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We find an unusually optimal near-field heat transfer, where the maximum heat transfer is reached
at experimentally feasible gap separation. We attribute this to the localized zero-energy electronic edge
states, which also substantially change the near-field behaviors. We demonstrate these anomalous behav-
iors in two typical carbon-based nanostructures: zigzag single-walled carbon nanotubes and graphene
nanotriangles. For the system of carbon nanotubes, the maximal heat flux in this work surpasses all the
previous results reported so far. The underlying mechanism for the peculiar effects is uncovered from a
simple Su-Schrieffer-Heeger model. Our findings also offer a route to achieve an active near-field thermal
switch, where the heat flux can be modulated through tuning the presence or absence of edge states.
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Introduction.– Far-field heat transfer can be well
described by Planck’s theory of blackbody radiation [1]
and obeys the Stefan-Boltzmann law. When the gap sepa-
ration between two bodies becomes smaller than Wien’s
wavelength, heat transfer in the near field becomes dis-
tance dependent and is much larger than that in the far
field [2–4]. Within the fluctuational electrodynamics [3–5],
the near-field heat flux typically increases as the two bodies
become closer. As such, great efforts have been dedicated
to reducing the gap sizes from orders of 1 μm [6–8] to a
few nanometers [9–12], resulting in several folds to sev-
eral orders of heat-transfer enhancement compared to the
corresponding far-field results.

Besides, by reducing gap distance, several other
approaches have been brought forward to enhance near-
field heat transfer. Pendry showed that the heat flux
can be greatly enhanced by tuning the resistivity of
the material [13]. Covering both surfaces with adsor-
bates, so that resonant photon tunneling happens between
adsorbate vibrational modes, can also enhance the heat
flux [14]. Two types of surface waves have been mainly
used to increase heat transfer in the near field. One is
surface phonon polariton supported in polar dielectrics,
such as SiC and SiO2 [15–18]. The other type is surface
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plasmon polariton on materials supporting low-frequency
plasmon [14,17–20], such as graphene [21–23], black
phosphorus [24], and silicon [25,26]. Through the shut-
tling effect, a supplementary flux superimposes to the
one produced by the mean gradient and enhances heat
exchange [27]. Using hyperbolic metamaterials can help
to enhance heat transfer as well [28–30]. Theoretically,
recent works attribute the origin of heat-transfer enhance-
ment between nanoparticles to a full coupling between all
multipolar modes [31,32].

In this letter, we report peculiar vacuum-gap depen-
dence and enhancement of near-field heat transfer in the
presence of electronic edge states. We employ the nonequi-
librium Green’s function (NEGF) formalism within the
random phase approximation (RPA). The peculiar behav-
iors are demonstrated using zigzag single-walled carbon
nanotubes (SWCNTs) [See Fig. 1(a)] and graphene nan-
otriangles forming a bowtie shape [Fig. 1(b)]. For heat
transfer between carbon nanotubes, the maximal heat flux
is significantly large. We uncover the mechanism using the
simple Su-Schrieffer-Heeger (SSH) chains.

Theoretical formalism.– When two metallic surfaces
are separated by a vacuum gap, which is much smaller
than Wien’s wavelength λth (several micrometers at room
temperature), the contribution to heat transfer from the
retarded vector potential can be ignored, and the electron-
electron interaction dominates the heat transfer [23,33–
38]. If the vacuum gap is below around 1.5 nm, electron
tunneling can happen [35,39], the picture dominated by
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FIG. 1. Near-field heat transfer between (a) two SWCNTs and
(b) graphene nanotriangles, which are separated by a vacuum gap
with distance d. (c) Lattice structure of a zigzag SWCNT corre-
sponding to the left side in (a). For the graphene nanotriangles
shown, they are equilateral with the side length L = 4.26 nm.

electron-electron interaction does not apply. So our for-
malism below can faithfully describe heat transfer with
the vacuum gap d in the range 1.5 nm < d � λth. The lat-
tice Hamiltonian of a general electron-electron interaction
mediated heat transfer reads as follows:

H =
∑
mn

c†
mhmncn + e2

0

2

∑
mn

c†
mcmvmnc†

ncn, (1)

with e0 the elementary charge. cm (c†
m) is the fermionic

annihilation (creation) operator of lattice site m, and hmn
is the on-site energy for m = n and hopping parameter
for m �= n locating on the same side. For the situation of
indices m and n locating on different sides, hmn vanishes,
and this implies that electron tunneling from one side to the
other is impossible. vmn is the Coulomb potential between
sites m and n. Heat transfer occurs via the charge fluctua-
tions between the electronic states sitting at the edges from
both sides.

