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We propose nonreciprocal phonon lasing in a coupled cavity system composed of an optomechanical
resonator and a spinning resonator. We show that the optical Sagnac effect leads to significant modifi-
cations in both the mechanical gain and the power threshold for phonon lasing. More importantly, the
phonon lasing in this system is unidirectional; that is, the phonon lasing occurs when the coupled system
is driven in one direction but not the other. Our work establishes the potential of spinning optomechanical
devices for low-power mechanical isolation and unidirectional amplification. This provides a new route,
well within the reach of current experimental abilities, to operate cavity optomechanical devices for a
wide range of applications such as directional phonon switches, invisible sound sensing, and topological

or chiral acoustics.
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I. INTRODUCTION

Cavity optomechanical (COM) [1-3] is playing an
increasingly important role in making and steering on-chip
devices, such as long-lived quantum memory [4], trans-
ducers [5—7], motion-sensing devices [8—10], and phonon
lasers [11—-18]. Phonon lasing, or coherent mechani-
cal amplification, exhibits properties similar to those
of an optical laser, such as threshold, gain saturation,
and linewidth narrowing in the lasing regime [19-22],
as demonstrated in experiments with trapped ions,
nanobeams, superlattices, resonators, or electromechanical
devices [11-18]. It provides coherent acoustic sources to
drive phononic devices for practical applications in, for
example, audio filtering, acoustic imaging, and topologi-
cal sound control [23—27]. COM-based ultralow-threshold
phonon lasers, featuring a continuously tunable gain
spectrum to selectively amplify phonon modes, from
radio-frequency to microwave rates [16—18], provide a
particularly attractive setting to explore quantum acoustic
effects, such as two-mode mechanical correlations [14] or
phononic sub-Poissonian distributions [15].

In parallel, nonreciprocal optics [28,29] has emerged as
an indispensable tool for a wide range of applications such
as invisibility cloaking, noise-free sensing, directional
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lasing, and one-way optical communications [30-35].
Directional transmission of light has been achieved with
optical nonlinearities or dynamically modulated media
[36-43]. As a crucial element in signal read-out and
information processing, directional optical amplifiers (with
minimal noise from the output port) have also been pro-
posed and studied in microwave circuits [44,45] and a
non-Hermitian time-Floquet device [46]. In a recent exper-
iment, a reconfigurable optical device was demonstrated
[47], having switchable functions as either a circulator
or a directional amplifier [48,49]. Directional amplifica-
tion of microwave signals has also been experimentally
demonstrated in a multimode COM system [50]. These
abilities, allowing directional transmission and amplifica-
tion of optical signals [51-55], are fundamental for the
emerging fields of chiral quantum optics and topological
photonics [56].

As in optical systems [44-49], directional emission
and amplification of phonons are particularly important
in mechanical engineering [57—66], such as acoustic sens-
ing or computing [23—26]. Here we propose a strategy to
achieve a nonreciprocal mechanical amplifier by coupling
a COM resonator to a purely optical spinning resonator.
We show that by exploiting the optical Sagnac effect [67—
69], we can significantly alter both the mechanical gain and
the phonon-lasing threshold. In particular, by driving of the
COM resonator from the left or the right side, coherent
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emission of phonons is enhanced or completely sup-
pressed, realizing a highly tunable nonreciprocal phonon
laser. This provides a key element for applications of
COM devices in, for example, chiral quantum acoustics or
topological phononics [25,26].

Very recently, by the spinning of a whispering-gallery-
mode (WGM) optical resonator, nonreciprocal transmis-
sion with 99.6% rectification was observed for photons,
without any magnetic field or optical nonlinearity [70]. By
the spinning of a shape-deformed resonator, purely opti-
cal effects such as mode coupling [71] and broken chiral
symmetry [72] have also been revealed. Such spinning
devices can also be useful in nanoparticle sensing [73] or
single-photon control [74]. For sound, excellent isolation
was demonstrated even earlier by use of a circulating fluid
[75]. In recent experiments, chiral mechanical cooling was
realized via nonreciprocal Brillouin scattering [58,62—64].
Here, as another necessary element, we show that nonre-
ciprocal amplification of phonons can be achieved by use
of'the optical Sagnac effect induced by a spinning resonator
[70]. This opens up a new route to operate nonreciprocal
COM devices for applications in, for example, backaction-
immune force sensing [11] and chiral acoustic engineering
[76,77].

