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Surface noise is a detrimental issue for sensing devices based on shallow nitrogen-vacancy (N-V)
color-center diamonds. A recent experiment indicates that electric-field noise is significant compared to
magnetic-field noise. They also found that the electric-field noise can be reduced with a protective surface
layer, although the mechanism of noise reduction is not well understood. We examine the effect of a pro-
tective surface layer on the noise spectrum, which is caused by surface-charge fluctuations. We use the
fluctuation-dissipation theorem to calculate and analyze the noise spectrum for six different surface-layer
materials typically used for N-V-center diamond devices. We find that four parameters largely affect the
noise spectrum: the effective relaxation time, the effective loss tangent, the power-law exponent of the
noise spectrum, and the layer thickness. Our results suggest that a surface-covering layer is indeed use-
ful for decreasing surface noise, but which material is most suitable depends on the device operational

frequency range.
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I. INTRODUCTION

Nitrogen-vacancy- (N-V)-center diamonds are attrac-
tive candidates for a wide range of applications, ranging
from quantum metrology and sensing to quantum informa-
tion processing and hybrid quantum systems [1,2]. Much
of the interest in N-V-center diamonds stems from the
long quantum-coherence time of their spin states—several
milliseconds at temperatures well above room tempera-
ture [3]—and their extremely high sensitivity to electric
and magnetic fields [4-9]. N-V color centers have a num-
ber of practical applications [10-27] in magnetic-field
sensing, magnetometry, scanning thermal microscopy, and
frequency-modulated radio reception in extreme condi-
tions, in addition to being candidates for room-temperature
quantum computing.

When functioning as detectors, N-V centers must be
placed as close to the sample surface as possible, for max-
imal detection sensitivity [28—33]. Yet room-temperature
devices with N-J centers near the surface tend to be
noisy. This noise produces fluorescent line-broadening
and decreases the overall detection sensitivity. Previously,
magnetic-field noise has been regarded as a dominating
source of noise [34—37]. The majority of magnetic-field
noise comes from bulk-impurity interactions of nuclear
and electronic spin baths [38,39]. Surface magnetic noise
also exists and has been attributed to electron spins of
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dangling bonds [40,41], terminating surface atoms [42,43],
absorption of molecules [44], and interactions with para-
magnetic surface molecules [45]. Magnetic surface states
have been experimentally observed for both bulk- and
single-crystalline surfaces [36,46,47].

However, recent experiments by Kim et al. [32] and
Romach et al. [48] have revealed that, in devices at room
temperature, electric-field fluctuations can sometimes be
a larger source of noise than magnetic-field fluctuations.
The electric-field noise may be caused by lattice strain [9]
and dipole fluctuations of an N-¥ center due to interaction
with fluctuating surface charges, although the effect of the
former seems to be much smaller than that of the latter.
Mamin et al. [49] were able to reduce N-V-center noise by
placing a layer of polymethyl methacrylate atop the dia-
mond. Kim et al. [32] also reported noise-spectrum and T,
coherence-time improvement with certain covering mate-
rials on N-V-center diamonds. Other materials, however,
either reduce or increase surface noise [48,50—52]. Until
now, there has been no systematic theoretical study of elec-
tric noise in N-V-center-diamond devices with different
covering layers, nor any heuristics beyond experimental
intuition for determining which materials efficiently reduce
noise in which frequency bands.

In this paper, we study the physics of surface electric-
field noise in diamonds containing N-J centers. We eval-
uate the effect of noise reduction with a liquid or solid
cover layer and identify the parameters that control noise
reduction in various situations. Since most N-V-center
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devices operate at room temperature, we treat the surface
electric-field noise as being produced mainly by ther-
mally activated fluctuating dipoles caused by the surface
charges. These dipole fluctuations lead to fluctuations in
the electric field at the position of the color center. We use
the fluctuation-dissipation theorem for noise calculations.
Kuehn et al., for example, have used the method to cal-
culate the dielectric fluctuation due to noncontact friction
for polymethyl methacrylate (PMMA) [53] at a fixed fre-
quency. We use it to calculate frequency-dependent noise
with different covering materials to explore the optimal
frequencies of operation for those materials.

