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The twin-field quantum key distribution (TFQKD) protocol and its variants, e.g., phase-matching (PM)
QKD and TFQKD based on sending or not sending, are highly attractive since they are able to overcome
the well-known rate-loss limit for QKD protocols without a repeater: R = O(n), with 5 standing for the
channel transmittance. However, all these protocols require active phase randomization and postselection
that play an essential role together in their security proof. Counterintuitively, we find that in TFQKD,
beating the rate-loss limit is still possible even if phase randomization and postselection in the coding
mode are both removed, which means our final secure key rate R = O(,/7). Furthermore, our protocol is
more feasible in practice and more promising according to its higher final key rate in the valid distance.
Our security proof counters a collective attack and can also counter a coherent attack in the asymptotical

case.
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I. INTRODUCTION

With the help of quantum key distribution (QKD), two
distant agents (Alice and Bob) are able to share secret
key bits in the sense of information-theoretical security
[1-7]. Albeit impressive progress in QKD experiments
[8—14] has been made, there is a fundamental limit on
the secret key rate R versus channel transmittance 1. This
limit has been sufficiently discussed by researchers [15,16]
and was finally revealed as the linear key rate bound
R < —log,(1 —n) [16]. For a long distance, the transmit-
tance is much smaller; then, R = O(n). Surprisingly, this
limit was overcome by the twin-field (TF) QKD proto-
col proposed in 2018 [17]. One may note that the security
proof of TFQKD has been rebuilt in Ref. [18], although
its original security analysis in Ref. [17] is not strict. The
physics behind TFQKD is that Alice and Bob prepare
photon-number superposition remotely via coherent states
and postselection.

Inspired by TFQKD, phase-matching (PM) QKD pro-
tocol is introduced in Ref. [19]. In the PMQKD protocol,
Alice (Bob) prepares weak coherent states | + ,/u) ran-
domly and adds a random phase ¢4 (¢5) to each of her (his)
weak coherent states, and then sends them to an untrusted
party Charlie located in the middle of the channel. Depend-
ing on the measurement results declared by Charlie, Alice
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and Bob are able to generate raw key bits after postse-
lection of the cases satisfying ¢4 &~ ¢g. Another variant
of TFQKD is based on sending or not sending a weak
coherent pulse, which can be very robust under a large
optical misalignment error [20], but the final key rate is not
satisfactory. In its decoy mode, phase randomization and
postselection are still necessary. Consequently, in TFQKD
and its variants, active phase randomization and postse-
lection seem indispensable to the security of sifted key
bits.

However, the phase postselection may impair its secret
key rate in practice. It is still an open question if the
active phase randomization and phase postselection can be
removed. Here, we firstly introduce a simplified TFQKD
protocol, in which its key bit is encoded in phase 0 or 7, but
unlike PMQKD, the coding mode does not employ active
phase randomization and, thus, phase postselection is also
circumvented. Therefore, its coding mode is simple and the
security proof is totally different from previous protocols.
In Sec. 11, the security proof of the proposed protocol is
given by estimating the upper bound for latent information
leakage. In Secs. IV and V, the numerical simulations with
practical imperfections show that the performance of the
proposed protocol without active phase randomization is
satisfactory and even better; i.e., it can beat the linear key
rate bound at an even shorter distance than other proto-
cols. So far, we only consider threats of collective attack or
coherent attack with an infinite key length. The conclusion
is given in Sec. VL.
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I1. SIMPLIFIED TFQKD

Our simplified TFQKD protocol removes the postselec-
tion part of original TFQKD. Firstly, let us introduce the
flow of this simplified protocol as follows.

Step 1. Alice and Bob randomly choose code mode or
decoy mode [21-23] in each trial.

Step 2. a. If code mode is selected, Alice (Bob) pre-
pares a weak coherent state | & /i) a-out (F|/ 1) B-out)
according to her (his) random classical key bit 0 or 1
and sends the prepared state to the untrusted measurement
device controlled by Eve.

