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In this paper, we develop an approximate wide-bandwidth upper bound to the absorption enhancement
in arrays of metaparticles, applicable to general wave-scattering problems and motivated here by ocean-
buoy energy extraction. We show that general limits, including the well-known Yablonovitch result in
solar cells, arise from reciprocity conditions. The use of reciprocity in the stochastic regime leads us to a
corrected diffusion model from which we derive our main result: an analytical prediction of optimal array
absorption that closely matches exact simulations for both random and optimized arrays under angle and
frequency averaging. This result also enables us to propose and quantify approaches to increase perfor-
mance through careful particle design and/or using external reflectors. We show, in particular, that the use
of membranes on the water’s surface allows substantial enhancement.
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I. INTRODUCTION

One of the most influential theoretical results for solar-
cell design has been the ray-optical Yablonovitch limit
[1–8], which provides a bound to how much surface tex-
turing can enhance the performance of an absorbing film
averaged over a broad bandwidth and angular range. In
this paper, we obtain approximate broadband and broad-
angle absorption limits for a case in which the traditional
Yablonovitch result is not useful: dilute arrays of “meta-
particles” (synthetic absorbers and scatterers). Known lim-
its bound the absorption at every wavelength [9,10], but
they tend to be loose when considering large bandwidths
since coherent effects average out [5,11]. Here, we find
limits on the absorption for arrays of particles that can be
described by the radiative-transfer equation (RTE) [12,13].
In particular, we show that an isotropic diffusive regime is
optimal for maximizing absorption. This allows us both to
obtain analytical upper bounds [Eqs. (7), (10)] and iden-
tify the ideal operating regime of absorbing metaparticle
arrays.

In optics contexts, scattering particles can be used to
enhance absorption in thin-film or dye-sensitized solar
cells [14–17]. Most previous work focused on numer-
ical optimization using the full-wave equations [14,15]
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or, in the case of dye-sensitized solar cells, RTE for
random arrays [16,17]. In Ref. [18], approximate analyt-
ical estimations of absorption enhancement were given
in cases of optically thin and thick layers under assump-
tions of weak absorption, normal incidence and isotropic
differential cross section. In this work, we are actually
motivated by arrays of buoys designed to extract energy
from ocean waves [19–22] depicted in Fig. 1. Previ-
ous numerical-optimization work [23–26], in particular,
a recent extensive computational study on large arrays
[23,26], showed promising results through the design of
buoy positions. The question we are trying to answer
in this work is more general: given the absorbing and
scattering properties of an individual metaparticle, is
there a limit on the total enhancement and how can it
be reached? The Yablonovitch limit cannot be applied
to all metaparticle arrays since it requires an effective-
medium approximation, which is only accurate for either
dilute weakly interacting dipolar particles [27] or for
strongly interacting particles with sufficiently subwave-
length separation [28], neither of which is true of the
ocean-power problem. Moreover, the Yablonovitch limit
is independent of the precise nature of the scattering tex-
ture, whereas in our case the whole point is to extrap-
olate the array properties from the individual-scatterer
properties.

In this paper, we define the interaction factor q(θ)

[29,30] as the ratio of the power extracted by the array
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FIG. 1. Upper left: We bound absorption for very general
arrays of “particles,” including arrays of buoys that extract
energy from ocean waves. Upper right: Ocean-surface displace-
ment η for a cylindrical buoy array [23], where A is the amplitude
of waves incident from left (arrow). Lower: Sketch of RTE
system.

to that of the equivalent number of isolated particles for a
given incident angle θ . We first point out that previously
known limits in both solar cells and ocean buoys arise
from reciprocity constraints on the full-wave equations
(Sec. II). The use of reciprocity in the radiative-transfer
equation leads to a general limit [Eq. (7)], valid for any
geometrical configuration in RTE regime, that is reached
through an isotropic distribution of intensity in the ideal
case of small absorption (Sec. III). This optimal solu-
tion justifies the use of a corrected radiative-diffusion
model [Eq. (10)] that predicts the frequency-averaged
performance of random arrays, but also the angle- and
frequency-averaged performance of the optimized peri-
odic array with better than 5% accuracy. This corrected
model can be used to estimate the upper bound on q
(which is proportional to the spatially averaged intensity
in RTE framework) even in regimes where the standard
diffusion model is not expected to be accurate. This result
allows us to quickly evaluate the performance benefits
of different metaparticle designs and array configurations,
and we show that substantial improvement is possible
if the scattering cross section is increased (relative to
the absorption cross section) and/or if partially reflect-
ing strips are placed on either side of the array (Sec.
IV). More specifically, we show that the use of bend-
ing membranes on the water’s surface around the buoys
significantly increases the interaction factor. We finally
use the corrected radiative-diffusion model to find optimal
parameters that maximize q.

II. RECIPROCITY

The original intuition behind the ray-optical Yablono-
vitch limit is that the optimal enhancement is achieved
through an isotropic distribution of light inside the device
[1,2]. This can be thought of as a reciprocity condition.
Reciprocity [13] implies that rays at a given position can-
not emerge in the same direction from two different paths.
In consequence, if a given point in the absorber is to be
reached from as many ray bounces as possible, the rays
must be entering or exiting that point from all angles. More
formally, we show in Appendix A that reciprocity can be
applied to the full Maxwell equations in order to relate
the enhancement to the density of states (accomplished in
another way by Ref. [10]), leading to

〈q〉 =
∫

4π

q(θ)f (θ)d� ≤ 4π

n
〈ρd〉
ρv

max
θ

f , (1)

where 〈q〉 refers here to the absorption enhancement com-
pared to the single pass, averaged over both polarizations,
and over a directional spectrum f (θ) with normalized flux
(
∫

4π
| cos θ |f (θ)d� = 1), 〈ρd〉 is the average density of

states in the device, ρv the free-space density of states,
and n the index of the absorbing medium. The previous
equation becomes an equality in the case of isotropic inci-
dence and small absorption. Yablonovitch limit can then be
recovered in bulk media (ρd = n3ρv) for an incident field
confined to a cone of aperture 2θi [f = (1/π sin2 θi)δ(θ <

θi)]: 〈q〉 ≤ 4n2/sin2 θi.
A similar procedure can be followed in the ocean-buoy

problem. By applying the appropriate reciprocity relation
derived from the wave equation, the Haskind-Hanaoka
formula [31], to the absorption of an optimal array of
buoys [29], one can bound the interaction factor 〈q〉 for
a given directional spectrum f (θ) [

∫
2π

f (θ)dθ=1] by [[9],
Appendix B]

〈q〉 =
∫

2π

q(θ)f (θ)dθ ≤ M
kσa

2π max
θ

f , (2)

where k is the wavenumber, σa the single-buoy absorption,
and M the number of degrees of freedom for the buoy
motion (1–6, e.g., 1 for only heave motion). This result
implies that for isotropic incidence, we have 〈q〉 ≤ 1 at
the resonance frequency (the frequency at which the single
buoy reaches its maximum absorption M/k), while it can,
in principle, be larger at other frequencies. Although this
sets a general limit valid at any frequency for any struc-
ture, we show in the following that it is not tight when
considering the frequency-averaged performance.

