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Superconducting circuits are a versatile platform to implement a multitude of Hamiltonians that perform
quantum computation, simulation, and sensing tasks. A key ingredient for realizing a desired Hamiltonian
is the irradiation of the circuit by a strong drive. These strong drives provide an in situ control of cou-
plings, which cannot be obtained by near-equilibrium Hamiltonians. However, as shown in this paper,
out-of-equilibrium systems are easily plagued by complex dynamics, leading to instabilities. The predic-
tion and prevention of these instabilities is crucial, both from a fundamental and application perspective.
We propose an inductively shunted transmon as the elementary circuit optimized for strong parametric
drives. Developing a numerical approach that avoids the built-in limitations of perturbative analysis, we
demonstrate that adding the inductive shunt significantly extends the range of pump powers over which

the circuit behaves in a stable manner.
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I. INTRODUCTION

Josephson junctions are ideal nondissipative elements
that realize nonlinear Hamiltonians for superconducting
quantum circuits. Compared to nonlinear crystals in the
optical regime, Josephson circuits have a much larger
ratio between multiwave mixing and decoherence rates
[1-3]. By applying off-resonant drives (pumps) verifying
frequency-matching conditions, one can engineer various
Hamiltonians that are not obtainable statically. This so-
called parametric method has been used, for instance, to
achieve frequency conversion [4], quantum-limited ampli-
fication [5], two-mode squeezing [6], transverse readout
of a qubit [7], and multiphoton exchanges between two
modes [8]. In all these applications, the rates of the engi-
neered parametric couplings scale with the pump power.
However, as observed in Refs. [8—10], this scaling can be
strongly limited by effects such as the induced deteriora-
tion of the coherence properties.

In this paper, we explain these limitations by analyzing
the structural stability of the underlying dynamical sys-
tem. We call a dynamical system structurally stable if small
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modifications of the parameters, such as the strength of the
pumping drives, lead to small changes in its qualitative
behavior, such as the asymptotic steady states of the
driven-dissipative system. We show that the ubiquitous
system consisting of a transmon [11,12] coupled to a cavity
mode displays strong instabilities in this sense. We pre-
dict that above a critical pump power, the transmon state
escapes the Josephson potential confinement and is sent
to free-particle-like states. The circuit then behaves as if
we had removed the junction and this explains the jump
of the cavity frequency toward its bare (undressed) value,
a phenomenon observed and used in the past for single-
shot qubit readout [13]. Next, to prevent the instability
caused by this escape from the confining potential, we pro-
pose to shunt the transmon with an inductance smaller than
the kinetic inductance of the junction. We show that, as
a result of the additional harmonic confinement, this sys-
tem behaves in a stable manner over a wide range of pump
strengths.

Nonperturbative numerical simulations of these strongly
driven nonlinear systems are particularly challenging.
They require the simulation of a master equation over
a Hilbert space of large dimension and with time scales
separated by many orders of magnitude [14]. Here, we
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treat the dimension problem by performing transforma-
tions that displace the high excitation manifold into a
tractable one correctly (see Appendix A). Also, usually,
to simplify the dynamics, one starts by removing the fast
time scales through rotating-wave approximations. How-
ever, reliable simulations in the presence of strong drives
require taking into account the counter-rotating terms in
the Hamiltonian, the importance of which has been pre-
viously noted by [15,16]. Here, we avoid time-averaging
the driven Hamiltonian, by using the Floquet-Markov the-
ory [17] to characterize the asymptotic behavior of the
system. The periodically driven Hamiltonian of a general
circuit, subject to a single pump at frequency w,, [Figs. 1(a)
and 1(d)], can be expressed in the Floquet-states basis.
These Floquet states {|W (7))}, corresponding to 27 /w,-
periodic orbits of the system, are the eigenstates of the
time-dependent Hamiltonian associated with the eigenval-
ues {€4}«, Which are called the Floquet quasienergies. For
any Markovian bath, and in the weak coupling limit, one
achieves an effective Floquet master equation for the evo-
lution of the open quantum system. In the absence of res-
onances [[17], Section 9.3], this Floquet master equation
admits, as the steady state, a limit cycle of period 27 /w),
given by ps(f) = D, pa [Wa (1)) (Ve (1)], a statistical mix-
ture of Floquet states. The populations of these states are
calculated through an extension of the Fermi golden rule
to time-periodic systems [17] (also see Appendix B).