Step 2. b. If decoy mode is selected, Alice (Bob) emits
a phase-randomized weak coherent state with mean photon
number v, (vp), where v, (vp) is randomly chosen from a
predecided set. Note that the phase of a weak coherent state
in decoy mode will never be publicly announced. Thus, in
decoy mode, Alice (Bob) actually prepares a mixed state
in Fock space.

Step 3. For each trial, the middle receiver Eve must
publicly announce a successful message |1);, or a failure
message |0),, to Alice and Bob. If she announces |1),,, she
has to simultaneously declare which message she obtained,
|[L)pr or |R)y. For an honest Eve, |L)), and |R)), reveal
which detector clicks [19]. For simplicity, we treat the
double-click event as message |L)y, or |R),, at random.
Note that |1) 4, |0)as, |L) s, and |R), are all classical mes-
sages announced by Eve, though we use bra-ket notation
to describe them.

Step 4. After repeating steps 1 to 3 for sufficient times,
Alice and Bob publicly announce which trials are code
modes and which trials are decoy modes. For the trials in
which Alice and Bob both select the code mode and Eve
announces |L)y; or |R),s, the raw key bits are generated.
Here, Bob should flip his bit if Eve announces |R);,. For
the trials in which Alice and Bob both select decoy mode,
Alice and Bob can estimate the yield Y, ,,, which means the
probability of Eve announcing |1),, provided Alice emits
an n-photon state and Bob emits an m-photon state in a
decoy mode. With these parameters, information leakage
is bounded so that secret key bits can be generated from
raw key bits by error correction and privacy amplification.

In the following paper, we focus on the upper bound for
the information leakage through the whole protocol.

III. MAIN RESULTS OF SECURITY PROOF

For readability, we sketch the security proof and its main
results here. One may refer to Appendix A for detailed
derivations. We make no more assumptions to Eve than
assumptions applied in measurement-device-independent
(MDI) QKD [6,7]. Accordingly, Eve’s general collective
attack to the above simplified TFQKD protocol can be

defined as an arbitrary measurement after an arbitrary uni-
tary operation operating on the whole system with her pre-
pared ancilla [4,5]. Under photon-number representation,
this collective attack is given by

U1n) A-out|m)B-out E0)Eal 0) s

= v Yol Vum) el D + /1 = Yy mlother)g|0)ys, (1)

where |n)aout and |m)poy represent the photon-number
bases of the quantum states prepared by Alice and Bob
respectively, the state |Ey)g, is the ancilla of Eve, and
Yum € [0,1] is a probabilitylike value showing the por-
tion in which Alice and Bob receive the message |1),
from Eve. On the right side of Eq. (1), | yum) £ and |other)g
are the quantum states of the compound system including
Eve’s ancilla Ea, A-out and B-out, which are all in the
hands of Eve now. Note that any phases of the states on the
right-hand side of Eq. (1) are absorbed into the definition
of those states. For simplicity, let us denote Eve’s message
L)y and |R)y, as the same one |1),, since we are only
concerned with Alice’s key bit here, but not Bob’s bit and
his flipping operation. We aim to bound Eve’s information
Izg on Alice’s key bit when Eve announces message |1) .
Through derivations given in Appendix A, it is proved
that this upper bound 7} can be solved by the following
optimization problem given by

Xoo X10 X11 Xo1
Iy =maxh<—,—> +h(—,—>,
A 0" Ou 0’ Ou

0 < xp0 < ‘Zn,mzo PP Yonm 2,
0<xp0 < \Zn,mzo VP2n1Pon Yons1 2m ? ,

St 90 <xp < \Zn,mzo VP2 s1Poms1 Yons1 2ms1 2,
0 < xo1 < Xm0 vVP2rPoms1 Yanomen \2,

X0 + X10 + X11 + X01 = Oy,

)

with the definition A(x,y) = —x log, x — y log, vy + (x +»)
log,(x + ). Here, P, = e #u*/k! is the probability of
coherent state =+[,/u) containing k-photons and Q, is
the probability of Alice obtaining a raw key bit in code
mode, which is directly observed experimentally. In prac-
tice, agents can observe the parameters P,, P,, O,, and
Y,m- Then, the information leakage bound can be esti-
mated by the above optimization problem. According to
Devetak-Winter’s bound [24], the secret key rate per trial
in a code mode is then given by

R = Qu[l —fh(en, 1 — eu) — Igl, Q)

in which e, is the error rate of raw key bits. This security
proof assumes that Eve only launches a collective attack;
however, this restriction can be removed by following the
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results in Refs. [25] and [26]. Hence, our proof can guar-
antee security against the coherent attacks asymptotically.
It also ends our security proof rigorously.

