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We seek stable tractor beams that not only axially pull objects but also transversely trap the object.
Transverse force acting on a spherical particle centered on the axis of acoustic Bessel beams is examined
using the Gor’kov potential and partial wave expansion. The results suggest flexibility of trapping both
relatively dense and stiff particles and relatively light and soft particles at the pressure maximum of the
axisymmetric Bessel beam in the Rayleigh regime. This trapping is more flexible than trapping by standing
waves and focused beams used in acoustic tweezers. The flexibility is interpreted by the contribution of
axial velocity to the force potential and by momentum projection. We then reveal parameters (paraxiality,
density ratio, and bulk modulus ratio) for simultaneous trapping and pulling of an elastic object and droplet
in and beyond the Rayleigh regime. The results reveal the capability and conditions to simultaneously trap
and pull a Rayleigh particle even in the situation when losses are accounted for. Our study guides designs
of stable tractor beams and drives development of acoustic tweezers.
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I. INTRODUCTION

Focused laser beams have been used as “optical tweez-
ers” to trap particles by gradient forces [1] and applications
of such beams in biological sciences have been found. On
the other hand, nondiffracting beams have been found to
produce nonconservative radiation forces that can pull par-
ticles against the propagation direction of the beam (like
a “tractor beam”), first reported in acoustics [2–4] and
later in optics [5–8], which extends the flexibility of par-
ticle manipulations. The pulling can be interpreted in the
framework of momentum conservation [3,4,6]. In optics,
the simultaneous pulling by nonconservative forces and
trapping by a gradient force have been reported [9–11]. In
acoustics, a transversely stable acoustic pulling force using
two intersecting plane waves was analyzed in Ref. [12]
and experimentally realized in Ref. [13] using a two-
dimensional source array for a large triangular object.
For acoustic Bessel beams, the transverse stability may
be evaluated using the numerical approaches discussed
in Refs. [14–16]. A fully analytical expression for the
transverse force in terms of the partial wave expansion
only became available until recently in Ref. [17], which
enables a systematic examination of the trapping. This
paper addresses conditions and parameters for simulta-
neous pulling and trapping of a spherical particle in and
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beyond the Rayleigh regime and for practical selections of
parameters when absorption is accounted for.

When considering the illumination of acoustical Bessel
beams on a Rayleigh particle, where the contributions
are from monopole and dipolar fields, the pulling appears
to be limited by two facts: (i) the axisymmetric beam
has to be used because the scattering asymmetry desired
by the pulling force relies on the superposition of the
monopole and dipolar fields [3,4] (while the vortex beams
would otherwise suppress the monopole field [3,18,19])
and (ii) the negative force can be made positive by the
absorption contribution when the particle is sufficiently
small [3,20,21]. With regards to trapping, acoustical trap-
ping of a small particle in the Rayleigh regime has been
considered in the concept of force potential since a semi-
nal work by Gor’kov [22]. Acoustic traps using standing
waves have become an important tool for acoustic levita-
tion (e.g., [23]) and particle separation (e.g., [24]). Acous-
tic traps by focused ultrasound beams are being developed
to act as an acoustic counterpart to optical traps for appli-
cations in biomedical and material engineering [25–34]. In
the Rayleigh regime, an axisymmetric focused beam can
transversely trap a relatively light and soft particle (like
droplets) to the central pressure maximum [26], but a rel-
atively dense and stiff particle would be repelled away
from the beam axis [35]. Transverse trapping of relatively
dense and stiff particles (like elastic objects) has to rely
on using focused vortex beams that have a central pres-
sure null along the core [29–31]. These trapping behaviors
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appear to be consistent with trapping by plane standing
waves [22] or Bessel-function standing waves [36], in the
manner that relatively dense and stiff particles are likely
trapped to the pressure minimum (node), while relatively
light or soft particles are likely trapped to the pressure
maximum (antinode). However, transverse trapping by
acoustic Bessel beams can have behaviors very different
from trapping by standing waves and focused beams, as
we demonstrate and explain.

