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As the hyperentanglement of photon systems presents lots of unique opportunities in high-capacity
quantum networking, the hyperentanglement purification protocol (hyper-EPP) becomes a vital project
work and the quality of its accomplishment attracts considerable attention recently. Here we present the
first theoretical scheme of faithful hyper-EPP for nonlocal two-photon systems in two degrees of freedom
(DOFs) by constructing several fidelity-robust quantum circuits for hyper-encoded photons. With this
faithful hyper-EPP, the bit-flip errors in both the polarization and spatial-mode DOFs can be efficiently
corrected and the maximal hyperentanglement in two DOFs could in principle be achieved by perform-
ing the hyper-EPP multiple rounds. Moreover, the fidelity-robust quantum circuits, parity-check quantum
nondemolition detectors, and SWAP gates make this hyper-EPP works faithfully as the errors coming from
practical scattering, in these quantum circuits, are converted into a detectable failure rather than infidelity.
Furthermore, this hyper-EPP can be directly extended to purify photon systems entangled in single polar-
ization or spatial-mode DOF and that hyperentangled in polarization and multiple-spatial-mode DOFs.
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I. INTRODUCTION

Quantum entanglement is a unique phenomenon in
quantum physics and constitutes a core resource in quan-
tum communication networks, such as quantum telepor-
tation [1], quantum dense coding [2,3], quantum key
distribution (QKD) [4,5], quantum secret sharing [6],
quantum secure direct communication (QSDC) [7-9],
and so on. The high-quality entanglement between dis-
tant quantum nodes constitutes an efficient basis for
quantum communication. For example, two parties in a
quantum-communication network can generate a private
key through the maximally entangled channel with QKD
[4,5], and they can also directly exchange their private
message securely using QSDC protocols [7-9]. Hyper-
entanglement is an interesting phenomenon in which a
quantum system is simultaneously entangled in multiple
degrees of freedoms (DOFs) [10], and it nowadays opens
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up the possibility for new kinds of quantum-information
processing. For example, it can be used to largely improve
the channel capacity and the security of quantum com-
munication in linear photonic superdense coding [11],
complete the deterministic Bell-state analysis [12—15], and
assist deterministic entanglement purification [16—20]. In
addition, the hyperentanglement can be used to imple-
ment basic quantum-computation algorithms in the one-
way model [21-24] and construct hyperparallel quantum
gates with full potential of parallel computing capability
[25-31]. So far, hyperentangled states have been demon-
strated recently using different photonic DOFs [32-39].

In practice, quantum entanglement is created locally and
the distribution of quantum entanglement is a prerequi-
site for a quantum-communication network. However, the
interaction between the photons and their environment will
inevitably decrease the photonic entanglement or even turn
the photon systems into mixed states. This will signifi-
cantly decrease the security and the efficiency of quantum
communication. In order to establish a large-scale quan-
tum network, the quantum repeater is proposed to suppress
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the decoherence caused by environmental noise [40—42].
Entanglement purification is one of the essential building
blocks for quantum repeaters, and it can distil a subset of
high-fidelity entangled quantum systems from a set of less-
entangled ones [43]. Since the first entanglement purifica-
tion protocol (EPP) was proposed with quantum controlled
NOT gates and bilateral rotations [44], some practical
and interesting EPPs have been presented with different
methods, including conventional EPPs [45—48] and the
deterministic EPPs [16-20]. These protocols are efficient
for distilling entanglement in a single DOF, such as the
polarization DOF. When it comes to high-capacity quan-
tum communications based on hyperentanglement, the
parties in quantum communication have to distil the high-
fidelity hyperentanglement from the less-hyperentangled
ones, polluted by the channel noise during the entangle-
ment distribution process. In 2013, Ren and Deng [49] pro-
posed a preliminary hyperentanglement purification proto-
col (hyper-EPP) with parity-check quantum nondemolition
detectors (QNDs) for two-photon four-qubit systems. Sub-
sequently, Ren et al. [50] largely improved the efficiency
of the hyper-EPP using the quantum-state-joining method.
Recently, a general hyper-EPP for a two-photon six-qubit
systems was proposed with parity-check QNDs and SWAP
gates [51], and it demonstrates a universal method for
distilling the hyperentanglement in the polarization and
multiple-longitudinal-momentum DOFs.

In EPPs and hyper-EPPs, the parity-check QND com-
pletes the first step by picking out the components con-
tributing to the final entanglement, and then the SWAP gate
will be used to increase the efficiency of hyper-EPPs by
transferring the entanglement in a controllable way. In gen-
eral, both the parity-check QND and SWAP gate for hyper-
encoded photons can be constructed with the interaction
between a single photon and an artificial atom embed-
ded in a cavity. Although the fidelities and efficiencies of
these two processes can, in principle, approach unity, the
corresponding performance with the practical scattering
degrades drastically, due to the deviation from the ideal
scattering condition, such as the nonzero side leakage of
the cavity and the finite coupling strength between the
cavity and the atom [49—51]. This will inevitably degrade
the performance of the hyper-EPP for photon systems.
In detail, the parity-check QND with unity fidelity will
project the target photons into a subspace with a determin-
istic parity without any distortion on the photon systems.
However, a nonunity-fidelity parity-check QND will intro-
duce some error components with the orthogonal parity,
which will inevitably cause errors in hyper-EPPs. Simi-
larly, the unity-fidelity SWAP gate swaps quantum states
between two photons in a perfect way, while the imperfect
SWAP gate will complete the swapping process imperfectly
and distort the state of the photons. These undesirable side
effects can be referred to as the secondary pollution to
the original photon systems. Generally speaking, all these

nonideal processes will degrade the quality of the prac-
tical quantum-information-processing tasks, such as the
hyper-EPP [49—51] and the hyperparallel optical comput-
ing [25-29]. For the hyper-EPPs, it will consume more
quantum resources and also limit the reliability of the
hyper-EPPs, when only nonunity-fidelity quantum pro-
cesses are available. Therefore, it is of great importance
to construct the faithful hyper-EPP with fidelity-robust
parity-check QNDs and SWAP gates when realistic scatter-
ing conditions are involved.