II. MODEL AND SOLUTIONS

We consider two coupled resonators, one of which
is purely optical and the other supports a mechanical
breathing mode (frequency w, and effective mass m)
when pumped by light of frequency w; and amplitude &;.
Evanescent coupling between these resonators exists in the
1550-nm band, and the laser is coupled into and out of
the resonator via a waveguide (see Fig. 1). The two res-
onators share the same resonance frequency w. for the
stationary case. The decay rates of the COM resonator and
the optical resonator are y; and y,, respectively, which
are related to the optical quality factors Q) and Q; (i.e.,
Y12 = w:/012). This compound system, used to observe
phonon lasing experimentally [16,17], can be further tuned
by spinning of the optical resonator with speed €2, due
to the Q2-dependent optical Sagnac effect. An immediate
consequence of this effect is that for the counterclockwise
(CCW) rotation denoted by 2 > 0, phonon lasing can be
enhanced or blocked by driving of the system from the left
or the right [or equivalently, for the clockwise (CW) rota-
tion denoted by ©2 < 0, the phonon lasing is enhanced by
driving of the system from the right and it is blocked when
the driving is from the left]. This, as already mentioned,
realizes a highly tunable nonreciprocal phonon laser by
flexible tuning of the rotation speed and the drive direction.

In a spinning resonator, the CW or CCW optical mode
experiences different refractive indices [70]; that is, ny =
n[1 £rQn=? —1)/c], where n and r, denote, respec-
tively, the refractive index and the radius of the resonator,
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FIG. 1. (a) A nonreciprocal phonon laser composed of a spin-
ning optical resonator coupled to a COM resonator. For the CCW
rotation, driving of the system from the left (with Ag,, > 0)
increases the mechanical gain. The inset shows the equivalent
two-level-system model for phonon lasing where the transi-
tions between supermodes are mediated by phonons. (b) Driving
the system from the right (with Ag,, < 0) suppresses or even
completely blocks the phonon-lasing process.

and c is the speed of light in vacuum. As a result, the
frequencies of the CW and CCW modes of the resonator
experience Sagnac-Fizeau shifts [78,79]. For light propa-
gating in the same direction as, or direction opposite that
of, the spinning resonator, we have

We —> W + |ASag|a

with

nrow, 1 Adn
Agro = £ l——— —— 1
Sa c ( n? nd)»)’ O

where A = c/w,. is the optical wavelength. The disper-
sion term (A/n)(dn/d)\) denotes the Lorentz correction to
the Fresnel-Fizeau drag coefficient, characterizing the rela-
tivistic origin of the Sagnac effect [78]. This term, which is
relatively small in typical materials, can be safely ignored
as confirmed in a recent experiment [70]. In such a device,
light is dragged by the spinning resonator, leading to
nonreciprocal transmissions for optical counterpropagat-
ing modes (see Ref. [70] for more details). Below we show
that for our COM system this leads to distinct changes
of the radiation pressure on the mechanical mode, hence
resulting in a nonreciprocal phonon laser.

