n) D+ 1) -yt
=YD n VD E—1)
x {exp[(§ — 1) 2yut] — 1}, 12)

where we have put n = 2912e /YDYs-

The second stage corresponds to the time when the
exponential term in Eq. (12) is dominant, and the dynam-
ics is strongly nonlinear. This nonlinear term describes the
stimulated energy flow from the atoms to the collective
mode. In this case, from Eq. (12) we obtain

264D
-1

=—¥p exp[(§ — 1) 2y.t], (13)

FIG. 4. Dependence of the pho-

ton number (a) and the popula-
tion inversion of atoms (b) on
time obtained from the single-
mode model, Egs. (8) and (9); the
vertical dashed lines denote the
delay time, fgclay, Obtained with
Eq. (16).
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FIG. 5. (a) Dependence of the

delay time on the pump-beam
diameter. The solid blue line is
obtained from numerical simula-
tion with Egs. (1)«3) and the
thick orange line is obtained
from Eq. (16). (b) Dependence
of the diameter of the collective
mode on the pump-beam diameter
(blue line). The dashed black line
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dbeam (,um)

which has the solution

Enyp

D(t) ~ <——
P E o,

exp[(§ — 1)2Vat])

52
= exp <—— exp[(§ — D2yarl). (14)
Nu(§ = 1)?
The characteristic time for D to change is

faetay = (2va) ' (6 — D7 In [N — D?/E°]. (15)
At this time, a sharp decrease of D appears [see Fig. 4(b)].
The assumption that the evolution of D is much slower
than the evolution of  is valid when fgely > y, '€7"; that
is, In[Ny(§ — 1)?/&%] > 1. When & > 1, the assump-
tion is correct if Ny > 1, which is true for the system
considered.

For & > 1, Eq. (15) simplifies to

ldelay = Vo 1n]vat/zjvatgzjzr (16)
Figure 5(a) shows that the analytical approximation, Eq.
(16), agrees well with the numerical simulation of the exact
model, Egs. (1)3). Let us analyze the dependence of the
delay time, Eq. (16), on the size of the pumped area. The
number of atoms depends quadratically on the diameter
dpeam Of the pump beam; that is, Ny ~ dgeam. In turn, the
square of the Rabi constant is inversely proportional to the
square of the diameter dfnode of the collective mode; that
is, Q% ~ 1/d?% i S0 we have tgelay ~ d2 4. Ind?,, /dZ.. .
The dependence of dinoge ON dpeam 1S shown in Fig. 5(b).

It can be seen that there is a critical value, dj_, ., of the
diameter of the pump beam, which divides two different
cases. When dypcam > dj.,.,» the electric field of the col-
lective mode is localized inside the pump beam [see Figs.
3(d)y-3(f)]. As a consequence, the mode diameter is propor-
tional to the beam diameter; that is, diode ™~ d@beam [S€€ Fig.
5(b)]. For this case, from Eq. (16) we have #gelay ~ In dpeam.
This dependence is in agreement with a slow growth of
the delay time of the DFB laser [see Fig. 2(b)]. When
Ayeam < dpean» the electric field of the collective mode is
localized outside the pump beam [see Figs. 3(a)-3(c)] and

20 25 30 35 40

denotes the pump-beam diameter.
d (um)

the mode size is determined by the characteristic propa-
gation length of the EM field in the unpumped region.
As a result, the mode diameter does not depend on the
beam diameter, and dyoqe ~ const [see Fig. 5(b)]. In this
case, fgelay ~ In dﬁeam / dﬁeam. This is in agreement with an
increase of the delay time when the pump-beam diameter
of the plasmonic DFB laser is reduced [see Fig. 2(b)]. The
critical value 4, . corresponds to the characteristic prop-
agation length of the EM field outside the pumped active
medium and may be evaluated as d;,,,, ~ Vgroup/Va- For
the parameters of the DFB laser we have dj;_, - ~ 10 pm,
which is in agreement with the full model [see Fig. 2(b)].
Thus, because the delay time increases when dyeam > diyom
and increases in the opposite case as well, we come to
the conclusion that there is a critical value, approximately
dp o> for the diameter of the pump beam for which the
response time is a minimum.