In this present work, our systematic examinations of
trapping by acoustic Bessel beams allow us to gain insight
into some unusual and unique trapping behaviors beyond
trapping by standing waves and focused beams and, in
turn, we report flexibility of trapping elastic particles by
axisymmetric beams and conditions for simultaneous trap-
ping and pulling of a small particle. We consider a par-
ticle centered on the central core of both axisymmetric
beams (pressure maximum) and vortex beams (pressure
minimum) (Fig. 1), described by arbitrary-order Bessel
beams propagating along a z axis with the pressure field
Re[p(r, t)] (Re denotes the real part) given by

p(r, t) = p0Jl(μρ) exp(iκz + ilφ − iωt), (1)

where p0 is a real-valued amplitude; Jl is a Bessel function
with a topological charge of l; r(ρ, φ, z) is the field point
in cylindrical coordinates; and the transverse wavenum-
ber μ and axial wavenumber κ are related to the total
wavenumber k =

√
μ2 + κ2 = ω/c0 (c0 is sound speed in

the surrounding media) through a paraxiality parameter β

with μ = k sin β and κ = k cos β.

II. TRAPPING OF A RIGID SPHERE

For the transverse force Fρ = πa2(I0/c0)Yρ exerted on
a spherical particle of radius a [with I0 = p2

0 /(2ρ0c0) being
the acoustic intensity and ρ0 the density of the surrounding
media], the dimensionless transverse force Yρ as a function
of the transverse location R of the sphere off the beam axis
is given by Eq. (16) in Ref. [17]:

Yρ(R) =
∞∑

m=−∞
K+

m Bm,

K+
m = Jl−m(μR)Jl−m−1(μR) − Jl+m(μR)Jl+m+1(μR),

Bm = 1
(ka)2

∞∑

n=|m|

(n − m)!
(n + m)!

Pm
n (b)Pm+1

n+1 (b)Im(s�
nsn+1),

(2)

where b = cos β, Im represents the imaginary part, and
the scattering functions sn [37] are determined by bound-
ary conditions on the particle surface (see the Appendix;
|sn| = 1 in the ideal case of no absorption). Note that
K+

m = 0 when μR = 0. The transverse force as a function
of the object location R calculated for a dense and rigid
particle (ka = 0.05 and β = 15◦) is shown in Fig. 1. From
the results, we find that the particle is trapped to the axis

(a) (b) FIG. 1. A fixed rigid sphere is
laterally trapped at the central
core of the pressure maximum of
axisymmetric beams [left in panel
(a)] and repelled from the pressure
minimum of vortex beams [right
in panel (b)] for a Rayleigh parti-
cle of a radius a (ka = 0.05 with k
being wavenumber), as shown by
the dimensionless transverse force
as a function of the object loca-
tion R. The results are for traveling
beams of paraxiality parameter
β = 15◦ (red dashed lines) with a
comparison of standing waves of
β = 90◦ (black solid lines). The
fields are given by Eq. (1) with
the topological charge l = 0 and 1,
respectively.
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of the axisymmetric beam and repelled away from the core
of the vortex beam (red dashed lines), in contrast to the
trapping behaviors by standing waves (black solid lines).

We understand the contrast behaviors by the contri-
bution of the velocity component along the propagation
direction to the force potential. In the Rayleigh regime, the
transverse force is given by Fρ = −∂U/∂ρ, where the gra-
dient is along the transverse direction only, but the force
potential U depends on velocity in all three directions [22],

U = (πa3/3)[f1|p|2/(ρ0c2
0) − (3/2)f2ρ0|v|2], (3)

in which the monopole and dipole factors,

f1 = 1 − 1/κ , f2 = 2(λ − 1)/(1 + 2λ), (4)

depend on the mass density ratio and bulk modulus ratio of
the particle to the surrounding media:

λ = ρ/ρ0, κ = K/K0. (5)