In this paper, we propose a faithful hyper-EPP for two-
photon systems hyperentangled in both the polarization
and spatial-mode DOFs. This hyper-EPP consists of two
purification steps. The first one resorts to fidelity-robust
parity-check QNDs, which will pick out the effective pho-
ton pairs with higher fidelities in either the polarization
or the spatial-mode DOFs. This hyper-EPP is completed
directly if the purified photon pairs are of higher fideli-
ties in both DOFs. However, the parties need to perform
the second purification step to pump the higher-fidelity
entanglement of different photon pairs into one photon pair
by using quantum SWAP gates. The parity-check QNDs
and SWAP gates in our hyper-EPP are constructed in an
interesting structure, which can transfer the infidelity orig-
inating from the imperfect single-photon scattering into a
heralded failure. Once the parity-check QNDs and SWAP
gates succeed, their fidelities will approach unity, which
makes our hyper-EPP works faithfully. Moreover, our
hyper-EPP is suitable to purify the photon systems entan-
gled in a single DOF, such as the polarization DOF or the
spatial-mode DOF by utilizing our fidelity-robust parity-
check QND for two-photon systems in the polarization
DOF or the spatial-mode DOF, and meanwhile it can
be directly extended to purify the photon systems hyper-
entangled in more DOFs, such as the polarization DOF
and the multiple-spatial-mode DOFs by constructing the
corresponding parity-check QNDs and SWAP gates in a
similar way. In principle, the fidelity of photon systems
can gradually approach unity in all DOFs by performing
multiple-round purification with our hyper-EPP.

II. INTERACTION RULES FOR A CIRCULARLY
POLARIZED PHOTON WITH A CIRCUIT UNIT
CONSISTING OF A QD IN A DOUBLE-SIDED
MICROCAVITY

A singly charged quantum dot (QD) embedded in a
double-sided microcavity constitutes an interesting inter-
face for a single QD and a single photon [52,53]. The
microcavity consists of two partially reflected Bragg mir-
rors and supports two circularly polarized degenerate
modes. The dipole transition associated with the singly
charged QD is strictly constrained by Pauli’s exclusion
principle, shown in Fig. 1. Here, the two single-electron
ground states | 1) and | |) couple to the excited trion X —
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FIG. 1. Schematic diagrams for a singly charged QD in a
double-sided microcavity, the relevant energy levels, and the
optical transitions. |[RT) (JRY)) and |L") (JLV)) represent the right-
and left-circularly polarized photons propagating along (against)
the quantization axis Z, respectively.

states | 10 1t) and | | 1) by the absorption of a circularly
polarized photon of S, = +1 (|LY) or |R")) and S, = —1
(|RY) or L)), respectively. The quantization axis Z of the
QD electron spin is along the direction of the microcavity.
When a circularly polarized photon is injected into
the double-sided microcavity, it will be scattered by the
QD-cavity union. The corresponding reflection and trans-
mission coefficients could be determined by solving the
Heisenberg equations for the cavity mode a and the QD
operator 6_ in the interaction picture, along with the
input-output formalism of quantum optics [54]

A Ks] o A
az—[i(a)c—a))—f—lc—l-z]a—go_
- \/E(&in’ + &in) +]:Ia
6 = —[ilwx- —o) +%]6- —gga+ G, D
ar = Gin + Vka,
&y = gy + xa,

where w, w., and wy- represent frequencies of the pho-
ton, the cavity, and X ~ transition, respectively. y, «, and
kg are the X ~ dipole decay rate, the cavity decay rate, and
the cavity side-leakage rate, respectively. S and G are the
noise operators that help to preserve the desired commuta-
tion relations. &, a;,, @, and a, are, respectively, the input
and output modes, shown in Fig. 1.

In the weak excitation limit where the QD dominantly
occupies the ground state and (6,) ~ —1, the reflection and
transmission coefficients 7(w) and #(w) of the QD-cavity
system can be detailed as [55]

rw) =1+ tHw),

—k[i(wy- —w) +y/2]
[i(wx- — @) +y/2][{(we — ©) + & +K/2] + g%
)

tw) = —

When a polarized photon is scattered by a QD initialized
to the orthogonal ground state, it will decouple from the
QD transition and g = 0, the reflection and transmission

coefficients now can be simplified to

ro(w) = 1+ fy(w),
K 3)
Ci(we — @)+ Kk /2

fy(w) =

Therefore, when a circularly polarized photon is scat-
tered by a singly charged QD embedded in a double-sided
microcavity, the corresponding evolutions can be detailed
as follows [55]:

IR" 1) — rILY 1) +1[R" 1),
ILY 1) — rRT ) + 1LY 1),
IRY 1) — 1o|R* 1) +rolL" 1),
ILY 1) = lLT L) + rolRY 1),

)

)

)

) (4)
[RY L) = rILT J) + 4R |),

)

)

)

1LY 1) — rIRY L) + LY ),
IRT ) — tolRY 1) +rolL* )),
ILY 1) — tlLY L) +rolRT ).

By introducing several linear optical elements, we can
modify the above QD-cavity union into a robust QD-cavity
unit, shown in Fig. 2. As considered in previous works
[12—15], all linear optical elements are supposed to work
efficiently and complete ideal unitary transformations. The
electron spin of the QD is initially prepared in the state
lpt) = (1/«/5)(| M +1 1)) and a right-circularly polar-
ized photon |R) is injected into the circuit unit. After the
photon is performed on Hadamard operations in both the
spatial-mode DOF and the polarization DOF, respectively,
by a beam splitter (BS) and a linear optical element (H), it

