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We investigate “sharp bending”—localized, extreme bending deformation—of corrugated nanoscale
plates as well as their ability to fully recover from such bending. Unlike planar films, these mechanical
metamaterials with nanoscale thickness exhibit surprising mechanical robustness and recoverability due to
their periodic honeycomb corrugation and high aspect ratios (e.g., height-to-thickness ratio). An analytical
model that fully characterizes one-dimensional bending of these corrugated plates at large deformations
is developed and validated by comparing the predictions to experimental and finite element results. The
sharp bending is enabled by a nonmonotonic moment-curvature relation that allows for the coexistence of
regions of high and low curvatures despite the complete linearity of the underlying material. Systematic
studies are performed to investigate the effects of the corrugation geometry parameters on the sharp bend-
ing properties, identifying the parameter space where the structures exhibit complete recovery from sharp
bending. Optimized plate mechanical metamaterials could be employed for applications requiring rigid
lightweight plates that can recover their shape after extreme bending deformation, for example, wings of
microflyers or expandable aerospace components that need to be deployed after take off.
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I. INTRODUCTION

Plates that recover from extreme bending and folding
deformations could allow a large structure to be stored
in a small volume or recover from collisions. However,
apart from a few exceptions, such as inflatable structures,
solid plates or sheets do not exhibit such behavior. For
example, Fig. 1(a) displays the typical crushing and releas-
ing process for a flat sheet, such as a piece of paper
or a metal foil. The sheet undergoes extreme bending
deformation within narrow folds, which leads to perma-
nent creasing after release [1,2]. The creasing damage
occurs in localized, narrow regions for which the radius
of curvature during bending is comparable to the thick-
ness of the sheet. Such localized deformation often leads
to strains exceeding the elastic limit, resulting in fracture
or permanent plastic deformation. Some materials, such
as elastomers, can recover from very large strains but are
quite soft, limiting structural applications. Therefore, tradi-
tional materials either exhibit high stiffness but do not fully
recover from sharp bending (i.e., are permanently damaged
due to fracture or plastic flow) or exhibit sharp bending
and full recovery but are not particularly stiff. A material
that can do both would be highly desirable for structural
applications.
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For example, micro-air vehicles (MAVs or microfly-
ers) can require the wings have high bending stiffness and
low weight (e.g., wing mass is less than 5% of the total
body mass) [3]. In contrast to the typical rigid compos-
ite wings of large-scale aircrafts that are not designed to
change their shape, wings that can reversibly collapse can
enhance the performance of MAVs [4]. Optimally, wings
of MAVs should not only have high stiffness and low
mass, but also be able to return to their original shape
after large deformations that may result from collisions
between a MAV and walls or other objects. A recent
study investigated hinge-enabled wings that could recov-
erably “break” in order to absorb mechanical energy in
an accidental collision, though the hinge component only
functioned for a particular loading condition and wing
geometry [5]. When considering more uniform structures
or materials, this combination of high stiffness and robust-
ness with low mass has been observed in individual carbon
nanotubes [6]; however, translating the unique properties
to the macroscopic scale remains a challenge.

Multiple researchers have explored the possibility of
using micro- and nanostructured mechanical metamateri-
als to overcome this challenge [7–11]. Bulk mechanical
metamaterials with a three-dimensional (3D) truss-like
architecture have been studied under different extreme
loading conditions, for example, compression [12–15],
tension [16], and twisting [17]. With optimal design of
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their micro- and nanostructures, these metamaterials could
recover substantial portions of their original shapes after
being deformed to strains of over 50% [18,19]. However,
the previous research efforts have mostly been dedicated
to mechanical metamaterials with truss-like architectures
and overall cubic or similar shapes, with only a few stud-
ies focusing on plate-like geometries and their bending
properties [20–22].

To address this gap, we recently introduced an alter-
native class of architected mechanical metamaterials with
a plate geometry [23,24]. The plates featured nanoscale
thickness and hexagonal corrugation as illustrated in Fig.
1(b), leading to a significantly enhanced bending stiffness
and full recovery from sharp bending [Fig. 1(c)]. While
our previous report [23,24] focused on the bending stiff-
ness under small deformation (i.e., within the regime of
geometric linearity), the research described here uses ana-
lytical and numerical approaches to fully investigate the
large-deformation behavior, that is, sharp bending and full
recovery of the nanoscale honeycomb-corrugated plates.
In particular, we find that the sharp bending is enabled by

(a)

(b)

(c)

FIG. 1. (a) Crushing and releasing process for a piece of paper
or metal foil leads to permanent creasing damage. (b) Plate
mechanical metamaterial with hexagonal ribbing pattern. (c)
Sharp bending and full recovery of the metamaterial plate.

the nonmonotonic moment-curvature relationship, which
arises due to the geometric nonlinearity of the honeycomb
corrugation rather than any material nonlinearity. Finally,
we outline the potential applications of these robust plates
to microflyer wings, energy-harvesting generators, and
interstellar lightsails.