For the axisymmetric beam [Fig. 2(a)], it is true that the
transverse velocity has a central minimum coinciding with
the pressure maximum, like planar standing waves, lead-
ing to a maximum of the Gor’kov potential for a relatively
stiff and dense particle. However, the axial velocity com-
ponent instead has a central maximum coinciding with the
pressure maximum. As a result, it is possible to have a min-
imum potential for a stiff and dense particle (f1,2 > 0) or
even for the extreme case of a rigid particle (f1 = 1), as
long as the particle is dense enough (large f2). The mini-
mum potential for a rigid particle of heavy mass (f1,2 = 1)

(a) (b)

FIG. 2. Contribution of pressure (top panels) and three compo-
nents of velocity (center panels) to the potential (bottom panels)
for (a) axisymmetric and (b) vortex beams. The reversal of the
potential is due to the presence of axial velocity (dashed lines).
Arbitrary units and normalization are used here.

centered on the axisymmetric beam is shown in Fig. 2(a).
Similarly, for the vortex beam [Fig. 2(b)], the transverse
and azimuthal velocity has a central maximum coinciding
with the pressure minimum, like planar standing waves,
leading it to trap a relatively dense and stiff particle by
the minimum of the Gor’kov potential. However, the axial
velocity component instead has a central minimum coin-
ciding with the pressure minimum. As a result, a stiff and
dense particle could be repelled from the pressure null of
vortex beams due to the maximum potential as shown in
Fig. 2(b).

Given the projection of wave vectors associated with the
paraxiality parameter β, the transverse velocity is propor-
tional to sin β while the axial velocity is proportional to
cos β:

vρ ∝ sin β, vz ∝ cos β. (6)

As such, reducing the paraxiality parameter β would
reduce the transverse velocity and enhance the axial veloc-
ity. Consequently, the trapping would be reversed when the
β is reduced to be smaller than a critical value. The rever-
sal occurs only when the density contrast is large enough
[see Eq. (3)].

III. VARIATION OF TRAPPING WITH BEAM AND
MATERIAL PARAMETERS

The above predictions of variation of the trapping with
beam and material parameters are exactly shown in Fig. 3
by the transverse gradient of the transverse force:

Slope = dYρ(R)/d(μR). (7)

The results are for the slope as a function of the paraxi-
ality parameter β calculated from Eq. (2) with ka = 0.05
for four different contrasts of density and bulk modulus. At
the nonpropagating limit β = 90◦, the results are in agree-
ment with trapping by plane standing waves or trapping by
Bessel-function fields: the light or soft particles are trapped
at the pressure antinode (local maximum) of axisymmetric
waves [Figs. 3(a) and 3(c)], while dense and stiff parti-
cles are trapped at the pressure node (local minimum) of
vortex waves [Figs. 3(b) and 3(d)]. When we reduce the
β to change to a traveling beam, the results show exactly
that the trapping is preserved when the density contrast is
relatively small [(a) and (b)] and reversed when the den-
sity contrast is relatively large [(c) and (d)]. Meanwhile,
the transition difference of β between l = 0 and l = 1
leads to repelling [see (c)] or trapping [see (d)] by both
axisymmetric and vortex beams at β values between the
two transitions, while it is generally true that the particles
trapped by one beam are repulsed by another one.

We characterize the transverse force in terms of a beam-
parameter-dependent acoustic contrast factor �l and the
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(a)

(c) (d)

(b)

FIG. 3. When varying the paraxiality parameter β, the trapping is (a),(b) preserved for a small contrast of density or (c),(d) reversed
for a large contrast of density, as denoted by the sign of the slope [see Eq. (7)] . The inner-to-outer radius ratio of the aluminum shell
in (c) is 0.96; see the material parameters in Table I.

dimensionless transverse location μR explicitly:

Yρ = 2ka sin β�l × μR + O[(μR)2], (8)

where sin β accounts for the momentum projection to the
transverse direction. For l = 0 and 1 beams, we obtain