As shown in Fig. 1, spinning the resonator along the
CCW direction and driving the device from the left or the
right induce an optical redshift or blueshift (i.e., Agyg > 0
or Agye < 0). The Hamiltonian of the system, in a frame
rotating at frequency w;, can be written as (h = 1)

H = HO + Hint + Hdr’
Hy=—Asdlay — (AL + Asag)dbar + wnb'h, o
Hip = —CXOaTcn(lfr +b)+ J(afaz + agal),

I
Hy = i(era, — ejay).
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Hj is the free Hamiltonian, where the first and second
terms describe the optical modes in the COM resonator
and the spinning resonator, respectively, and the third term
denotes the energy of the mechanical mode. Hiy is the
interaction Hamiltonian, where the first term describes the
coupling between the optical and mechanical mode in the
optomechanical resonator and the second term describes
the coupling between the optical modes of the resonators.
A; = wp — w, 1s the detuning between the drive laser and
the resonance frequency of the resonator, @; and @, denote
the optical annihilation operators of the resonators (cou-
pled with the optical strength J), xo = /h/2mw,,, b is the
mechanical annihilation operator, { = w./r; denotes the
COM coupling strength, and ;| is the radius of the COM
resonator. Finally, Hy. denotes the drive that is fed into
the coupled-resonator system through the waveguide (see
Fig. 1), with driving amplitude

e = /291 Pin/hwy

and input power Pj,.
The Heisenberg equations of motion of this compound
system are then written as

a; = (iA — yai + iCxo(b + bT)al —iJay + ¢;,
ay = [i(AL + Asag) — 12]az — iJay, (3)
b= —(iwn + ym)b + itxoala,

where y,, is the damping rate of the mechanical mode. As
already confirmed in an experiment with an optomechani-
cal phonon laser [16], for a strong pump field, the quantum
noise terms can be safely ignored if one is interested only
in the mean-number behaviors (i.e., the threshold feature
of the mechanical gain or the phonon amplifications). Set-
ting all the derivatives of Eq. (3) to zero, we can readily
derive the steady-state solutions of the system as

&L
als = N N 5
Vi — (AL +8x) +J2/[y2 — i(AL £ | Asag))]

. Jal,s . é.xOlal,s|2
- N s = - .
Ap £ |ASag| + iy ’ Wy — ¥Ym

aps

4)

where x; = xo(bs + b}) is the steady-state mechanical dis-
placement. Combining these expressions gives the balance
equation of the radiation and spring forces:

m(w% + y2)xs = helay 4.

The displacement x; is determined from the optical density
|a1,3|2 inside the COM resonator, which clearly depends
on Agy (see also Fig. 2; e.g., both |al,s|2 and x; become
significantly different for Ag,y > 0 or Agye < 0). Also, the
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FIG. 2. (a) The steady-state photon number |a;,|*> as a func-
tion of the optical detuning A;. The dependence of |a; ;> on the
spinning speed 2 is clearly seen. (b) The mechanical displace-
ment amplification factor 1 versus A . Parameters are chosen as

Q =6kHz,J/w, = 0.5, and P;, = 10 uW.
ratio n of the steady-sate mechanical displacement x; for
spinning and not spinning the resonator is given by

_ xS(ASag > Os < 0)
N>< = XS(Q _ 0)

In close analogy to an optical laser, a coherent emission
of phonons can be achieved with compound resonators
through inversion of the two optical supermodes [16,17].
This leads to a phonon laser at the breathing mode with
frequency w,,, above the threshold power Py ~ 7 uW,
according to Grudinin et al. [16].

By use of the supermode operators a+ = (a; + a2)/~/2,
Hy and Hy, in Eq. (2) can be written as

Ho = w+a1a+ +w_a a_ + wub'b,
i (5)
Hye = —z[eL(a*+ +d)—Hel,
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with the supermode frequencies
wy = —Ap — %ASag +J.

Under the rotating-wave approximation [16,20], the inter-
action Hamiltonian can be written as

Hine = —%(dia,b + bTaT_aJr)

ASag

: (' a_+d a). (©6)

+

Besides the first term, which describes the absorption and
emission of phonons (as in a conventional COM system)
[16], Hint in Eq. (6) includes an additional ©2-dependent
term that implies that the coupling between the optical
supermodes depends on the Sagnac effect. The second term
in Eq. (6) is the reason for the striking modifications in
the phonon-lasing process, which is very different from the
ordinary cases without the coupling of supermodes [16].
In general, the supermode operators ai = (a; £ a2)/+/2
are defined for coupled cavities sharing the same resonant
frequency. These operators can still be used here because
the Sagnac shift in our system is much smaller than the
optical detuning and the optical coupling rate. It is possi-
ble to introduce another transformation to diagonalize the
two-mode system, such as that in recent work on a phonon
laser [18]. We have confirmed that, since the Sagnac shift
is Agag/wnm 22 0.1 for = 6 kHz (i.e., much smaller than
Ay and J), this transformation can be safely reduced to the
above operators as we used.