II. FABRICATION AND EXPERIMENTS

A. Fabrication process of nanoscale corrugated plates

The cantilevered honeycomb-corrugated plates used in
this study are fabricated from aluminum oxide, expanding
upon our previous fabrication process [23,46]. Briefly, rib
patterns are etched into the surface of a silicon substrate
(the mold) with photolithography and deep-reactive ion
etching. Alumina is conformally deposited using atomic-
layer deposition (ALD), covering the patterned mold and
creating the cantilevers themselves. We laser microma-
chine away most of the sacrificial silicon substrate and
excess alumina, leaving the desired cantilevers. Finally,
we expose the samples to XeF2 vapor in order to etch the
few remaining microns of silicon and fully suspend the
cantilevers.

The key characteristic of the process is that ALD is con-
formal, and therefore, uniform thickness can be deposited
over entire nanoplates including the large face sheets and
complex honeycomb ribs. The thickness of the deposited
film on each silicon wafer is measured with spectral reflec-
tometry and varies by less than approximately 0.1 nm.
In high-resolution scanning-electron microscopy (SEM)
images, the film is uniform and conformal throughout the
structure, and no pinholes or defects are observed in any of
our optical and SEM images.

B. Experimental setup and testing

As highlighted in Fig. 1(b), the main geometry param-
eters of the nanoplates are the plate length, plate width,
film thickness, plate height, plate curvature, hexagon diam-
eter, and rib width, which are denoted as Lcant, Wcant, t,
h, K, Dhex, Wrib, respectively. These parameters are var-
ied to determine how they influence the sharp bending and
recoverability behavior. The rib widths are varied in the
range of 3.3–25 µm, the hexagon minor diameter in the
range of 50–200 µm, and the etch depth (or plate height) is
held approximately constant at around 9–10 µm. The ALD
alumina film thicknesses are 25, 40, and 50 nm. Our pre-
vious research [23] investigated a single set of geometry
parameters to show only one example of sharp bending,
whereas the experimental variety in this study provides
for a more complete investigation. All experimental can-
tilevers have constant dimensions of 0.5 mm width and
1 mm length.

Experimental testing is carried out using a microma-
nipulator probe, as shown in Fig. 2(a), with simultaneous
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(a) (b)

(c)

FIG. 2. (a) Experimental set up for the bending of honeycomb nanocantilevers. (b) FE modeling of the nanocantilevers. (c) Compar-
ison of the deflection configurations between the experimental observations and numerical predictions for a cantilever (Lcant = 1 mm,
Wcant = 0.5 mm, Dhex = 50 µm, Wrib = 10 µm, and t = 25 nm).

recording of the deformed shapes of the bent cantilever
[46]. This setup allows us to control the displacement of
the cantilever as well as capture in situ high-resolution
images of the resulting bending and deflection. Samples
are adhered to the movable SEM stage and positioned with
respect to the nanomanipulator probe such that the tip of
the probe and the tip of the cantilever are just barely in
contact. Cantilever deflection proceeds by bending the can-
tilever tip downward [y in Fig. 2(a)], axially compressing
the cantilever [x in Fig. 2(a)] to induce sharp bending until
the tip and base of the cantilever are almost touching, and
then unloading the displacement to let the cantilever return
to the original position. During this process, we record
sequences of SEM micrographs. In most cases, each can-
tilever is bent in the same sequence two or three times
to see if there are any obvious permanent deformation-
induced shape changes between cycles or variations in the
final unloaded position.

III. SIMULATION AND DISCUSSION

A. Finite element (FE) model

Next, we determine how well the experimentally
observed deformation could be predicted by finite element
(FE) models with purely elastic material behavior of alu-
mina using Abaqus R2017x [see Fig. 2(b)]. To simulate
the buckling-induced sharp bending, the FE analysis is

carried out in two steps. First, displacement in the y direc-
tion uy is simulated using the dynamic/explicit solver with
consideration of geometric nonlinearity (i.e., Nlgeom) to
introduce structural asymmetry, and then displacement in
the x direction ux is simulated using the dynamic/explicit
solver Nlgeom to obtain the sharply bent configurations
with large deformation [25]. These simulation steps match
the boundary conditions applied in the experiments, where
a prescribed tip-displacement is applied to a specific por-
tion of the nanocantilever. Figure 2(b) displays the bound-
ary and loading conditions of the nanocantilevers. The
model is clamped at one end and is free to move at the
other end. The element size and type, the material proper-
ties, and loading conditions are detailed in Appendix A.
The displacements in the uy and ux directions are 0.05
and 0.7 mm, respectively. As shown in Fig. 2(c), there is
excellent agreement between experimental and numerical
deformation profiles throughout the loading and unloading
processes (see Appendix H for more details).

B. Large deformation of corrugated nanocantilevers

This agreement allows us to use the predictions of the FE
model to develop an analytical description of large bend-
ing deformations for the architected plates with nanometer
thickness. For small deformations, the moment is the prod-
uct of the curvature and bending stiffness. However, at
large deformations, the relationship becomes nonlinear and
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(a) (b)

(d)(c)

FIG. 3. (a) FE modeling of the nanocantilevers subjected to edge angle at the two ends. (b) FE data and nonlinearly fitted results of
the moment-curvature relationship (Dhex = 60 μm Wrib = 12 μm and t = 25 nm). (c) Phase transition of the nanocantilevers due to
the geometrical nonlinearity caused by the buckling of the ribs and sidewalls (the insets zoom in on the deformation of ribs). In phase I,
the ribs are elastically deflected. In phase II, the ribs exhibit softening nonlinearity as the sidewalls do not contact each other. In phase
III, the sidewalls start contacting, leading to stiffening nonlinearity. (d) Comparison of the shape changes from continuous curvature to
discontinuous curvature, that is, R− and R+, under the edge moment M ∗ illustrated in Fig. 3(b).