�l = ±2−l
[

1
3

f1 +
(

3 + l
4

sin2 β − 1
2

)
f2

]
, (9)

which follows from (a) the Gor’kov potential Eq. (3),
where the velocity is v = ∇p/(iωρ0), with the pressure p
given by Eq. (1), or (b) the partial wave expansion Eq. (2),
where only the monopole and dipole terms are kept and the
partial wave coefficients at the small ka approximation are

used [21]:

s0 = 1 − i(2/3)(ka)3f1 − (2/9)(ka)6f 2
1 , (10a)

s1 = 1 + i(1/3)(ka)3f2 − (1/18)(ka)6f 2
2 . (10b)

TABLE I. Acoustic properties of materials in Fig. 3. PMMA
represents for poly methyl methacrylate. The density 311 kg/m3

is the effective density of the aluminum shell calculated with the
inner-to-outer radius ratio b/a = 0.96.

Materials Mass density Longitude wave Transverse wave
ρ (kg/m3) speed cL (m/s) speed cT (m/s)

Air 1.21 343
Hexane 656 1078
Water 1000 1500
PMMA 1190 2690 1340
Aluminum 2700 (311) 6420 3040
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The small μR approximation is applied, Jm(μR) ≈
(μR/2)m/m! [with m being a non-negative integer and
Jm(x) = (−1)mJ|m|(x) for a negative integer m]. In Eq. (2),
Km(μR) is then a series of μR, where the contribution to
the first-order term is only from m = ±l and m = −1 ± l,
which illustrates the coupling of the adjacent order result-
ing from the transverse projection of momentum [38]. The
sign difference in Eq. (9) shows the complementary stabil-
ity between the l = 0 beam (plus sign) and the l = 1 beam
(minus sign).

Equation (9) shows the dependence of the acoustic con-
trast factor on the beam parameters (β and l) and material
parameters (λ and κ). We present the multiple parameter
dependence in the stability diagram in Fig. 4, where the β

value for the transition �l(β) = 0, denoted by βl, is illus-
trated by the colormap. The two transition limits of βl =
0◦ (at f1/f2 = 3/2) and βl = 90◦ (at f1/f2 = −3(1 + l)/4)
divide the stability diagram into four regimes for four types
of trapping (Table II). When varying the conical angle
β over the whole 90◦ range, the trapping is preserved
or reversed for materials in which the density contrast is
relatively small (regimes I and II) or large (regimes III
and IV). Note that, in regime IV (or III), there always
exists β1 ≤ β ≤ β0 for the particle to be trapped at (or be
repulsed away from) both the central pressure maximum
of axisymmetric beams and minimum of vortex beams,
while particles in regimes I and II are always trapped by
one beam and repulsed by the other (Table II).

The four cases calculated in Fig. 3 respectively fall into
the four regimes in Fig. 4, with the contrast factors given
by Eq. (4), where the bulk modulus is K0 = ρ0c2

0 for back-
ground medium, K = ρc2 for a droplet, and K = ρ[c2

L −
(4/3)c2

T] for an elastic sphere, with cL and cT being the

(a) (b)

FIG. 4. Stability diagram for (a) l = 0 and (b) l = 1 beams,
illustrating the transition of trapping at a critical paraxiality
parameter βl (colorbar) in the parameter space of density ratio
λ and bulk modulus ratio κ [see Eq. (5)]. See Table II about
the stability feature of the four regimes I–IV divided by the two
boundaries, f1/f2 = 3/2 (increasing curve) and f1/f2 = −3(1 +
l)/4 (descending curve), following from Eq. (9). For comparison,
the dashed line in (a) illustrates the boundary of the transition
for plane standing-wave trapping, f1/f2 = −3/2, overlapped with
the β = 90◦ standing-wave boundary in (b).

TABLE II. Stability transition for the four regimes in Fig. 4.

I II III IV

Axisymmetric Stable Unstable Stable Stable
beam (l = 0) for all β for all β for β > βl for β < βl
Vortex beam Unstable Stable Stable Stable
(l = 1) for all β for all β for β < βl for β > βl

longitudinal and transverse wave velocities of the material,
respectively. For a hollow elastic shell with an inner-to-
outer radius ratio b/a, the density ρ and bulk modulus
K should be replaced by the effective mass density and
effective bulk modulus:

ρeff = [1 − (b/a)3]ρ,

Keff = [1 − (b/a)3]K
1 + (b/a)3[0.75(cL/cT)2 − 1]

, (11)

which follow from sn in the Appendix and agrees with [39,
40] in more complex situations.