In the supermode picture, we can define the ladder
operator and population-inversion operator of the optical
supermodes as [16]

p=da,, dn=da,—da,

respectively. The equations of motion of the system then
become

. icx
b= —(Ym +iwy)b + %p,

p=-=20y+i))p+ é(ASag — ¢xob)dn (7)

1
+ —=(efay + eal),

V2

with y = (y1 4+ »»)/2. By using the standard procedures
(see Appendix B for more details), we can easily obtain

the mechanical gain; that is, G = Gy + G, where

0= 2<2J(ixfo),:)yfi 8y? ®
and
G 1ol O =2 (Bsy 4280y o
4B + QAL+ Dsap)?V2 12 — )+ 4y7]
with
p=J?+y?— AL+ % — AsigAr, - (10)

in consideration of Ag,, < Az,J and ¢xo/Ap < 1. The
population inversion n can also be derived as

2 el (AL + Asag) (11)
no~ —— ,
B +ayial

with Bp = B(Asse = 0). We have confirmed that the con-
dition ¢xo/A; < 1 is valid for the range of parameters
used in this work. However, in the numerical simulations,
we do not use this approximation and thus the results
presented are valid for the general case. Different from
the conventional phonon-laser system, where both res-
onators are stationary [16], besides the term Gy, we also
have a new term G that depends on both Ag,, and A;.
This indicates that by tuning 2 and A, together, we can
make the mechanical gain G very different for Ag,g > 0 or
ASag < 0.

The non-negative mechanical gain G decreases the
effective damping rate of the mechanical mode yegr = 1 —
G. Initially, this leads to heating of the mechanical oscil-
lator, and parametric instabilities can occur for y.g < 0.
In this situation, an initial fluctuation of the mechanical
displacement can grow exponentially until the oscilla-
tion amplitude is saturated due to the nonlinear effects,
which results in a steady-state regime with a fixed oscil-
lation amplitude (i.e., the phonon-lasing regime) [3,16].
In practice, the in-phase and quadrature components of
the mechanical motion mode, as well as its power spec-
tral density, can be experimentally measured, from which
a transition from a thermal state below threshold to a coher-
ent state above threshold can be demonstrated, as the linear
gain is turned on and allowed to increase until the phonon
laser reaches the steady state [15].

III. NUMERICAL RESULTS AND DISCUSSION

Figure 2(a) shows the steady-state populations of intra-
cavity photons as a function of the optical detuning. As
in relevant experiments [16,70,80], the parameter val-
ues are taken as n =148, r, =34.5 um, Q; =9.7 x
107, r, =475 mm, O, =3 x 10", m =50 ng, y, =
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0.24 MHz, w,, = 2w x 23.4 MHz, and Q2 = 6 kHz, and
thus Agge/w, ~ 0.1, It is seen that spinning the res-
onator increases the intracavity photon number |aj|?
when Ag,; > 0 or decreases it when Ag,, < 0, compared
with the stationary-resonator case (€2 = 0). This change
in the intracavity photon number then modifies the radi-
ation pressure. Thus, we can tune (increase or decrease)
the strength of optomechanical interactions effectively by
tuning the speed and direction of the rotation of the res-
onator. Intuitively, this direction-dependent feature for the
intracavity photon number (and also the resulting radiation
pressure) can be well understood by the motion-induced
different refractive indices for the counterpropagating
modes, as demonstrated very recently in a spinning res-
onator [70] (see also similar phenomena in a moving opti-
cal lattice [81] or in an acoustic device with a circulating
fluid [75]).

