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We design a one-dimensional chain of two different alternating three-dimensional elastic chiral unit
cells. The chain’s topological band gap, a result of the alternation of unit cells combined with their chirality
and an effective mirror symmetry, guarantees a protected edge state, corresponding to a localized twist
mode with an eigenfrequency inside the one-dimensional band gap. A small axial modulation at the one
end of the beam can excite this resonant twist mode at the other end of the beam, via evanescent modes
in the gap. The topological robustness of the edge state allows us to add a micromirror to the other end of
the beam, turning the arrangement into a resonant mechanical laser-beam scanner. Its scalable operation

frequency makes it attractive for applications.
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I. INTRODUCTION

Electronic band gaps are the basis of semiconductor
physics and today’s information technology. Through-
out the past three decades, the concept of band gaps
has also extensively been applied to photonic [1-3] and
phononic [4-6] systems to tailor bulk properties. Band
gaps can additionally lead to interesting surface properties.
Modes may exist at the surface of a band-gap material,
at eigenfrequencies inside the band gap. In general, this
situation is not at all guaranteed. However, it is guaran-
teed for a special class of band gaps called topological
band gaps, for which the associated surface or edge modes
are even robust against substantial perturbations [7—10].
Robust edge modes can also occur in the static case [11].
Theory has systematically classified the conditions for
band gaps to be topological in nature for electronic, optical,
and mechanical structures with periodicities in one, two,
and three dimensions [12—14].

As far as potential applications of topological band gaps
in photonics and phononics are concerned, the empha-
sis so far has been on unidirectionally propagating edge
modes [15-22], analogous to the edge states in electronic
quantum Hall systems in the presence of a static mag-
netic field [23,24]. In essence, these photonic and phononic
studies aim at innovative robust waveguide architectures.
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In this paper, we aim at a different kind of application
specifically based on topological band gaps, namely a res-
onant chiral edge state that converts the small axial motion
induced by a piezoelectric actuator at the one end of a beam
into a large rotation of a mirror at the other end, allowing
us to scan a laser beam. This arrangement is illustrated in
Fig. 1.

The paper is organized as follows. In Sec. II, we start
the design process by using an analytical one-dimensional
(1D) mass-spring model, which we solve to obtain
overview “phase diagrams” for the Zak phase [25,26]
of the relevant bands, which is crucial to determining
whether or not the gap in between the bands is topological.
The system resembles two Su-Schrieffer-Heeger (SSH)
models [27], one for the longitudinal displacement in a
beam and one for the twist. The two are chirally coupled
via additional springs. We justify this model by the fact that
the longitudinal (or pressure) and the twist mode on the one
hand, and the two transverse (or shear) modes on the other,
inhabit orthogonal subspaces according to micropolar con-
tinuum theory [28]. In Sec. III, we classify our system
according to its symmetries. Within our model, the topo-
logical protection is due to a combination of time-reversal
symmetry and a mirror symmetry, generalizing the classifi-
cation of mechanical metamaterials [14]. As a result of the
additional mirror symmetry, the topological state is char-
acterized by a Z; index that is related to the Berry phase of
the 1D phononic band structure, i.e., to the Zak phase. In
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FIG. 1. (a) A designed elastic beam can convert the weak
time-harmonic axial excitation at one end of the beam into the
excitation of an edge mode at the other end. The edge mode
exhibits a large twist motion or rotation. A micromirror fixed to
the other end of the beam can thus deflect a laser beam. (b) A
magnified view onto the end with the mirror. The required 1D
topological band gap is accomplished by an alternation of two
different 3D chiral cells. The two red ellipses highlight the sub-
tle structural difference between the two neighboring cube cells.
One of the cells is depicted in (c), together with relevant geomet-
rical parameters. In particular, the angle § controls the level of
chirality. The cell becomes achiral for § = 0. Panel (c) has been
adapted with permission from Ref. [31].

Sec. IV, we discuss the importance of the boundary con-
ditions for the existence of protected edge states in such a
mechanical topological system. In Sec. V, the results of the
model are verified by numerical finite-element calculations
for finite-size three-dimensional (3D) microstructures. The
designed 3D microstructures are amenable to state-of-the-
art 3D laser nanoprinting [29-31]. However, as shown by
our calculations, low material losses are crucial to obtain-
ing a notable resonant enhancement of the mirror rotation.
Therefore, constituent materials other than the polymers
commonly used in 3D laser nanoprinting today might be
needed. Information on the polymer’s material losses or

potential alternative materials are not readily available at
present, as pointed out when we conclude in Sec. VI.