Under RPA, the charge polarization �r
mn(ω) is given

by [40]

�r
mn(ω) = e2

0

∫
dE
2π

Amn(E)f (E)

[
Gr

mn(E+) + Ga
nm(E−)

]
,

(2)

with E± = E ± �ω and f (E) the Fermi distribution func-
tion in the corresponding side. The retarded (advanced)
Green’s functions Gr(a) are obtained from the noninter-
acting part of the Hamiltonian, and A(E) = −2Im[Gr(E)]
is the electronic spectral function. A damping constant
η is included in calculating Green’s function to account
for possible dissipations due to the electron-phonon inter-
action and impurity scattering under the relaxation-time
approxmation [41]. The charge susceptibility χα(ω) is
expressed as

χα(ω) = �r
α(ω)[I − vα�r

α(ω)]−1, (3)

with the identity matrix I, intraside Coulomb interaction
vα , and α = L, R. The heat current reads as follows [23,36]:

J =
∫ ∞

0

dω

2π
�ωT (ω)

[
NL(ω) − NR(ω)

]
, (4)

with Nα(ω) = 1/[e�ω/(kBTα) − 1] the Bose-Einstein distri-
bution. The spectral transfer function is

T (ω) = 4Tr
{
	†(ω)vRLIm[χL(ω)]vLR	(ω)Im[χR(ω)]

}
,

(5)

where the trace is over lattice sites, and

	(ω) = [I − χR(ω)vRLχL(ω)vLR]−1. (6)

The entries of the Coulomb matrices between left and right
sides are vmn = 1/(4πε0dmn) with ε0 the vacuum dielectric
constant and dmn the distance between site m and n. The
formalism based on NEGF has been shown [23,35,36] to
reduce to that by the fluctuational electrodynamics [3–5] in
the nonretardation limit and be equivalent to that given by
Mahan [33].

For calculating zigzag SWCNTs and graphene nano-
triangles, we consider the spin degenerate case, so that
�r

mn(ω) obtained from Eq. (2) should be multiplied by 2 to
take both spins into account. The intraside Coulomb inter-
action is vmn = 1/(4πε0εdmn) for m �= n with ε describing
the effect of the background dielectric medium. A self-
interaction of 0.58 a.u. is included for m = n [41]. Tem-
peratures of the left and right sides are set as TL = 400 K
and TR = 300 K, respectively.

Heat transfer between zigzag SWCNTs.– It has been
reported that zero-energy localized states (Fujita’s edge
states) emerge at the edges of zigzag SWCNTs [42–44].
The contribution of heat transfer between two bodies are
mainly from the surface atoms, which are denoted as Am
and Bm with index m as shown in Fig. 1(c). The local elec-
tronic density of states for the atoms Am are sharply peaked
at zero energy as shown in Fig. S1(a) of the Supplemen-
tal Material [38]. We use M to denote the total number of
Am sites. Due to the O(2) rotational invariance of carbon
nanotubes, all the atoms of Am and Bm are geometrically
equivalent in their respective sides. The carbon-carbon
bond length is 1.42 Å, and the nearest-neighbor hopping
constant is 2.5 eV. The recursive Green’s function tech-
nique [45] is used in getting Green’s function of the surface
sites with the damping constant η = 25 meV.

In Fig. 2(a), we plot heat currents versus gap distances
with different radii. The nonmonotonic behavior is found
for the cases of M = 15, 20, and 25 shown in Fig. 2(a).
The maximal heat currents are almost identical for these
three cases. We find that the larger the nanotube radii, the
longer the distances for achieving corresponding maximal
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FIG. 2. Gap-separation dependences of heat current between
zigzag SWCNTs for different M with ε = 5 (a), and for different
ε with M = 15 (b). Gap-separation dependences of heat current
between graphene nanotriangles for different L with ε = 5 (c),
and for different ε with L = 8.52 nm (d).

heat current. The condition(s), under which the heat current
reaches maximum with several nanometers of gap separa-
tion for zigzag SWCNTs, can be obtained analytically [38].
The critical distance is approximately the summation of all
entries of the real parts of the charge susceptibility at zero
frequency, that is,

dc ≈ − 1
4πε0

∑
m,n

Re[χmn(ω = 0)]. (7)

Since the terminal sites contribute the critical distance in an
additive way, a small amount of disorder or vacancies only
decrease the critical distance slightly without changing the
maximal heat current. For the case of M = 10 in Fig. 2(a),
the critical distance appears below 1.5 nm as predicted by
Eq. (7). For such an extremely short distance, heat transfer
may have a contribution from electron tunneling [35,39],
which is not included in our model.