FIG. 2. Schematic diagram of the modified QD-cavity union.
BS is a 50 : 50 beam splitter, which performs the Hadamard
operation, |i1) — (/i) + [j2))/~/2 and |i2) — (/1) — [12))/v/2,
on the spatial-mode DOF of single photons. A represents a lin-
ear optical element which performs the Hadamard operation,
IR) — (IR) + IL))/v/2 and |L) — (IR) — |L))/~/2, on the polar-
ization DOF of single photons. R is a mirror, D is a single-photon
detector, and C is an optical circulator which can route the photon
into an appropriate path.
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will be reflected by either mirror (R), and then impinge
on the QD-cavity system from the input ports. After
scattering by the QD-cavity system, the photon with dif-
ferent polarizations will be reflected by either mirror R,
pass through H, and then combine again at the BS. One
can easily find that the photon output into mode i, of
the BS is the left-circularly polarized |L) and the corre-
sponding probability amplitude is 7 = %(t +r—1ty—ro),
while the one into mode #; is the right-circularly polar-
ized |R) and the corresponding probability amplitude
is D= %(t—i—r—l— to + rp). For the photon in mode iy, it
will pass through a circulator C and click the single-photon
detector D. Therefore, the state of the hybrid system con-
sisting of the photon and the QD before the click of the
detector D can be described as

|®)1 = DIR)i1)lg™) + TIL)|iz) ™), )

where the electron spin states |p*) = %(l NESRNDE

If the electron spin of the QD is initialized to the state
|¢ ™), and the input photon is still the right-circularly polar-
ized |R), the hybrid system consisting of the photon and
the QD will evolve in a similar way as that detailed above.
The final state of the hybrid system before the photon is
detected will be described as

|®)> = DIR)|i1)lg™) + TIL)|i2) |9 ™). (6)

That is, our robust QD-cavity unit is identical to a mod-
ified QD-cavity union, shown in Fig. 2, which scatters
a right-circularly polarized photon |R) into two output
modes no matter what the QD state is. If the scattered
photon is in mode i1, it will click the single-photon detec-
tor and the electron spin of the QD in the double-sided
microcavity will remain unchanged for a direct restarting
round; while the photon scattered into mode i evolves
to a left-circularly polarized photon |L) and completes
a phase-flip operation on the QD-confined electron spin,
shown in Egs. (5) and (6). Based on the new single-photon
single-QD quantum interface, we propose three fidelity-
robust quantum circuits and they could be used directly
in the failure-heralded quantum computing and quantum
networks.

III. FIDELITY-ROBUST PARITY-CHECK QND
FOR PHOTON SYSTEMS

A hyperentangled Bell state of a two-photon system in
the polarization and spatial-mode DOFs can be written as

W) = [v)" @ [¥)°, (7)

where |) is one of the four Bell states in the polarization
DOF,

1
P — —_(|RR) £ |LL)),
l$™) ﬁ(l ) £ |LL))

1
|y *)” = —(IRL) £ |LR)),

V2

[¥)S is one of the following four Bell states in the spatial-
mode DOF,

®)

1
105) = —(laic1) £ |axca)),

2

1
ly*)S = 72<|a1c2> + |azer)).

The parity-check QND for two hyper-encoded photons
consists of two individual procedures. One distinguishes
the odd-parity states |*)” from the even-parity states
|¢~)? in the polarization DOF and the other distinguishes
the odd-parity states |*)5 from the even-parity states
|¢*)S in the spatial-mode DOF.

To measure the polarization parity of the two photons
A and C, one initializes the QD-confined electron, shown
in Fig. 3(a), to the state |pT) = (1/+/2)(| 1) + 1 {)), and
then subsequently inputs photons 4 and C into the quan-
tum circuit. As shown in Fig. 3(a), the left-circularly
polarization component |L) in both the spatial modes /,

©)

- ¢ aEE l
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&
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@ o o
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FIG. 3. (a) Schematic diagram of the fidelity-robust parity-
check QND for a two-photon system in the polarization DOF.
(b) Schematic diagram of the fidelity-robust parity-check QND
for a two-photon system in the spatial-mode DOF. CPBS is a cir-
cularly polarizing beam splitter, which transmits the photon in
the right-circular polarization |R) and reflects the photon in the
left-circular polarization |L), respectively. HWP is a half-wave
plate, which performs a bit-flip operation o, = |R){L| + |L)(R|
on the photon in the polarization DOF. T is a partially transmit-
ted mirror with the transmission coefficient 7. SW is an optical
switch, which makes the wave packets in different spatial modes
impinging into and exiting out of the circuit unit in sequence.
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and /, (I =a, ¢) will pass through the half-wave plate
(HWP) that performs a bit-flip operation on the pho-
ton, and then be scattered by the modified QD-cavity
union with the reflection coefficient D and the transmis-
sion coefficient 7, detailed in Eqs. (5) and (6); while the
right-circularly polarization component |R) in both spatial
modes will pass through the partially transmitted mirror
with the transmission coefficient 7.

During the two single-photon scattering processes, if the
photon 4 (C) is reflected by the modified QD-cavity union,
it will trigger the single-photon detector D, which marks
the failure of the parity-check QND. If both photons 4 and
C are transmitted through the modified QD-cavity union,
there is no click of the single-photon detector D. Then, the
two components of each photon, passing though different
optical paths, will combine again at a CPBS and be output
into the spatial modes /; and /,, completing the QND on
the polarization parity. The evolutions of the whole system
consisting of photons AC and the electron are described as
follows:

05 1) @ loh) — TPlo™) 1y)Sle™),
W51 @ 19Ty — T E)P1y)Sle7),

where |¢7) = (l/ﬁ)(l 1) — 1)) represents a phase-flip
state compared to |¢™). By measuring the state of the elec-
tron in the orthogonal basis {|¢™),|¢ ™)}, the polarization
parity of the two photons can be determined. In detail, if
the electron is in state |¢ ™), the polarization parity of pho-
tons AC will be projected into the even subspace spanned
by |¢*)”; if the electron is in state |¢~), the polariza-
tion parity of AC will be projected into the odd subspace
spanned by [y*)".

To measure the spatial-mode parity of the two photons
A and C, one initializes the QD-confined electron, shown
in Fig. 3(b), to the state |™), and then subsequently inputs
photons 4 and C into the quantum circuit. As shown in
Fig. 3(b), the left-circularly polarization component |L) in
spatial mode /, will subsequently pass through the HWP
and be scattered by the modified QD-cavity union, while
the right-circularly polarization component |R) in spatial
mode /, will first be scattered by the modified QD-cavity
union and then pass through HWP. If both photons are
transmitted through the modified QD-cavity union, there
is no click of the single-photon detector D, and the two
components discussed above will combine at a CPBS and
then be output into the spatial mode /,. However, for the
spatial mode /;, both the left- and right-circularly polar-
ized components will pass through a partially transmitted
mirror with the transmission coefficient 7.