Before proceeding, let us roughly estimate the perfor-
mance of the protocol under the ideal case, in which only
channel transmission efficiency 5 is considered, while all
other imperfections, e.g., dark counts of single-photon
detectors, are absent. Then, it is expected that xop ~ x;; ~
uzO(ﬁ), since the main contribution of x¢o and x; comes
from the yield of the total photon number from Alice and
Bob is 2. With a similar argument, we have x¢; ~ xj9 ~
nO(/n). Thus, from Eq. (2), we can see I < 1 forany 7
provided a proper value of i is assumed. Also, it is obvious
that O, ~ nO(/n) and e, = 0 in the ideal case. Accord-
ingly, from the above formulas, we have R = O(, /). This
result does reconfirm the expectation that the TFQKD can
overcome the linear bound even if phase randomization
and postselection are both removed. In the next two sec-
tions, through numerical simulations with practical imper-
fections, we show the performance of our protocol with
both infinite and finite decoy state techniques compared
with other states of the art.

IV. ESTIMATION AND SIMULATION WITH
INFINITE DECOY STATES

In a practical system, Alice and Bob can emit phase-
randomized decoy states [21] to estimate Y,,. The gain
of the decoy states in which Alice emits a pulse with a
mean photon-number v, and Bob emits a pulse with a mean
photon-number v, satisfies

= PEPYY, (4)
nm

where P} = e Vv*/k! is known by both agents. Consid-
ering the ideal case with infinite decoy states v, and vy,
we can list infinite linear equations like Eq. (4) to calcu-
late Y, ,, accurately. Therefore, the secure key rate can be
easily calculated using Eq. (3) with /3 given by Eq. (2).
Here, we simulate the maximum secure key rates related to
different losses for multiple protocols with infinite decoy
states implemented and practical parameters of experi-
ments. Details can be found in Appendix B. The results are
shown in Fig. 1. We can see that, with infinite decoy states,
our protocol has a higher key rate than original PMQKD
because our protocol is phase postselection free and inde-
pendent with extra error estimations. Note that the slope
of the key rate in our protocol is the same as the linear
bound with a single repeater [27] when the fiber loss is
less than 60 dB, which shows that the advantage of beating
a well-known linear bound is also reconfirmed through 30-
to 60-dB fiber loss. In other words, R = O(,/n). It is also
remarkable that our protocol can outperform BB84, with a
lower channel loss compared to the original PMQKD.