II. THE ANALYTICAL MODEL

Our design approach, which is illustrated in Fig. 1,
is inspired by recent experimental progress on 3D chiral
micropolar metamaterials [31]. These artificial materials
allow us to convert an axial push onto an elastic beam into
a twisting of the beam. Notably, this conversion is strictly
forbidden in ordinary Cauchy continuum elasticity [32].
One can use such a micropolar beam, as it is, to convert
an axial time-harmonic excitation at one end of the beam,
e.g., one induced by a piezoelectric actuator, into a rota-
tion of a mirror fixed to the other end, to thereby obtain a
laser scanner. However, it is notoriously difficult to obtain
large actuation amplitudes at high frequencies. Therefore,
it is highly desirable to introduce a suitable resonance with
a high quality factor into this arrangement. Our approach
is to design a resonant edge state at the other end of the
beam and weakly couple to it via evanescent modes in the
band gap. As pointed out in Sec. I, the existence of such
an edge state with an eigenfrequency inside the band gap
is guaranteed if and only if we design for a 1D topological
band gap of the beam.

An elastic beam with a finite cross section generally sup-
ports four “acoustic” modes emerging from the Brillouin
zone center: two shear modes, one longitudinal pressure
mode, and one twist mode. In the presence of chirality, the
latter two are mixed modes, in accordance with microp-
olar continuum theory. This mixing is at the heart of the
axial-strain-to-twist conversion at which we are aiming. In
contrast, the chiral shear modes (or “chiral phonons” [33])
are not of interest here. Fortunately, our analytical analy-
sis of the micropolar Eringen equations of motion [28] for
3D continuous media shows that the two pairs of modes
live in orthogonal subspaces. We can therefore build our
model onto the pressurelike and twistlike modes only. In
the numerical analysis of 3D microstructures to be pre-
sented in Sec. V, all modes are automatically included. The
good agreement between analytics and numerics will pro-
vide an additional a posteriori justification for using the
simple analytical model.

Furthermore, it is known that 1D topological band gaps
in mechanics can be obtained via a “diatomic basis” (also
see Refs. [14,34-37]), analogous to the electronic Su-
Schrieffer-Heeger (SSH) model [27]. Thus, we consider a
periodic alternation of two slightly different chiral 3D unit
cells, as shown in Fig. 2(a). We reduce the arrangement
to a 1D mass-spring model [Fig. 2(b)] with four coupled
degrees of freedom (DOF) per lattice site i, i.e., its longitu-
dinal displacements u;, and u;; and its axial rotations @, ,
and ¢;}, at the sublattice sites a and b respectively. Similar
models have recently been used to study the band structure
of chiral metastructures [38,39]. The equations of motion
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for the two DOF of sublattice site a in unit cell i read as
follows:
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where m, and j, are the mass and the moment of inertia

of the element at sublattice site a, respectively. The intra-
cell (intercell) longitudinal and torsional spring constants

are denoted as Dif,) and DY), respectively. The effective
parameters D}(, and Df(; represent the intracell (intercell)
coupling between the longitudinal displacement and the
rotation. Due to the symmetry of the acting forces, we have
Dif(,, = D (5. By analogy, two equations can be derived
for sublattice site b. Fourier transforming the four equa-
tions of motion with respect to space and time leads to the
following eigenequation:
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where k is the wave number, n is the band index, wy, is
the angular frequency, Dy is the dynamical matrix, and «
is the lattice constant of the mass-spring chain. Here, the
band index runs from n = 1 to 4, resulting from the two
longitudinal and the two rotational DOF per unit cell. The

FIG. 2. (a) The alternation of 3D cubic chiral cells as in
Fig. 1(b). We map this complex microstructure onto two cou-
pled Su-Schrieffer-Heeger (SSH) models for the displacement u
and the twist angle ¢ [Eqgs. (1) and (2)]. (b) The chiral coupling is
indicated by the gray dotted lines. The amplitudes of the coupling
coefficients are illustrated qualitatively by the different Hooke’s
springs. The grayish box shows the unit-cell convention used in
this work.