The evolutions of the whole system consisting of the
photons AC and the electron are described as

W) 165 ® loh) — TP 19)"165)° ® lo*),
W IS @ 1e") = T ) @ le7).

(10)

(11

To complete the spatial-mode parity check on photons
AC, one measures the electron in the orthogonal basis
{lo*),|@7)}. If the electron is in state |p*), the photons
AC are projected into the even-spatial-mode-parity sub-
space spanned by |¢*)5; if the electron is in state |¢~), the
photons AC are projected into the odd-spatial-mode-parity
subspace spanned by |y *)5.

The failure of the parity-check QNDs for photons, hyper
encoded in the polarization and spatial-mode DOFs, can
be heralded by the clicks of the single-photon detec-
tors in the modified QD-cavity unions. However, once
the parity-check QNDs succeed, their fidelities approach
unity even when nonideal scattering conditions are used.
The original infidelity term is transformed into the fail-
ure heralded by the click of single-photon detectors. The
error-free component in each process of the parity-check
QNDs is proportional to the square of the transmission
coefficient 7. The efficiency of each parity-check QND
for photons in the polarization or spatial-mode DOF is
npc = |T|*, which in principle approaches unity when the
single-photon scattering is ideal.

IV. FIDELITY-ROBUST swarP GATES

A. Fidelity-robust SWAP gate between polarization
states of two photons

Suppose two photons 4 and 4" hyper encoded in the
polarization and spatial-mode DOFs are

|®)a = (a1|R) + BilL))4 ® [Pi) 4,

12)
|P)ar = (22| R) + BolL) 4 @ |Pi)a,

where |®;)4 = (y1la1) + 81laz))4 and |Py) ¢ = (y2la1) +
8ylay)) 4 are the spatial-mode states of the photons A
and A’. A perfect SWAP gate (P-P SWAP gate) between
the photons A4’ will exchange the polarization states of
the photons 4 and 4’ without affecting their spatial-mode
states. The ideal output of the P-P SWAP gate will be

|®) = (02| R) + B2lLN 4l Pr)a ® (1 |R)

+ BilL) a1 Pi) - (13)
The schematic diagram of our P-P SWAP gate is shown in
Fig. 4(a). Here, we use k4 and k4 to represent the spa-
tial modes of the photons 4 and 4’, since both the spatial
modes a; and a; of the photon 4 (4’) pass through the same
optical path.

To implement the P-P SWAP gate, one initializes the QD-
confined electron to the state |¢*), and then inputs the
photons 4 and A4’ through k4 and k4 into the quantum
circuit, respectively. For the first round, the CPBS splits
the photon into two components of orthogonal circular
polarizations. The left-circularly polarized one will sub-
sequently pass through the HWP and be scattered by the
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FIG. 4. (a) Schematic diagram of the fidelity-robust SWAP gate
between the polarization states of the photons A and 4" (P-P SWAP
gate). k(k = ay, ay) represents either spatial mode of the photons
A and A4'. (b) Schematic diagram of the SWAP gate between the
spatial-mode state and polarization state of the same photon (P-S
SWAP gate).

modified QD-cavity union, while the right-circularly polar-
ized one will pass through the partially transmitted mirror
with the transmission coefficient 7. If the single-photon
detector clicks, the P-P SWAP gate fails. If both photons
are transmitted through the modified QD-cavity union, the
P-P SWAP gate process will continue and combine the
two components in left- and right-circular polarization at
another CPBS. After that, one performs Hadamard oper-
ations on the polarization DOF of both the photons A4’
and the QD-confined electron, respectively. The state of
the system consisting of the two photons and the electron
is transformed into

T2
| D) = ?[051012(|RR> + [RL) + [LR) + |LL))| 1)

+ a1B2(IRR) — |RL) + |LR) — |LL))| |)
+ Bi1a2(IRR) + |RL) — |LR) — |LL))| {)
+ B1B2(IRR) — [RL) — |LR) + |LL))| 1)]

Q |Pr)a ® [Pi)ar- (14)
Subsequently, the photons will be split again for the sec-
ond round, and each component passes through a similar
optical path as it does in the previous procedure. For the
left-circularly polarized one, it will first pass through the
HWP and then be scattered by the modified QD-cavity
union for the second time. For the right-circularly polar-
ized one, it will pass through the partially transmitted
mirror with the transmission coefficient 7. If the photons
can still be transmitted through the modified QD-cavity

union, the process is going on and the two wave packets
in the left- and right-circular polarizations reunion again at
another CPBS. After Hadamard operations performed on
the photons 44" and the electron, the state of the whole
system is transformed into

T
|®)2 = E[(azlm + BalL)a(er|R) 4 BrlL).a| 1)

+ (02|R) = BalL))a(er|R) — BilL)) .| )]

® |Pi)a @ [Pi)a- (15)

Finally, to complete the P-P SWAP gate, one measures the
electron in the basis {| 1),| )} and exchanges the polar-
ization states of the photons 4 and 4’ perfectly as shown
in Eq. (13) up to a single-qubit feedback, conditioned on
the outcomes of the electron measurement. If the outcome
of the electron measurement is | 1), the state of the two
photons is transformed into

@)1 = TH(@alR) + Bl L)) 4l Pi)a

® (a1 |R) + BiIL) | Pr) . (16)

If the outcome of the electron measurement is | | ), one
needs to perform a phase-flip operation o, = |R)(R| —
|L){L| on both the photons 4 and 4’ to evolve the photons
AA’ into the above state shown in Eq. (16).

In our P-P SWAP gate, the click of the single-photon
detector alarms the failure of the gate. Once the P-P
SWAP gate succeeds, its fidelity approaches unity as the
parity-check QND does, since the practical reflection and
transition coefficients appear as a global coefficient in the
final state |®),, which means the success efficiency of the
P-P SWAP gate is nswap = |T|°.

B. Hybrid SWAP gate between the spatial-mode and
polarization states of the same photon

The schematic diagram for implementing the hybrid
SWAP gate between the polarization and spatial-mode states
(P-S swaAP) of the same photon is shown in Fig. 4(b). Sup-
pose photon 4 is in state | D), = («1|R) + B1IL)) (y1lar) +
31laz)). One injects the spatial modes a; and a;, of photon
A into the corresponding input ports a; and a, of the quan-
tum circuit, shown in Fig. 4(b). The state of the photon 4
will evolve into

|®)r2 = (a1lar) + Bilaz)) (y1R) + 81]L)), (17

which is the ideal target state of the hybrid P-S SWAP gate,

and the corresponding efficiency equals unity.