R
—— Linear bound
17 _______ Single repeater
&
0.015~ _ e o

~~~~~~ “r...._— Our protocol
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FIG. 1. Key rates (R) of our protocol (purple curve), PMQKD

(green) [19], and BB84 (orange) with all infinite decoy states
versus different optical fiber losses (dB). Note that we assume
zero optical misalignment, except the misalignment due to phase
postselection (M = 16) of original PMQKD in Ref. [19]. The
linear key rate bound (blue) [16] and the bound with a single
repeater (dotted blue) [27] are also shown in the figure.

V. ESTIMATION AND SIMULATION WITH
FINITE DECOY STATES

Finite decoy states can also help to estimate the lower
bound for yields [22,23,28]. In a practical system, this
implement is much more feasible than the infinite one.
Here, we apply decoy states with four different intensities:
W, V1, vy, and 0. After the announcement of decoy modes
and each applied intensity, we have the following gains:
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FIG. 2. Key rates (R) of our protocol (purple curve), PMQKD
(green) [19], and BB84 (orange) with all finite decoy states
versus different optical fiber losses (dB). Note that we assume
zero optical misalignment, except the misalignment due to phase
postselection (M = 16) of original PMQKD in Ref. [19]. The
linear key rate bound (blue) [16] and the bound with a single
repeater (dotted blue) [27] are also shown in the figure.
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Then, we show how those statistics can give good
approximations to Yy, Y01, Y1,0, Y20, Y02, and Y>, where
Y, means the yields that are from decoy trials in which

Alice and Bob share two photons in total. From Q%

v1,0 v2,0 0,0 .
), O, and O, we can obtain lower bounds and

upper bounds of Yy, Yo1, and Yy, by linear programming
using Eq. (4). Similarly, lower bounds and upper bounds of

: 0, 0, 0,
Y1 and Y, can be estimated from 0", 0;", 0;", and

Qg’o. Upper bounds and lower bounds of ¥, could also be
bounded by the linear programming on four linear equa-
tions of O, O™, 0/7*?, and Qg’o. In the following text,
we use the superscript # or / to label the upper or lower
bound for Y obtained here. To estimate Y} ;, through the
relation Y, = >, PEPY Y51/ PEPY ., Y1) could be

J

bounded by
QPLPY + PLPOY = PUPL R, + )
PI'PY — L
_ @PgPy + PIPOY; — PaPy (To, + Vi)

PIPT
)

Then, the remaining task is constraining xg0, Xo1, X190, and
x11 with these lower bounds and upper bounds generated
from decoy statistics.

Let us take xo9 as an example. From Eq. (2), we have a
general bound that limits the xqo as

m
X00 < | E PL PY Yonom |*

n,m=0

max|\/P LYY+ \[PYPY Y, +\[PLPLYS,

k+4) (k- )

2 Z ZPMPQL(H i)

n=k+1 i=0

The details of the derivation are included in the
Appendix B. Now, we obtain the bounds of these four
values based on all the observables in our protocol. The
final step is only making an optimization to find the best
information-theoretical secure key rate with Eq. (3) limited
by these bounds.

So far, we show how Alice and Bob can estimate the
lower bound for the key rates under different losses with
four decoy states. We simulate a practical case for multi-
ple protocols. The results are shown in Fig. 2. Even in the
case of finite decoy states, our protocol’s key rate holds the
relation with transmittance as R = O(,/n). Consequently,
it can still beat the linear bound in the loss range from 40
to 60 dB.

VI. CONCLUSION

Inspired by TFQKD protocol and its variants such as
PMQKD, we propose a simplified protocol with a higher
final key rate, in which the raw key bits are generated with-
out active phase randomization and phase postselection. A
meticulous security proof is presented by estimating the
information leakage in our protocol. Counterintuitively,
our bound for latent information leakage does not rely on
the error rate. Meanwhile, its advantage of beating the lin-
ear rate-loss limit is still available here, showing the final