(

band structures for exemplary choices of coupling con-
stants are depicted in Figs. 3(a) and 3(b). A band gap
between the second and third band is induced by an anti-
crossing between the upper acoustic and the lower optical
band.

III. TOPOLOGICAL CLASSIFICATION

In order to evaluate the system’s topology, the eigen-
vectors u,({"), which contain the complex, wave number-
dependent amplitudes of the four DOF, are calculated for
a given matrix D;. The topological index of a band # is
then given by the accumulated Berry phase over the 1D

Brillouin zone, i.e., by the Zak phase [26]

w/a
yO =i sl
—m/a

w/a
(n)x (n)
= —Im Z Z Uk e Ukt Aker (6)
ki=—m/a c=1

In general, the Zak phase of the considered mass-spring
model is not quantized. However, we find that the Zak
phase of the four lowest bands is quantized if the masses
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FIG. 3. (a) The band structure of the mass-spring model with-
out chiral coupling (D{¥ = D5” = 0) and (b) with chiral coupling
(D¥ # 0, D5 #0). In (a), the red and blue lines correspond
to the rotational and longitudinally polarized (pressure) bands,
respectively. Each of the band pairs is separated by a band
gap—which, however, is very small for the rotational bands
and not visible within the line width. For the coupled case
in (b), individual bands exhibit mixed rotational-longitudinal
modes. The calculated associated Zak phases are indicated.
The resulting band gap between the second and third band in
(b) is topologically nontrivial. The normalized coupling param-
eters are as follows: D' = D"a?/m = 1459 Nm/kg, D4 =
0.354D, D = DY*a?/j =370 Nm/kg, D%’ =1.081D%",
DY = D\*a?//mj =23.3 Nm/kg, and D5* = 6D}*. (c) The
band structure as obtained from finite-element calculations of the
microstructure shown in Fig. 2(a). The lower red and blue bands
are as in (b): their Zak phases agree with those in (b). The Zak
phases have been obtained from the underlying modes’ parity
(see Fig. 6). The bands shown in gray are shear modes (which
do not couple to the colored bands), third or higher back-folded
longitudinal or rotational bands, or originate from local reso-
nances within the cells at frequencies above the colored bands.
The structure parameters are as follows: | = 0.32/, r, = 0.4/,
d =0.06l, by =0.098/, b, =0.03], §; = 7.2°, and §, = 19.6°
[according to Fig. 1(c)]. The frequency scale on the right-hand
side corresponds to a cube-cell size of / = a/2 = 150 um.

and moments of inertia of the two dissimilar sublattice
sites are equal (m, = my, = m and j, = j, = ). This con-
dition is a prerequisite for topologically nontrivial states.
Furthermore, this condition establishes a mirror symmetry
of the mass distribution with respect to the center of the
unit cell. In this case, both the upper left and lower right
2 x 2 blocks of the dynamical matrix in Eq. (5) resemble
the Hamiltonian of the SSH model, one for the longitudinal
and one for the rotational DOF Thereby, the off-diagonal
2 x 2 blocks represent the chiral coupling between these
two subsystems. The quantized Zak phase is a Z, topo-
logical invariant. This means that it is only defined up to
integer multiples of 2w. Hence, it can only assume the
nonequivalent values 0 or 7. The band gap’s topological

index
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FIG. 4. Topological “phase diagrams” of the mass-spring
model illustrated in Fig. 2 for (a) the first and (b) the second
longitudinal-torsional band. A trivial phase with a Zak phase
of ¥ = 0 is shown in white and a nontrivial phase with y = 7
is shown in red. On the horizontal axis, we vary the torsional
spring-constant ratio (D3*/DY¥), and on the vertical axis, we
vary the longitudinal spring-constant ratio (D4*/D}") for con-
stant chiral coupling parameters (see Fig. 3). D} and D{* are
kept constant while D4* and D}? are varied. Due to the SSH
mechanism combined with the anticrossing, either the first or the
second band is nontrivial for most of the considered configura-
tions. Thus, the band gap has a nontrivial topology over a wide
parameter range. Only for very small ratios of the spring con-
stants are both the first and the second band in the trivial phase.
The parameter configuration that reproduces the microstructure’s
band structure [compare Figs. 3(b) and 3(c)] is highlighted by a
black cross.