II. THE DRIVEN TRANSMON AND STRUCTURAL
INSTABILITY

We start by considering a transmon coupled to a har-
monic oscillator (referred to in the following simply as
an “oscillator”’). The Hamiltonian of this circuit [shown in
Fig. 1(a)] is given by

H($) = hw,a’a + 4E-N? — E; cos ()
+ihgN (a" —a) +ihA, () (a —a). (1)

Here, N and cos (@) are the transmon-mode operators
corresponding to the number of Cooper pairs and their
transfer across the junction, while a and af are pho-
ton annihilation and creation operators of the oscilla-
tor. We note that here the phase @ takes its values in
the interval [0,27] and only periodic operators such
as cos(@) = (D_y IN) (N + 1| + H.c.)/2 are well defined
(here, the |N) are the charge states) [18]. Furthermore,
Ec is the charging energy, E; is the Josephson coupling
energy, w, is the bare frequency of the oscillator in the
absence of coupling to the transmon, and g is the cou-
pling rate between the two modes. The pump is described
by A, (1) = 4, cos (w,t), with an amplitude 4, and a fre-
quency w, far detuned from the resonance frequencies of
the system. Throughout this paper, we consider, as the
basis, the tensor products of the oscillator Fock states

{In)}72, and the transmon states {|n;)};—, [eigenstates of
the transmon Hamiltonian 4E-N? — E; cos ()]. We model
the dissipation as a capacitive coupling of the oscillator to
a transmission line [19]

Hgg = ) hoye'ogle[or] — hQlw](a’ — a)(e'wx]
k

— c[wi)). (2)

Here, the modes c[wy] are the bath modes and Q[wy]
represents their coupling strengths to the mode a.

We investigate the dynamics of this system for large
pump amplitudes where the circulating photon num-
ber, given by n = |Ap|2/4 |Ap\2 (with A, the detuning
between the pump frequency and the dressed oscillator fre-
quency), can reach a few thousands. In order to reduce
the required truncation of the Hilbert space, we consider a
change of variables that takes into account such a coherent
displacement of the oscillator. As shown in Appendix A,
the new Hamiltonian is given by

H () = ho,a'a + 4E-N?

— E; cos [5 +E sin(a)pt)] +ihgN (3t —4), (3)

where § = 2gw, 4,/ [a)p <w2 — a);)]

We perform Floquet-Markov-type simulations [20]
assuming a white-noise spectrum for the bath. In Fig. 1(b),
we plot the populations of the transmon eigenstates
{Ink) 132 in pss(0) as a function of the pump power. We
do not plot the populations in the mode a, as the dis-
placed oscillator remains close to its ground state. This
confirms that the actual state is well approximated by a
coherent state, as calculated in Appendix A. The dynam-
ics of the displaced transmon mode exhibit two regimes.
For 7 < 100, the state remains pure [impurity given by
the black crosses, right-hand axis, in Fig. 1(c)] close to
the ground state, except for a few pump-power values. For
n 2 100, it rapidly turns into a mixed state of a high num-
ber of excitations, above the cosine confinement. Indeed,
the number of confined states is roughly given by the
ratio between the depth of the cosine potential (2E,) and
the level spacings (approximately /8E;E¢) [11]. With the
parameters used in Fig. 1, we obtain about eight confined
levels.

Inspired by the experiments on the ac Stark shift [21,22],
we simulate an excitation spectroscopy of such a driven
system near the oscillator bare frequency. Each Floquet
state |\, (7)), with a nonzero population in the steady state
pss(?), can be excited to other Floquet states |\lfﬁ (t)) by
a weak probe drive at the frequency given by the differ-
ence of their quasienergies (eg — €,)/h [16,23,24] (see
also Appendix B). In Fig. 1(c), we plot all these res-
onance frequencies as a function of the pump power.
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FIG. 1. Floquet-Markov simulations (asymptotic regime) of the unshunted and shunted transmon. (a),(d) The circuits of a regular

transmon and an inductively shunted transmon, coupled to a harmonic oscillator and capacitively coupled to a transmission line. A
(strong) off-resonant microwave drive at frequency w),, called a pump, is sent to the system through the transmission line. (b),(e)
The populations of the transmon eigenstates |7;) and the shunted-transmon states |v;) in the steady state ps(0) of Egs. (3)+2)
and of Egs. (5)+2), as a function of the pump power. In the unshunted case, the parameters are taken to be Ec/h = 150 MHz,
E;/h =20 GHz, g/2n = 140 MHz, w,/27 = 5.5 GHz, and w, /2w = 6 GHz. For the shunted transmon, we use the same parameters

except for E£;/h = 6 GHz and E; /h = 14 GHz (leading to the same bare-transmon frequency). Here, sy = |4, 2 /4‘a)p - a)u|2 is an
estimation of the circulating photon number #, where we use the bare oscillator frequency instead of the dressed one. The red dots indi-
cate the average number of excitations in the transmon mode. (¢),(f) The blue dots (left-hand axis) correspond to the ac Stark-shifted
frequencies of the oscillator as a function of the pump power. The areas of the points are proportional to the associated transition
probabilities (see Appendix B). The green horizontal line corresponds to the oscillator bare frequency w, in the unshunted case and to
the renormalized frequency @, in the shunted one. In the first case, at many pump powers, we observe multiple resonance frequencies
corresponding to different transitions from the limit cycle to Floquet states. In contrast, in the second one, the frequency is unique
and well defined for all pump frequencies. This is also reflected by the impurity of the steady state (black crosses, right-hand axis).
While, in the first case, the steady state is very mixed even for small pump strengths, in the second case, the impurity remains smaller
than 3%.