III. RTE LIMITS

We consider a two-dimensional array of scattering and
absorbing particles distributed inside a region S bounded
with a curve C (Fig. 1).
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In the case of dilute and nonstructured arrays, coher-
ent scattering effects average out. This allows one to
use the radiative-transfer equation that only involves spe-
cific intensity I(r, θ), and that is applicable to ensemble
averages of random arrays at a single frequency [12,13]:

eθ · ∇rI = −ρσeI + ρσs

∫
dθ ′p(θ , θ ′)I + ε, (3)

where σs, σa, and σe denote, respectively, the scattering,
absorbtion, and extinction cross sections of the individ-
ual particles (σe = σs + σa), p the normalized differential
cross section, ρ the particles’ density, eθ the unit vector
with direction θ , and ε internal sources.

We conjecture that a similar averaging of coherent
effects arises from averaging over frequency and/or angle,
and below we demonstrate numerically that this allows
RTE to make accurate predictions even for a small number
of random samples or for optimized periodic arrays. This
is similar to optical light-trapping, where Yablonovitch’s
model can predict the frequency- and angle-averaged per-
formance of textured solar cells even though it cannot
reproduce the exact spectral or angular response [5,11].

A. General limit

Similarly to our previous discussion of reciprocity-
based limits from the wave equation, we now use reci-
procity constraints on RTE to obtain general limits on the
interaction factor q.

One can first define a surface Green’s function
Gs(r, θ ; r′, θ ′) [32] giving I(r, θ) for an incident field
Ii(ri, θi) = δ(θi − θ ′)δ(ri − r′) and no internal sources
ε = 0. Similarly, a volume Green’s function Gp(r, θ ; r′, θ ′)
can be defined as the intensity I(r, θ) obtained with no inci-
dent field Ii = 0 and a point source ε(ri, θi) = δ(θi − θ ′)δ
(ri − r′).

We recall that the flux density F is defined as
∫

2π
Ieθdθ .

Conservation of energy [12] then leads to
∫

C F · noutdr =
Pe − Pa, where Pe and Pa are the generated and absorbed
power, respectively. For a unit source, we have Pe =∫

S ε(r, θ)drdθ = 1 so that

∫
C

∫
eθ ·nout>0

Gp(r, θ ; r′, θ ′)(eθ · nout)drdθ = 1 − Pa. (4)

To bound this last expression, we need a lower bound for
Pa. By noting that the intensity at any point is larger than
the single-pass value (obtained after extinction without

multiple scattering), we have

Pa = ρσa

∫
S

∫
2π

Gp(r, θ ; r′, θ ′)drdθ

≥ ρσa

∫
S

e−ρσe|r−r′|

|r − r′| δ[angle(r − r′) − θ ′]dr

= σa

σe
Hρσe(r

′, θ ′), (5)

where Hρσe(r
′, θ ′) defined in the previous equation can

be interpreted as the power absorbed by a medium with-
out scattering and with an absorption coefficient ρσe in
the presence of a unit source at the point r′ emitting in
direction θ ′.

Finally, we relate Gs to Gp through reciprocity using
Gp(r, θ ; r′, θ ′)|eθ · nout| = Gs(r′, π − θ ′; r, π − θ) [32]. We
conclude from Eqs. (4) and (5) after a simple change of
variable that

∫
C

∫
eθ ·nout<0

Gs(r′, θ ′; r, θ)drdθ ≤ 1 − σa

σe
Hρσe(r

′, π − θ ′),

(6)

with equality always realized in the absence of absorption.
Since the interaction factor in RTE is given by q =

〈∫ 2π

0 I(r′, θ ′)dθ ′〉r′/Ii, where Ii is the incident intensity and
〈.〉r′ is the average over r′ in S, we can therefore bound the
interaction factor q for a given directional spectrum f (θ)

(fraction of power incident from angle θ ):

〈q〉 =
∫

C

∫
2π

∫
eθ ·nout<0

f (θ)〈Gs(r′, θ ′; r, θ)〉r′drdθ ′dθ

≤ 2π

[
1 − σa

σe
h(ρσe)

]
max

θ
f , (7)

where h(ρσe) = 〈Hρσe(r
′, θ ′)〉r′,θ ′ ≥ 0. In the case of a

“slab” of thickness d, we can show that (Appendix C)

h(x)= 1 − 2
π

1 − e1(xd)

xd
, ei(x)=

∫ π/2

0
e−x sec α cosi αdα.

(8)

Note that the bound in Eq. (7) reaches its maximal value
2π max f in the limit of small absorption. This maximal
value, which does not assume optimal single-buoy absorp-
tion, generalizes then the previous ocean-buoy bound,
giving 〈q〉 ≤ 1 for isotropic incidence f = 1/2π at any
wavelength in RTE regime. In addition, 〈q〉 = 1 is always
realized in the small absorption limit. This special case is
sometimes referred to as Aronson’s theorem [33].
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The equality in Eq. (7) is reached for

∫
C{eθ ·nout<0}

Gs(r′, θ ′; r, θ)dr =
[

1 − σa

σe
Hρσe(r

′, θ ′)
]

δ(θ − θm),

(9)

where θm = arg max f . This means that the interaction
factor should be equal to zero for any incident angle dif-
ferent from θm. In the ideal case of small absorption, the
optimal Gs becomes independent of θ ′, which corresponds
to isotropic interior intensity, similar to the Yablonovitch
model. Therefore, in order to explore optimal solutions of
RTE, we solve it under the assumption of nearly isotropic
intensity, which is well known to lead to a diffusion model
[12,13,32]. We emphasize that not all RTE systems are dif-
fusive, but our result above shows that the optimal 〈q〉 is
attained in an isotropic diffusive regime.

B. Radiative-diffusion model

Unless otherwise stated, we restrict ourselves to scatter-
ers distributed inside a slab of thickness d (Fig. 1).

In addition to RTE parameters and reflection coeffi-
cients at the boundaries (Ri), the radiative-diffusion solu-
tion uses an asymmetry factor (μ) [[34], Appendix F] of
the single particle (Fig. 3). The intensity is then given
by I = IRI + Id: IRI is the reduced intensity, solution
of cos θ∂xIRI = −ρσeIRI, and Id is the diffuse intensity
approximated by U(x) + (1/π)F(x) · eθ , where U verifies
a diffusion equation with flux-matching boundary condi-
tions [Appendix D]. By defining the cross sections per
unit of length as υs,a,e = ρdσs,a,e, the model predicts an
interaction factor q of

q(θ) = q0(θ)

(
η

[
D

ξ(υd)

ξ(υe sec θ)
+ C

]
+ 1

)
, (10)

where υ2
d = γ υa(υe − υsμ) is the diffusion coefficient

[γ = 2 (respectively = 3) in 2D (respectively, 3D)], ξ(x)
is the function (1 − e−x)/x, C = γ [υs(υe + μυa)]/[υ2

d −
(υe sec θ)2], D is given by the boundary conditions, q0(θ)

is the reduced factor, and η is an additional correction term
that we discuss later. General formulas for q0(θ) and D are
given in Appendix E, but in the absence of reflecting walls
(Ri = 0) they simplify to q0(θ) = ξ(υe sec θ) and

D = −
C(1 + e−υe sec θ ) + β

(C+γ p1 cos2 θ)

(1−p1) cos θ
(1 − e−υe sec θ )

(1 + e−υd) + β
υd

υe(1−p1)
(1 − e−υd)

,

(11)

where p1 = σsμ/σe and β = π/4 (respectively = 1) in 2D
(respectively, 3D).