is determined by the sum Y ™. The prime emphasizes
that the sum runs over the Zak phases of the bands below
the band gap. For classical waves, the relation between
the bands’ Zak phases, the topological index of the band
gap, and the existence of edge modes has been discussed
in Ref. [40]. To obtain the topological “phase diagrams”
shown in Fig. 4, we evaluate the Zak phase of the bands
for a sweep of the spring constants. The first band has a
Zak phase as expected from the SSH model. Typically, the
first band’s modes are twist dominated and thus the band
has a nontrivial phase for D5 > D{”. Only for a small
longitudinal spring constant D" (with D} < D{") can the
influence of the longitudinal modes shift the phase to triv-
ial. The Zak phase of the second band is affected by the
anticrossing [cf., Fig. 3(b)]. The part of the second band
close to the Brillouin-zone boundary originally emerges
from the first optical band, which has the same topologi-
cal phase as the first acoustic band, according to the SSH
mechanism [see Fig. 3(a)]. As a result, the second band
inherits the inverted phase of the first band, so that either
the first or the second band is topologically nontrivial for
most configurations. This provides a topological band gap
over a wide parameter range. Only if both D4 and D
are very small, no anticrossing occurs, such that the first
and the second band can be simultaneously in the trivial
phase.
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Notably, the Zak phase is not gauge invariant. This
can be seen easily for the simple mechanical SSH model:
A shift of the unit cell by half a lattice constant effec-
tively interchanges the inter- and intracell spring constants,
corresponding to a topological phase transition with a
change in the bands’ Zak phase from 0 to 7 or vice versa.
However, despite the absence of gauge invariance, the
existence of a topological edge state of a finite system is
still uniquely determined. Here, the choice of the system’s
boundary determines the choice of the unit cell and fixes
the Zak phase of the individual bands. In other words, we
can evoke or eliminate an edge state by cutting the 1D
mass-spring chain at a proper position.

The fundamental reason for the quantization of the Zak
phase is the presence of the symmetries for the given
dynamical matrix D; or, more generally, for the contin-
uum operator Dy. The operator is Hermitian (IA),t=lA)k) and
as all elastic constants are real valued, DT k=l5k holds true.

Therefore, an antiunitary operator exists, 6 = UIC, that is
given by the product of a unitary operator / and a com-
plex conjugation X, with 62 = +1, commuting with Dj.
This symmetry is analogous to the ordinary bosonic time-
reversal symmetry of a quantum-mechanical Hamiltonian.
Following the Altland-Zirnbauer classification [41], an
additional crystalline symmetry has to be present in order
to obtain topologically nontrivial states in a 1D system. In
our case, this additional symmetry is given by the mirror-
symmetric distribution of mass density inside the diatomic
unit cell. This symmetry is exact for the simple model dis-
cussed in the preceding section. It is approximate for the
1D chain of 3D microstructured unit cells to be discussed
below. Thus, we can find a symmetry operator P, fulfilling

PDP~' =D, (8)

For the discussed analytical model with the dynamical
matrix D of Eq. (5), this symmetry operator reads as
follows:

010 0

. 100 0

P=oo®ox=14 o o 1] ©)
00 1 0

with the identity matrix oy and the Pauli matrix o,. With
this symmetry operator obeying Eq. (8), the system is clas-
sified by a topological Z, index, i.e., the quantized Zak
phase. Atk = 0 and k = 7 /a, the operators Dy and P share
eigenfunctions and we obtain
Pu = g™
k=0 = Po Wi=o (10)

Dy, (1) N ) I ()
Puk:n/a _pnn uk:n/a’

where the two parity eigenvalues pé") and p™ are +1 (—1)
for symmetric (antisymmetric) displacement and rotation

with respect to the center of the unit cell and thus for an
acoustic (optical) mode. It can be shown that it is possi-
ble to directly deduce the Zak phase of a band by simply
regarding the parity eigenvalues. If the parity of a band’s
eigenvectors is the same at the center and boundary of the
Brillouin zone (p."” = p), the band’s topology is trivial.
If the parity is different (p." # p™), the band is nontrivial,
i.e., exp(iy™) = p"p{. This fact is commonly referred
to as band inversion. It can be used to determine the Zak
phases for bands of the mass-spring system as well as for
the bands of the microstructure, as shown in Fig. 6.