even multivalued (i.e., one moment may correspond to dif-
ferent curvatures). To quantify this nonlinear relationship
between the moment and curvature, various curvatures are
applied in the FE model by prescribing edge angles at the
two ends and fixing the center point, as shown in Fig. 3(a).
The modeled cantilevers deform as pure cylinders, and we
use the Canny edge algorithm [26] to accurately capture
the corresponding radii of curvature. Figure 3(b) shows
the FE moment vs curvature data and the fitted nonlinear
curve. Note that the material behavior of the plates remains
linear elastic, and the nonmonotonic moment-curvature
relationship is solely due to the geometric nonlinearity
caused by the honeycomb structure under large bending
deformations.

As shown in Figs. 3(b) and 3(c), the mechanical
response of the plates can be divided into three phases:
global bending (I), geometric softening (II), and contact
strengthening (III), In phase I, the plates start with a
linear elastic response and gradually transition to nonlin-
ear elastic as the rotation angle increased. The curvature

corresponding to the peak moment, Kpeak ≈ (3.5Dhex)
−1,

serves as the boundary between phases I and II. In phase
II (softening), the moment-curvature curve has a nega-
tive slope and becomes unstable, making it unobservable
in experiments. The downward slope of the moment-
curvature response in this phase is due to the buckling
of the ribs. The curvature corresponding to the trough
moment Ktrough ≈ (1.9Dhex)

−1, serves as the boundary
between phases II and III. In phase III (contact strength-
ening), the sidewalls start contacting one another, resulting
in a positive slope and stable moment-curvature curve.

C. Nonmonotonic moment-curvature response

Nonlinearly fitting the FE modeling data, the moment-
curvature relationship of the sharply bent nanocantilevers
is best described by [46]

M = DK(1 − 0.37DhexK − 7.23D2
hexK2 + 8.82D3

hexK3),
(1)
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where M and K are the moment and curvature, respec-
tively, D is the small-deformation bending stiffness, and
the higher-order terms of K determine the geometric non-
linearity and instability of large bending deformations
[27,28].

When moments are applied to the two free ends of
the plates within the nonlinear region, for example M ∗
in Fig. 3(b), there are two stable curvatures correspond-
ing to each moment. Accordingly, the curvature of the
sharply bent plates becomes discontinuous in FE simula-
tions, as shown in Fig. 3(d). The maximum and minimum
radii R+ and R−, respectively, match the fitted curvatures
K+ and K− that are obtained based on the moment M ∗
at the Maxwell line [29]. Given the up-down-up shape of
the moment-curvature relations, we define the Maxwell
line (M ∗) between the moments at Kpeak and Ktrough such
that the area under the moment-curvature curve above
the line is the same as the area below the line, that is,
A1 = A2. Therefore, we obtain K+ and K− that correspond
to the moment M ∗ at the Maxwell line. The Maxwell
line is a graphical way of ensuring that the coexisting
phases have the same Gibbs free energy per unit mass
(or the same potential energy if entropy does not play an
important role). This has previously been used to model
the coexistence of phases for neck propagation in poly-
mers and metals [30], bulge propagation in balloons [31],
and wrinkle-ridge transitions in thin film-substrate systems
[32]. A metallic alloy that had nonlinear moment-curvature
behavior under a pure bending load was also reported in the
literature [33].

Note that the overall up-down-up shape of the moment-
curvature curve [Fig. 3(b)] has been previously theoreti-
cally analyzed in the literature for reversible postbuckling
of elastic rods [29,34]. Nonmonotonic moment-curvature
curves have also been experimentally reported for individ-
ual nanotubes [35] and NiTi tubes [36]. In particular, when
the NiTi tubes are bent, the upper half in tension shows
nanoscale material changes due to phase transitions, but
the lower half in compression does not. Ultimately, the
nonlinear moment-curvature relation of these bent NiTi
tubes inherits its nonmonotonic character from the nonlin-
ear tensile response of the NiTi material. In contrast, the
origins of the nonmonotonic moment-curvature relation in
our corrugated plates has to do with its corrugated geome-
try and the resulting geometric nonlinearity rather than the
material behavior.

By varying the honeycomb geometry parameters of the
FE models, the linear bending stiffness is determined to be

D = Et3

12(1 − ν2)

(
Dhex

Wrib
+ 1

)2

, (2)

which is consistent with our previous results on small-
deformation bending [23]. Since the bending stiffness
scales cubically with thickness while body forces due

to gravity scale linearly, extremely thin plates can bend
under gravity. This linear stiffness can be used to estimate
the straightness (i.e., tip deflection-to-length ratio) of the
plates due to gravity (see Appendix B)

�ymax

Lcant
= L3

cant

t2
× 3(1 − v2)ρg

2E
× W2

rib[(Dhex + Wrib)
2 + 4hDhex]

(Dhex + Wrib)
4 ,

(3)

where �ymax, ρ, g, and tmin refer to the deflection at
the cantilever tip, density of alumina, gravitational con-
stant, and minimum thickness that keeps the plates straight,
respectively. For the minimum thickness, texp

min = 25 nm is
used in our experiments and the displacement due to grav-
ity is approximately two-orders of magnitude smaller than
the cantilever length. Therefore, the displacement is neg-
ligible in the sharp bending experiments since the total
displacement is comparable to the cantilever length.