For each pump power, we may observe a few resonance
frequencies corresponding to various transitions and vari-
ous Floquet states populated in the limit cycle. For weak
drives n < 100, we observe a linear behavior, in agree-
ment with the usual ac Stark-shift experiments [21,22] and
the associated theoretical work [25]. The behavior remains
rather smooth up to # & 100, with a slight curvature rep-
resenting the effect of higher-order nonlinearities [26]. For
n 2 300, the dominant resonance frequency shifts near to
the oscillator bare frequency. This can be physically under-
stood by the fact that high-energy transmon states (energy
above 2E;) are not affected by the cosine potential and

therefore are well approximated by charge states. When
reaching these levels [Fig. 1(b)], the transmon mode acts
as a free particle (similar to the ionization of an atom), the
dynamics of which follow that of the oscillator. The oscil-
lator no longer inherits a nonlinearity from the transmon
mode, as evidenced by the jump of its resonance fre-
quency toward the bare frequency w,. These two regimes
slightly overlap in the middle region (100 < 7 < 300),
which presents many transition frequencies.

Previously, such a jump in the resonance frequency
has been observed in a setup with a single strong probe
drive and used to perform single-shot measurements of
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the transmon qubit [13]. Various theoretical works have
investigated this phenomenon, assuming two-level [27],
multilevel [16,28,29], and Duffing approximations [30] of
the transmon mode. In contrast to these approaches, the
above numerical simulations of the full model given in
Egs. (3)+2), and the experimental observations of [10],
illustrate that such a jump in the resonance frequency coin-
cides with the excitation of the transmon mode to high
energy levels, well beyond the confinement potential.

III. THE INDUCTIVELY SHUNTED TRANSMON:
A SOLUTION TO INSTABILITY

The above analysis illustrates that in the parametric
construction of a nonlinear Hamiltonian (such as the two-
photon exchange between two modes), we are strongly
limited in the span of the pump strength. Above a crit-
ical threshold, the ionized transmon no longer induces
any nonlinearity on the oscillator. Such a limitation has
been observed through the heating of the transmon mode
in Ref. [9]. Further confinement of the nonlinear mode
should provide a larger span of exploitable pump strength.
We propose here to shunt the transmon circuit, with an
inductance providing a harmonic confinement of the phase
across the junction [31-33]. The Hamiltonian of such a
circuit [shown in Fig. 1(d)] is given by

E
Hpunt (1) = how,a’a + 4EcN? + TL ¢’

— E;cos (@) + ith(aT — a)
+ihA, (1) (a" — a), 4)

where E; is the shunt inductance energy and ¢ represents
the dimensionless flux operator across the junction [18].
Previously, inductively shunted Josephson junctions have
been considered as superconducting qubit designs [34,35].
Here, we consider parameters comparable to a flux qubit
Ec « E; < E;. However, rather than the coherence prop-
erties of this circuit, we are interested in its behavior as
a nonlinear device in the strong pumping regime. While
at large numbers of excitations, the harmonic potential
(E1/2) ¢* dominates the nonlinear part £, cos (@), the pas-
sage to the linear regime should be smoother than with the
transmon. We therefore expect to be able to explore the
nonlinearity up to a higher number of excitations.

Similarly to the unshunted case, after a unitary transfor-
mation provided in Appendix A, the Hamiltonian of the
inductively shunted transmon becomes

Hynt (7)) = o, a'a + A, b

— Ej cos [(pg (a+a') + ¢ <l~)+l~)T>

+ & sin (a)pt)] , ®)]

where @, and @; are renormalized frequencies, gog and
@y are zero-point fluctuations of the two modes as seen
by the Josephson junction, and & is a renormalized pump
amplitude. Here, the mode a is closer to the initial oscil-
lator mode a and the mode b is closer to the junction
mode (¢? < ¢}). In contrast to the unshunted case, this
change of variables ensures that both modes remain close
to their ground state. This is a direct consequence of
the harmonic confinement and will be confirmed through
numerical simulations.

We again use the Floquet-Markov framework to carry
out the numerical simulations of the driven dissipative sys-
tem given in Egs. (5) and (2). While the calculations are
done in the basis of the Fock states of the two modes
a and b, we plot the results in the shunted-transmon
basis {|vx)}2°, (eigenstates of the Hamiltonian 4EcN? +
E;9?*/2 — E; cos()). In Fig. 1(e), we plot the populations
of the states |v;) in the steady state together with the aver-
age number of excitations (red dots). We have not plotted
the populations in mode a, as it remains very close to its
ground state. We observe that the state p4(0) follows a
very smooth behavior and, as shown in Fig. 1(f), the impu-
rity of pg (black crosses, right-hand axis) remains close to
zero. As shown in Appendix B, in the frame correspond-
ing to @ and b, this steady state remains very close to the
ground state for all values of the pump power. Finally,
Fig. 1(f) also illustrates the ac Stark-shifted frequency of
the resonator mode, which is now well defined for all val-
ues of the pump power. The simulation parameters are
chosen such that the bare frequencies, impedances, and
coupling of the harmonic oscillator and the transmon mode
coincide with those of the unshunted case. The important
change concerns the dilution of the nonlinearity by the
addition of the harmonic shunt with an energy £, about
a factor of 2 larger than E; (for simulations with other
parameters and comments on the choice of factor 2, see
Appendix B).