IV. THE ROLE OF BOUNDARY CONDITIONS

Not only the chain termination but also the boundary
conditions imposed on a finite 1D mechanical system are
of fundamental importance for the existence of topolog-
ically protected edge states [42]. In contrast to systems
with nonspatial global symmetries, such as particle-hole
symmetry, the topological protection of the considered
mechanical edge states is guaranteed by a spatial symme-
try. Spatial symmetries can be easily violated by cutting
the originally infinitely periodic system, thereby losing the
topological protection (for a recent discussion in the con-
text of electronic systems, see Refs. [43] and [44]). To
investigate this aspect, we study the eigenmodes and eigen-
frequencies of a finite version of our mass-spring chain
[Egs. (1) and (2)] for free and fixed boundaries, respec-
tively. We find that the guarantee for the existence of edge
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FIG. 5. The eigenfrequencies (black dots) of a finite-length

mass-spring chain (cf., Fig. 2) with 100 lattice sites. The left
boundary of the chain is fixed. The right boundary is open
but approximates a fixed end by an additional mass m; = 2m
(moment of inertia jr = 2;) of the last element. The colored solid
curves are identical to those in Fig. 3(b), with the same color cod-
ing. For the finite chain, the wave number of each eigenmode is
obtained by a Fourier transformation of the spatial amplitude.
Two edge modes with frequencies inside the band gap are found
(green and yellow dots). The insets illustrate the corresponding
twist amplitudes for the right end (left end) edge mode for the
last (first) 15 lattice sites.
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FIG. 6. The eigenmodes of the first and second longitudinal-
torsional bands at the center (wave number k = 0) and the
boundary (k = £ /a) of the first Brillouin zone. The red arrows
show the displacement at the corners of the plates oriented along
the z axis. For the first band, the two plates in the unit cell
are symmetrically displaced at both, k = 0 and k£ = £ /a. This
behavior indicates a trivial topology. For the second band, the
plates are symmetrically displaced at £ = 0 but antisymmetri-
cally displaced at k = £ /a. This difference in parity, also called
band inversion, indicates a nontrivial topology of the band.

states for a topologically nontrivial system only holds true
for fixed boundary conditions. A fixed boundary corre-
sponds to an additional infinite mass at the boundary. In the
case of free (or open) boundary conditions, no protected
edge states can be obtained, neither for a topologically triv-
ial nor for a nontrivial configuration. However, by adding
an increased mass to the final element of the open end of
the chain, a fixed end can be approximated very well. Here,
topological robustness helps in that the choice of this addi-
tional mass is not critical at all. Even for an only slightly
increased mass, the eigenfrequency of the emerging edge
state lies closely below the upper band edge and moves
to the band gap’s center frequency as the mass increases
toward infinity. Figure 5 shows the eigenfrequencies (black
dots) of a finite chain and the emerging edge modes (col-
ored dots) for such a configuration with a free boundary
and increased mass at one end of the chain. The solid red
and blue curves are the bands of a fictitious infinitely long
chain, as already shown in Fig. 3(b), which agree well with
the eigenfrequencies of the finite-length chain. Snapshots
of the two edge modes of the finite chain are illustrated by
the two insets.

V. MICROSTRUCTURE

The envisioned microstructure has already been
depicted in Fig. 1 and has briefly been discussed in Sec. I.
Its purpose is to convert the axial excitation at one end of

the beam, e.g., using a piezoelectric actuator, to a large-
amplitude twist motion at the other end. This twist leads
to a rotation of an attached small mirror (an additional
mass). A laser beam reflected by this mirror will show an
angular motion. This function corresponds to a resonant
laser-beam scanner. The analytical results of the simple
model presented in the preceding section help us to gain an
overview and to specify the geometrical parameters of this
microstructure. In this section, we discuss the numerical
approach as well as the numerical results.