Equation (10) with η = 1 is obtained from the standard
diffusion model. However, it is also known that the diffu-
sion solution is inaccurate for small thicknesses [35–37].

A major problem is that it does not guarantee 〈q〉 = 1 for
isotropic incidence and negligible absorption, even though
we previously mentioned that this is the case for any solu-
tion of RTE. The reason behind this problem is that the
term IRI is not isotropic even for an isotropic incidence. For
large thicknesses, however, the contribution of the term
IRI becomes negligible and the diffuse term Id can ensure
an isotropic solution. This simply means that the higher-
order terms in the expression of Id cannot be neglected for
small thicknesses. In order to keep the simplicity of the
diffusion solution, we suppose that the effects of higher
order terms can be incorporated by the introduction of a
scalar term in the diffuse intensity ηId instead of Id. η

is then defined so as to ensure the condition 〈q〉 = 1 for
isotropic incidence and zero absorption. This procedure
is somewhat similar to the approach in Ref. [36] except
that we use a constant factor η since we are interested
in the total q and not the spatially resolved I . In order
to define η, we study the limit of negligible absorption
for which υd → 0, C → −2 cos2 θ , and D → cos2 θ(1 −
e−υe sec θ ) + (π/4) cos θ(1 − e−υe sec θ ). After simplifica-
tion, the condition 〈q〉 = 1 allows us to define η as

η =
π
2 − 1

υe
[1 − e1(υe)]

β + π
8 γ − 2γ

3υe
− βe1(υe) + γ

2 e2(υe) + γ

υe
e3(υe)

.

(12)

We note that, as expected, η → 1 for an absorber that is
thick compared to the extinction length. From our discus-
sion above, this corrected radiative-diffusion model can
now be used to estimate the upper bound on the interac-
tion factor even in regimes where the standard diffusion
model is not expected to be accurate (optically thin or large
absorption).

IV. OCEAN-BUOY ARRAYS

A. Example

We now present a validation of the accuracy of Eq. (10)
in a model of an ocean-wave energy converter (WEC)
consisting of a truncated cylinder in heave motion (Fig.
1). The isolated-buoy properties can be obtained analyti-
cally [38–40] and are depicted in Fig. 3: they are designed
[23] to have an absorption resonance that matches the
typical Bretschneider spectrum [41] of ocean waves. We
choose the array density based on an earlier optimized peri-
odic three-row WEC arrangement [23]. For this density,
we then compare the exact numerical scattering solution
calculated for both random and optimized-periodic arrays
(using the method from Ref. [23]) to both the analytical
radiation-diffusion q from Eq. (10), with and without the
correction η, and the numerical solution of RTE model by
a Monte Carlo method [42].

In Fig. 2 (upper plot), our corrected model agrees to
< 2% accuracy with exact solutions for random arrays at
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FIG. 2. Upper: Frequency-averaged interaction factor qs vs
incident angle θ for Nx × Ny = 3 × 30 arrays of buoys from
exact solution [23] (solid lines), compared to standard-diffusion
(black dashed lines), corrected-diffusion (red dashed lines), and
radiative-transfer (RTE with Monte Carlo simulation, dots) mod-
els. (q = array absorption divided by isolated-buoys absorption.)
The average buoy spacings (randomly chosen via a Gamma dis-
tribution) are dx/h = 1.73, dy/h = 3.63, with h = ocean depth
(the density is ρ = 1/dydx). Numbers in the legend are qs
averaged over θ for a typical ocean-wave directional spectrum
cos2s θ with s = 4 [43]. Inset: q vs wavelength at θ = 0, where
shaded regions are one standard deviation from the mean value
(blue line) for 100 random structures. Lower: 〈q〉 for isotropic
incidence. Results compared to the limit in Eq. (7).

θ < 80◦, as long as the results are frequency averaged.
The importance of frequency averaging is shown by the
q-frequency spectrum shown in the inset for θ = 0◦. For
an ensemble of random structures, this spectrum exhibits
a large standard deviation (gray shaded region), due to the
many resonance peaks that are typical of absorption by ran-
domized thin films [3,5], but the frequency average mostly
eliminates this variance and matches our predicted q(θ).
Precisely such an average over many resonances is what
allows the Yablonovitch model to accurately predict the
performance of textured solar cells even though it cannot
reproduce the detailed spectrum [5,11].

At first glance, our model does not agree in Fig. 2
with the performance of the optimized periodic array from
Ref. [23]: the periodic array, which was optimized for
waves near normal incidence, is better at θ near 0◦ and
worse elsewhere. However, when we also average over θ

(from a typical ocean-wave directional spectrum [43]), the
result (shown as a parenthesized number in the legend of
Fig. 2) matches Eq. (10) within 5%. If we average over
all angles assuming an isotropic distribution of incident
waves, the results match within 1%. Similar results have
been observed for thin-film solar cells, in which an opti-
mized structure can easily exceed the 4n2 Yablonovitch
limit for particular incident angles, but the Yablonovitch
result is recovered upon angle averaging [4,5,8,11].

Finally, we note in Fig. 2 (lower plot) that RTE results
respect indeed the bound in Eq. (7) for isotropic inci-
dence. In particular, we confirm that random arrays achieve
〈q〉 = 1 for small absorption (i.e., small wavelength in our
case). The periodic array, on the other hand, does not sat-
isfy this relation unless it is frequency averaged. We also
mention that the limit Eq. (7) is very loose for anisotropic
incidence and cannot be reached without using external
reflectors as discussed in Sec. IVB below.

B. Larger interaction factor

Given this model, we can now explore ways to increase
the interaction factor q. By examining the dependence of
q in Eq. (10) on the parameters (Fig. 4), we find that for a
fixed scattering-to-absorption ratio σs/σa, q reaches a max-
imum qmax for an intermediate value of scattering per unit
length ρdσs, whereas it increases monotonically with μ. A
maximum μ is achieved by increasing μ1 (forward scat-
tering) and decreasing μ2 (lateral scattering). The optimal
value of ρdσs and qmax both increase with σs/σa; as the sin-
gle particle absorbs more, the interaction factor decreases
and the optimal configuration requires a larger spacing
between the particles. The maximum q is then achieved
in the limit of small absorption (ρdσa 
 1) and large scat-
tering (ρdσs � 1) for which we obtain a perfect isotropic
diffuse intensity.