V. FAITHFUL EPP FOR TWO-PHOTON SYSTEMS
HYPERENTANGLED IN TWO DOFS

In the practical transmission of photons in hyperentan-
gled Bell states for high-capacity quantum communication,
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both the bit-flip and phase-flip errors will occur randomly.
Usually, a phase-flip error can be transformed into a bit-
flip error using a bilateral local operation. The bit-flip error
purification can, therefore, be used to decrease both the
bit-flip and phase-flip errors. Below, we only discuss the
purification for bit-flip errors of two-photon hyperentan-
gled mixed states.

The two identical photon pairs AB and CD in mixed
hyperentangled Bell states with the bit-flip errors in both
the polarization and spatial-mode DOFs can be described
as

pas = [Filp) @™+ (1 = F)ly D) (]

® [FaloH)5s(0T | + (1 — F)ly )11, s
pcp = [Filg ) ep@T I+ (1= F)ly e (]

® [Fal¢T)ip(dT 1+ (1 = Py )ep vl

Here, the subscripts 4 and C denote the photons sent
to Alice and the subscripts B and D denote the photons
sent to Bob. We use the fidelity F' = F|F, to character-
ize the mixed hyperentangled Bell states, where F; and
F, represent the corresponding probabilities of the states
[6)s (161)Ep) and (975, (197)¢,) without bit-flip
errors in the mixed hyperentangled Bell states, respec-
tively. Hyperentanglement witness is another measurement
to characterize hyperentanglement [56], and the nonlocal
character of a hyperentangled state can also be verified
by testing every DOF against the Bell-Clauser-Horne-
Shimony-Holt inequality [35].

Initially, the state of the system composed of the two
identical photon pairs AB and CD can be expressed
as po = p4p ® pcp, which is a mixture of maximally
hyperentangled pure states. In the polarization DOF, it
is a mixture of the states [¢pT), ® [pT)E), 1¢T) i, ®
1Y) eps ¥ )ip ® 197)6p, and [Y ), ® 19F)¢), with the
probabilities F?, F1(1 — F}), (1 — F))F;, and (1 — F})?,
respectively. In the spatial-mode DOF, it is a mixture of
the states )5, ® [6F)5p. [97)5 @ [V H)Ep, (W), ®
lpT)S,, and | 1)5, @ [¥T)%, with the probabilities F2,
Fy(1 = F»), (1 = F»)F>, and (1 — F5)?, respectively.

Our faithful hyper-EPP for two-photon hyperentangled
systems with the bit-flip errors in both the polarization and
spatial-mode DOFs is divided into two purification steps.
The first purification step is achieved with the fidelity-
robust parity-check QND in the polarization and spatial-
mode DOFs, as described in Sec. III. The second step is
based on two SWAP gates, as introduced in Sec. IV. As
all quantum operations, the parity-check QNDs, and the
SWAP gates work with a near-unity fidelity, the hyper-EPP
here will be performed faithfully and work without the
secondary pollution introduced by the infidelity of each
quantum operation.

A. The first purification step of the hyper-EPP

The process of the first purification step of our hyper-
EPP is shown in Fig. 5. In Alice’s node, it can be disas-
sembled into the parity-check QNDs on the photons AC in
the polarization and spatial-mode DOFs, Hadamard oper-
ations on photon C in the polarization and spatial-mode
DOFs, and the detection on photon C. In Bob’s node, it
can be disassembled into the same operations by replacing
the photons 4 and C with B and D, respectively.

After Alice and Bob, respectively, perform the parity-
check QNDs on the photons AC and BD in both DOFs, the
outcomes of the measurement are shown in Table. 1.

In case (1), the states of the photons AC and BD are
of the same parity in both the polarization and spatial-
mode DOFs, which corresponds to the state |¢ ) ;|pT)7,)
or [¢ ") ,l¥ )%, in the polarization DOF and the state
lp )5 5103, or [ ), |w )%, in the spatial-mode DOF.
In detail, if the parities of the photons 4C and BD are even
in both the polarization and spatial-mode DOFs, the states
of the four-photon system ABCD can be expressed as

1
|P)" = E(IRRRR) + |LLLL)) 43cp,

1
|®,)" = —=(IRLRL) + |LRLR)) 43cp,

V2

1 (19)
|®,)5 = Eﬂalblcla’l) + |axbarcards)) apep,

1
|02)5 = — (|a1bac1da) + |azbicady)) apcp-

V2

In contrast, if the parities of the photons A4C and BD are
odd in both the polarization and spatial-mode DOFs, the
states of the four-photon system ABCD can be expressed
as

1

|P3)F = ﬁuRRLL) + |LLRR)) 4pcp,
)—\
7 —
b )
)—\

N o = '

CPBS D BS H

FIG. 5. Schematic diagram of the first purification step
of the hyper-EPP. BS is used to perform the Hadamard
operation [le(d)) — (1/v/2)(le(dn) + le(d)), le(d)2) —
1/ «/E)(|c(d) 1) — |e(d)2))] on single photons in the spatial-mode
DOF.
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TABLEIL The results of the parity-check QNDs on the photons  spatial-mode DOF), the first purification step of the hyper-
AC and BD. EPP is finished directly. If photons C and D are in the
Case DOF Parity mode Bell states odd-parity state in the polarization DOF (the spatial-mode

(D P same |¢+>§B|¢+>ED or W*)ﬁgW*)'ZD
S same o) 5s10 ) En or W) 5plv e
2 p different %) 1) Cp or W) 51670
S different  |p*)55 10 )ep or (W) ipl0 M),
3) P different |¢+)§B|¢+)IED or |W+>§B|¢+)Ig‘p
S same |¢+)i3|¢+)‘§1) or |1ﬁ+)i3|lﬁ+)“§D
“) p same ™) 510" ep or W) a1 H)Ep
S different ") 5510 )8, or (W) i510")2,

1
|@4)" = E(IRLLR) + |LRRL)) 4pcp,

1
|®3)5 = —(la1b1c2da) + lazbacidr)) ascp,

V2

1
|D4)° = ﬁ(lalbzczdl) + |axbicida)) apep.- (20)

The states |®3)” and |®4)” can be transformed into |®;)”
and |®,)” by bit-flip operations on the photons C and D
in the polarization DOF, respectively. Similarly, the states
|®P3)S and |®4)° can be transformed into |®;)° and |P,)°
by bit-flip operations on the photons C and D in the spatial-
mode DOF, respectively.