IV. THEORETICAL MODELING

A. Governing equation
After determining the fundamental relationship between

the moment and curvature, we develop an analytical model
using the Cosserat rod theory [37]. The governing equation
for describing the theoretical deflection is derived as (see
Appendix C)

D
d2θ

ds2

[
1 − 0.74Dhex

dθ

ds
− 21.69D2

hex

(
dθ

ds

)2

+35.28D3
hex

(
dθ

ds

)3
]

+ cos(θ)Ny − sin(θ)Nx = 0, (4)

where θ , Nx, and Ny are the rotation angle, and the longi-
tudinal and transverse components of the constant external
forces N that act on the free end of the cantilever, respec-
tively. The boundary conditions are given as: θ |s=0 =
θ ′|s=L = 0. Note that the plates could buckle when they
reach the peak moment, in which case there would no
longer be a unique solution, since large moments or forces
could correspond to two distinct curvatures [one in each
upward sloping branch of the moment-curvature relations,
as shown in Fig. 3(b)]. In addition, the body forces of the
nanocantilevers are neglected because of their extremely
low self weight. However, they could also be included in
the equation if necessary.

B. Theoretical results and comparison

Figure 4 compares the deflection configurations of select
nanocantilevers, showing that the theoretical results, FE
model predictions, and experimental observations are in
good agreement (see Appendix D). To reveal the effect
of the hexagonal geometry parameters on the mechanical
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(a)

(b)

(c)

(d)

FIG. 4. Examples of the deflection configurations compar-
ing the experimental (left), numerical (middle), and theoretical
(right) results with respect to the ratios of hexagonal diameter-
to-rib width and rib width-to-film thickness for (a) Dhex =
48 μm and Wrib = 15 μm, (b) Dhex = 60 μm and Wrib = 12 μm,
Dhex = 90 μm and Wrib = 10 μm, and (d) Dhex = 100 μm and
Wrib = 25 μm (t = 25 nm for all cases).

response, that is, sharp bending and recovery, the hexag-
onal diameter Dhex, rib width Wrib, and thickness t are
varied. Specifically, the sharp bending and shape recov-
ery are investigated with respect to the ratios of diameter
to rib width, Dhex/Wrib, and rib width to thickness, Wrib/t,
as discussed below.

According to Fig. 1(c) and other experimental results,
the sharpest bending we observe corresponds to a radius
of curvature of approximately two hexagonal cells’

diameters, which usually occurs at the base and the mid-
dle of the cantilever. Thus, we consider the plate to be
sharply bent when the curvature is K ≥ (2Dhex)

−1, and
thus the limit of the sharp bending ratio is defined as:
RSB = (DhexK)−1 ≥ 2. The recovery, on the other hand, is
determined by the maximum principal strains. In experi-
ments, a plate-like structure is likely to recover its original
shape when the critical strains are below the facture strain,
which scales as t−1/2, and varies between 0.8% and 1.5%
for film thicknesses between 25 and 100 nm [38]. Based on
the analysis of the FE and experimental comparison, we
find that sharp bending occurs when 300 < Wrib/t < 800
[see, for example, Figs. 4(a)–4(c)]. Nonrecoverable defor-
mations (i.e., permanent cracks) occur when the diameter-
to-rib width ratio is Dhex/Wrib > 7, for example, Fig. 4(c).
Since fewer hexagonal walls exist when the diameter is
large, the stresses are more concentrated, resulting in local
fracture.

V. RESULTS AND DISCUSSION

A. Sharp bending and recovery of the nanoplates

To fully explore the sharp bending and shape recov-
ery behaviors of the plate mechanical metamaterials, we
numerically investigate the sharp bending ratio RSB and
maximum strain with respect to Dhex/Wrib and Wrib/t (see
Appendix E). Figure 5(a) shows the density plot of the
sharp bending ratio, where Dhex/Wrib and Wrib/t are varied
from 3 to 13 and 50 to 1100, respectively. The cantilevers
generally exhibit sharp bending when they are relatively
thin (specifically, Wrib/t > 300). Figure 5(b) displays the
distribution of the maximum strains for Dhex/Wrib and
Wrib/t in the same ranges. Given the thicknesses fabri-
cated and tested (i.e., 25, 40, and 50 nm), 0.8%, 1.2%,
and 1.5% are used as the limit states for full recovery
[39]. By combining the obtained limit states for sharp
bending (RSB) and recovery (maximum strain), Fig. 5(c)
highlights the overlapping region that provides the geomet-
ric parameters necessary for the recoverable sharp bending.
It can be seen that the targeted geometries are approxi-
mately 3 < Dhex/Wrib < 10 and 800 > Wrib/t > 300. This
FE prediction accurately matches our experimental obser-
vations.