From Fig. 3, we see that we have σa/σs ≈ 1 at the
resonance of the WEC. In this case, the enhancement is
expected to be smaller than 1 around the resonance, and
optimal structures will tend to have a large spacing dy . (If
the array was optimized for small wavelengths λ, where
σs � σa, then a larger q could be obtained at those wave-
lengths, but qs would be worse because the optimal spacing
in this case is too small for good performance at the res-
onance.) Still, multiple scattering significantly improves
the broadband performance of our array: our 〈q〉 ≈ 0.99
is larger than the 〈q0〉 ≈ 0.78 that is obtained from RTE in
absence of multiple scattering (reduced factor q0). The per-
formance is still lower than the 1.65 that would be obtained
for σs � σa in the ideal isotropic regime discussed below,
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FIG. 3. Properties of a single truncated-cylinder wave energy
converter (WEC) in heave (vertical) motion, with radius a =
0.3h and draft H = 0.2h, where h is the ocean depth. The WEC
has an isotropic response with respect to the direction of the inci-
dent field. Left: Scattering and absorption cross sections of a sin-
gle buoy normalized to the cylinder diameter (σ/2a). The ocean
spectral energy density (energy per horizontal surface) is chosen
as Bretschneider [41] with resonant frequency matching that of
the body and is shown in units of ρgH 2T (ρ is the water density,
g the acceleration of gravity, T the mean wave period, and H
the significant wave height). Right: Asymmetry factors, defined
as the average of cos φ and cos 2φ for the two-dimensional dif-
ferential scattering cross section. These parameters enter into
the diffusion equation as μ = (μ1 − μ2)/(1 − μ2) and with σs
replaced by σs(1 − μ2) [[34], Appendix F].

essentially because σa/σs is too small and the structure
is too thin (as for example quantified by the transport
mean-free path d/ltr = υs(1 − μ) ≈ 0.5 for 2a/λ � 0.3) to
practically achieve an isotropic diffuse intensity.

Alternatively, we show that q can be enhanced by
putting partially reflecting strips around the array. Simi-
lar to light trapping by total internal reflection [1,2], one
possibility is to use a strip of a lower-“index” [31] medium
(compared to the array’s ambient medium) on either side
of the array. In the ocean-buoy problem, this can for exam-
ple be achieved by either a depth change or the use of a
bending surface membrane, which can lead to a near-zero
index [44,45]. This modifies Eqs. (2)–(4) with additional
reflection coefficients Ri, as given in Appendix E.

In Fig. 4, we show the effect of an increase in the scat-
tering cross section and/or the index contrast for the same
array studied before. By combining both effects, a large
(> 3) spectral interaction factor can be achieved at normal
incidence. At the same time, waves incident at large angles
will be reflected out, so that the interaction factor inte-
grated over isotropic incidence is still smaller than 1. For a
given directional spectrum and scattering cross section of
a single buoy, the optimal interaction factor is achieved for
a specific value of the index contrast, as can be seen in Fig.
4 (right).

FIG. 4. Upper: Dependence of q(0◦) on parameters in absence
of reflecting boundaries. In the left plot, we take σs/σa = 5. In
the right plot, we show the optimal ρdσs and qmax for different
values of σs/σa and μ. Lower: Effect of a change in the index
contrast and scattering cross section on the bandwidth-averaged
factor qs for the same array in Fig. 2. We tune the index n1 along a
strip surrounding the array, with n0 being the index of the array’s
ambient medium. We suppose that the WEC has new scatter-
ing cross section σ̃s, but keep the same absorption cross section.
Left: qs at normal incidence. Right: qs averaged over θ with a
directional spectrum of cos2s θ and s = 4.

Finally, it is instructive to look at the ideal case of
small absorption and large scattering, for which Eq. (10)
simplifies to

q(θ) = [1 − R1(θ)]
( π

4α
+ cos θ

)
cos θ , (13)

where R1 is the reflection coefficient of the front surface
and α = (1 − r1)/(1 + r2) with ri = ∫ π/2

−π/2 R1(θ) cosi(θ)

dθ/
∫ π/2
−π/2 cosi(θ)dθ . Equation (13) still gives 1 when

averaged over isotropic incidence, but the interaction
factor is larger near normal incidence. Without reflectors
(R1 = 0), the maximum value of q at normal incidence
is 1 + (π/4), and the previous directional spectrum gives
〈q〉 ≈ 1.65. This maximum value of q(0) does not reach
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the arbitrarily large enhancement allowed by Eq. (7). How-
ever, q(0) can still be made sufficiently large by including
a reflector designed for transmission near normal incidence
and reflection elsewhere (since α → 0).

C. Surface membrane

We now use a specific example to demonstrate a larger
interaction factor q using surface membranes surrounding
the WEC array. For large-scale applications, such mem-
branes could be designed to have the desired properties
by connecting floating pontoons with elastic elements of
appropriate stiffness.

A thin bending membrane on the water surface changes
the “refractive index” (∼ k/ω) through the following dis-
persion relation (e.g., Ref. [46]):

ω2 = gk tanh(kh)
1 + Cb(kh)4

1 + m · kh tanh(kh)
, (14)

where ω is the frequency, g the acceleration of grav-
ity, k the wavenumber, Cb is a dimensionless bending
coefficient, m is the mass of the membrane relative to the
mass of the water beneath it, and h is the water depth. We
simply assume m = 0 in the following.

At a fixed ω, the membrane decreases k (decreases
the “index”) compared to the surrounding medium. This
change of index leads to a reflection off the membrane’s
edges. In particular, total internal reflection traps the water
waves similarly to light trapping in solar cells, which
increases the interaction factor q. The reflection coeffi-
cient, which depends on ω, Cb, the incident angle, and
the membrane’s width w, can be computed by applying
appropriate boundary conditions on either side of the mem-
brane and using a transfer-matrix method as reviewed
in Appendix G. We note that evanescent modes need to
be included because of the change in dispersion rela-
tions.

The index contrast increases with Cb (increasing stiff-
ness), which increases the range of angles undergoing total
internal reflection, making a more effective mirror. Since
no waves are coming from the rear of the array, the optimal
membrane behind the array should be a perfect reflector
(Cb → ∞, limited only by the attainable practical Cb).

We can now use our corrected diffusion model to pre-
dict the upper bound for the previously studied array as
we change Cb. For each value of Cb1 and Cb2 repre-
senting the front and rear membranes, respectively, we
find the optimal membrane widths that maximize the
radiative-diffusion bound. The resulting optimized 〈qs〉
values are shown in Fig. 5 (upper plot). We first note
that the frequency- and angle-averaged interaction fac-
tor 〈qs〉 increases significantly (> 1.8) compared to the
〈qs〉 = 1.00 without the membranes. We also confirm that
〈qs〉 increases with Cb2 (rear membrane) as expected. On
the other hand, there is an optimal value for Cb1 depending

FIG. 5. Upper: 〈qs〉 with a directional spectrum of cos2s θ and
s = 4 for different values of Cb1 and Cb2 corresponding to the front
and back membranes, respectively. Each point is obtained after
optimizing over the membranes’ thicknesses. Lower: Frequency-
averaged interaction factor qs vs incident angle θ for the previ-
ously studied array using additional membranes with parameters
(Cb1, Cb2) = (0.048, 2) and w1 = w2 = 1.6h.

on the directional spectrum f (θ). For a focused incident
field, only angles near normal incidence matter so that
Cb1 can be increased allowing more of the waves scat-
tered by the WECs to be trapped. On the other hand, for
a broad directional spectrum, a large value of Cb1 pre-
vents waves incident from wide angles from reaching the
WECs.