key rate R = O(,/n) over transmittance 1. Also, thanks
to the removal of phase postselection, our scheme can
perform over the well-known BB84 at a shorter channel

U pit
P PZ(n i)

ZZP”PL‘I i) T Z 2.

n=0 i=0 n=k+1 i=0

(6)

(

distance compared to the original PMQKD protocol, which
means that the proposed protocol could be very competi-
tive when the channel loss is around 15 to 60 dB.
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Note added—Recently, two other groups provided sim-
ilar ideas [29,30] independently but did not include the
practical case with finite decoy states. In our methodology,
our work is based on the analysis of collective attack while
the authors of Ref. [29] present a proof based on an equiv-
alent entanglement distillation protocol. Also, both Refs.
[29] and [30] use infinite decoy states, which is not feasible
in the experiments.

APPENDIX A: SECURITY PROOF

We make no more assumptions for Eve than the assump-
tions applied in MDIQKD [6,7]. In order to bound the
information leakage to Eve, we have to describe the ulti-
mate power of Eve under the assumptions. Also, Eve’s
strategy must obey the time line through this protocol.
Therefore, Eve’s general collective attack to the above
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simplified TFQKD protocol can be defined as an arbitrary
measurement after an arbitrary unitary operation operat-
ing on the whole system with her prepared ancilla [4,5].
Furthermore, the message Eve announces should also be
obtained from the measurement results. Under photon-
number representation, this collective attack is given by

U1n) A-out 1) B-out | E0)Eal O a1

= Yn,len,m)E”)M + V 1 - Yn,m|0ther>E|O>M’ (Al)

where |n)aout and |m)p.ou represent the photon-number
bases of the quantum states prepared by Alice and Bob
respectively, the state |Ey)g, is the ancilla of Eve, and
Y.m € [0, 1] is a probabilitylike value showing the portion
in which Alice and Bob receive the message |1),, from
Eve. On the right side of Eq. (Al), |Yum)r and |other)g
are the quantum states of the compound system including
Eve’s ancilla Ea, A-out and B-out, which are all in the
hands of Eve. Note that any phases of the states on the
right-hand side of Eq. (A1) are absorbed into the definition
of those states. For simplicity, let us denote Eve’s mes-
sage |L)ys and |R)y, as the same one |1);,, since we are
only concerned with Alice’s key bit here, but not Bob’s
bit or his flipping operation. Note that this expression does
give the most general collective attack, including possi-
ble attacks trying to distinguish between decoy mode and
code mode and treat them differently, since Eve’s ancilla is
arbitrary. Indeed, any measurement and following transfor-
mation depending on the output of the measurement can be
described as a “giant” unitary operator applied to a larger
Hilbert space.

Suppose Alice and Bob each has an ancillary qubit to
store their classical key bit in code mode. For simplicity,
here we assume that Alice’s and Bob’s random binary bits
come from measurements of their qubits in Z bases. So
they set their initial qubits to [+) and prepare a weak coher-
ent state light pulse with average photon number w. Then,
the initial prepared state is

[4)414) Bl /1) A-out| /1) B-out- (A2)

Then, Alice and Bob apply a Controlled-w gate to upload
their information on the output coherent state and measure
their private qubits. Recall Eve’s attack given by Eq. (A1).
For the ease of representation, we define four intermediate
unnormalized states labeled by the photon number’s parity
of A-out and B-out,

Hhee) = Z V P, Py, Y2n,2m|y2n,2m)a
n,m

[Voo) = Z VP2 1Pomi1 Yoni 1 2ms 1| Vont 1 2m1)

n,m

|w€0> = Z \/PZnP2m+l Y2n,2m+l |y2n,2m+1 )a

n,m

[Voe) = Z V' P2s1Pom Va1 2m| Vans1.2m)»

n,m

(A3)

where the subscript £ is dropped for simplicity. Since
Alice’s and Bob’s encoding phases are 0 or , the phase
of Fock state |#n)a_out|m)Bout does not change if both »