B. Other corrugation patterns

In addition to the honeycomb plates, we consider
other regular corrugation patterns. To achieve the cor-
rugation patterns, we define two design criteria: (1)
the no-straight-line rule (i.e., no straight lines can go
through the corrugated plates without contacting side-
walls); and (2) The regularity rule (i.e., uniform pattern
cells are separated by a uniform gap) (see Appendix
F). Using the design criteria, two patterns are obtained,
including rhombille and basketweave plates. Both of
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(a)

(b)

(c)

SB

FIG. 5. Density plots of the (a) sharp bending ratio RSB =
(KDhex)

−1 and (b) maximum principal strains with respect to
Dhex/Wrib and Wrib/t. (c) Targeted geometric ratios that provide
recoverable sharp bending for the nanocantilevers.

these show nonmonotonic moment-curvature curves in
FE simulations. However, the hexagonal pattern offers
the best performance with the largest overlapping area

FIG. 6. Comparison of the nonmonotonic moment-curvature
relationships for the nanocantilevers with corrugated, rhombille,
and basketweave patterns (Dhex = Drohm = Dbask = 60 μm,
Wrib = Wrohm = Wbask = 12 μm, t = 25 nm, and h = 10 μm).

(see Appendix G). Figure 6 presents the comparison of
the moment-curvature relationships between the hexag-
onal [Fig. 3(b)], rhombille, and basketweave nanocan-
tilevers with similar parameters: Dhex = Drohm = Dbask =
60 μm, Wrib = Wrohm = Wbask = 12 μm, t = 25 nm, and
h = 10 μm, respectively.

Nonmonotonic M − K curves with three phases (i.e.,
phase I: global bending, phase II: geometric softening, and
phase III: contact strengthening) are obtained from all the
patterns. Compared with the hexagonal and basketweave
patterns, the phase transition curvatures of the rhombille
nanocantilevers (i.e., K rhom

peak and K rhom
trough) are the lowest,

while the corresponding moments resulting in those cur-
vatures are the highest. Because the space between ribs in
the rhombille pattern [i.e., the darker areas in Fig. 13(a)]
tend to be smaller than that of the corrugated and bas-
ketweave patterns, the vertical webbings of the rhombille
nanocantilevers first contact one another. Therefore, the
transition limits of curvatures (i.e., K rhom

peak and K rhom
trough) are

the lowest for the rhombille nanocantilevers. In contrast,
the spaces between ribs for the basketweave pattern are
larger than those for the rhombille and corrugated plates,
and the corresponding phase transition limits of curvatures
are the largest, as shown in Fig. 13(b).

C. Scaling of the corrugated nanoplates

We also note that, in principle, recoverable sharp bend-
ing can be realized at the macroscale as long as the struc-
tures have the same aspect ratios. However, body weight
tends to play a much bigger role at the macroscale, limiting
the size of the structures that can exhibit this behavior. The
experimental nanocantilevers have extremely large aspect
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(a) (b) (c)

FIG. 7. Potential applications of the ultralight, high-stiffness corrugated nanoplates with full deformation recovery in (a) microflyers
[40], (b) nanogenerators [43,44], and (c) spacecraft [45].

ratios (i.e., height-to-thickness ratio is approximately 103).
Similar nonmonotonic moment-curvature relationships are
obtained from the numerical simulations for the corru-
gated nanocantilevers with mm-scale thickness as long as
we neglect the gravity body forces. However, in practice,
structures with such large height-to-thickness aspect ratios
would suffer from bending due to gravity. According to Eq.
(3), the maximum deflection �ymax scales quadratically
(rather than linearly) with cantilever length. However,
the minimum thickness tmin needed to neglect the body
forces in Eq. (B15) scales as approximately L3/2 rather
than L2, which is inconsistent with scaling all dimensions
by the same factor. In other words, the cantilever length
L increases the body force-induced deflection ymax more
quickly than the respective minimum thickness tmin needed
to maintain a straight structure. Therefore, the body weight
will become increasingly important when the cantilevers
are scaled up to the millimeter scale.

D. Potential applications and impact

Figure 7 illustrates the potential applications of the
reported hexagonal corrugated nanocantilevers. Figure
7(a) shows how the corrugated plates can be used as col-
lapsible flapping wings for microflyers [40]. Since many
hover-capable microflyers are based on the evolution of
insect flight in nature, microwings are typically designed
for collapsible flapping in a nearly horizontal plane [41].
Consequently, the microwings should not only have high
stiffness and low mass, but also high robustness such that
they can fully recover from large deformations result-
ing from collisions. The sharp bending recovery process
of the corrugated plates provides a mechanism to dissi-
pate energy and recover the original shape, thus protecting
microflyers from accidental collisions. In addition, the
corrugated nanoplates can be designed as active or semi-
active microwings that change shape configurations for
different purposes (e.g., accelerating, escaping, steering,
or landing) [42]. For example, previously reported hinge-
enabled microwings provided sharp bending performance

in microrobots to reduce body rotation and dampen energy
from accidental collision [5].

Figure 7(b) illustrates the potential application of
corrugated plates as nanogenerators in energy harvesting.
Piezoelectric material is placed between the hexagonal
cells, and the piezo-composite corrugated plates are con-
strained between two rigid walls [43]. Under axial com-
pression, the biwalled piezo-plates are postbuckled, which
results in large deformations to the piezoelectric mate-
rial and hence generates electrical power [44]. Since the
postbuckling behavior can be controlled through pattern
design, the power generated by the piezo-plates could be
optimized for nanogenerators in specific applications.