For our array, supposing for example that the maximal
attainable value of Cb2 is equal to 2, the optimal value for
Cb1 is 0.048 with optimal widths equal to 1.6h for both
the front and rear membranes. The frequency-averaged
interaction factor qs for the optimal parameters is shown
in Fig. 5 (lower plot). Our predicted bound (red dashed
line = corrected diffusion) is indeed larger than the actual
performance of the array as modeled by RTE (orange dots).
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That is mainly due to the relatively small scattering cross
section compared to the absorption cross section. As illus-
trated in the inset of Fig. 5 at small wavelengths where
σs is large (Fig. 3), we see that an increase in the scattering
cross section leads to arrays with performance closer to the
radiative-diffusion bound.

We finally mention that in the case of using a perfect
back reflector, 〈qs〉 can reach a value of 2.26 for Cb1 = 0.06
and w1 = 1.65h.

V. CONCLUSION

We believe that the angle- and frequency-averaged lim-
its presented in this paper provide guidelines for future
designs to achieve a large q factor, which may open the
path for the realization of large arrays of buoys for efficient
ocean-energy harvesting. In particular, the use of exter-
nal reflecting elements such as surface membranes seems
a promising approach. The results are also applicable to
other problems where multiple scattering effects are used to
achieve enhancement, including scattering particles inside
an absorbing layer. One can, for example, recover the
standard Yablonovitch-4n2 result from our approach in an
appropriate limit (Appendix H), but the real power of our
result is that it allows the study of the effect of single-
metaparticle properties, angle of incidence, and reflecting
boundaries.
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APPENDIX A: ENHANCEMENT FROM
RECIPROCITY OF MAXWELL’S EQUATIONS

Although the end result is not new, we wish to empha-
size that the underlying ideas of the Yablonovitch and
LDOS limits are closely tied to reciprocity. This is an alter-
native to the derivation in Ref. [10], which differs in that
it directly uses the reciprocity (or generalized reciprocity)
from Maxwell’s equations. As was also emphasized in
Ref. [10], the result also applies to linear nonreciprocal
systems, since the density of states of transposed-related
materials is the same [Gε(r, r) = Gt

εt(r, r) [13] ].
Here for simplicity, we consider a reciprocal system in

the derivation. We have then
∫

S∞
[Ea × Hb − Eb × Ha] · k̂ dS =

∫
V
[Ea · Jb − Eb · Ja]dV.

(A1)

If we choose [Ja = (1/j μω)êsδr0, Einc
a = 0] and (Jb = 0,

Einc
b = ejkk̂0·rêb), then Ea = ¯̄GE(r0, r0)ês.

The far-field term can be written as Es
a = fs(k̂)(ejkr/r)êa,

Hs
a = (1/η)(k̂ × Es

a) with η = √
μ0/ε0, and similarly for

the far field of the scattered field “b,” so that
∫

S∞[Es
a ×

Hs
b − Es

b × Hs
a] · k̂ dS = 0.

We then expand the integrand of the left term in (A1) to
obtain

∫
S∞

[Es
a × Hinc

b − Einc
b × Hs

a] = −1
η

∫
fs(k̂)ejkr(1+k̂·k̂0)

[(êa · êb)(1 − k̂ · k̂0) + (êa · k̂0)(êb · k̂)]rdk̂. (A2)

The integral can be evaluated using the method of station-
ary phase [47]. The function g(θ , φ) = 1 + k̂ · k̂0 = 1 +
cos θ cos θ0 + sin θ sin θ0 cos(φ − φ0) has two extrema at
±k̂0. The integrand is null at the first, so only the second
matters. The Hessian matrix at −k̂0 is given by

[
1 0
0 sin θ2

0

]
.

We then conclude that the integral we want to evaluate is
equal to

− 1
η

j
1

sin θ0/2
1
kr

[2(êa · êb) − (êa · k̂0)(êb · k̂0)]

fs(−k̂0)r sin θ0 = − j
η

4π

k
(êa · êb)fs(−k̂0), (A3)

where êa is evaluated at −k̂0.
We finally conclude from (A1) that

−ês · Eb(r0) = 4π(êa · êb)fs(−k̂0), (A4)

which is the reciprocity relation relating the far field of a
point source at r0 in the direction −k̂0 to the field at r0 due
to an incoming plane wave from the same direction.

Now, we use the Poynting theorem to compute the far
field of the point source:

1
η

∫
|fs(k̂)|2dk =

∫
Re[Ea × H∗

a] · k̂dS

≤ −
∫

Re[J∗
a · Ea]

= Im[Ea(r0) · ês]
1

ωμ
. (A5)

At this point we are able to combine (A4) and (A5) to find
our main result about the enhancement. We consider an
incoming angular distribution f (k̂0) with a normalized flux
[
∫

4π
| cos θ |f (k̂0)dk̂0 = 1]. By integrating over all coming
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angles and polarizations of the “b” field, we have
∫ ∑

êb

|Eb|2f (k̂0)dk̂0

=
∫ ∑

êb,ês

|Eb · ês|2f (k̂0)dk̂0

= (4π)2
∫ ∑

êb,ês

|êa · êb|2|fs(−k̂0)|2f (k̂0)dk̂0

= (4π)2
∫ ∑

ês

|fs(−k̂0)|2f (k̂0)dk̂0

≤ (4π)2 max f
k

∑
ês

Im[Ea(r0) · ês]

= (4π)2 max f
k

Tr[Im ¯̄GE(r0, r0)]

= (4π)2 max f
k

πc2

ωn2 ρd(r0), (A6)

which relates rigorously the enhancement and the LDOS.
We can use this result to compute the absorbed power

and deduce the enhancement compared to the single pass
for a cell of surface S and effective thickness d. We have

〈Pabs〉 = 1
2
ωε′′ε0

∫
V

∫ ∑
êb

|Eb|2f (k̂0)dk̂0

≤ 1
2
ε′′ε0(4π)2 πc3

ωn2 max f
∫

V
ρd. (A7)

The total incident power, taking into account the two polar-
izations, is given by (1/2η)

∫
f (k̂0)| cos θ |dk̂0 × 2 × S =

S/η, and the normalized single-pass absorption is αd =
[(ε′′/n)(ω/c)]d. The enhancement is then given by

〈q〉 = 〈Pabs〉
Pincαd

≤ 4π

n
〈ρd〉
ρv

max f , (A8)

where ρv = ω2/2π2c3 is the free-space density of states.
This inequality becomes an equality in the case of negligi-
ble absorption and isotropic incidence [f = (1/2π)].

For a bulk dielectric, we have ρd = n3ρv so that 〈q〉 ≤
2n2 for isotropic incident light, which is the standard limit
in the absence of a back reflector.