As a result of this smooth behavior, we can extend
the study to much higher pump powers. As illustrated in
Fig. 2(a), the ac Stark-shifted frequency is well defined
over a wide range of pump powers and exhibits a smooth
oscillating behavior, decaying to @,. This curve is in
good agreement with the first-order predictions by a model
resulting from time-averaging the Hamiltonian given in

Eq. (5):

H,, = ha, a'a + ha, b'b
— Jo(§)Ey cos [<p2 (3+4d") + ¢ (B + B*)] . (6)
where J () represents the Bessel function of the first kind.

We note that the observed jump in the ac Stark shift of the
unshunted case appears at pump strengths much lower than
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FIG. 2. (a) Floquet-Markov simulations of the ac Stark-shifted

frequencies, for very large cavity photon numbers in the shunted
case. The superimposed orange curve corresponds to the res-
onance frequency from the time-averaged model. Indeed, it is
calculated as the difference between the two eigenenergies of
the Hamiltonian given in Eq. (6) associated with the dressed a-
mode. The green line corresponds to the oscillator renormalized
frequency @,. (b) The strength of the induced Kerr effect of the
most linear mode a, defined as the difference of the transition
frequencies for the first and the second excitations. The orange
curve corresponds to the expected induced Kerr strength from
the time-averaged model given in Eq. (6).

the first oscillation of this Bessel function. An experimen-
tal observation of such an oscillating behavior will prove a
striking difference with the unshunted case.

This analysis indicates that we should also be able to
tune the strength of various types of nonlinear Hamilto-
nians such as the induced Kerr effect of the mode a [3]. In
Fig. 2(b), we plot the Kerr strength calculated from Floquet
simulations (blue dots). Such a simulation is performed by
determining the first and second excited Floquet states cou-
pled to the ones in the limit cycle. Indeed, the Kerr strength
is given by the difference of the transition frequencies for
the first and second excitations. Interestingly, we observe
that the Kerr term vanishes for sufficiently high powers.
This ability to cancel the leading-order nonlinear effects
by merely tuning a pump power will be an extremely use-
ful tool for circuit QED experiments [36]. Furthermore,
we plot the expected Kerr strength computed numerically
from the time-averaged model given in Eq. (6) (orange
curve). This is a first-order approximation of the Kerr effect
and represents its qualitative behavior well. In order to
achieve a more precise approximation, we need to perform
higher-order rotating-wave approximations [37].

IV. CONCLUSION

In summary, we investigate the nonlinear dissipative
dynamics of a Josephson circuit in the presence of strong
off-resonant drives. Drive and dissipation are central ingre-
dients of many recent parametric protocols to engineer
various linear or nonlinear Hamiltonians in the context of

circuit QED. Through the analysis of the steady state of the
driven system coupled to a cold bath, we demonstrate that
the transmon circuit, commonly used for such a purpose,
displays a structural instability in the exploitable range of
pump powers. Indeed, even for moderate pump powers and
a zero-temperature bath, this steady state is significantly
mixed and is spanned by transmon states that are not con-
fined in the cosine potential of the Josephson junction. The
transmon states are progressively transformed into states
acting as those of a free rotor, which do not induce any
ac Stark shift of the oscillator. In contrast, shunting the
transmon circuit with an appropriate inductance prevents
the structural instability of the system and considerably
increases the purity of its states. Therefore the nonlinear-
ity of the Josephson junction can be exploited over a wide
range of pump strengths. In particular, the induced Kerr
effect can be canceled out with sufficiently high pump
powers, while maintaining other signatures of nonlinear-
ity. Finally, the Floquet-type analysis performed in this
paper can be extended to other similar problems, such as
the study of the dependence of the relaxation rate of a
transmon qubit on the dispersive readout strength [15,38].
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APPENDIX A: SIMULATED MODELS

1. The unshunted transmon

We start with the Hamiltonian of the circuit shown in
Fig. 1(a):

H = hiw, a'a + 4E¢ (N — N,)* — E; cos(9)
+ihg (N = Ng) (a' — a) +ihA, (1) (a” —a), (AD)

where w, is the frequency of the bare harmonic oscilla-
tor (in the absence of coupling to the transmon), E¢ and
E; are the capacitive and Josephson energies of the trans-
mon, and g is the coupling strength. The pump is described
by A, () = 4, cos(w,t), where 4, is the pump amplitude
and w, is the pump frequency. Here, N and cos(f) are
the transmon-mode operators corresponding to the number
and transfer of Cooper pairs across the junction,

N=YvZ JIN) (N,

A2
cos(0) = 1 >4 L IN) (N + 1| + Hec., (42)
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and a is the cavity annihilation operator. Also, N, is the
offset charge of the superconducting island. We model
the dissipation as a capacitive coupling of the cavity to
the transmission line provided by Eq. (2).