The constituent material is treated as a linear elastic
Cauchy continuum. The resulting equations are solved
numerically by a finite-element approach implemented in
the commercial COMSOL multiphysics software package.
We assume a real part of the Young’s modulus of £ =
2 GPa, a Poisson’s ratio of 0.4, and a mass density of
p = 1150 kg/m>. We calculate the band structures [e.g.,
Fig. 3(c)] for fictitious infinitely long microstructure chains
by imposing periodic Floquet-Bloch boundary conditions
onto the sides of the unit cell facing in the £z direction,
while using free (or open) boundaries at all other sides. We
optimize the geometry of the two different 3D chiral elas-
tic cube cells (cf., Fig. 1) to obtain a large topological band
gap. The Zak phases of the bands, and thereby the topol-
ogy of the band gap, are determined via the eigenmodes’
parity, as shown in Fig. 6. Subsequently, we calculate the
eigenfrequencies for a finite chain consisting of 15 chiral
cube cells with a mirror plate attached to the loose right
end. On the left end, we imply fixed boundary conditions.
These boundary conditions correspond to the ones also dis-
cussed in Sec. I'V. As discussed there, two edge states with
frequencies inside the topological band gap, one for the left
end and one for the right end, are found.

In Fig. 7(a), we show resonance plots, i.e., the squared
normalized twist amplitude versus the excitation fre-
quency. Here, the azimuthal component of the displace-
ment vector on the right end is divided by the axial compo-
nent of the displacement vector corresponding to the exci-
tation on the left end. A squared normalized twist ampli-
tude of 100 therefore corresponds to a resonant enhance-
ment of the twist motion by a factor of 10. Enhancements
as large as 240 are obtained in Fig. 7(a). Panel (b) shows
snapshots of the displacement field for the four indicated
resonances, 1, 2, 3, and 4. For other excitation frequencies
in the band gap, the displacement field exhibits an expo-
nential decay away from the left-hand side, as expected
for evanescent modes (not depicted). Here, we have used
a frequency-domain approach with a time-harmonic lon-
gitudinal excitation on the left end. The edge mode on
the right end exhibits a strong twist motion of the last
cubic cell. This finding confirms that this edge mode can
indeed be excited from the other side via evanescent modes
in the band gap. Thus, the structure provides the desired
resonant conversion from longitudinal to twist actuation
and can be used as a resonant laser-beam scanner. The
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FIG. 7. (a) The normalized squared twist amplitude (on a log-
arithmic scale) versus the excitation frequency for three different
ratios of the imaginary to the real part of the constituent mate-
rial’s Young’s modulus E”/E’: 2.5 x 107 (blue), 2.5 x 10~*
(red), and 2.5 x 1073 (yellow). For unity normalized twist ampli-
tude, the azimuthal component of the displacement vector has
the same length as the axial component of the displacement vec-
tor corresponding to the excitation on the left end. (b) Snapshots
of the displacement fields for the four resonances, 1, 2, 3, and
4, indicated in panel (a). Resonances 2 and 3 correspond to edge
modes. Mode 2 is the one of interest in this paper (see also Fig. 1).
The displacement fields, which are computed within the linear
elastic regime, have been exaggerated for clarity.

system’s operation frequency can be easily scaled, as it
is inversely proportional to the cube cell size /. For an
exemplary cell size of /=150 pum, the resonance fre-
quency is approximately 221 kHz. To study how material
losses might influence the resonances and the connected
maximum accessible rotation angles of the mirror, the cal-
culations are performed for a finite imaginary part of the
constituent material’s Young’s modulus, E”. The real part
E’ is fixed to E' = 2 GPa (see above). The colors blue, red,
and yellow correspond to ratios E”/E’ equal to 2.5 x 1073,
2.5 x 107, and 2.5 x 1073, respectively. The associated
quality factors of the resonance are Q &~ 4 x 10*, 4 x 103,
and 4 x 10%. Obviously, it is of the utmost importance
to obtain small internal material losses in experiments.
For the yellow curve, essentially no enhancement is left.
The final optimization of the architecture depends on the

material losses. In particular, the overall length of the beam
has to be adjusted according to the actual material losses,
i.e., according to the ratio E”/E’.

VI. CONCLUSION

We present a potential application of topological band
gaps and corresponding topologically protected edge states
in classical mechanics. The designed resonant laser-beam
scanner additionally specifically exploits the chirality of
the 3D unit cells of which the 1D chain of alternating
cells is composed. This aspect requires chiral micropolar
metamaterial unit cells, which have been realized experi-
mentally in polymer form only recently. The quality factor
of the edge-state resonance, and hence the enhancement
of the twist motion, will eventually be limited by elastic
material losses in experiments. To minimize these mate-
rial losses and to optimize the microstructure accordingly
presents a challenge for future experiments.
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