Our theoretical model, described in Sec. II, consists
of a diamond coated with a cover layer, which we also
sometimes refer to as a “protective layer.” We use the
fluctuation-dissipation theorem to obtain noise spectra at
room temperature, and we calculate the effective capac-
itance and loss tangent. The surface cover materials that
we consider are glycerol, propylene carbonate (PC), poly-
methyl methacrylate (PMMA), polyvinylindene fluoride
(PVDF), perfluoropolyether (PFPE), and dimethyl sulfox-
ide (DMSO). PMMA, PVDF, PFPE, glycerol, and PC
have been commonly used in experimental work [48—52].
PMMA and PVDF are both solids, while all the oth-
ers are liquid at room temperature. We analyze the noise
spectra at frequencies ranging from 1 kHz to 10 MHz,
typical in experiments, and compare the results with the
experimental data of Ref. [32].

We find that there are four main parameters that shape
the noise spectrum: the effective relaxation time, the effec-
tive loss tangent, the coefficient of the power law of the
noise spectrum, and the thickness of the surface layer. The
effective capacitance also matters, but to a lesser extent. In
Sec. III, we examine the role of each parameter in depth
and discuss how the protective layer affects the parameters
and the shape of the noise spectrum. The effective relax-
ation time T determines the transition frequency of the
noise spectrum.

Our study of six experimentally representative covering
materials shows that most covering materials commonly
used by experimentalists can reduce noise in the frequency
range of interest. Most liquid surface layers are much better
than solid layers at reducing noise. This is because liquid
layers have shorter (picosecond to nanosecond) charac-
teristic relaxation times than solid layers (microseconds).
However, the power-law exponent for liquids is in general
smaller than that for solids and is greatly affected by the
thickness.

The frequency range in which the power law dominates
the noise spectrum is narrower for liquids than for solids.
In liquids, a constant noise floor (i.e., white noise) reap-
pears at frequencies above 10°-10° Hz, while the noise
spectrum in solids still follows the power law in this fre-
quency range. As a result, at around 1 MHz, solids start
to perform better in noise reduction than some liquids. At
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FIG. 1. The model consists of diamond with an N-V center

placed 5 nm below the surface and a protective layer covering
the surface of the diamond. The lower black dots represent the
N-V center, while the upper blue dots represent the free positive
charge of the protective material.

high frequencies (>107 Hz), a solid protective layer will
outperform all liquid layers in noise reduction. The thick-
ness of the surface layer affects the amount of noise: in
general, thinner protective layers reduce the white-noise
floor better than thick protective layers.

II. THE MODEL AND CALCULATIONS

A. The noise spectrum

Our model consists of a room-temperature diamond with
an N-J center embedded 5 nm below the diamond surface,
with a liquid or solid layer covering the surface (see Fig. 1).

The covering materials that we investigate are glyc-
erol, PC, PMMA, PVDF, PFPE, and DMSO. The reason
for choosing these different materials is their favorable
characteristics. For example, Kim ef al. [32] have shown
that glycerol does not affect the dark spin density of
N-V centers even though glycerol’s hydroxyl groups can
donate protons and possibly passivate dangling electrons.
On the other hand, propylene carbonate and DMSO are
aprotic solvents with tightly bound atoms and are opti-
cally transparent in the wavelength regimes of N-V-center
experiments. PMMA, PVDF, and PFPE are all nonreac-
tive, thermally stable, and optically transparent [54-57].
PFPE has been used in space-based applications for its
optical transparency, and PMMA acts like normal window
glass, only filtering out wavelengths below 300 nm.

We assume that the N-V centers are far apart and do not
interact with each other. We focus on the noise above the
N-V centers and ignore the noise below them, since we are
interested in noise reduction at the surface due to various
protective layers. The noise from below the N-V centers is
the same for all covering layers, and so this noise source is
not relevant for comparative noise reduction.

The interaction Hamiltonian of this system is

Hi = —p-E, ()

where p is the electric dipole moment between the free
positive charges in the covering liquid and the N-JV-center
electron and E is the electric field.
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We want to find the noise spectrum, S(k,w), arising
from the fluctuation of the dipole moment between the
N-V center and the covering layer. The electric field is due
to charge fluctuations and acts on the system through the
dipole moment. To obtain the noise spectrum, it is neces-
sary to calculate the two-point space-time correlation of
the dipole moment fluctuation, (8p (r,0)ép(r', T + t)), and
then calculate the noise spectrum by means of

oo

Sk, w) =2 / (pr,n)p (', T +0))e™dr. (2

—00

However, since the system’s response function is local,
fluctuations at distinct spatial coordinates are uncorre-
lated. Then ép(r,t) = dp(r) and S(k,w) = S (w). Using
the fluctuation-dissipation theorem (for details, see the
Appendix), we obtain

4h "
S(w) = TWSO)Q >

where x. is the imaginary part of the complex electric
susceptibility, kz is the Boltzmann constant, and 7 is the
temperature.