Gap-separation dependence of heat current for differ-
ent dielectric constants ε is shown in Fig. 2(b). One can
find that the critical distance disappears for the case with
ε ≤ 3. With increasing dielectric constant ε, the critical
distance shifts to larger values. This is because the ampli-
tudes of the real parts of charge susceptibility at zero
frequency increase as a consequence of less screening. Dif-
ferent dielectric constants can be realized by encapsulating
the carbon nanotubes with different dielectric materials.
Inserting a dielectric material as a core of the nanotubes
can change the dielectric constant as well.

The area formed by a zigzag SWCNT with M = 15 is
1.1 nm2, so that the corresponding heat flux j , i.e., heat
current per area, is about 2.8 × 1010 W/m2 with maxi-
mal heat current J = 30.6 nW at critical distance. This
heat flux is several orders of magnitude larger than those
mediated by surface phonon polaritons or surface plas-
mon polaritons [26], and almost comparable to that of
heat conduction. In the inset of Fig. 2(a), we plot the
ratio between the heat flux corresponding to M = 15 and
the blackbody limit jBB = 9.9 × 102 W/m2. The maximal
heat flux j is about 7 orders of magnitude larger than
jBB. To compare heat transfer with the systems without
edge states, we calculate the heat current between arm-
chair SWCNTs, which do not host zero-energy localized
states. The result is shown in Fig. S2 of the Supplemen-
tal Material [38]. We find that the heat current in systems
with armchair SWCNTs is much smaller than that of with
zigzag SWCNTs. Since the structure-controlled growth of
SWCNTs is rapidly advanced [46,47], the results shown
can be experimentally realized in the near future.

Heat transfer between graphene nanotriangles.– We
further show the nonmonotonic behavior of gap separa-
tion for heat transfer between two equilateral graphene
nanotriangles. We focus on the vertex-to-vertex geometry
forming a bowtie shape as shown in Fig. 1(b), and side
length is L. The nearest-neighbor hopping constant is cho-
sen as 2.8 eV, and the damping constant η = 25 meV. The
electronic Green’s function is calculated recursively [48].
The graphene nanotriangles can be maintained at thermal
equilibrium through optical pumping or by being attached
to additional electrodes. As shown in Fig. S2 of the Sup-
plemental Material [38], the main contributions to the
heat transfer are from sites Am as indicated in Fig. 1(b),
which have strongly localized zero-energy states. Gap-
separation dependences of heat current by varying side
length L and dielectric constant ε are shown Figs. 2(c)
and 2(d), respectively. Similarly to the behaviors found in
Fig. 2(a) for zigzag SWCNTs, we observe nonmonotonic
behavior for L = 8.52 nm, and L = 12.78 nm as shown
in Fig. 2(c). From Fig. 2(d), we see that increasing the
dielectric constant in graphene nanotriangles increases the
critical distance as well, which is as shown in Fig. 2(b).

Heat transfer between SSH chains.– We bring forth
a theoretical understanding for the peculiar phenomenon
observed using one-dimensional SSH chains, which
undergo topological phase transitions by varying the hop-
ping parameters [49]. The Hamiltonian of a SSH chain for
side α reads as follows:

H0α = −(1 + λα)t
N∑

n=1

(c†
AncBn + H.c.)

− (1 − λα)t
N−1∑
n=1

(c†
An+1cBn + H.c.), (8)
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FIG. 3. Gap-separation dependences of heat current in the
metallic phase (a) and the topologically nontrivial phase (b). (c)
The spectral transfer functions for different gap separations with
λ = −0.3. (d) Real and imaginary parts of the charge suscepti-
bility of the site A1 with temperatures 400 K (χL, solid lines) and
300 K (χR, dashed lines).

with N the number of lattice sites, and λα ∈ [−1, 1]. We
consider the case where heat transfer happens between two
end sites, both of which are labeled as A1 as shown in the
inset of Fig. 3(a). Under this consideration, vα vanishes, so
that χα(ω) = �r

α(ω). We set λL = λR = λ and the hopping
constant t = 2.2 eV during the calculation. A damping
constant η = 22 meV is added to each site in calculating
electronic Green’s function [50]. The energy spectrum of
an open SSH chain is shown in the right inset of Fig. 4(a).
When λ > 0, SSH chain is in a trivial insulator state with-
out in-gap state, and it is in a metallic state for λ = 0 where
the gap closes. However, the gap reopens in the topologi-
cally nontrivial region with λ < 0, and zero-energy in-gap
states appear.