Let us displace the modes as a = a — a(f) and 6 =

0 — 6(1), where
e—iwpt
+ } ,
W — Wy

a =2 [ o
mod (27).

2i |ws + w,

24,8w,
wp (wg — wf,)

Note that here the displacement of 6 is equivalent to the
application of a unitary given by U = exp(i6 (f)N).
The Hamiltonian in the displaced frame is given by

0(f) = sin (a)p t)

H() = ho,d'a + 4Ec (N — N)’

— Ejy cos[@ + & sin(w,0)] + ifig(N — N, ) (3" — a),
(A3)

where
24,8w,

wp (a)g — wf,)
This displacement brings the number of excitations in the
harmonic oscillator close to zero. Additionally, it takes the
pump drive into account as a drive on the superconduct-
ing phase of the transmon, inside the cosine term. These
properties make the numerical simulations tractable.

At this point, one should note that under this change of
variables, the coupling to the bath given in Eq. (2) is the
same, using operators a' and a instead of a' and a.

&=

2. The inductively shunted transmon

The Hamiltonian of the circuit shown in Fig. 1(d) is
given by

. E
Hypun (1) = hew,a'a + 4EcN? + ?quz — Ejcos¢

+ihg N(@a" — a) + ihA, (1) (a’ —a). (A4)
This is similar to the Hamiltonian of the previous subsec-
tion, except for the additional term corresponding to the
energy of the inductive shunt E;¢?/2. Also, as a result of
removing the superconducting island, and in contrast to the
case of the previous subsection, the phase ¢ is no longer a
compact variable and takes its values over the entire R.
This is why we use a different notation from the unshunted
case: @ denotes a phase defined in the compact interval
[0,27] and ¢ is a phase defined over the entire R.

We start by defining b = (¢ + iN)/+/2. With the aim
of diagonalizing the system and displacing it to take

the drive into account, we perform, in order, a Bogoli-
ubov transformation Uy, a beam-splitter-type unitary Uy,
a displacement of the frame D, and another Bogoliubov
transformation Uy,, given by

U, = exp [%(bTz — bz)] ,
Uy = exp[f(ab’ — a'b)],
D = expla*(Ha — a(Ha'lexp[f* ()b — ()],

U, = exp [ﬁ(a” — az)} exp [9(10*2 — bz)] .
2 2
Here,

1 2hg/2E haw,
6 = —5 arctan | ——— |,

(hwa)? — 8ECE]

Ap cos . )
a(t) = — [ sin(w,?) + iw, cos(w,1)]
a)p — WaW]
Ay, sinf . )
B = — [a)p sin(wp ) + iw, cos(a)pt)] ,
W2 — W,

g‘aZIOg 4_‘1)’ {b:10g<4& 5
1 (0))
with
8ECE 2F
W] = w, cos’ 6 + 2ZCTL Gin e — g L sin(20),
hw, hw,

W) = W, sin’ 0 + ShEziOEaL cos® 6 + g\/?f)i sin(26).
This leads to a Hamiltonian given by
Hyhune(f) = hiid,a'a + hapb' — E; cos [¢,(a'
+8) + y(bT +b) + Esinyn],  (A9)

where

J)a = A/ WqW1, (;)b = W2,

B = —sin(®) | 220 2L g, = cos(e), |12 2
, = — sin — 4 —, = cos — 94—,
2E N w,” P 2\ w,
f— 4 in(20) hw, 1 1
= w, SIn —_— — .
PP 2E; a)g — W) a)g — waw1

Under this change of variables, the coupling to the
bath given in Eq. (2), through the operator i(a — a’), is
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T eq [y

FIG. 3. Driven-dissipative quantum circuits and the Floquet-
Markov theory. The Floquet states {|W,(?))}, are periodic orbits
of the driven system in its Hilbert space H. A quasienergy €, is
associated with each Floquet state | W, (7)). The set of quasiener-
gies is invariant under translation by multiples of hw, (different
Brillouin zones). Here, we plot the Floquet states of the first Bril-
louin zone (with quasienergies defined modulo Aw, and denoted
by €, [hw,]) and their transitions due to the coupling to the bath.
The steady state of the driven-dissipative system is given by
a statistical mixture of these Floquet states, with populations
inferred from an extension of the Fermi golden rule.

replaced by

p = icos(@)g(ﬁ —ah) 4+ isin(Q)C/?(f) —bhH.