Let &’ and ¢” be the real and imaginary parts of the per-
mittivity. We rewrite eox. in terms of the loss tangent,
tan ¢ (w) = &’/¢”, from the complex permittivity

gox, (@) = &'(w) tan ¢ (). 3)

We choose the axis of interaction of p to be the z axis,
as shown in Fig. 1, and model the two layers above the
N-V center—the diamond and cover layers—each with
capacitance C. The system is analogous to parallel-plate
capacitors in series due to the intrinsic electric field nat-
urally generated by the dipole interactions between the
negative charge in the N-V center and the positive charge
in the covering layer. After some manipulation, the noise
spectrum per unit volume becomes

- 4hC

B. The effective capacitance and effective loss tangent

Equation (4) contains the capacitance C(w) and loss tan-
gent, tan ¢ (w). The capacitance is expressed in terms of the
electric field as C(w) = 1/E(w)d, with

)

where k = 1/4mey, g is the charge, and d is the thickness
of the layer. This expression allows us to write the capac-
itance in terms of electric permittivity. The frequency-
dependent permittivity for a single material is a relaxation

permittivity, given by the Havriliak-Negami relaxation
function [58]

Ae

e — 6
+ [1+ (7))’ ©

&g (w) = ey

where Ae = g4 — &, 1S the difference between the limit-
ing high-frequency permittivity &4, and the limiting low-
frequency “static” permittivity &, and t is the medium’s
characteristic relaxation time, given in terms of the mate-
rial’s relaxation frequency f, by t = 1/2nf,. The expo-
nents y and B are fractional shape parameters describing
the skewing and broadening of the dielectric function.

For a diamond without any protective layer, the capaci-
tance C(w) and loss tangent tan ¢ (w) in Eq. (4) are simply
calculated from the properties of diamond. However, with
a protective layer on the surface, we need to compute
and use an effective capacitance Ce(w) and loss tangent
tan ¢eir (w) to calculate S(w). We model the structure as a
“covering layer” above the top diamond layer (i.e., the 5
nm diamond layer directly above the N-J center). Then,
the effective loss tangent tan ¢ (w) is given by [59—62]

tan ¢efr (w) = bydy tan ¢ () + brdytan gy (w),  (7)

where H and L, respectively, denote the higher and lower
index of refraction of the surface liquid and the top dia-
mond layer. The coefficients d; and dy are the thicknesses
of the two materials, and

1 Yiu Y,
bry = — + , 8
bt ﬁw< Yy YL,H) ®)

where w is the width and Y; 5 is the Young’s modulus.
The subscript s refers to the substrate, that is, the diamond
below the N-V center. We have written this formula as
Y1 s even though s = L or s = H—either the L layer or
the H layer is diamond, as is the substrate—so that Eq. (8)
can be used for two different covering layers on the dia-
mond surface if needed. The effective capacitance Ceg(w)
is the capacitance of the two layers of dielectric materi-
als, equivalent to the diamond and the protective layer in
series. The material parameters used in our calculations are
taken from the literature [63—70] and are shown in Table 1.

TABLE I. The material parameters used in Egs. (8) and (6).
Material s € Y (GPa) 1 (ns) y B
Diamond 7.99 5.7 443 2480 097 0.89
Glycerin  51.8 3.9 4.80 19.9 1.00  0.67
PC 649 4.7 8.09 0.0433  0.985 0.927
DMSO 459 6.36 4.50 11.0 1.00  1.00
PMMA  3.60 2.6 5.00 500 1.00  1.00
PVDF 7.50 5.0 1.10 100000 1.00 1.00
PFPE 104 5.0 34.5 7.00 0.87 1.00
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II1. RESULTS AND DISCUSSION

Figure 2 shows the calculated noise spectra as a func-
tion of frequency for bare diamonds and for diamonds with
various surface-protective layers of thickness 5 nm.