Importantly, dense and stiff particles (regime IV in
Fig. 4) can now be trapped by the axisymmetric beam with
a small paraxiality parameter β, as well as by vortex beams
but with a large paraxiality parameter. This result suggests
a new way to realize trapping of a dense and stiff particle
in a simple scheme by using a small β axisymmetric beam,
instead of using a relatively complex scheme with vortex
beams. For a rigid sphere in the dense limit, the trapping is
for β < 28◦ using an axisymmetric beam and for β > 24◦
using l = 1 vortex beams [f1 = 1 and f2 = 1 in Eq. (4)].

IV. STABLE TRACTOR BEAMS

We implement the stability diagram to seek the stable
trapping in situations where the object is pulled toward the
beam source [2–4,14] (namely, a stable tractor beam). By
using the axisymmetric Bessel beam, the stability diagram
Fig. 4(a) implies that the simultaneous trapping and pulling
of a Rayleigh particle is favored for relatively stiff and light
particles in regime III or relatively soft and dense particles
in regimes I and IV, where the trapping can be achieved by
using a large paraxiality parameter β that is also favored
by momentum projection to pull particles [3].

Consider the l = 0 beam; coupling between the scattered
monopole and dipole field leads to the axial radiation force
Fz = πa2(I0/c0)Yz, with

Yz = 1
9
(ka)4f 2

2 cos β[(1 + 2f1/f2)2 + 2P2(cos β)], (12)

which is Eq. (15) in Ref. [2] and the Legendre function
P2(cos β) = (3 cos2 β − 1)/2. Given the material parame-
ters, the force is negative when β is larger than a critical
angle given by Yz(β) = 0. The minimum β value is about
55◦ for particles with material contrast f1/f2 = −1/2.
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(a) (b)

FIG. 5. Diagrams for (a) pulling and (b) simultaneous trap-
ping and pulling of a Rayleigh particle in the parameter space
of (λ, κ), with the colorbar illustrating the minimum paraxial-
ity parameter required for the axisymmetric l = 0 Bessel beam.
The values of f1/f2 on the boundaries are determined by Eqs. (9)
and (12).

Larger β fulfills a larger region of negative force in the
parameter space of the mass density ratio and bulk mod-
ulus ratio. The negative force exists for materials whose
contrast is within the regime bounded by f1/f2 = −1 and
f1/f2 = 0 [Fig. 5(a)].

Regions for simultaneously trapping and pulling a
Rayleigh particle are obtained by combining Eqs. (9)
and (12) or combining Figs. 4(a) and 5(a) per se. The
results are shown in Fig. 5(b) with the color plots illustrat-
ing the minimum parameter β required. The minimum β is
determined by the critical values for pulling in Fig. 5(a)

and for trapping in Fig. 4(a). In the region λ > 1, for
f1/f2 > −3/4, the β also needs to be less than the crit-
ical angle for stable trapping in regime IV of Fig. 4(a).
The boundary f1/f2 = −0.23 in Fig. 5(b) corresponds to
the situation when the minimum β angle for pulling equals
the maximum β angle for trapping. We hence identify the
beam and material parameters for the simultaneous pulling
and trapping of a Rayleigh particle.

For other material parameters outside that shown in
Fig. 5(b), one would have to use a ka outside the Rayleigh
regime to achieve the simultaneous trapping and pulling;
see Fig. 6. The results are calculated from the dimension-
less forces Yρ and Yz from Eq. (16) in Ref. [17] (with R = 0
therein; see also [41]). In the Rayleigh regime (Fig. 6),
only the aluminum shell in water is stably pulled by the
axisymmetric beam because the parameters lie in the stable
pulling region in Fig. 5(b) with the effective mass den-
sity ratio λeff = 0.31 and the effective bulk modulus ratio
κeff = 1.44 [see Eq. (11)]. For this case, the minimum β

required for the trapping is about 65◦ and that required for
pulling is about 56◦.