Figure 2(b) shows the mechanical displacement amplifi-
cation factor 1. Note that x, is enhanced in the red-detuning
regime for Agy,, > 0 or in the blue-detuning regime for
Agag < 0, which is due to the enhanced COM interaction.
The amplified displacement indicates an enhancement of
phonon generation.

We show in Fig. 3 the mechanical gain G as a function
of the optical detuning A; for different values of Q2. In the
stationary-resonator case (2 = 0), the peak position of G
is always the same regardless of the direction of the driving
light: we have G > y,, around A;/w,, ~ 0.5, correspond-
ing to a conventional phonon laser in the blue-detuning
regime [16]. In contrast, spinning of the resonator leads to
a redshift or blueshift shift also for the mechanical gain G,
with Agee > 0 or Ag,e < 0, respectively. Because of these
shifts, by tuning A; (e.g., Ar/wy, ~ 0.45 in the specific
example in Fig. 3), we can enhance the mechanical gain
for Ag,g > 0 and significantly suppressit (i.e., G < y,,) for
ASag < 0.

The underlying physics can be explained as follows.
Spinning the resonator results in opposite shifts of the
counterpropagating WGMs, leading to nonreciprocal light
transmission [70]. For the Ag,, > 0 case, the driving light
is in the resonators, inducing an enhanced radiation pres-
sure, which corresponds to an enhanced population inver-
sion [see Eq. (11)]. As a result, the mechanical gain is
enhanced. For the Ag,, < 0 case, on the other hand, the
driving light is transmitted out of the resonators, inducing
a weakened radiation pressure, so the mechanical gain is
nearly zero, (i.e., no phonon lasing). Thus, our system pro-
vides a new route to control the behavior of phonon lasing.

Once the mechanical gain is obtained, the stimulated
emitted phonon number N, can be calculated; that is,

Np = exp[2(G = ¥Ym)/ V], (12)

which characterizes the performance of the phonon laser.
Figure 4(a) shows N, with Ay /w,, = 0.45 and Q = 6 kHz

Detuning A, /w,,

(b) | | | |
L6 //\
Phonon lasing (Agyg> 0) |
12t
&
O
= 0.8
=
)
04 r
No phonon lasing (Ag,,< 0)
g [ e
0.44 0.45 0.46
Detuning A, /w,,
FIG. 3. (a,b) The scaled mechanical gain G/y,, as a function

of the optical detuning A;. Phonon lasing can be generated (red
curve) or prohibited (blue curve) for different rotation directions,
indicating that acoustic nonreciprocity can be achieved, as shown
in (b). The thick points in the vertical pink band in (a) correspond
to two different driving directions at A; /w,, = 0.45. The other
parameters are the same as those in Fig. 2.

[corresponding to the maximal value of the mechanical
gain in Fig. 3(a)]. From the threshold condition for phonon
lasing N, =1 (i.e., G = y»), we can easily derive the
threshold pump power [16]. For J/w,, = 0.5, we substi-
tute Egs. (8) and (11) into the threshold condition, and then
obtain

P~ 2hVVme[M + V2(2AL + ASag)z]
h ~
' Y1 (£x0)2 (AL + Asag)

: (13)
with
M= (J?+y? — A7 — AsieAL)?,

in which we have used |bs|> <« 1 at the threshold. We
can see that the Sagnac effect has a significant impact
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FIG. 4. (a) The stimulated emitted phonon number N, as a

function of the pump power Pi,. The thick points correspond to
the threshold power Py,, which is determined by the threshold
condition G = y,,. (b) Dependence of the isolation parameter R
on the optical detuning A, and the rotation speed 2. The isola-
tion parameter R can be maximized as R ~ 10 dB for A, /w,, =
0.45 and Q2 = 6 kHz [red point in Fig. 3(a)]. The parameters are
J/wyu = 0.51n (a,b), and Py, = 10 uW in (b).

on the threshold. For Agy, > 0, the threshold power
can be reduced to 6.03 uW, which is attributed to the
enhancement of the mechanical gain. It is obvious that
more phonons can be generated with larger pump powers.
For Agye < 0, the mechanical gain is blocked at A, /w,, =
0.45, so a larger input power is needed to achieve a phonon
laser. The threshold power is up to about 26.6 uW for
a stationary system (2 = 0). However, at the resonance
point (Ar/w, = 0.5), the threshold for phonon lasing is
6.53 uW, which approaches the threshold of about 7 uW
reported in experiments [16].