At low frequencies the noise spectra exhibit white noise,
with a transition at higher frequencies to a power-law
spectrum, with S (w) o< 1/f¢. This agrees with the exper-
imental findings of Romach et al. [48]. White noise at
low frequencies comes about when dipoles try to align
themselves into an equilibrium state.

We see from Fig. 2 that all of the surface-covering mate-
rials that we examine reduce the noise in some though not
all frequency ranges. This agrees with the experimental
observations reported for glycerin and propylene carbon-
ate by Kim et al. [32]. However, certain materials are more
effective in reducing noise at low frequencies, while others
work better at high frequencies. For example, PVDF gen-
erates more noise than bare diamond at frequencies less
than 3 x 10* Hz but surpasses PMMA in noise reduction
above 2 x 10° Hz, glycerol above 4 x 10° Hz, and PFPE
above 10° Hz.

Four parameters largely affect the shape of the noise
spectrum at room temperature: the effective relaxation time
T, the effective loss tangent tan ¢esr (), the power-law
coefficient a, and the thickness of the surface layer. The
effective capacitance also affects the noise spectrum; how-
ever, the effect is minimal compared to the other parame-
ters, because of very little variation of the real permittivity
€’ with frequency (see Sec. III B).

A. The effective relaxation time

The effective relaxation time 7.g determines the transi-
tion frequency f; at which the spectrum transitions from
white noise to a power law. The relationship is f; = 27/ T,
where 1/teg = 1/Tgia + 1/Tsurr. Here, tgin and toy s are the
material relaxation times of the diamond and the protective
surface layer, respectively. Thus, for a liquid-surface pro-
tective layer, in which Ty, >> 74, the effective transition
time is predominantly determined by the relaxation time of
the diamond. With a solid surface, on the other hand, g,
is comparable to t4i,, and thus the effective relaxation time
will be determined by both 7y,r and t4,. We discuss the
effect of thickness in Sec. [II D.

B. The effective loss tangent

Figures 2 and 3(a) show that the amount of white noise
is determined by the effective loss tangent tan ¢eg (w). In
addition, the overall charge-fluctuation noise is propor-
tional to the dielectric loss tangent, and thus the charge-
fluctuation noise increases for lossy materials.

Next, since the loss tangent is defined as the ratio of
the imaginary permittivity €” to the real permittivity €', we
look into both ¢’ and €”. Compared to the imaginary part
[see Fig. 3(a)], the real part of the permittivity is relatively

10
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FIG. 2. The charge noise spectrum: bare diamond (black);
with glycerol (blue dashed); with propylene carbonate (red
dashed); with dimethyl sulfoxide (black dotted); with perfluo-
ropolyether (green dotted); with polyvinylidene fluoride (navy);
and with polymethyl methacrylate (pink dashed). The N-V-center
diamond with a liquid protective layer exhibits better noise
reduction than the bare diamond and the diamond with a solid
protective layer in the frequency range <10° Hz.

constant with frequency throughout the frequency range
103—107 Hz, except around the transition frequency f; [see
Fig. 3(b)]. As a result, tan ¢g (@) is predominantly deter-
mined by the imaginary permittivity. This could be why
Kim et al. [32], who used only real permittivity to esti-
mate the noise, could not explain the noise spectra that they
observed in their experiments.

The noise spectrum is also affected by the capacitance,
as shown in Eq. (4), and thus it is also proportional to the
real part of the permittivity. However, since the real permit-
tivity is relatively constant with frequency, except around
the transition frequency f;, the effect of capacitance on the
noise spectrum is much less than that of the loss tangent.

C. The power-law exponent

In atomic systems such as an ion trap, the power law
1/f ¢ is associated with the number of excitation modes of
environmental phonons [71]. However, in our study, tem-
perature is held constant and thus the excitation modes
of environmental phonons are the same for all materials.
As can be read off from Fig. 2, the noise spectra of the
solid systems that we consider (bare diamond, PVDF +
diamond, and PMMA + diamond) follow a power law
with an exponent ranging from a = —2.1 to a = —2. On
the other hand, with a liquid surface layer such as glycerin,
PC, DMSO, and PFPE, the power-law exponent varies
from a = —0.5to a = —1.9. The exponent depends on the
thickness, as discussed in Sec. III D.