and m are odd or even, while |n)a_out|m)B.out changes to
— 1) A-out|M)B-out if Only one of n or m is odd. Thus, in code
mode, under the same combination of coding phases, the
phase of superposition of |1)_out|7)B-out can be divided
into four groups depending on the parity of #» and m. This
result implies that we can define Eq. (A3), which is just
the superposition of 1) _out|m)B-out With different parities.
Those states [Vee), [¥oo), [Veo), and |¥,.) are quite useful
for simplifying the following derivations.

It should be taken into account that Eq. (A1) never
implies whether |y, ) are orthogonal to each other or not.
It is obvious that Alice and Bob cannot obtain any direct
knowledge of them because they are measured by Eve.
After tracing Bob’s qubit out and measuring Alice’s qubit
in the Z basis, the unnormalized density matrix of Eve’s
system E and Alice’s ancillary qubit A conditioned such
that |1),, is announced becomes

1
PAE = EH{IO)A} ® (IM{[Yree) + [Voe)}

1
+ I{lYoo) + [Veo)}) + STT{I1)4)
® (I{[Yee) — 1Woe)} + T [¥00) — |Weod}), (A4)

where TT1{|v¥)} = |v¥)(¥|. Then, the Holevo bound of psg
is upper-bounded by

h(llYee) P, 10 1) + h(1Y00) 1%, 1 1re0) 1)
[Weed > + [1W0e) 12 + 1¥00) 1> + 1¥re0) 12

2 2 2 2
:h<llwee>| ,HWWH >+h<llwoa>| ’“'(peoH )

on Ou on O
(A5)

X (paE) <

with the definition A(x,y) = —xlog,x —ylog,y + (x +
) log,(x +y), which is different from the definition of
binary von Neumann entropy. To get the inequality of
Eq. (AS), we first note that Eve’s system E is a mixture
of IT{[Vee) + [Voe)}s TH{IWee) — [Woed}, THIY00) + [Veo)}s
and I1{|¥,,) — [¥eo)}. Moreover, without compromising
the security, one may assume that Eve gets some side-
channel information or a partial purification of pg, which
just honestly tells Eve that her system is one of I1{|..) +
Vo)) and TH{¥ee) — [¥oe)} of one of THWoo) + [Weo))
and IT{|V,0) — |¥eo)}. This assumption just helps Eve to
guess Alice’s key bit and simplifies the calculation of
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x (pag) greatly. The probability of Alice obtaining a raw
key bit in code mode can be presented by O, = [|[Vee) |
Woe) I + 1¥eo) 1> + [1¥00) I*. Now, we have clearly shown
that Eve’s information on Alice’s classical key bit is
bounded by Eq. (AS) as /(4 : E) < x(pag), even when
the active phase randomization is removed. According to
Devetak-Winter’s bound [24], the secret key rate per trial
in code mode is

1 ¥ee) I ||woe>|2>

R=QM|:1—fh(eﬂ,l—eﬂ)—h( 0 , 0
W w

. (nmmz ||ww>|2)]
O~ O I

in which e, is the error rate of raw key bits. To calculate
X (pag), these four values [|[Wee)*, 1¥o0) >, |¥oe)|?, and
|¥eo) |> must be estimated. Obviously, Alice and Bob can
relate these values to the direct observables and statistics,
ie.,

(A6)

“wec | Z PZnPZmYZn 2m|
n,m=0
1W0e) I < | Z VP2 1Pom Yons1omls
n,m=0
1¥00) 1> < | Z VP2i1Pomit Yon 1 amii I (AT)
n,m=0
“weo | Z \/P2nP2m+1Y2n2m+l| s
n,m=0

1ee) > + 1Woe) > + 1Woo) I + [1Weo) |* = O

With these constraints, one can estimate the upper bound of
X (pag). By defining xo0 = [[Wee) %, X10 £ [[¥0e)]?, x11 =
1Voo)|?, and xo1 £ ||¥e0)|?, we reach Eq. (2) in the main
text.

APPENDIX B: DETAILS OF MATHEMATICS IN
SIMULATION

We derive a simulation scheme for our protocol and
give out numerical results. Suppose the dark count of each
detector is p; per trial and each partner sends a coher-
ent state carrying an average of u photons. After the

J

+o00 n

QL pit
Xo0 < Py Py Youom

n,m=0 n=0 i=0

Z Z \/P21P2(n i) Y2l ,2(n—1i)

lossy channel and the interference of Alice’s and Bob’s
pulses, the coherent state flows to the correct detector
with zero misalignment of devices and no attack. How-
ever, because of the loss and the dark count, the response
probability is less than 1 and may come from the wrong
detector. For each trial, the correct case is when the correct
detector provides a response (no matter whether it comes
from a dark count or a real signal) and simultaneously