An optimal spinning speed should be chosen to obtain
a considerable phonon number. To clearly see the effect
of the spinning speed on the stimulated emitted phonon

number, we introduce the isolation parameter [42,60]

Np($2 > 0)

R = 10log,, 222 =)
9810 N < 0)

(14)

Acoustic nonreciprocity can be achieved for R # 0 or
Nb(ASag > 0) # Nb(ASag < 0),

indicating that the spinning COM system is driven from
two different directions.

Figure 4(b) shows R versus the optical detuning and
spinning speed. Nonreciprocity emerges for the two detun-
ing regions around Ay /w,, ~ 0.45 and A;/w,, ~ 0.55. For
Ap/wy, = 0.5, we have R ~ 0, implying a reciprocal sys-
tem. The nonreciprocity becomes obvious for the spinning
resonator, which is an inevitable result from the difference
between dn(Ag,e > 0) and 6n(Asg,, < 0). Phonon lasing is
favorable in the Ag,, > 0 regime and is always suppressed
for Agag < 0. This brings about the convenience of turning
on or off the phonon lasing just by changing the driving
direction. Optical nonreciprocity has been demonstrated in
a pure optical system by spinning of the resonator [70].
In our spinning COM device, nonreciprocal phonon lasing
can be realized due to the optical Sagnac effect, which can
change the radiation pressure in the COM devices.

IV. SUMMARY

In summary, we study theoretically the role of rotation
in engineering a nonreciprocal phonon laser. We show that
in our system, consisting of a COM resonator coupled to
a spinning optical resonator [16,70], the optical Sagnac
effect strongly modifies not only the intracavity optical
intensities but also the mechanical gain and the phonon-
lasing threshold. As a result, the threshold pump power
can be reduced or raised, depending on whether the drive
is input in the same direction as or in the direction opposite
that of the spinning resonator. Our results (i.e., control-
ling the behavior of a phonon laser by use of a spinning
resonator) shed new light on engineering COM or other
acoustic devices, such as COM transducers or motion sen-
sors. In future work, we will further study, for example,
purely quantum correlations of emitted phonons, in which
quantum noise terms should be included, or a nonrecipro-
cal phonon laser operating at an exceptional point [18].
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APPENDIX A: DERIVATION OF THE
HAMILTONIAN

We consider two coupled WGM resonators, as shown
in Fig. 1. One resonator supports a mechanical mode with
frequency w,, and effective mass m, which is pumped by a
driving field at frequency w; . The other resonator is purely
optical, and can spin. The optical modes in the COM and
optical resonators are denoted as a; and a,, respectively.

The two cavities share the same resonance frequency
(denoted as w,) for the stationary case. The resonance fre-
quency of the spinning optical resonator can be shifted, as
a result of the Sagnac effect. Therefore, the free Hamilto-
nian describing the optical and mechanical modes can be
written as (h = 1)

Hj = waja + (@, — Asgg)ayay + wub'h, (Al
where b is the mechanical annihilation operator and Ag,,g
is the frequency shift induced by the Sagnac effect. For the
resonator spinning along the CCW direction, Agyy > 0 or
Asgag < 0 corresponds to the driving field from the left or
the right.