APPENDIX B: INTERACTION FACTOR FROM
RECIPROCITY IN OCEAN WAVES

In this section we review the result in Ref. [9] and
emphasize that it is also a consequence of reciprocity,
which shows the similarity with the LDOS limit in solar
cells.

The problem of ocean-wave energy extraction using
oscillating bodies is formally equivalent to the problem
where there are discrete sources of which the amplitude

can, in principle, be controlled externally (velocity of the
body that can be controlled through an external mechan-
ical mechanism). Considering the effect of the incoming
wave and interaction between bodies, the total absorption
can be written as a quadratic function in terms of the ampli-
tudes of the different sources as in Ref. [29] for example.
Maximizing the absorption allows us to find the optimal
amplitudes as a function of the scattered field and the
radiated fields from the sources. This gives [29]

Pmax = 1
8

F∗
e(θ)R−1Fe(θ), (B1)

where Fe(θ) is the force applied on the bodies for an inci-
dent wave from the direction θ and R is the resistance
matrix (radiation damping matrix).

One would try to see the effect of the reciprocity rela-
tions discussed before on the maximum absorption in this
context. The exact equivalent of Eq. (A4) is already known
in the ocean-wave problem as the Haskind-Hanaoka for-
mula that relates the force applied on a body due to an
incident wave to the radiated field when the the body acts
as a source [31]. It leads to

Fe,i(θ) = −4
k
ρogAcgAi(θ + π), (B2)

where A is the amplitude of the incident wave, Ai is
the far-field amplitude of the radiation mode i, k is the
wavenumber, cg is the group velocity, ρo is the water
density, and g is the gravity of Earth.

The use of this formula on the maximum absorbed
power by an array of oscillating bodies leads to the bound
on the power absorbed by the array. For a given inci-
dent angular distribution f (θ) normalized so that

∫
2π

f (θ)

dθ = 1:

〈Pmax〉 =
∫

f (θ)Pmax(θ)dθ

≤ max f
∫

Pmax(θ)dθ

= max f
1
8

∑
i, j

[R−1]i, j

∫
2π

F∗
e, iFe, j dθ . (B3)

Using B2 and the fact that Ri, j = (2/πk)ρogcg Re(
∫

2π
A∗

i
Aj ) [29], we conclude that

〈σ N
a,max〉 =

∫
2π

σ N
a,max(θ)f (θ)dθ ≤ NM

k
2π max f , (B4)

where σ N
a,max = Pmax/(

1
2ρog|A|2cg) is the maximum absorp-

tion cross section of the array, N is the number of buoys,
and M is the number of degrees of freedom for the buoy
motion (1–6 [29], e.g., 1 for only heave motion).
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This result is general and does not depend on assump-
tions on the scatterers. It means that the interaction factor
q = 〈σ N

a,max〉/N 〈σ 1
a 〉 is bounded by M/(k〈σ 1

a 〉) for isotropic
incidence. For buoys in heave motion, which are studied in
this paper, we have M = 1 and 〈σ 1

a 〉 = σ 1
a (the absorption

cross section of the single buoy does not depend on the
incident angle).

Note that Eq. (B4) is also valid for a single buoy.
Depending on the symmetries of the buoy, the actual
absorption may be smaller (for an axisymmetric buoy, we
always have kσ 1

a ≤ 3 [31]).
It is important to realize that this bound is equal to 1

at the resonance frequency [the k where 〈σ 1
a 〉 reaches the

maximum M/k from (B4)], while it can, in principle, be
larger at other frequencies.

APPENDIX C: GENERAL RTE LIMIT FOR A
“SLAB”

We compute the function h in Eq. (7) for a slab of thick-
ness d (with perfectly transmitting boundaries). We assume
that the slab is normal to the x axis.

We first write the integral H using polar coordinates
(r, θ):

Hα(x′, θ ′) =
∫ π/2

−π/2

∫ x′
cos θ

0
αe−αrδ(θ − θ ′)dθdr

+
∫ π/2

−π/2

∫ d−x′
cos θ

0
αe−αrδ(θ − θ ′)dθdr. (C1)

After simplification, we have then

h(α) = 1
2πd

∫ 2π

0

∫ d

0
Hα(x′, θ ′)dx′dθ ′

= 1 − 2
παd

[
1 −

∫ π/2

0
e−αd sec θ cos θdθ

]
. (C2)

APPENDIX D: DIFFUSION EQUATION

Here we reproduce the diffusion equation as in Refs. [12]
and [13] but adjusting the numerical coefficients for a two-
dimensional medium.

We first separate the intensity as I = IRI + Id, where IRI
is the reduced (coherent) intensity and I = Id is the diffuse
(incoherent) intensity. The reduced intensity is related to
the single scattering and obeys eθ · ∇rIRI = −ρσeIRI. So
from the RTE, the diffuse intensity obeys

eθ · ∇rId = −ρσeId + ρσs

∫
dθ ′p(θ , θ ′)Id + J ,

J = ρσs

∫
dθ ′p(θ , θ ′)IRI.

(D1)

Now, considering the diffusion approximation, we write
Id(r, θ) = U(r) + (1/π)F(r) · eθ . This could be seen as a

first-order series in θ . We also note that the diffuse flux is∫
Ideθ dθ = F.
In order to obtain U and F we apply the operators

∫
dθ

and
∫

eθdθ on (D1). This leads to

∇r · F = −2πρσaU + 2πρσsURI

URI(r) = 1
2π

∫
dθ IRI(r, θ)

∇rU = − 1
π

ρσtrF + 1
π

∫
dθ J ŝ,

(D2)

where σtr = σe(1 − p1) and σep1 = ∫
dθ ′p(ŝ, ŝ′)[ŝ · ŝ′], so

that p1 = σsμ/σe, where μ is the average of the cosine of
the scattering angle.

Equations (D2) allow us to solve for U and F. Combin-
ing them, we obtain a diffusion equation for U:

∇2U − (ρσd)
2U = −2ρ2σtrσsURI + 1

π
∇ ·

∫
dθ J ŝ.

(D3)

Now we need to add appropriate boundary conditions.
Supposing that we have a reflection coefficient R on the
surface, this should be Id(r, θ) = R(θ)Id(r, π − θ) for ŝ
directed towards the inside of the medium. However, con-
sidering the assumed formula for Id the condition cannot
be satisfied exactly. A common approximate boundary
condition is to verify the relation for the fluxes:

∫
ŝ·n̂>0

Id(ŝ · n̂)dθ =
∫

ŝ·n̂<0
R(θ)Id(ŝ · n̂)dθ , (D4)

where n̂ is the normal to the surface directed inwards.
Using the formula for Id we obtain

2(1 − r1)U + (1 + r2)

2
F · n̂ = 0, (D5)

where ri = ∫ π/2
−π/2 R(θ) cosi(θ)dθ/

∫ π/2
−π/2 cosi(θ)dθ .

APPENDIX E: GENERAL EXPRESSION FOR THE
INTERACTION FACTOR

We give the expression for q in the presence of reflecting
boundaries with angle-dependent reflection coefficients Ri
(R1 refers to the boundary facing the incident wave).