there is no dark count from another detector. The prob-
ability P. = (1 — po)[1 — (1 — py) exp(—2nw)]. Also, an
error case occurs when the wrong detector clicks for a dark
count while the correct detector gets nothing, with a prob-
ability P, = (1 — pa) exp(—2nu)pq. The gain O, of code
mode should be

Ou=P.+P.=1—-p[l — (A —py) exp(—=2nu)]

+ (1 — pa) exp(—=2nu)pa. (B1)
The error rate should be
P, -2
0, = _ exp(—2nu)pa L B2
P.+P. 1 —(1—2py)exp(—2nu)

The above formulas are in accord with the results of Ref.
[19] with zero misalignment. The misalignment can also
be included both in the gain and error rate, but, in our
phase-randomization-free protocol, we assume the best
performance such that the misalignment is zero.

If we apply infinite decoy states, the approximation of
Y,.m can be calculated as

Yn,m =1- —pd)2(1 - ﬂ)n+m- (B3)
Here, without compromising security, we treat the double-
click event as message |L),s or |R),, at random to simplify
the bound of Y, ,. With the above equation, Eq. (A7) is
bounded by parameters in real experiments.

If we apply finite decoy states, we can only obtain good
bounds for several Y,,,, with small » and m. For the case
considered in the main text, linear programming on statis-
tics and Eq. (5) helps to bound Yo.0, Yo,l, Yl,(), Y50, YO,Q,
and Y} ;. The upper bound for the right-hand values in Eq.
(A7) could be calculated as an optimization problem with
constraints. Recall the example in the main text:

+00 n

N

\/PMPO oo"‘\/PMPz 02+\/PMP0 2O+ZZ\/PZP2(;1 i Y2i20-i)

(B4)

n=2 i=0
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anz Z?:o \/ PZ.Pg(n_i) Y)i2(n—iy 1s untouchable by statistics from only four decoy states. But the constraints of the total
gain give an upper bound for this term. The optimization problem can be described as

+o0 n

max ) ) \/ PPy Voo
n=2 i=0
+o00 n
PLP Y P/L
s.t. =2 i=0 e (BS)

which could be easily solved numerically. On the other side, we can use an analytical approach for the upper bound of the
aimed function in Eq. (B5). Since all known probability terms are positive and decrease to zero exponentially, the above
optimization problem satisfies the well-known Karush-Kuhn-Tucker [31] conditions. Therefore, the maximum is located
at the boundary where any Y, ,_, with ¢ > k reaches its upper bound and others hold the conditions. Then, the problem is
simplified to finding an integer £ > 2 that reaches the maximum value of the aimed function in Eq. (BS), say,

o0 n
>3 PP T < may Z <n+1>ZP"P£‘<n oYazo-o+ D D \PuiPyuy  (BO)

n=2 i=0 n=k+1 i=0

Here, on the right-hand side, £ > 2 is an integer waiting for optimization. This inequality is based on the inequality
between the arithmetic mean and quadratic mean. Then, the optimization problem Eq. (B5) becomes

max 2:\Kn+-nan+ }: }: PYPY . s

k>2
- n=k+1 i=0

k ,
st Zn:ZO[" g #M _Zn OZ? OPMPZ lYl]n i (B7)
0<a,,<2f OP“P’;(” . V2<n<k,
+00 n
> PhP oy Yoz < max Z¢<n+1>an+ SO
n=2 i=0 n=k+1 i=0
(k+4)(k—1) 2w
Smax | (i Z Zpﬂpgm i) ZZP” i Vi | + Z ZVPZPQ‘(”,D, (B®)
~ n=k+1 i=0 n=0 i=0 n=k+1 i=0

where the Cauchy-Schwarz inequality is also used. So the optimization problem Eq. (B5) becomes finding & that can
maximize the right-hand side of Eq. (BS8). So far, we get the last line of Eq. (B9) in the main text:

JPUPL+JPLPEY, + \[PLPL Y, + I
n=k+1 i=0

X00 < max
k>

2

k k
%( Z ZPMPg(n i) ZZPM n—i tn 1) . (B9)

n=k+1 i=0 n=0 i=0
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This method is also effective for estimating upper bounds of x1, xo1, and x;;. We just post the results below:

x10<r]£1ax,/PP Y” + ZZ 21+1 2(n )
n=k+1 i=0
2
(k+3)k
2 MH Z ZPZH—] 2(n—i) ZZPM n—i tn i H (BIO)
n=k+1 i=0 n=0 i=0
+o0 n
Xo1 <T>alx V P(I)LPIILYS,I + Z Z PMPg(n i)+1
- n=k+1 i=0
2
(k+3)k
+ 2 MM Z ZPMPg(n +1 _ZZPM n—i zn i > (Bll)
n=k+1 i=0 n=0 i=0
X11 \max VP PuY?l"‘ Z Z Pl 2(n i)+1
n=k+1 i=0
2
(k+3)k
2 Z Z 2i+1 2(n7i)+1 _ZZPMP;'I i*tin—i : (B12)
n=k+1 i=0 n=0 i=0
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