In this system, we consider the coupling between the
optical mode and the mechanical mode in the COM res-
onator, and the evanescent coupling between the two
resonators. The interaction Hamiltonian can be written as
H!, = —{xoawl‘al(bT + b) +J(aJ{a2 + a;al),

1

(A2)

where ¢ = w./r; denotes the COM coupling strength, J
is the optical coupling strength, and xo = /h/2mw,,. The
driving field is fed into the COM resonator through the
waveguide. Then the driving Hamiltonian reads

* _iwrt

Hj, = i(sLe*"“’”a;r —&je“ay), (A3)

where &7 = +/2y1Pin/hwy is the driving amplitude with
input power Pj, and optical loss rate y;.
The total Hamiltonian of the system can be written as
H' = Hy + Hyy + Hy..
By using the unitary transformation

; T i
__ —lwpt(a;ay1+a,a
U = ¢ ioLtaa 22)’

we can transform the Hamiltonian H’ into the rotating
frame; that is,

F oy . 1—8U
H=UHU-iU —.

ot
Then we have

H= HO +I—Iint +Hdr»

Hy = —Agalay — (AL + Asag)abar + @,b'h, )
Hiy = —Cxoaial(bT +b) —i—J(anLaz + a;al),

Lo
Hg = i(era, — €fay),

where A; = w; — w, is the detuning of the driving field.
This Hamiltonian sets the stage for our calculations of the
mechanical gain and the threshold power.

We then introduce the supermode operators a+ = (a; +
a>)/~/2, which satisfy the commutation relations

[ay.d\]1=[a_.a 1=1, [as,a ]1=0.

Hy and Hg; in Eq. (A4) can be written as

Hy = w+a1a+ +w_d a_ + w,b'b,

i . AS
Hyr = ;[SL(LZI_ +a')—Hcl], (83)

V2

with the frequencies wy = —A — %ASag +J, and Hiy
can be transformed to

Hint = Hiont + Hilnt

- —%[(ala+ t+a al)+ @la_+a a)]b +b)
ASag

2

+ (@ha_ +d a)). (A6)

In the rotating frame with respect to H,, we have

HO

X ; A
0 = _%[ala_bez(ll—wm)t + a+aT_bTe—z(2J—wm)t

+dla_bfe®rent g q! pe=i®+omt

+ (a1a+ +ala ypeon + be~iemt)].
Under the rotating-wave-approximation condition

2J +a)m: Wy > |2J - C()mla

(2] +om)t —i(2T +wm)t

+
,and (alas +

a a_)(bTe®n’ + be=@n’) can be omitted in compari-
(2 —om)t

the terms aia,b*e ,ayalbe

son with the near-resonance terms ala_be and

064037-7



Y. JIANG et al.

PHYS. REV. APPLIED 10, 064037 (2018)

a.a bfe=@=emt [16]. Therefore, we have a simplified
interaction Hamiltonian:

Hine = —%(aia,b + bTaT_aJr)

A
+ ﬂ(ala, + aT_aJr).

5 (A7)

APPENDIX B: DERIVATION OF THE
MECHANICAL GAIN

In the supermode picture, the equations of motion of the
system can be written as

. . i Er
ay = —(ioy +y)as + E(CXOb — Agagla— + Nk
1 = —(o- + Y)a- + L @xob — Asgay + L
a_ = lw_ +y)a_ 2 £xo Sag)d+ «/5’
b == _(ia)m + yn1)b + %aJraT—'
(BD)

We can define the ladder operator and the population-
inversion operator as

p= aia+, on = a1a+ - aia,,
respectively. The equations of the system then read

. iZx
b= _(Vm + lwm)b + %}7,

p=-20+il)p+ %(ASag — ¢xob)dn (B2)

[ t
+ —=(¢era+ +eral).

V2

By setting the time derivatives of a1 and p to zero with
¥ > Y, We obtain the steady-state values of the system;
that is,

_ V2(ejay + e1a") — i(exob — Asip)dn
- 2i(2) — wy) +4y '
e Qiw_ + 2)/ + Z'Q'X()b - iASag)
ay = . , (B3)
2V2[B — iQQAL + Asap)V]
1 Qiwy + 2y +i¢xob’ — iAsyg)

2\/5[,3 - i(ZAL + ASag)y]

p

with
B = Bo— Asae [AL + %Re(b)] ,

(¢x0)*ny,

Bo=J+y*— Al + .