Subsequently, Alice and Bob perform Hadamard opera-
tions on the photons C and D in both the polarization and
spatial-mode DOFs, respectively. The states |®1)7, |P,)7,
|®;)%, and |®,)5 are changed into the states |®})7, |®5)7,
|®1)5, and |®})5, respectively. Here,

1
1))’ = m[(IRM + |LLY)45(|RR) + |LL))cp

+ (IRR) — |LL))4(IRL) + |LR))cp],
1
&)V = ——[(|RL) + |LR RR) — |LL
|D5) 2ﬁ[(l ) + [LR)) 43(|RR) — |LL))cp
+ (—|RL) + |LR)) 43(|RL) — |LR))¢p],
1
1)) = mmalbl) + lazba)) ap(lerdr) + |eada)) ep
+ (la1b1) — lazba)) ap(lc1d2) + |cadi)) epl,

1
|CD/2>S = m[ﬂalbz) + |laxb1))us(lc1dr) — |cada)) ep

+ (—laibs) + laxb1)) 4p(|c1da) — |cadi)) cp]-
(2D

Finally, photons C and D are detected. If photons C and
D are in even-parity state in the polarization DOF (the

DOF), the first step of the hyper-EPP is finished after per-
forming a phase-flip operation ('FZP = |R)(R| — |L) (L|(oZS =
|b1){b1| — |b2){b2]) on photon B in the polarization DOF
(the spatial-mode DOF). In case (1), Alice and Bob will
reserve the photon pair 4B, and it will contribute to the
final purified state of the hyper-EPP.

In case (2), the states of the photons AC and BD are
of different parities in both the polarization and spatial-
mode DOFs, which corresponds to the state [¢™)/ ;| )7,
or |Y1)isl¢T)2, in the polarization DOF and the state
W H)SpleT)e, or [pT)S 51w +)2, in the spatial-mode DOF.
In detail, if the photons AC are in the even-parity states in
both the polarization and spatial-mode DOFs and BD are
in the odd-parity states in both the polarization and spatial-
mode DOFs, the states of the four-photon system ABCD
can be expressed as

1
|®s)” = — (IRRRL) + |LLLR)) 4pcp,

V2

1
|D6)” = ﬁ(mm + |LRLL)) 43cps

1
|®5)5 = — (la1b1c1da) + |azbacady)) ascp,

2

|®6)° = %(mlbzcldl) + lazbicada)) apcp-
In contrast, if photons AC are in the odd-parity states in
both the polarization and spatial-mode DOFs and BD are in
the even-parity states in both the polarization and spatial-
mode DOFs, the states of the four-photon system ABCD
can be expressed as

(22)

1
|D7)F = E(IRRLR> + |LLRL)) 43cps

1
|®s)” = —=(IRLLL) + |LRRR)) 45cp,

V2

1
|®7)5 = —(la1bi1cady) + laabacida)) ascp,

V2
1
|P5)° = —=(laxbic1di) + latbacada)) apep. (23)

V2

The states |®7)” and |®g)” can be transformed into |Ps)”
and |®g)” by bit-flip operations on the photons C and D
in the polarization DOF, respectively. Similarly, the states
|®P7)S and |®g)® can be transformed into |Ps) and |Pg)S
by bit-flip operations on the photons C and D in the spatial-
mode DOF, respectively.

Subsequently, after Alice and Bob, respectively, perform
Hadamard operations on the photons C and D in the polar-
ization and spatial-mode DOFs, the states |®5)”, |P¢)?,

054058-8



FAITHFUL ENTANGLEMENT PURIFICATION...

PHYS. REV. APPLIED 10, 054058 (2018)

|®5)%, and |d6)° are changed into the states |P5)7, |P)”,
|®%)S, and | @), respectively. Here,

1
%) = mmRR) + LL)) 4p(IRR) — |LL))cp

— (IRR) — |LL))45(IRL) — ILR))cp],

1
|@g)" = ﬁ[(lRD + ILR))43(IRR) + |LL))cp

+ (IRL) — ILR)) 45(IRL) + |LR))cp],

1
|D5)S = m[ﬂalbl) + |axba))up(lc1dr) — |cada)) ep

— (la1b1) — laab2)) ap(lc1da) — |c2di))epl,

1
|Dg)S = mmalbz) + lazbi)) as(lerdr) + leada)) ep
+ (la1ba) — |axb1))as(|c1dz) + |c2di)) ep)-
(24)

Finally, photons C and D are detected. If photons C and
D are in the even-parity state in the polarization DOF
(the spatial-mode DOF), the first step of the hyper-EPP
is finished directly. If photons C and D are in the odd-
parity state in the polarization DOF (the spatial-mode
DOF), the first step of the hyper-EPP is finished after per-
forming a phase-flip operation 0" = |R)(R| — |L) (Ll(ozS =
|b1){b1| — |b2){b2]) on photon B in the polarization DOF
(spatial-mode DOF). However, Alice and Bob should dis-
card the photon pair 4B in this case, as the photons AB
now are in a mixed state composed of the correct and
bit-flip-error states with equal probabilities.

In case (3), the states of photons 4C and BD are of dif-
ferent parities in the polarization DOF but of the same
parity in the spatial-mode DOF, which corresponds to the
state [¢ ")l T)E, or [y ,l¢T)E,) in the polarization
DOF and the state [¢p ")), or [¥ )3, 1)%, in the
spatial-mode DOF. For the polarization DOF, the states of
the four-photon system ABCD in this case are the same
as those in case (2), leading to the same results as those
in case (2) for the polarization DOF. For the spatial-mode
DOF, the states of the four-photon system ABCD in this
case are the same as those in case (1), leading to the same
results as those in case (1) for the spatial-mode DOF. In
this case, Alice and Bob would reserve the photon pair
AB and then perform the second purification step of our
hyper-EPP.