Finally, Figure 7(c) illustrates an application of plate
mechanical metamaterials in space travel. We envision
that the controllable mechanical behavior could be useful
for lightsails [45]. For example, full recovery after nearly
100% strain means that the corrugated plate-based light-
sails with nanoscale thickness can be rolled or folded to
reduce the overall size during launch and then deployed to
cover many square meters in area for maximum thrust.

VI. CONCLUSIONS

In this paper, we report and characterize the recover-
able sharp bending of ultrathin cantilevers with honey-
comb corrugation. Cantilevered plates are fabricated and
experimentally tested to determine the configurations of
large bending deformations. To determine the influence
of hexagonal corrugation pattern on the recoverably sharp
bending, numerical and theoretical models are developed.
The designed hexagonal corrugation with high aspect
ratios (e.g., height-to-thickness ratio) leads to the sur-
prising mechanical robustness and recoverability of the
nanocantilevers. Parametric studies are carried out to quan-
titatively investigate the effect of the corrugated cells on
sharp bending and recovery with respect to the ratios of
diameter-to-rib width and rib width-to-thickness. The find-
ings provide a fundamental understanding of large bending
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deformation in plate mechanical metamaterials, which sug-
gest that the plates are promising for applications that
require both high bending stiffness and full recovery, such
as wings of microflyers or aerospace components.
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APPENDIX A: DETAILS IN THE FE MODELS

In order to capture the deformation of the hexagonal ribs
(i.e., ensure that ribs have the freedom to deform), the size
of the shell elements (S4R) is chosen as 1/3 of the rib
width Wrib [46]. The geometric properties, element size,
and solving algorithm of the FE models are summarized in
Table I.

APPENDIX B: MINIMUM THICKNESS THAT
MAINTAINS STRAIGHT NANOCANTILEVERS

To theoretically obtain the minimum thickness t that
keeps the nanocantilevers straight, it is necessary to take
into account the body weight of the structures, because the
straightness of the corrugated nanocantilevers is affected
by gravity. Figure 8(a) illustrates the deformation of a
nanocantilever with the body weight BW(x). To formulate
the problem, it is converted into a weightless nanocan-
tilever subjected to the distributed load Q(x), where Q =
BW as shown in Fig. 8(b).

To determine the distributed load Q(x) [i.e., the body
weight BW(x)], it is necessary to obtain the volume of the

TABLE I. Geometric and material properties, element, and
loading conditions.

Geometric properties Length Lcant (mm) 1
Width Wcant (mm) 0.5
Thickness t (nm) 25
Rib width Wrib (µm) 10
Hex. diameter Dhex (µm) 50

Material properties Young’s modulus (GPa) 130
Poisson’s ratio 0.22
Density (×10−9 ton/mm3) 3.95

Element Size and Type Size 1
3 Wrib

Type S4R
Loading in Displacement Bending 1

10 Wcant

Compression 7
10 Lcant

(a)

(b)

FIG. 8. Illustrations of (a) a straight nanocantilever that has
the body weight BW(x), and (b) deflection of a weightless
nanocantilever subjected to the distributed load Q(x) (Q = BW).

structures. Note that the honeycomb nanocantilevers con-
sist of two parts, including the face sheets and sidewalls.
The volume of the face sheets is given as

VFS = LWt, (B1)

where L, W, and t denote the length, width, and thickness
of the corrugated cantilevers, respectively. The sidewalls
are affected by the number of the hexagons. Therefore, the
volume of the sidewalls can be written as

Vsw = 2
√

3 · Nnum · thDhex, (B2)

where h and Dhex are the height and hexagonal diame-
ter of the nanocantilevers. Nhex is the total number of the
hexagon corrugations, which is given as

Nnum = NL · Nw = 2
√

3
3

WL
(Dhex + Wrib)

2 . (B3)

Putting Eq. (B3) into Eq. (B2), the volume of the sidewalls
yields

Vsw = 4
LWthDhex

(Dhex + Wrib)
2 , (B4)

and thus, the total volume of the nanocantilevers is
obtained as

V = VFS + Vsw = LWt
[

4
hDhex

(Dhex + Wrib)
2 + 1

]
. (B5)
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Therefore, the unit distributed load Q̄ is

Q̄ = ρgV̄ = ρgt
[

4
hDhex

(Dhex + Wrib)
2 + 1

]
. (B6)

where ρ, g and V̄ refer to the density of the nanocantilevers
(i.e., alumina), gravitational constant, and unit volume.

Next, let us determine the bending deflection of the
cantilever caused by Q̄. It is worth pointing out that the
nanocantilevers are subjected to extremely large deforma-
tions (i.e., sharp bending) in this study; however, by only
considering the unit distributed load Q̄, it is sufficient to
assume the deflection of the cantilever is a small defor-
mation. Consequently, the moment-curvature relationship
[Eq. (1)] is reduced to

M = DK . (B7)

K denotes the curvature of the nanostructures, which can
be simplified as

K = d2y(x)
dx2 , (B8)

where y(x) is the transverse deflection caused by the unit
distributed load (i.e., the body weight). Therefore, the
deflection of the weightless, cantilevered nanocantilevers
subjected to Q̄ can be written as

y(x) = Q̄L4

24D

( x
L

)2
[( x

L

)2
− 4x

L
+ 6

]
, (B9)

where the effective bending stiffness is given as [Eq. (2)]