In the practical situation though, one would need
to include the correction by thermoviscous absorption.
The absorption degrades the negative force [3,21] and
consequently increases the minimum β required, as illus-
trated in Fig. 7 for the simultaneous pulling and trapping
of the aluminum shell in water in the parameter space ka
and a. The correction to the axial force is dominated by the
term [3] Yabs

z = Qabs cos β, where cos β accounts for the
projection of momentum to the propagation axis and Qabs

FIG. 6. Contour plots in the parameter space of (ka, β), where particles are simultaneously trapped and pulled. The results are for
l = 1 (upper panels) and l = 0 (bottom panels). Only the aluminum shell is stably pulled by axisymmetric beam in the Rayleigh regime
because the aluminum shell lies in the stable pulling region in Fig. 5 [(λ, κ) = (0.31, 1.44)].
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FIG. 7. Minimum β for simultaneous pulling and trapping of
an empty aluminum shell centered on the axis of axisymmetric
Bessel beams in the parameter space (ka, a) when the loss cor-
rection is included. At the small ka and a values, β approaches
to 90◦ (white region).

is the absorption efficiency. For the range of ka examined
herein, it is satisfactory to approximate the force experi-
enced by the elastic shell by retaining only the monopole
and dipole terms [42]. The range of the ratio of the bound-
ary thickness to the sphere radius, δ/a, in Fig. 7, is from
0.0002 to 0.05, where the ratio

δ/a =
√

2ν/ω/a = (2ν/ca)1/2/(ka)1/2 (13)

is a function of a and ka [21] (ν denotes the kinematic
viscosity of the surrounding fluid). Following from the
δ/a � 1 approximation, the absorption efficiency is [3,43]

Qabs ≈ 12(ka)1/2(2ν/ca)1/2[(λ − 1)/(1 + 2λ)]2 cos2 β,
(14)

which accounts for the viscous power dissipation near the
small solid sphere; the loss contribution to the monopole
term is neglected [which is satisfactory unless Qabs in
Eq. (14) is significantly reduced when β is near 90◦]. With
these approximations, Fig. 7 demonstrates the existence of
a stable tractor beam (i.e., simultaneous pulling and trap-
ping) for a small particle when loss correction is included.
The results will guide the experimental realization [44].

V. SUMMARY AND DISCUSSION

In summary, we systematically examine behaviors of
acoustic beam trapping when varying the multiple param-
eters of the beam and materials. Several unusual behav-
iors are found, such as stable trapping of elastic par-
ticles or even a rigid particle by axisymmetric beams
of a small paraxiality, reversal of trapping when reduc-
ing the paraxiality parameter, trapping of certain particles

by both an axisymmetric beam and vortex beam, and
simultaneous trapping and pulling of a Rayleigh parti-
cle by axisymmetric beams. We present thorough insight
into these behaviors by the Gor’kov potential, features
of three-dimensional velocity fields of the sound beams,
momentum projection, beam-parameter-dependent acous-
tic contrast factor, and stability diagram. The trapping is
reversed when β is reduced to be smaller than the critical
value and when the density contrast is large enough. The
results are an approximation for trapping by beams that
have a relatively weak focusing or diffracting.

Insights into variation of beam trapping with beam
parameters and the seemingly unusual behaviors can drive
development of new devices and techniques for simplified
and flexible traps. Based on our investigations, we sug-
gest simplified schemes to (a) trap a dense and stiff particle
by an axisymmetric beam of a small paraxiality parame-
ter (besides using a vortex beam of a large paraxiality) and
(b) simultaneously pull and trap a Rayleigh particle by an
ordinary Bessel beam (with the paraxiality parameter large
enough). These schemes pave the way toward engineering
simplified acoustic tweezers and stable tractor beams for
microparticles by using ordinary beams.