In case (4), the states of photons AC and BD are of the
same parity in the polarization DOF but in different par-
ities in the spatial-mode DOF, which corresponds to the
state [¢T) 1o T)2p or [Y )1y )L, in the polarization
DOF and the state [pT)5 ;v )3, or [¥F)5,1¢)2, in the
spatial-mode DOF. For the polarization DOF, the states of
the four-photon system ABCD in this case are the same

as those in case (1), leading to the same results as those
in case (1) for the polarization DOF. For the spatial-mode
DOF, the states of the four-photon system ABCD in this
case are the same as those in case (2), leading to the same
results as those in case (2) for the spatial DOF. In this case,
Alice and Bob would also reserve the photon pair 4B and
then perform the second purification step of our hyper-EPP
as well.

B. The second purification step of the hyper-EPP

For two-photon systems created in cases (3) and (4), the
hyperentangled photons with a purified higher fidelity are
created in the spatial-mode and polarization DOFs, respec-
tively. One can perform the second purification step of
the hyper-EPP by pumping the higher-fidelity components
into the same photon pair, leading to a purified photon pair
with higher fidelities in both the polarization and spatial-
mode DOFs. This will significantly improve the efficiency
of our hyper-EPP. The schematic diagram of this procedure
is shown in Fig. 6. Suppose Alice and Bob share two pho-
ton pairs AB and A'B’ after the first purification step. AB is
created from case (3) with a higher fidelity in the spatial-
mode DOF and 4'B’ is created from case (4) with a higher
fidelity in the polarization DOF.

In general, there are two possible purification arrange-
ments. The first one is to purify the photon pair 4B with
the photon pair 4'B’. Alice performs a fidelity-robust P-P
SWAP gate on the photons 4 and 4’ and Bob performs a
fidelity-robust P-P SWAP gate on the photons B and B’ as
shown in Fig. 6(a). Using these P-P SWAP gates, Alice and
Bob complete the purification of the photon pair 4B, by
replacing the lower-fidelity polarization state of AB with
the higher-fidelity polarization state of A’B’. Now, both the
polarization and spatial-mode DOFs of photon pair AB are
of higher fidelities, which are, in principle, the same as
those in case (1). The other purification arrangement is

~ e
o |4 B|Z
| w B
Alice = (%) Bob
> A
5 4 Bl &
(@)
Alice Bob
[P-s SWAP)- (7 [P—SSWAP]A B g
« %)
(P-S SWAP) % [P—SSWAP]AI [P SWAP)-+ &
(b)

FIG. 6. Schematic diagram of the second purification step of
the hyper-EPP. (a) Schematic diagram of the first possible purifi-
cation arrangement to purify the photon pair 4B. (b) Schematic
diagram of the second possible purification arrangement to purify
the photon pair A'B’.
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to purify the photon pair A’B’ with the photon pair AB.
This arrangement is much similar to the first one while one
needs to replace the P-P SWAP gate with a SWAP gate on
two photons in the spatial-mode DOF, denoted as the S-S
SWAP gate, which can be constructed by sandwiching the P-
P SWAP gate with two P-S SWAP gates, shown in Fig. 6(b).
The performances of both purification arrangements are, in
principle, the same as each other, since the P-S SWAP gate
consists of linear optical elements.

C. Performance of the hyper-EPP

After these two purification steps, the first round of the
hyper-EPP process is accomplished. Interestingly, the pho-
ton pair 4B obtained from case (1) in the first purification
step completes the first round of the hyper-EPP directly.
The photon pair AB obtained by subsequently performing
two steps is completed by purifying the spatial-mode DOF
with the first purification step and purifying the polariza-
tion DOF with the second purification step. After the first
round of hyper-EPP, the purified state of the photon pair
AB is changed into

s = [Fllo™Vig(@" 1 + (1 = FDIY ) [p(v 1]
® [F3l¢ i@ 1+ (1 = Fly )il (25)

where F/ = F?/[F? + (1 — F;)?] for (i = 1,2). The fidelity
of the photon pair 4B after performing the hyper-EPP once
is F' = F|F}, which is higher than the initial one F' =
F\F, for the case with F; > 1/2. Furthermore, the fidelity
of the photon pair AB can be improved further by perform-
ing multiple-round hyper-EPP in both the polarization and
spatial-mode DOFs. The purified fidelities versus the ini-
tial fidelities after performing one-, two-, and three-round
hyper-EPP are shown in Fig. 7(a).

Fidelity
o o o -
2 o »®» o

— O
S
T

e
o

o
=)

Efficiency

i
~

FIG. 7. (a) Purified fidelity versus the initial fidelity after per-
forming the N-round hyper-EPP. (b) The efficiency versus the
initial fidelity with the hyper-EPP including one purification step
Y, (n =1) and our improved hyper-EPP including the second
purification step Y, (n = 2).

The efficiency of obtaining a purified photon pair with
higher fidelities in both DOFs after the first purification
step is Y7, while the efficiency of obtaining a photon pair
with improved fidelities in both DOFs after introducing the
second purification step is Y»,

Vi =[F2+ (1 — F)AF2 + (1 — P2,
Yy = [F? 4+ (1 — F)A[F? + (1 — F2)?]
+ min{[F} + (1 — F)*][2F(1 — F»)],

[2F1(1 = FOIF; + (1 = 2’1} (26)
The efficiencies Y| and Y, are shown in Fig. 7(b) for the
case with /| = F, = F. One can easily find that the effi-
ciency of our hyper-EPP 7; is significantly increased. For
the initial fidelity F' < 0.75, Y; is larger than 27].