D = Et3

12(1 − v2)

(
Dhex

Wrib
+ 1

)2

. (B10)

Inserting Eq. (B10) into Eq. (B9) and letting x = L, the
maximum body weight-induced deflection is

ymax = y|x=L = 3(1 − v2)Q̄L4

2Et3

(
Dhex

Wrib
+ 1

)−2

. (B11)

Further substituting Eq. (B6) into Eq. (B11), we obtain

ymax = y|x=L = 3(1 − v2)ρgL4

2Et2
Wrib

2

(Dhex + Wrib)
4

× [(Dhex + Wrib)
2 + 4hDhex], (B12)

which leads to

t = L2

(
Dhex
Wrib

+ 1
)2

×
√√√√3(1 − v2)ρg

2Eymax

[(
Dhex

Wrib
+ 1

)2

+ 4
hDhex

W2
rib

]
.

(B13)

Note that ymax can be used to identify the straightness
of the nanocantilevers. We define the straightness of the
nanocantilevers with respect to the cantilever length L as

ymax ≤ ςL, (B14)

where ς � 1 is the straightness factor.
Substituting Eq. (B14) into Eq. (B13), the mini-

mum thickness that keeps the corrugated nanocantilevers
straight is eventually obtained as

tmin = L3/2

(
Dhex
Wrib

+ 1
)2

×
√√√√3(1 − v2)ρg

2Eς

[(
Dhex

Wrib
+ 1

)2

+ 4
hDhex

Wrib
2

]
.

(B15)

For example, the minimum thickness that keeps the
nanocantilever in Fig. 3 straight is obtained as tmin =
15.4 nm, when Dhex = 60 μm, Wrib = 12 μm, h = 10 μm,
L = 1 mm, and ς = 0.07. Therefore, the thickness of the
nanocantilevers in Fig. 3 (t = 25 nm) satisfies the straight-
ness criterion. In fact, cantilevers with lengths of up to
several mm would also exhibit negligible bending due to
gravity. Coincidentally, tmin = 15.4 nm is also comparable
to our experimental estimation: texp

min ≈ 15 nm, which is due
to fabrication-related stress gradients rather than gravity.

APPENDIX C: THEORETICAL MODELING

Figure 9 is a model for the deformation shape of the
nanocantilevers subjected to tip forces in the longitudi-
nal and transverse directions Nx and Ny . The force can be
expressed as

N = Nxêx + Nyêy , (C1)

where êx and êy are the unit vectors in the lab coordinates,
and Nx and Ny are constants [i.e.,(d/ds)Nx = (d/ds)Ny =
0]. Therefore, we have the relationship between the rota-
tion angle of the cantilever θ(s) and the displacements in
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FIG. 9. Model of a largely deformed nanocantilever subjected
to quasistatic forces in the longitudinal and transverse directions.

the x and y directions x(s) and y(s) as

{ dx(s)
ds = cos θ

dy(s)
ds = sin θ

. (C2)

According to the Cosserat rod theory [37], the governing
equation of deflected nanocantilevers is given as

dM
ds

+ λt̂ × N = 0, (C3)

where

t̂ = [cos(θ)êx + sin(θ)êy]. (C4)

The stretching is

λ = 1 + Nx

Axx
. (C5)

Note that Axx, the extensional stiffness of the nanocan-
tilevers, can be written as

Axx = Ē · Ā
TCEF

= Ēbt
TCEF

, (C6)

where Ē · Ā and TCEF are the extensional stiffness of the
nanocantilevers and the tensile-compressive enhancement
factor of the nanocantilevers, respectively.

We assume that the nanocantilevers are inextensible and
hence λ = 1, thus the governing equation can be expressed
as

dM
ds

+ cos(θ)Ny − sin(θ)Nx = 0. (C7)

We have the relationship between the rotation of the
neutral axis and the curvature as

K = θ ′(s). (C8)

Putting Eqs. (C1) and (C8) into Eq. (C7), the governing
equation for the nanocantilever is obtained as

D
d2θ

ds2

[
1 − 0.74Dhex

dθ

ds
− 21.69D2

hex

(
dθ

ds

)2

+35.28Dhex
3
(

dθ

ds

)3
]

+ cos(θ)Ny − sin(θ)Nx = 0,

(C9)

where the bending stiffness D is given in Eq. (2).
Note that Eq. (C9) can be converted into two first-order

differential equations as

{
X2 = X ′

1

X ′
2 = sin(X1)Nx−cos(X1)Ny

D(1−0.74DhexX2−21.69D2
hexX 2

2 +35.28D3
hexX 3

2 )

, (C10)

where X1 = θ(s), X2 = θ ′(s), and we assume ν = 0.
We use ODE45 in MATLAB to numerically solve Eq.

(C10). Since the solving algorithm only takes into account
the initial conditions, we specifically use the boundary
condition at the free end (s = L) to solve the governing
equations. Based on the experimental observations of the
nanocantilevers deformations (e.g., Fig. 4), we measure the
rotation angle at the free end using the Canny method. The
obtained angles at the free end are then used as one of the
boundary conditions (i.e., X1(L) = θ |s=L), while the other
boundary condition is: X2(L) = θ ′|s=L = 0.