The results in the standing-wave limit (β = 90◦)
are applicable to trapping by two orthogonal standing
waves [45], where the fields near the nodes and antinodes
are approximated by the l = 0 and l = 1 Bessel-function
fields [19]. The trapping criteria are [see Eq. (9)]

f1/f2 < −3/4 for trapping at pressure nodes;

f1/f2 > −3/2 for trapping at pressure antinodes.
(15)

Particles whose parameters are in the regime between these
two transitions are trapped or repulsed by both the nodes
and antinodes.

On the other hand, trapping conditions for a Rayleigh
particle can be simplified by using higher-order beams. For
instance, the trapping by an l = 2 beam has an acoustic
contrast factor [Eq. (9)]

�2(β) = 1/8 sin2 βf2, (16)

which depends on the mass density ratio but not the bulk
modulus radio, where dense (light) particles are repulsed
(attracted) and there is no reversal of the trapping when
varying the paraxiality parameter β in this case. It is note-
worthy that the trapping force by higher-order beams is
weaker to precisely trap axially centered Rayleigh parti-
cles. Further, the nonconservative radiation force along the
axis direction exerted by the l = 2 beam on the Rayleigh
particle is negligible, which in turn gives more flexibil-
ity to manipulate the axial force for particles beyond the
Rayleigh regime.
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APPENDIX: SCATTERING FUNCTIONS FOR
DIFFERENT PARTICLES

The scattering functions sn [37], which are determined
by the boundary conditions and material properties, can be
calculated by

sn = −D∗
n

Dn
, (A1)

where Dn is a function of ka and material parameters. It
has |sn| ≤ 1 and, when losses are negligible, |sn| = 1.

For a rigid sphere [2],

Dn = h(1)′
n (x), (A2)

where h(1)
n (x) is the first kind of spherical Hankel function

with x = ka and ′ represents the derivative with respect to
the argument.

For a fluid sphere [2],

Dn = λxjn(x/σ)h(1)′
n (x) − x/σ j

′
n(x/σ)h(1)

n (x), (A3)

where jn(x) is the spherical Bessel function and λ = ρ/ρ0
and σ = c/c0 are the density ratio and the speed ratio of a
particle to the background medium, respectively.

For a solid sphere [46], Dn is the determinant of the 3 ×
3 matrix having the following elements:

d11 = (z2/λ)h(1)
n (x),

d12 = (2N − z2)jn(y) − 4yj
′
n(y),

d13 = 2N [zj
′
n(z) − jn(z)],

d21 = −xh(1)′
n (x),

d22 = yj
′
n(y),

d23 = Njn(z),

d31 = 0,

d32 = 2[jn(y) − yj
′
n(y)],

d33 = 2zj
′
n(z) + [z2 − 2N + 2]jn(z),

(A4)

where x = ka, y = (c/cL)x, z = (c/cT)x, and N = n(n +
1).

For a solid shell with outer and inner radius of a and
b [46], Dn is the determinant of the 5 × 5 matrix with the
same elements as those for a solid sphere and the remaining
elements given by

d14 = [2N − z2]nn(y) − 4yn
′
n(y),

d15 = 2N [zn
′
n(z) − nn(z)],

d24 = yn
′
n(y),

d25 = Nnn(z),

d34 = 2[nn(y) − yn
′
n(y)],

d35 = 2zn
′
n(z) + [z2 − 2N + 2]nn(z),

d41 = 0,

d42 = [2N − w2]jn(u) − 4uj
′
n(u),

d43 = 2N [wj
′
n(w) − jn(w)], (A5)

d44 = [2N − w2]nn(u) − 4un
′
n(u),

d45 = 2N [wn
′
n(w) − nn(w)],

d51 = 0,

d52 = 2[jn(u) − uj
′
n(u)],

d53 = 2wj
′
n(w) + [w2 − 2N + 2]jn(w),

d54 = 2[nn(u) − un
′

n(u)],

d55 = 2wn
′
n(w) + [w2 − 2N + 2]nn(w),

where nn is the spherical Neumann function, u = (c/cL)kb,
and w = (c/cT)kb.
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