Therefore, the new system-bath coupling is given by

Hgs = ) hone'[oy]e[oy]
p

— hQ[wy] COS(Q)C/? @' — a) (e [w] — c[we))

— hQ[wy] sin(0) \4/? (b —b)(c'wi] — e[wx]).
(A6)

APPENDIX B: FLOQUET SIMULATIONS

1. The Hamiltonian formulation of the Floquet theory

We consider here a system evolving under a time-
periodic Hamiltonian H (¢), of period T = 27 /w,. Such a
system can be efficiently simulated using the tools from the
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£ 107 1.0
3
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(b) Nest
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L
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~.§10 N
a
)
o
w54
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FIG. 4. Floquet-Markov simulations (asymptotic regime) of
Eqgs. (A5)«(A6) with Ec/h = 150 MHz, E; /h = 6 GHz, E; /h =
14 GHz, g/2m = 140 MHz, w,/27w = 5.5 MHz, and w, /27 =
6 GHz. (a) The populations of the shunted-transmon eigenstates
|vi) in the steady state pgs(0) as a function of the pump power. (b)
The populations of the b-mode’s Fock states in the same steady
state.

Floquet theory [[17], Section 2]. In this section, we recall
some of the basic elements of the Floquet theory that are
required to understand the simulations of this paper. This
material is borrowed and summarized from [17].

The Schrodinger equation for this system is

iha% ‘xiz(r)} — H() ‘@(z)), (B1)

where ‘@(t)) denotes the state of the system at time ¢. The

Floquet theorem states that there exist solutions to Eq. (B1)
of the form

W (1) = e @™ |5(1)) (B2)
where |®g) is called a Floguet mode and is T-periodic in
time and €; is a real-valued energy, called a quasienergy.
In particular, we note that the set of quasienergies is
invariant under translation by multiples of hw,, as for
any Floquet mode |®4(7)), the periodic wave func-
tion exp(inw,t) |®z(f)) is also a Floquet mode. There-
fore, the index & corresponds to two indices («,n) €
[—hw, /2, hw, /2[ X Z, with €y, = €, + nw,. Each value
of n here corresponds to a Brillouin zone. In this appendix,
we consider the first Brillouin zone («,0), which we
replace by « to simplify the notation.
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FIG. 5. Floquet-Markov simulations (in the asymptotic regime) of Egs. (A1)—2), using the same parameters as in Sec. II and three

different values of N,. In the upper figures, we plot the populations of the transmon eigenstates in the steady state p5(0) as a function
of the pump power. Also, the red dots indicate the average number of excitations in the transmon mode. In the lower figures, we plot
the ac Stark-shifted frequencies of the oscillator (blue dots) and the impurity of the steady state (black crosses, right-hand axis) as a
function of the pump power. As can be seen, we observe no significant qualitative differences between the three cases. The steady state
rapidly becomes very mixed and highly excited and the frequency is not well defined for 7 larger than 100.

A general approach to solving the above Schrodinger
equation is to identify the Floquet modes and the associ-
ated quasienergies. By decomposing the initial state as a
superposition of the Floquet modes of the first Brillouin
zone at time 7 = 0, [¥(0)) = >, co [Py (0)), the solution
at time ¢ is given by

(W (1) =) coe™ /" D4y (1)

In order to identify the Floquet modes and the quasiener-
gies, we note that by applying the propagator U(z + T, f) of

equation in the basis of the Floquet modes of the first
Brillouin zone:

paa (t) = Z [Lavpvv(t) - Lvapozot (t)] s

. (B6)
Pup® = =5 3 (Lua + Lup) pup(D. o # B,

v

where (pag) = (Do (D) p | Pp (1)) are the components of the
density matrix p. We have defined

Eq. (B1) to a Floquet solution, we obtain Lop = Jio [Va,ﬁ,k + nn (| Agpil) (Va,ﬁ,k + )’ﬁ,a,—k)] .
U+ 1.0 [9a(0) = T [0 (T+1)  (B3) o (B7)
and in particular, at t = 0, Here,
U(T,0) | D, (0)) = e T/ D, (0)) . (B4) Vap = 27O (Aapr) J (Dapr) |Papr 2, (B3)

Equation (B4) can be used to numerically compute the
Floquet modes at =0 and their quasienergies through
the eigenstates and eigenvalues of U(7,0). Then, we can
obtain the value of the Floquet mode at any later time using

| (1)) = “/"U(t,0) | D, (0)) . (B5)

2. The Floquet-Markov approach for weak dissipation

The Floquet theory can be extended to take weak dis-
sipations into account. Under the Floquet-Markov-Born
approximation [[17], Section 9], one can write a master

where ® is the Heaviside distribution, hA, g = €5 —
€y + khw), is a quasienergy difference, and J(w) is the
noise-spectral function of the environmental coupling. The
matrix elements, Pyg, are given by

. AT
Popi = iT /O e * ' (Dy(1)| 3 —aT) |p(n)) dt.  (BY)

Finally, ny(w) = 1/[exp(hw/kgT) — 1] is the thermal
occupation of the bath at frequency w. In our simulations,
we assume a zero temperature and therefore ny, = 0.
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Under some nondegeneracy assumptions (absence of
resonance), the steady state of Eq. (B6) is diagonal in
the Floquet-modes basis. Moreover, the diagonal of this
steady-state density matrix can be numerically computed
by solving the linear system Rp =0, where (py), =
(Paw)y 18 the diagonal of the steady-state density matrix
and (R“'B)otﬁ = (Lap — Sap Y, Lav)aﬂ, with 8,5 being the
Kronecker delta.