Figure 10 provides the deformation shapes of the
nanocantilevers for different hexagonal diameters Dhex and
rib widths Wrib solved by the nonlinear governing equa-
tions in Eq. (C9). Note that Fig. 10 leads to the 3D
theoretical results presented in Fig. 4. Table II gives the
external forces used to solve the governing equation.

FIG. 10. Deformation shapes between the nanocantilevers with
different hexagonal diameters and rib widths. (t = 25 nm for all
cases).
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TABLE II. External forces in the governing equation.

Rotation angle at free end (◦) Nx (nN) Ny (nN)

Fig. 4(a) −60 −6.5 9.5
Fig. 4(b) −55 −7.5 10
Fig. 4(c) −75 5.5 7
Fig. 4(d) −80 6 6.5

APPENDIX D: VALIDATION OF THE
THEORETICAL MODEL

Figure 11 presents the deflection differences between the
theoretical, numerical, and experimental results presented
in Fig. 4. The Canny edge method is used to obtain the
deflection-length curves of the FE and experimental results
and then compared with the theoretical results in Fig. 10.
The nanocantilevers are discretized into 19 segments with
a total of i = 20 nodes, and thus we have

{
DiffExp vs Num, i = |YExp,i−YNum, i|

YExp,i
× 100 (%)

DiffExp vs Theo, i = |YExp,i−YTheo, i|
YExp,i

× 100 (%)
, (D1)

where YExp, YNum, and YTheo are the deflections obtained
from the experimental, numerical, and theoretical results,
respectively.

We can see from Fig. 11 that the maximum differences
for all four cases in Fig. 4 are less than 10%, which
demonstrates the accuracy of the reported theoretical and
numerical models.

FIG. 11. Differences of the deformation shapes in Fig. 4
between the experimental, numerical, and theoretical results.

APPENDIX E: FE RESULTS FOR PARAMETRIC
STUDIES

To investigate the effect of the geometries, that is, thick-
ness t, hexagonal diameter Dhex, and rib width Wrib, on the
mechanical response of the nanocantilevers, we define the
sharp bending ratio and maximum principal strains with
respect to the ratios of hexagonal diameter-to-rib width
Dhex/Wrib and rib width-to-thickness Wrib/t. Figure 12
presents the discrete (nonfitted) sharp bending ratio and
maximum principal strain of the plate mechanical meta-
materials obtained using the numerical models. Note that
Fig. 12 leads to Fig. 5.

APPENDIX F: DESIGN CRITERIA AND
VIOLATIONS OF THE CORRUGATED PATTERNS

Two design criteria are implemented to obtain the hon-
eycomb corrugation pattern: (1) the no-straight-line rule
(i.e., no straight lines can go through the corrugated plates
without contacting sidewalls); and (2) the regularity rule
(i.e., uniform pattern cells are separated by a uniform gap).

(a)

(b)

FIG. 12. (a) Sharp bending ratio and (b) maximum princi-
pal strain of the nanocantilevers with respect to Dhex/Wrib and
Wrib/t.
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FIG. 13. Criterion of the no-straight-line rule for the nanocan-
tilevers with hexagonal corrugation.

The no-straight-line rule is defined since straight lines
allow the formation of wrinkles, which severely reduce
the bending stiffness of the nanostructures and make them
nonreproducible. The geometric limit that satisfies the no-
straight-line rule in the corrugated hexagon nanocantilever
is obtained as

Dhex ≥ 3Wrib. (F1)

The regularity rule is defined since there can be numerous
arbitrary designs that satisfy the no-straight-line rule, but
can be difficult to implement in practice.

Figure 13 displays the violation of the no-straight-
line rule. When the hexagonal pattern of the nanocan-
tilevers breaks the straight-line limit defined in Eq. (F1),
the deformation resistance (i.e., bending stiffness) of the
nanostructures is severely reduced. Consequently, the
nanocantilevers are nonreproducible.

APPENDIX G: COMPARISON OF SHARP
BENDING RATIO AND RECOVERY BETWEEN

HEXAGONAL, RHOMBILLE AND
BASKETWEAVE PATTERNS

Figure 14 presents the density plots of the recoverably
sharp bending for the (a) rhombille and (b) basketweave
nanocantilevers. The phenomena of sharp bending with
full recovery are obtained from both architected can-
tilevers. However, the honeycomb corrugation gives the
best performance of recoverable sharp bending (i.e., the
largest overlap).

APPENDIX H: VIDEOS OF COMPARISON
BETWEEN EXPERIMENTAL AND NUMERICAL

DEFORMATION PROFILES

Videos 1 and 2 compare the experimental and numerical
deformation profiles of the cantilevered nanocantilevers
throughout the loading and unloading processes. It can be

(a)

(b)

FIG. 14. Density plots for the sharp bending and recovery
of the nanocantilevers with (a) rhombille pattern and (b) bas-
ketweave pattern.

seen that excellent agreements are obtained from nanocan-
tilevers with different geometries.

VIDEO 1. Comparison of the experimental and numerical
deformation profiles of the nanocantilever throughout the load-
ing and unloading processes (Dhex = 50 μm, Wrib = 10 μm, and
tcant = 25 nm).
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VIDEO 2. Comparison of the experimental and numerical
deformation profiles of the nanocantilever throughout the load-
ing and unloading processes (Dhex = 200 μm, Wrib = 5 μm, and
tcant = 50 nm).
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