Using the same notation as in Sec. III, we have

q0(θ) = (1 − R̃1)(1 + R̃2Y)

1 − R̃1R̃2Y2
ξ(υe sec θ), (E1)

with R̃i = Ri(θ) and Y = e−υe sec θ .
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D is given through boundary conditions by D = A+B
1+R̃2Y

,
where

[
α1 + β υd

υtr
(α1 − β υd

υtr
)e−υd

(α2 − β υd
υtr

)e−υd (α2 + β υd
υtr

)

] [
A
B

]
= X

= −
⎡
⎣C(1 + R̃2Y2)α1 + β υe

υtr

(
C

cos θ
+ γ p1 cos θ

)
(1 − R̃2Y2)[

C(1 + R̃2)α2 − β υe
υtr

(
C

cos θ
+ γ p1 cos θ

)
(1 − R̃2)

]
Y

⎤
⎦ ,

(E2)

with υtr = υe − υsμ, αi = (1 − ri
1)/(1 + ri

2) and ri
p =∫ π/2

−π/2 Ri(θ) cosp(θ)dθ/
∫ π/2
−π/2 cosp(θ)dθ . We recall that

(γ = 2, β = π/4) [respectively (γ = 3, β = 1)] in 2D
(respectively, 3D).

The correction term η, which ensures that the interaction
factor for isotropic incidence and zero absorption is 1, is
defined as

η =
π −

2∑
i=1

∫ π/2

0
q(i)

0 dθ

2∑
i=1

∫ π/2

0

[
q(i)

0 D(i)
0 (θ , υe, υtr)

ξ(υe sec θ)
− γ cos2 θq(i)

0

]
dθ

,

(E3)

with

(1 + R̃2Y)D0(θ , υe, υtr)=
(
α2 + 2β

υtr

)
X0,1 +

(
α1 + 2β

υtr

)
X0,2

2β

υtr
(α1 + α2)+ 2α1α2

,

(E4)

where

X0 =
[
γ cos2 θ(1 + R̃2Y2)α1 + 2β cos θ(1 − R̃2Y2)

[γ cos2 θ(1 + R̃2)α2 − 2β cos θ(1 − R̃2)]Y

]
.

(E5)

Superscripts for q(i)
0 and D(i)

0 refer to the boundary that is
facing the incident wave.

APPENDIX F: ASYMMETRY FACTOR

The asymmetry factor usually used in diffusion
models is [12,13] μ = μ1, where in general μi =∫

2π
cos(iθ)p(θ)dθ [where we take p(θ , θ ′) = p(θ − θ ′)].

Since the diffusion result depends only on υs, υa, and
μ1, it can be seen as approximating the differential scat-
tering cross section by p(θ − θ ′) = (1/2π)[1 + 2μ1 cos
(θ − θ ′)].

The Delta-Eddington approximation [34] allows us
to incorporate the second moment of p by includ-
ing the forward-scattering peak using a “delta-function”

term so that p(θ , θ ′) = μ2δ(θ − θ ′) + (1 − μ2/2π)[1 +
2μ cos(θ − θ ′)], where μ = (μ1 − μ2)/(1 − μ2). This
approximation matches the Fourier decomposition of p
up to the second term. By incorporating this expression
in RTE [Eq. (3)], one recovers a second RTE with p
replaced by (1/2π)[1 + 2μ cos(θ − θ ′)] and σs replaced
by σs(1 − μ2). So the diffusion approximation can be made
more accurate by replacing μ by (μ1 − μ2)/(1 − μ2) and
σs by σs(1 − μ2). This is known as the Delta-Eddington
approximation [34].

In a three-dimensional medium, μi = ∫
4π

Pi(cos θ)

p(cos θ)d�, where Pi is the ith Legendre polynomial.

APPENDIX G: REFLECTION COEFFICIENT
WITH MEMBRANES

We consider a plane wave arriving from medium (1),
that is a free-surface ocean with finite depth h, at angle θ

with respect to the x axis. We suppose that we have a thin
membrane (2) on the water surface extended from x = 0 to
x = w. Change in the dispersion relation leads to different
wavenumbers kn

i verifying

ω2 = gkn
1h tanh(kn

1h) = gkn
2h tanh(kn

2h)(1 + Cb(kn
2h)4),

(G1)

where Cb is a bending coefficient of the membrane. k0
i cor-

responds to a (real) propagating wave while the other kn
i

correspond to (pure imaginary) evanescent waves.
We first compute the transfer matrix between medium

(1) and medium (2). We write the velocity potential in each
medium i as

φi =
N∑

n=0

fn,i(z)
[
αn,ie

ikn
x,i + βn,ie

−ikn
x,i

]
eiky y , (G2)

where (kn
x,i)

2 + k2
y = (kn

i )
2 and fn,i(z) = Nn,i cosh kn

i
(z + h) (z = 0 is the water’s free surface). Nn,i = 1/√

1 + [sinh(2kn
i h)/2kn

i h] is defined so as to ensure that
〈fn,i, fn,i〉 = ∫ 0

−h f 2
n,idz = 1. We also note that ( fn,1)n form an

orthogonal basis while ( fn,2)n are not orthogonal but still
complete (in the limit of N → ∞) [46]. Finally, for a prop-
agating wave incident from medium (1) with angle θ , we
have ky = k0

1 sin θ .
The boundary condition requires continuity of φ and ∂xφ

at x = 0. We write then

∑
n

fn,1(αn,1 + βn,1) =
∑

n

fn,2(αn,2 + βn,2)

∑
n

fn,1(αn,1 − βn,1)ikn
x,1 =

∑
n

fn,2(αn,2 − βn,2)ikn
x,2.

(G3)
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By projecting the previous equations on fn,1, we can deduce

2ikn
x,1αn,1 =

∑
m

[
i(kn

x,1 + km
x,2)αm,2

+i(kn
x,1 − km

x,2)βm,2
] 〈fn,1, fm,2〉

2ikn
x,1βn,1 =

∑
m

[
i(kn

x,1 − km
x,2)αm,2

+i(kn
x,1 + km

x,2)βm,2
] 〈fn,1, fm,2〉.

(G4)

This allows us to define the transfer matrix as X1 = M12X2,
where Xi = (α0,i, α1,i, . . . , β0,i, . . .). M21 is subsequently
defined as M−1

12 .
We finally write the global transfer matrix as M =

M12MpM21, where Mp is a diagonal matrix that propagates
the modes along the membrane and that is defined as

Mp ,(n,n) = eikn
x,2w,

Mp ,(n+N+1,n+N+1) = e−ikn
x,2w, 0 ≤ n ≤ N

(G5)

We can now write Xout = MXin where Xin = (I , R) =
(1, 0, . . . , r, β1,1 . . .) and Xout = (T, 0) = (t, α1,1, . . . , 0, . . . .).
By writing M =

[
M1 M2
M3 M4

]
, we have

T = M1I + M2R, 0 = M3I + M4R, (G6)

which allows us to compute the transmission and reflection
coefficients as

R = −M−1
4 M3I , T = M1I + M2R. (G7)

We check of course that |t|2 + |r|2 = 1.