D. The thickness of the surface layer

Table II shows that for liquid surface layers, the power-
law exponent a varies drastically with thickness. For
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(a) TABLE II. The noise-power exponent of seven materials
102 T T T examined with thickness 1 nm and 1 pm.
- Material a(d = 5nm) a(d=1 um)
s 10°
£ PC -1.6 —0.91
1S Glycerin —0.5 —0.15
8,02 Silicon —1.89 —1.92
2 DMSO -1.9 -1.1
£ PFPE —1.6 —-0.2
g10* PMMA —2.2 -2.1
- PVDF -2.0 —-1.94

-
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FIG. 3. The (a) imaginary and (b) real permittivities as a

function of frequency: bare N-V-center diamond (black); with
glycerol (blue dashed); with propylene carbonate (red dashed);
with dimethyl sulfoxide (black dotted); with perfluoropolyether
(green dotted); with polyvinylidene fluoride (navy); and with
polymethyl methacrylate (pink dashed). The real part of the per-
mittivity is almost constant with frequency, except at frequencies
around 1/7.

solid surface layers, though, a does not vary much with
thickness. The power-law region occurs when the dipole
moments of the surface covering layer have aligned them-
selves to the N-J center. Thus, the power law of a liquid-
covered diamond seems to be more strongly affected by
the stability of aligned dipole moments than that of a
solid-covered diamond.

Figure 4 shows the noise spectra with thick (1 wm) sur-
face protective layers. The thickness of the protective layer
does not change the noise-spectrum transition frequency
f:, since the transition is governed by the relaxation time.
However, a thick surface-protective layer does increase the
noise floor in general.

The exception to this rule is for those materials with a
very short relaxation time tq,¢, such as PC and DMSO,
and only in the low-frequency range (the noise floor is
high for the high-frequency range). This puzzling phe-
nomenon can be explained when we re-express S(w) in

Eq. (4) by explicitly writing the effective capacitance in
terms of geometry and factoring out thickness-independent
terms. After some simplification, we obtain

S(w) ~ T (bfLZ—Lm + b—,Hqu) : ©)
&y A &y

where I' incorporates all factors independent of the layer
thickness. The first term of Eq. (9) contains the ratio of
the thicknesses of the protective layer and the top dia-
mond layer; it is the only thickness-dependent part of the
equation. Note, however, that this first term also depends
on the loss tangent. As a result, in materials such as PC
and DMSO, the loss tangent ¢; of which is much smaller
at low frequencies than that of diamond, the first term will
be negligible compared to the second term. Thus, in these
materials, the thickness makes almost no difference to the
noise spectrum at low frequencies, as seen in Fig. 4.

E. Which cover layers reduce noise most effectively?

Having highlighted the roles of four parameters—the
relaxation time, loss tangent, power law, and thickness—in
noise reduction, we now draw out some practical impli-
cations of our results. At low frequencies, fluctuations in

100 T T T

-10
10
10°

Frequency (Hz)

FIG. 4. The noise spectrum with thickness 1 pum. Thicker
surface layers have a higher noise floor. The power-law expo-
nent changes with thickness for liquid-surface layers but remains
almost the same for solid-surface layers.
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dipole-dipole interactions manifest as white noise. Because
its characteristic relaxation time is shorter than that of
diamond, a thin (<10 nm) protective layer can reduce
noise by decreasing the effective loss tangent. In the fre-
quency range under study, liquid surface layers reduce
noise more effectively than solid surface layers because
the picosecond-to-nanosecond relaxation times of liquids
are much shorter than the microsecond relaxation times of
solids. Because they can move more easily than in solids,
the dipoles in liquids realign more quickly than the dipoles
in solids. The low mobility in solids and the consequently
slower realignment of dipoles leads to more fluctuation
noise. On the other hand, the power-law coefficient in lig-
uids is generally smaller than in solids, and the frequency
range over which the power law holds is narrower in lig-
uids than in solids. In liquids, the noise spectrum becomes
flat again at frequencies beyond a few megahertz (10° Hz),
whereas in solids the power law persists even at higher
frequencies. As a result, at high frequencies (>107 Hz),
solid protective layers outperform liquid protective layer
in noise reduction. Furthermore, the thickness of the sur-
face layer also affects the amount of noise: the thinner
the protective layer, the better the noise reduction. A solid
protective surface thicker than 10 nm may increase noise
rather than reduce it.