IV. CONCLUSION

To summarize, we study the temporal dynamics of a
two-dimensional plasmonic DFB laser under ultrashort-
pulse pumping. Relying on numerical simulations and
analytical calculations, we show that the response time
of such a laser for experimental parameters from Refs.
[11,15] can be decreased to 1 ps, which corresponds to
a modulation frequency of 1 THz. This value is close to
the upper limit for plasmonic lasers (the total response
time cannot be shorter than the time of the third stage,
which is determined by the losses in the cavity, and is
approximately 1 ps).

We show that the laser’s response time can be short-
ened by optimization of the size of the pump beam, as a
result of the consequent reduction of the delay time. The
response time depends on the size of the pump beam for
the following reason. The interaction of the laser modes
with the pumped active medium results in the emergence
of a single collective mode. If the size of the pump beam
exceeds the propagation length of the EM waves, this col-
lective mode is located in the pumped area. The response
time then increase logarithmically with increasing pump-
beam diameter. In contrast, when the mode is outside
the pumped region, the response time is approximately
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inversely proportional to the square of the pump-beam
diameter, and so it increases rapidly as this diameter
decreases from its critical value. It is interesting to note
that the delay time, Eq. (16), resembles the dependence
of the delay time of a superradiant burst [24-26]. Indeed,
it is well known [24,25] that a system consisting of ini-
tially inverted atoms placed in a low-Q cavity (i.e., when
v, > yp) exhibits a superradiant burst with the delay time,
Eq. (16). In the plasmonic cavity, the inequality y, > yp
always holds, and for this reason, the superradiance prob-
lem and the problem that we investigate here have the
same physical grounds. Further study of the relationship
between these problems may be important in the context
of creating ultrafast optoelectronic devices.

Finally, we show that there is a diameter of the pump
beam, dj, ., necessary to achieve the shortest response
time. This diameter is about the decay length of the EM
field in the plasmonic structure, and for the plasmonic
laser considered is approximately 15 um. The existence
of a critical pump-beam size provides the opportunity to
reduce the energy consumption because further increase of
the pump-beam size does not shorten the response time.
In turn, if the area of the pump beam is small, there is
an opportunity to reduce the size of the device. Thus, the
results obtained pave the way to creating ultrafast opto-
electronic devices based on plasmonic lasers with low
power consumption that have the potential for on-chip
integration.
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APPENDIX

To find the electric field E;(r,) “per quantum,” we
equate the energy of one quantum to the energy of the EM
field in the resonator:

1 ( 3Re [¢(w, 1) 0]
ho — =

:g Vv dw

& (o) + |H; (r)|2> P,

w:wj

(AT)

where (w, 1) is the dielectric constant.

In a two-dimensional periodic plasmonic structure
whose surface is parallel to the xy plane, the electric and
magnetic fields satisfy the Bloch condition:

(A2)
(A3)

E; (r) = Ay exp (ikyx + ikyy) € (x,1,2),
H; (r) = Ay exp (ikx;x + iky_,y) h; (x,y,2),

where Ao is a real normalization constant for the
Jjthmode, ¢ (x,y,z) = ¢ (x + L,y + Ly,z), h; (x,y,z) =

h (x+Ly,y +Ly,z), and L, and L, are periods of the
plasmonic structure along the x axis and the y axis, respec-
tively.

The functions e; (r) and h; (r) can be found within the
coupled-mode theory (see Refs. [11,15] and Sec. 2 in the
supplemental material for Ref. [13]). In this approach,
the eigenmodes of the plasmonic structure with holes are
expressed as linear combinations of the eigenmodes of the
plasmonic structure without holes [11,15]. The expansion
coefficients are calculated through the scattering matrix,
which contains the scattering amplitudes at angles 0°,
490°, and 180°, and the effective refractive index of the
plasmonic structure [11,15].