3. The numerical calculation of steady states

The steady states in the simulations of Figs. 1(b) and
1(e) have been numerically calculated following the above
approach. We start by computing the Floquet modes and
then we reconstruct the stochastic transition matrix R.
After calculating the steady states as statistical mixtures of
the Floquet modes, we plot them in an appropriate basis of
the Hilbert space. All our numerical simulations are run on
a desktop workstation with an Intel Core 17-6700 proces-
sor. We are running our simulations on a modified version
of Qutip 4.2.0 [39,40] under Python 3.5.2 and the plots have
been produced using MATPLOTLIB [41]. In the unshunted
case, and in the displaced frame provided in Appendix 1,
we require a truncation of about 50 transmon states and
ten oscillator Fock states. For the unshunted case, we go
to a frame provided in Appendix 2. As a result of the sta-
ble behavior in this case, we require a smaller truncation of
about 20 Fock states of the nonlinear mode and ten Fock
states of the linear one.

In Fig. 1(e), in order to put the system in a similar
basis as in Fig. 1(b) for the unshunted case, we plot the
steady states in the shunted-transmon basis after apply-
ing the inverse of the unitary transformations of Appendix
2. Here, in Fig. 4, we provide this steady state over an
extended span of pump powers, and both in the shunted-
transmon basis |v;) of 4EcN? + E;¢?/2 — E; cos(¢) and
in the distorted, rotated, and displaced frame a and b, of
Appendix 2. We see that in this second frame, the steady
state remains very close to the ground state of the mode
b, for all values of the pump power. This statement is also
true for the mode a.

4. The computation of ac Stark shifts

We are interested in the resonance frequency of the
driven system with Hamiltonian H (), close to the oscil-
lator’s bare frequency. Experimentally, we can find such
a resonance frequency by sweeping the frequency of a
very weak probe drive around the oscillator’s frequency
[10]. We model this weak probe as a small perturbative
Hamiltonian ihe(f) (ffr — ﬁ).

As shown in previous subsections, the system con-
verges asymptotically to a limit cycle given by a statistical

mixture of Floquet states:

pss(D) =Y pa |Pa (D) (Do (D)].

Initializing the system at one of the Floquet modes |®,,)
populated in the steady state, let us focus on the solution
of the Schrodinger equation in the presence of the weak
probe. We consider this solution at the lowest order in the
amplitude of the probe field. In this case, the Schrodinger
equation is

5 .
5 1Y) = —%Hg(t) W@), [¥(0) = |(0)),
(B10)
where H,.(f) = H(?) + iz () (a7 — a).

First, let us introduce the propagation operator U(1,0)
associated with the H(f) Hamiltonian:

000 _ i - i =
o = 000, 00,0 =1

The solution of Eq. (B10) is given by

W () = U5, 0) |,(0))
t
+ %f](t, 0) / e()UGs,0)" (3" —a) U(s,0)
0
X |®4(0)) ds
= el |, ()
t
+ lfJ(z, 0) / e(s)e /" (s, 0)F
h 0
x (a7 —2) |y (s)) ds. (B11)

Let us now focus on the overlap of |W(¢)) with other
Floquet modes |d> B (z)). We have, from Eq. (B11),

(@p()] W(1) = e ™ Dp(t)] Pu(D))

t
+ %(q>ﬂ(z)|fj(t, 0) / e(s)e "0 (s, 0)"
0

x (2 — a) [ D, (5)) ds, (B12)
that is,
(@p(0)] W (1) = e ™ /" (Dp(1)] Pou(D))
1 . t .
+ Ee_léﬂt/h /O 8(S)ez(eﬂ—ea)s/h (Cbﬁ (S)|

x (af — &) | @4 (s)) ds
= e M Dp(1)] Do(D)

: t
1 . .

— ey / e(s)e/tab i Py, ids.
h — Jo
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To induce a transition in the system between the Floquet
modes |®,) and |d> ,g), one needs the frequency of the
probe drive e(¢) to match one of the frequencies Ay pgx
and, furthermore, that the associated matrix element Pg , x
is nonzero. Moreover, the transition rate is proportional to
both the population of the initial Floquet mode |®,,) in the
steady state pg, given by p,, and the matrix element Pg .
In Figs. 1(c) and 1(f), we plot the predominant transition
frequencies at each pump power.

5. The unshunted transmon and charge offset

In this subsection, we focus on the unshunted case and
study the effect of the charge offset N,. In the simulations
of Sec. II, we take N, = 0. As we can see in Fig. 5, the
choice of N, in the Hamiltonian given in Eq. (A1) does not
have any significant effect on the qualitative behavior of
the system in the steady state.