APPENDIX H: SCATTERING PARTICLES
EMBEDDED IN A LOW-ABSORBING LAYER

We consider scattering particles embedded in a layer of
index n and negligible absorption in the presence of perfect
back reflector (R2 = 1). In the limit of large scattering we
obtain

q(θ) = 3 cos2 θ + 2
α1

cos θ , (H1)

where θ is the refraction angle [< θc = asin(1/n)] and
α−1

1 = n2
[
1 + (

1 + 1/n2
)3/2

]
.

For isotopic incidence [ f = (n2/π)δ(θ < θc)], we have

〈q〉 =
∫

4π

q(θ)f (θ)d� = 2π
n2

π

∫ θc

0
q(θ) sin θdθ = 4n2.

(H2)

In the presence of bulk scattering, the Yablonovitch limit
is indeed maintained for isotropic incidence but can be
overcome at normal incidence.
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[26] G. Tokić and D. K. Yue, Hydrodynamics of periodic
wave energy converter arrays, J. Fluid Mech. 862, 34
(2019).

[27] T. C. Choy, Effective Medium Theory: Principles and Appli-
cations (Oxford University Press, Oxford, 2015), Vol. 165.

[28] D. R. Smith, S. Schultz, P. Markoš, and C. M. Soukoulis,
Determination of effective permittivity and permeability of
metamaterials from reflection and transmission coefficients,
Phys. Rev. B 65, 195104 (2002).

[29] J. Falnes, Radiation impedance matrix and optimum power
absorption for interacting oscillators in surface waves,
Appl. Ocean Res. 2, 75 (1980).

[30] D. Evans, Power from water waves, Annu. Rev. Fluid.
Mech. 13, 157 (1981).

[31] C. M. Chiang, M. Stiassnie, and D. K. Yue, Theory and
Applications of Ocean Surface Waves (World Scientific,
Singapore, 2005).

[32] K. M. Case and P. F. Zweifel, Linear Transport Theory
(Addison-Wesley, Reading, Mass, 1967).

[33] R. Aronson, A theorem concerning reflection and transmis-
sion from a nonabsorbing slab, Nucl. Sci. Eng. 44, 449
(1971).

[34] J. H. Joseph, W. Wiscombe, and J. Weinman, The Delta-
Eddington approximation for radiative flux transfer, J.
Atmos. Sci. 33, 2452 (1976).

[35] A. D. Kim, Correcting the diffusion approximation at the
boundary, JOSA A 28, 1007 (2011).

[36] C. Chen, Z. Du, and L. Pan, Extending the diffusion
approximation to the boundary using an integrated diffusion
model, AIP Adv. 5, 067115 (2015).

[37] U. Tricoli, C. M. Macdonald, A. Da Silva, and V. A.
Markel, Optimized diffusion approximation, JOSA A 35,
356 (2018).

[38] C. Garrett, Wave forces on a circular dock, J. Fluid Mech.
46, 129 (1971).

[39] R. W. Yeung, Added mass and damping of a vertical
cylinder in finite-depth waters, Appl. Ocean Res. 3, 119
(1981).

[40] D. Bhatta and M. Rahman, On scattering and radiation
problem for a cylinder in water of finite depth, Int. J. Eng.
Sci. 41, 931 (2003).

[41] C. L. Bretschneider, Tech. Rep. 118 (US Beach Erosion
Board, Washington D.C., 1959).

[42] G. I. Marchuk, G. A. Mikhailov, M. Nazareliev, R. A.
Darbinjan, B. A. Kargin, and B. S. Elepov, The Monte
Carlo Methods in Atmospheric Optics (Springer, Berlin,
2013), Vol. 12.

[43] H. Mitsuyasu, F. Tasai, T. Suhara, S. Mizuno, M. Ohkusu,
T. Honda, and K. Rikiishi, Observations of the directional
spectrum of ocean waves using a cloverleaf buoy, J. Phys.
Oceanogr. 5, 750 (1975).

[44] C. Zhang, C.-T. Chan, and X. Hu, Broadband focusing and
collimation of water waves by zero refractive index, Sci.
Rep. 4, 6979 (2014).

[45] T. Bobinski, A. Eddi, P. Petitjeans, A. Maurel, and V.
Pagneux, Experimental demonstration of epsilon-near-zero
water waves focusing, Appl. Phys. Lett. 107, 014101
(2015).

[46] C. Fox and V. A. Squire, On the oblique reflexion and trans-
mission of ocean waves at shore fast sea ice, Phil. Trans. R.
Soc. Lond. A 347, 185 (1994).

[47] T. H. Wolff, Lectures on harmonic analysis, Vol. 29 (Amer-
ican Mathematical Society, Providence, Rhode Island,
2003).

034033-13

https://doi.org/10.1016/j.marstruc.2007.09.001
https://doi.org/10.1038/508302a
https://doi.org/10.3390/en7020701
https://doi.org/10.1016/j.oceaneng.2010.06.010
https://doi.org/10.1017/jfm.2018.911
https://doi.org/10.1103/PhysRevB.65.195104
https://doi.org/10.1016/0141-1187(80)90032-2
https://doi.org/10.1146/annurev.fl.13.010181.001105
https://doi.org/10.13182/NSE71-A20180
https://doi.org/10.1175/1520-0469(1976)033<2452:TDEAFR>2.0.CO;2
https://doi.org/10.1364/JOSAA.28.001007
https://doi.org/10.1063/1.4922269
https://doi.org/10.1364/JOSAA.35.000356
https://doi.org/10.1017/S0022112071000430
https://doi.org/10.1016/0141-1187(81)90101-2
https://doi.org/10.1016/S0020-7225(02)00381-6
https://doi.org/10.1175/1520-0485(1975)005<0750:OOTDSO>2.0.CO;2
https://doi.org/10.1063/1.4926362
https://doi.org/10.1098/rsta.1994.0044

	I. INTRODUCTION
	II. RECIPROCITY
	III. RTE LIMITS
	A. General limit
	B. Radiative-diffusion model

	IV. OCEAN-BUOY ARRAYS
	A. Example
	B. Larger interaction factor
	C. Surface membrane

	V. CONCLUSION
	ACKNOWLEDGMENTS
	A. APPENDIX A: ENHANCEMENT FROM RECIPROCITY OF MAXWELL'S EQUATIONS
	B. APPENDIX B: INTERACTION FACTOR FROM RECIPROCITY IN OCEAN WAVES
	C. APPENDIX C: GENERAL RTE LIMIT FOR A “SLAB”
	D. APPENDIX D: DIFFUSION EQUATION
	E. APPENDIX E: GENERAL EXPRESSION FOR THE INTERACTION FACTOR
	F. APPENDIX F: ASYMMETRY FACTOR
	G. APPENDIX G: REFLECTION COEFFICIENT WITH MEMBRANES
	H. APPENDIX H: SCATTERING PARTICLES EMBEDDED IN A LOW-ABSORBING LAYER
	. References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