The gap-separation dependence of heat current in the
metallic phase and the topologically nontrivial phase are
shown in Figs. 3(a) and 3(b), respectively. For the case of
λ = −0.3, the spectral transfer functions for different gap
separations d and the charge susceptibilities χ(ω) of the
end sites A1 are plotted in Figs. 3(c) and 3(d), respectively.
There exists a critical gap distance dc, at which the heat
flux achieves its maximum in the presence of edge state.
The critical distance is approximately expressed as dc ≈
−Re[χL(ω = 0)]/(4πε0). [For λ = −0.3, dc ≈ 4.3 nm =
81.26 a.u. The value in a.u. is between |Re[χL(ω = 0)]|
and |Re[χR(ω = 0)]|, which are shown in Fig. 3(d).] The

explanation of this peculiar distance dependence is as fol-
lows. Near the critical distance dc, Re[χL(ω → 0)]vLR ≈
Re[χR(ω → 0)]vRL ≈ −1. One also has Im[χL/R(ω →
0)] ≈ 0, so that vLR	Im(χR)|ω→0 ≈ i/2, hence we have
T (ω → 0) ≈ 1 around the critical distance. Since the
function �ωδN (ω) = �ω[NL(ω) − NR(ω)] is a decreasing
function with respect to ω > 0 [shown as an inset of
Fig. 3(c)], the magnitude of the spectral transfer func-
tion at small ω dominates the heat current. The resonant
peak of T (ω) is located close to ω = 0 at the critical dis-
tance where the heat current achieves its maximum. The
resonant peak shifts towards larger ω with decreasing dis-
tance [as shown in Fig. 3(c) for λ = −0.3], and this results
in a suppressed heat current. Above dc, the condition for
the appearance of resonant peak cannot be satisfied. With
increasing distance above dc, the magnitude of the spec-
tral transfer function decreases, so does the heat current. In
the metallic phase, we have Re[χL(ω = 0)] ≈ −5, which
means that the critical distance is about 2.6 Å. At such a
small gap distance, heat conduction due to electron tun-
neling happens, and our formalism does not apply [35].
As λ approaches −1, the critical distance increases due to
more localized edge states. The maximum heat currents are
almost identical in the presence of edge states because they
share similar spectral transfer function profiles regardless
of the critical gap distances. If the SSH chains experience
more dissipation, i.e., larger η, the edge states become less
localized, and the critical distance becomes shorter (see
Fig. S4 in the Supplemental Material [38]).

In Fig. 4(a), heat current versus λ for d = 3 nm is plot-
ted. The heat current for the metallic phase (λ = 0) is
several orders smaller than that for the topologically non-
trivial phase. In the trivial insulating phase (λ > 0), heat
current almost vanishes. A sharp jump occurs with the
phase transition point λ < 0, indicating that the presence
of edge state can drastically enhance heat current com-
pared to the metallic phase. The spectral transfer functions
for different λ are shown in Fig. 4(b). The increase of heat

(a) (b)

FIG. 4. (a) Heat current by changing λ for d = 3 nm. A log-
scale plot is shown in the left inset. Energy spectrum of the SSH
chain with 160 lattice sites as a function of λ is shown in the right
inset. (b) The spectral transfer functions for different λ.
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current as λ changes from −1.0 to around −0.22 can be
attributed to the shift of the resonant peak of the spec-
tral transfer function towards ω = 0. This is because d =
3 nm is the critical distance corresponding to λ = −0.22.
At λ = −0.22, the resonant peak of the spectral function
T (ω) is at a frequency close to ω = 0. For λ < −0.22, the
chosen gap separation d = 3 nm is smaller than the corre-
sponding critical distance, and the resonant peak locates at
a larger frequency. By further increasing λ from −0.22, the
SSH chain approaches the metallic phase, and the peak of
the spectral transfer function at small angular frequency
decreases, and thus heat current reduces. The fact that
heat current can be greatly enhanced in the presence of
edge states can be exploited to design a near-field thermal
switch, provided that the edge states can be tuned.

Summary.– We uncovered the peculiar behaviors of
near-field heat transfer in the presence of electronic edge
states. Our findings are demonstrated using zigzag SWC-
NTs and graphene nanotriangles. The underlying mecha-
nism is uncovered through the SSH chains. In the pres-
ence of localized zero-energy edge states, heat current is
greatly enhanced and shows a nonmonotonic behavior with
respect to gap separation. The maximal heat flux between
zigzag SWCNTs are shown to be extremely large.
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