where the phonon number n, = b'h. Substitution of Eq.
(B3) into the dynamical equation of b in Eq. (B2) results in

b = (—iwy — i0' + G — y)b + D, (B4)

where

 (@x0)2 (2 — w,)on
42 — wp)? + 16y2
(¢x0)*leL)*Y? QAL 4 Asag)

[2(2] — wn)? + 8y21[B% 4+ QAL + Aseg)?v?]
D= : CXOASagsn

4i(2J — wy) + 8y

itxoB(y —iJ)|eLl?
[21(2«] — W) + 4y][ﬂ2 + QAL+ ASag)zyz]
itxoy el QAL + Asag) (AL + Asyg)

[2i2J — wn) +4y][B* + QAL + Asag)?y?]

/

_l’_

and the mechanical gain is G = Gy + G, with

G — (¢x0)*ydn
T 20T —w)? + 8y?’
g |8L|2(§x0)2(wm - 2J)(ASag + ZAL)V

T A+ QAL+ As 22T — wm)? + 417
(BS)

where §n can be expressed as

_ leL*[2J (AL + Asag) — yExoIm(b) — JgxoRe(D)]

én
182 + )/2(2AL + ASag)2

In consideration of Ag,y < Az,J and ¢xo/A; K 1, we
have

. |eL1’[2J (AL 4 Asag) — ¥ Exo Im(b) — J {xg Re(h)]
Bt + 4y AL(AL — Asag) + BoAsag[AL + xg Re(b)]
2JAp — yExoIm(b) — J¢xoRe(b) — 2J Agyg
BE +4y2A7
. |:1 _ IBOASag(ZAL + &xo Re(b)) - SVZALASag:|
B +4y2A7
_leP[2J AL — J¢xoRe(b) — y&xo Im(b)]
- By +4v2A;

~ Jeg|* -
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2ASagJ|8L|2
By +4v2A

220 B0 A
.<1+ . Sg,BO2 L2)+
By +4v:A7
2J e ?

> M(AL + Asag),

in which we have used 8 >~ By — AgagA;.

APPENDIX C: EXPERIMENTAL FEASIBILITY OF
THE SPINNING RESONATOR

The resonator can be mounted on a turbine, which spins
the resonator, as in a very recent experiment [70]. In this
experiment, the resonator with radius » = 4.75 mm can
spin with the stability of its axis, reaching a rotation fre-
quency of 3 kHz. In our calculations, the rotation speed is
chosen according to this experiment [70]. For example, the
Sagnac shift is Ag,s = 14.6 MHz for 2 = 6 kHz, leading
t0 Agag/@wp ~ 0.1.

By positioning the resonator near a single-mode fiber,
we can couple the light into or out the resonator evanes-
cently through the tapered region. In the device, aerody-
namic processes lead to a stable resonator-fiber coupling,
which can be explained as follows. A fast-spinning res-
onator can drag air into the region between the cavity and
the taper, forming a boundary layer of air. Because of the
air pressure on the surface of the taper facing the resonator,
the taper flies at a height above the resonator, which can be
several nanometers. If some perturbation causes the taper
to rise higher than the stable equilibrium height, it floats
back to its original position [70]. The self-adjustment of
the taper separation from the spinning resonator enables
critical coupling of light into the cavity, by which counter-
circulating lights experience optical drags identical in size
but opposite in sign. This experiment also confirms that
the taper does not touch or stick to the rotating resonator
even if the taper is pushed toward it, which is in contrast
to the situation for a stationary resonator (i.e., the taper
can stick to the resonator through van der Waals forces
and thus needs to be pulled back to break the connection).
Other factors, including intermolecular forces, lubricant
compressibility, tapered-fiber stiffness, and the wrap angle
of the fiber, may affect the resonator-waveguide coupling.
However, these factors are confirmed to be negligible in
the experiment. In our scheme, the spinning resonator is
coupled with the stationary COM resonator, instead of the
fiber, in which stationary coupling of the two resonators
can also be achieved.
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