VI. DISCUSSION AND SUMMARY

The fidelity-robust parity-check QNDs and the SwWAP
gates are two core blocks for implementing the faith-
ful hyper-EPP in both the polarization and spatial-mode
DOFs. In the first purification step of our hyper-EPP, the
fidelity-robust parity-check QNDs are used to pick out the
effective components from the original mixed state. We
transfer the infidelity originating from practical scattering
into a heralded failure that clicks the single-photon detec-
tors. The fidelity of the parity-check QND in each DOF,
in principle, approaches unity when the parity-check QND
succeeds, and it is not affected by the imperfection involv-
ing in the practical scattering. However, the efficiency of
the parity-check QND in each DOF npc = |T|*, as shown
in Fig. 8(a), is largely constrained by the practical QD-
cavity union. For a typical dipole decay y/x = 0.1 and
cavity side-leakage rate k;/k = 0.2, the efficiency npc >
65.8% when g/(k + k5) > 2.0 and w = w, = wy-. Fur-
thermore, as shown in Fig. 8(a), the efficiency npc could
be further increased by increasing the effective QD-cavity
coupling g/(k + k) and decreasing the side leakage «;/x
of the cavity.

In the second purification step of our hyper-EPP, the
SWAP gates, including the P-P SWAP gate and the P-S SWAP
gate, work in a controllable arrangement and pump the
purified higher-fidelity DOFs of different photon pairs into
the same photon pair, which significantly increases the
efficiency of our hyper-EPP. Similarly, the infidelity of
the practical scattering is also transferred into a heralded
failure, which makes the fidelity of our P-P SWAP gate
near unity and be robust to the deviation from the ideal
single-photon scattering. The efficiency of our P-P SwAP
gate nswap = |71%, as shown in Fig. 8(b). With the same
experimental parameters y/xk = 0.1 and «,/x = 0.2, we
find that ngwap > 43.2% is achieved with g/(k + k) >
2.0 and w = w. = wy-. Similarly, ngwap could also be
increased by increasing the effective QD-cavity coupling
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FIG. 8. (a) The efficiency npc of our fidelity-robust parity-
check QNDs in both the polarization DOF and the spatial-mode
DOF for ky/k = 0.2, k;/k = 0.1, and «,/« = 0, which are rep-
resented, respectively, by the blue solid line, the red dot-dash
line, and the black dot line, with w = w, = wy- and y/k = 0.1.
(b) The efficiency nswap of our fidelity-robust P-P SWAP gate
forkg/k = 0.2, ks/k = 0.1, and k;/k = 0, which are represented
respectively by the blue solid line, the red dot-dash line, and the
black dot line, with w = w, = wy- and y /k = 0.1.

and decreasing the side leakage of the cavity, as shown in
Fig. 8(b).

Up to now, we have assumed that single-photon detec-
tors in our quantum circuits work perfectly with unity effi-
ciency. In the process of constructing parity-check QNDs
and SWAP gates, the click of a single-photon detector in
any modified QD-cavity union is considered inconclusive,
which heralds the failure of the corresponding process, but
it is also a signal to discard postprocessing of the present
hyper-EPP. Conversely, the no click of the single-photon
detector, in fact, projects the hybrid system, consisting
of a single photon and a QD, into a superposition state
[¥n) = polVioss) + P1|Widear), Where |Vigeal) represents the
desired output state and |vjss) Tepresents an error state
with a photon loss. The photon loss mainly originates from
the decay involving in the nondeterministic scattering by
the QD-cavity union. However, when single-photon detec-
tors of a finite efficiency n,; are used, a failure click of
the detectors can be viewed as an additional photon loss,
and it will not change the desired state p||¥igea). There-
fore, the finite efficiency of single-photon detectors has no
effect on the efficiencies and the fidelities of parity-check
QNDs and SWAP gates. In each of the two purification
steps, single-photon detectors are used to perform the pro-
jection measurements on two auxiliary photons, and if
there are no coincident clicks of two single-photon detec-
tors, our hyper-EPP cannot be deemed to be accomplished.

In this respect, the inefficiency of single-photon detec-
tors will decrease the efficiency of our hyper-EPP by a
scale of 73, but it will not decrease the fidelity of our
hyper-EPP.

Our faithful hyper-EPP is assisted by the QD embed-
ded in a double-sided optical microcavity, which is an
attractive single-photon single-atom interface [52,53]. The
techniques of fast preparing the superposition state [57,58],
manipulating [59—62], and detecting of the QD-confined
electron spin [63] have been realized experimentally.
Although our parity-check QNDs and P-P SWAP gate, in
principle, work with unity fidelity and are immune to
the imperfection involved in a practical scattering process
when the ideal QD is used, their fidelities will decrease
a little when the realistic QD is used. The electron spin
decoherence would decrease the fidelities by the amount of
F =[1 +exp(—At/T3)]/2 [64]. At is the time consumed
for completing the parity-check QNDs or the P-P SwAP
gate, which is about several nanoseconds, while T3 is
the electron spin coherence time that is about several
microseconds [65]. Therefore, the infidelity due to the
finite coherence time of QDs will be less than 1%. In addi-
tion, the hole mixing in a realistic QD will affect the optical
selection rule, and then affect the fidelities of our proposal
as well [66]. Fortunately, this influence can be efficiently
suppressed by engineering the shape and size of QDs or by
using different types of QDs [67].

In summary, we have proposed a faithful hyper-EPP for
two-photon systems in both the polarization and spatial-
mode DOFs. By introducing an additional swapping oper-
ation between different photon pairs, the parties in quantum
communication can exploit the original abandoned pho-
ton pairs in the first purification step to distil high-fidelity
ones with the second purification step, which significantly
increases the efficiency of our hyper-EPP. The fidelity-
robust parity-check QNDs and SWAP gates used in the
first and second purification steps are constructed in a
new structure and their fidelities are robust to the prac-
tical deviations from the ideal single-photon scattering.
The imperfections, such as the finite side leakage of the
microcavity and the finite coupling between the QD and
the cavity mode, will only decrease the efficiencies in a
heralded way but not decrease the fidelities. This makes
our hyper-EPP works faithfully for high-capacity quantum
networks. Furthermore, our faithful hyper-EPP could be
extended directly to purify the photon systems entangled in
the single polarization or spatial-mode DOF by simplifying
our fidelity-robust parity-check QNDs to that for the corre-
sponding DOF, and it can also be extended to the case for
purifying the photon systems hyperentangled in the polar-
ization and multiple-spatial-mode DOFs by generalizing
our parity-check QNDs and SWAP gates in a similar way.
We believe our hyper-EPP will contribute significantly to
the development of high-capacity quantum communication
and quantum networks in the future.
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