6. The choice of parameters for the shunted transmon

The simulations of Sec. III are performed with the same
parameters as in the unshunted case, except for the Joseph-
son energy, which is taken to be £;/h = 6 GHz, and the
addition of E£;/h = 14 GHz. Noting that the sum of these
two energies corresponds to the Josephson energy in the
unshunted case, this choice allows us to keep the bare fre-
quency of the transmon mode the same. This, however,
comes at the expense of diluting the nonlinearity of the
transmon mode. Indeed, the anharmonicity of the shunted-
transmon mode is given by 37 MHz, to be compared to 143
MHz in the unshunted case. In the same way, the induced
Kerr effect on the cavity of 306 kHz is weaker than 655
kHz for the unshunted case. The shallower slope of the ac
Stark shift in Fig. 1(f) [with respect to Fig. 1(c)] can be
explained by means of this difference.

Using a different set of parameters, one can achieve sim-
ilar nonlinearities for the shunted transmon. For instance,
by choosing Ec/h = 450 MHz, E; /h = 2.22 GHz, E; /h =
4.44 GHz, g/2n =245 MHz, and w, =5.5 GHz, we
achieve similar frequencies and nonlinearities to the
shunted case. More precisely, in the absence of the pump,
we find the cavity frequency to be 5.545 GHz, the qubit fre-
quency to be 4.7 GHz, the qubit anharmonicity to be 123
MHz, the induced cavity Kerr effect to be 600 kHz, and
the cross-Kerr effect between the qubit and the cavity to
be 15.5 MHz. These parameters for the unshunted case are
given, respectively, by 5.545 GHz, 4.691 GHz, 143 MHz,
655 kHz, and 17.3 MHz. In Fig. 6(a), we plot and compare
the shifted cavity frequencies in the shunted and unshunted
cases (blue dots, left-hand axis). The slope near 7, = 0
of the variation of frequency versus the photon number
Tlest 18 now very close to that of the unshunted case. We
also plot the impurity of the steady state in both cases ver-
sus the pump power (black and gray crosses, right-hand
axis). One clearly observes a much purer and smoother
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FIG. 6. Floquet-Markov simulations of the shunted transmon

with parameters Ec/h = 450 MHz, E; /h = 2.22 GHz, E;/h =
4.44 GHz, g/2m = 245 MHz, w, /2w = 5.5 GHz, and w, /27 =
6 GHz. (a) The blue dots correspond to the ac Stark-shifted
frequencies of the oscillator as a function of the pump power.
For comparison, we have also reproduced the results for the
unshunted case with the parameters of Fig. 1. These are plotted
as pale blue dots (left-hand axis). We also have plotted the impu-
rity of the steady state (black crosses, right-hand axis) versus the
corresponding results for the unshunted case (gray crosses, right-
hand axis). (b) We plot the ac Stark-shifted frequency with the
shunted transmon over an extended range of pump powers. The
blue dots correspond to the Floquet simulation results and the
orange curve indicates the expected values from a time-averaged
model. This is to be compared to Fig. 2(a). (¢) The induced Kerr
strength over the same extended range [to be compared with
Fig. 2(b)].

behavior for the shunted case with respect to the unshunted
one. In Figs. 6(b) and 6(c), we plot the shifted cavity fre-
quency and induced Kerr effect over a larger range of pump
powers for the shunted case with these new parameters.
We observe a behavior similar to that shown in panels (a)
and (b) of Fig. 2. As a result of the increased nonlinear-
ity, the range of values taken by the Kerr strength is twice
as large as in the simulations of the shunted case with the
parameters in Sec. III.
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FIG. 7. The impurity of the steady state as a function of the

pump power. We use the same parameters as in Fig. 6, except
for E; and E;. While the sum (E; + E;)/h = 6.66 GHz is
fixed, we take three different choices for their ratio r = E; /E;.
The black crosses correspond to » =2 (E;/h = 4.44 GHz and
Ej;/h = 2.22 GHz), the orange ones to » = 1.5 (E;/h = 4 GHz
and E; /h = 2.22 GHz), and the magenta ones to » = 1 (E/h =
E;/h =3.33 GHz).

In these simulations, similar to the previous set of
parameters, we have chosen a ratio between E; and E;
of about 2. Noting that a large ratio between £} and E;
leads to the dilution of the nonlinearity of the Josephson
junctions, one may consider the possibility of choosing
a smaller ratio. We will see, however, that this comes
at the expense of losing the purity of the steady state
and therefore getting closer to the asymptotic behavior
in the unshunted case. In order to illustrate this, we per-
form numerical simulations with the same parameters as
in Fig. 6, except for £; and E;. Indeed, we fix their
sum (E; + E;)/h = 6.66 GHz and we let the ratio between
them vary. In Fig. 7, we provide the impurity of the
steady state as a function of the pump power for three
different choices of the ratio » = E; /E;. As can be seen,
a ratio of 2, as chosen in this paper, ensures globally
a purer steady state and this purity is lost for smaller
ratios.
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