The eigenmodes of the plasmonic structure without
holes are TM modes, similar to surface plasmons at the
metal-dielectric interface [11,15]. These modes have an
in-plane component of the magnetic field, /4, which is
perpendicular to the direction of the mode’s propagation
and both an out-of-plane component, ¢, and an in-plane
component, e, of the electric field [11,15]. The in-plane
component of the electric field, ey, is in the direction of the
mode’s propagation. The out-of-plane component of the
electric field, e, , is much greater than the in-plane com-
ponent, ¢ [11,15] and so it plays the main role in the
interaction of the modes with the active medium.

The eigenmodes of the plasmonic structure with holes
are found within the coupled-mode theory with the exper-
imental values of the scattering amplitudes (see Refs. [11,
15] and Sec. 2 in the supplemental material for Ref. [13]).
The coupled-mode theory with such scattering amplitudes
demonstrates good agreement with the experimental mea-
surement of the band structure of plasmonic nanohole
arrays laser [11]. Near the transition frequency of the active
medium, there are four different dispersion curves. The
eigenmodes corresponding to different dispersion curves
have various radiation losses and EM-field distributions
inside the unit cell of the plasmonic structure (see Refs.
[11,15] and Sec. 2 in the supplemental material for Ref.
[13]). In particular, at the edge of the band gap, when the
Bloch wavevectors (ky, k) = (0,0), the EM-field distri-
butions in the modes from the different dispersion curves
are as given in Table I (see Refs. [11,15] and Sec. 2 in the
supplemental material for Ref. [13].)

The far-field radiation from the plasmonic structure
arises mainly due to the scattering of / on the holes [11].

TABLE I. Eigenmodes of the plasmonic structure considered.
Number of

the dispersion

curve e hy el (e:)

1 sin Gx+ sin Gy sin Gx+ sin Gy cos Gx+ cos Gy
2 sin Gx — sin Gy sin Gx — sin Gy cos Gx — cos Gy
3 cos Gy cos Gy sin Gy

4 cos Gx cos Gx sinG
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For this reason, the modes that have a minimum value of
h) at the holes have smaller radiation losses than the modes
that have a maximum value of / at the holes.

Suppose that the area under investigation contains an
integral number N of plasmonic lattice cells. Then Eq.
(A1) may be rewritten as

< IRe [¢(w, 1) 0]

Jw

lej (0] + | (r)|2) dPr

(A4)

w=

where Ve is the volume of the cell of the plasmonic lat-
tice. As a result, we obtain that the normalization constant
Ag; is expressed as

hw;
& L ( sdoniel| o, @) + [y |2) &r

(AS)

Aoj =

The Rabi constant between the jth mode and the mth atom,
Qj, is expressed as
where d,, is the dipole moment of the mth atom of the

active medium.
From Egs. (A2) and (A7) we obtain

8ray

N [y, (aRe[sa(aLf’r)w] w:wi"‘r/ (r)‘z +[by (r)|2> &r

Qm = —

X [d - € (xm)] exp (kg xm + ikyjym) - (A7)
Thus, the Rabi constant may be rewritten as
Qjm = Qij eXp (ikxjxm + lkyjym)ﬁ (rm) 5 (AS)

where ¢;,, has the form

2
max

W i ()| 0 + by @)

_ [8mayldal?
thth mode ’
where |ej |max is the maximum value of the periodic func-

dRe[e(w,r)w] 2 2
i ("] Jg o+ Iy o)

xdr

87”‘)] |dm‘2 ’ej’

Qij = -

(A9)

tion |ej (l‘)| and Vjth mode = le; |2

J Imax

is the mode volume of the jth mode. Thus, Qéjm ~
1/Vimmode and, as a consequence, is proportional to

the Purcell factor of the jth mode [2]. Also, f; (r,) =
[dy - ¢ (r,)]/(Idml |e;| ) is a periodic function with
plasmonic-lattice-cell period. The functions f; (r,,) for the
modes lying in the different bands are orthogonal to each
other. The orthogonality arises due to difference in the EM-
field distributions within the cell of the plasmonic structure
for the modes lying in the different bands (see Table I).
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