IV. CONCLUSIONS

We study the effectiveness in reducing surface noise
of protecting layers on N-V-center diamonds. We assume
that the main source of the noise is thermally activated
surface-charge fluctuations. This assumption is reasonable,
since the N-V-center-based devices in question operate at
room temperature and various experiments indicate that
the noise mainly originates from the electric field [32,48].
We use the quantum fluctuation-dissipation theorem to
calculate the noise spectrum. We analyze the noise spec-
tra for six materials commonly used to cover the surface
of N-V-center diamonds: glycerol, propylene carbonate,
polymethyl methacrylate, polyvinylindene fluoride, perflu-
oropolyether, and dimethyl sulfoxide. The covering mate-
rials examined in this work all exhibit optical transparency
in N-V-center experiments and do not interfere with the N-
V-center read-out [54—57]. While chemical reactivity with
biomolecules for sensing could possibly be affected by the
coating, the reduction in noise may more than compensate
for this effect.

Our results show that four parameters affect the noise
spectra: the effective relaxation time, the effective loss tan-
gent, the exponent of the power law, and the thickness
of the surface layer. (The effective capacitance also influ-
ences the overall noise spectra, but to a much smaller
extent.) Of these four parameters, the effective relaxation
time, the effective loss tangent, and the coefficient of the
power law determine the shape of the noise spectra, while

the thickness of the surface layer determines the overall
amount of noise. The effective relaxation time t.x deter-
mines the transition frequency of the noise spectrum: the
longer the relaxation time, the lower the transition fre-
quency. The power-law behavior is associated with the
stability of aligned dipole moments. Thus solid cover
materials have higher power-law exponents (around —2)
that are very little influenced by the thickness, while liquid
cover materials exhibit a drastic decrease in the power-law
coefficient as the thickness increases. Consequently, one
can control the power-law behavior by adjusting the cover-
layer thickness, if a liquid covering layer is used. The
amount of white noise is determined by a combination of
the effective loss tangent and the thickness. In addition, the
overall charge-fluctuation noise is proportional to the loss
tangent and thus the surface noise is worse for so-called
“lossy materials.” In general, the noise floor increases con-
siderably with increasing thickness. The only exceptions
to this rule are materials with very short relaxation times,
such as PC and DMSO, and only in low frequency ranges.
The thickness of the surface layer does not affect the tran-
sition frequency from the white noise to a power law of the
noise spectrum.

Our study of six experimentally representative covering
materials shows that most covering materials commonly
used by experimentalists can reduce noise in the frequency
range of 103—107 Hz. Liquid surface layers reduce noise
better overall than solid layers, because their relaxation
times are shorter. The ideal material for reducing N-V-
center surface noise would be a thin liquid layer with a low
real permittivity and a fast (picosecond-range) relaxation
time in the frequency range 103-107 Hz. Solid materials
in general are noisier, but their high power-law exponents
compensate for the substantial white noise and provide
better noise reduction at high frequencies (>107 Hz).

It should be noted that PMMA is shown to enhance
emission that might result in a reduction in lifetime [72].
However, due to the complexity of the nanodiamond tip
structure, such measurements may not be directly applica-
ble to our study: in our case, the N-V center is embedded
in the bulk diamond.

Finally, the electronic field noise will decrease the T
coherence time just as magnetic-field noise does. Since
some experiments such as [9,32] show that the electric-
field noise and the magnetic-field noise are comparable,
reducing the electric-field noise might extend the 75 time
considerably.
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APPENDIX: DERIVATION OF THE NOISE
SPECTRUM

In this appendix, we derive the noise spectrum via the
fluctuation-dissipation theorem. We treat the dipole-dipole
interaction Hamiltonian between the liquid and the N-V
center as the perturbation

$H = —p - E, (A1)

where p is the electric dipole moment between the charges
in the covering liquid and the N-JV center and E is the elec-
tric field. We treat the interaction using the electric dipole
approximation. At thermal equilibrium, the ensemble aver-
age of the dipole moment is defined as follows:

/ Jeq (@) p (v, ) dr
p)=(p@,0) =
/feq (r) dr

, (A2)

where f is the distribution function

f () = foqe” CHID, (A3)

in which kg is the Boltzmann constant, 7 is the tempera-
ture, the integration runs over all coordinates because the
system is at equilibrium, and ¢ is time. The fluctuation is
regarded as a system that has been perturbed by §p:

sp=p—(p. (A4)

This perturbation is small and is linearly dependent on E.
This dependence can be given by linear response function
theory [73-75],

1 t
8p; () = 5~ > / ap(t—1)Ec(¢)df.  (AS)
k —00

Here, a;; is the response function of the system and j, k =
x,y,z. We have assumed that the system is stationary (i.e.,
the response function is local) and that the dependence on
t — ¢ enforces causality. The “memory” of the system is
contained in &j; and we need to determine &y

The time dependence of the electric-field perturbation is
a step function to ensure complete relaxation of the sys-
tem at time ¢ = 0, and the perturbation occurs [0, co) with
E = E) att > 0. Evaluating Eq. (A5) for the step function

perturbation, we obtain

E) (™.
ép; (1) = T /t aj (1) dr, (A6)
where T =t — ¢ Solving for a;;, we obtain
5 () = — 2 () Lap; (1) (A7)
a; =—— —ép; (D).
'k E,? d Pj

We assume that & (f) and its time derivative tend to zero
ast — oo and O (¢) is the Heaviside step function to ensure
causality. Since the ensemble average is independent of
time,

~ 2
aj (1) = —EG)(t). (A8)

k
At time =0, the system is in thermal equilibrium.
Expanding the exponential in a series, plugging it into
Eq. (A2), and keeping only the terms up to linear order
in 8H, we obtain

1
p=(p)— T [(8H (s)p (s,0) — (p (s,0)) (6H (5))].
B
(A9)
Since §H (s) is the perturbation at time ¢ = 0, we have
8H (s) = —p(s5,0) Eﬁ and Eq. (A9) becomes

0

E,
3p (1) = —~ (8p« (0) 8p; (0)). (A10)
kpT
Inserting this result into Eq. (A7), we find
5 () = 22002 (50 0) 85, ) (A11)
G T G PO O]

It is convenient to do a Fourier transform to express
Eq. (A11) in the frequency domain with aj; (1) — o ()
and ép (1) — 8p; (w). The correlation function in the fre-
quency domain, (8p; () 8p; ('), is

(85; (@) 85 (')

=8 (0— o) % /_ ) <6ﬁk (6) 87 (1 + r)) s, (A12)

To obtain a spectral representation of the fluctuation-
dissipation theorem, we need to Fourier transform
Eq. (All). The right-hand side leads to a convolu-
tion between the spectrum of the step function ©(7)
and the spectrum of d/dt(&pk (0) ép; (z)). To remove of
the imaginary part of the step function, we solve for
[oj (@) — a;“jj (w)] instead of oy (w). Using the Wiener-
Khintchine theorem [76] and taking the real part (note that

064056-7
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<5pk () 8p; (t + r)) is real), we obtain

R ) . ,
(85) (@) 85; (o)) = 50— [ (@) = @)] 8 (0 = ).
(A13)

The Wiener-Khintchine theorem applies to classical sys-
tems, where hw < kgT. However, we can generalize it to
quantum systems by replacing kT by fiw/ (1 — e~ "/*s7)
and substituting into Eq. (A13). Then (8p; () 8p; (')
becomes

) et 1 hw
(8pj (w) 8py (w )> = 2mwiow | 1 — e—hw/ksT

X [ajk (@) — ay; (a))] ) (a) — a)’) .
(A14)

Fluctuation is now converted to dissipation on the right-
hand side. We now need to determine oy (w) — o ().
Dissipation in the system is associated with the imaginary
part of the complex electric susceptibility, x., since p
goXe, Where g is the vacuum permittivity and . is the
complex electric susceptibility. Therefore, the dissipation
term is contained in x_', and o (@) is thus igg x,.'.

The noise spectrum is obtained from the fluctuation
of the dipole moment by plugging oy (w) = iggx,. into
Eq. (A14) and then into Eq. (2):

Sk,w) =2 f N (8p(r,0)8p (', T + 1)) e dt.

o0

(A15)

However, since the system’s response function is local,
fluctuations at distinct spatial coordinates are uncorrelated.
Then ép (r,t) = dp(tr) and S(k, w) = S (w), so that

4h
S(w) = I
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