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Nonlinear acoustic metamaterials (NAMs) provide possibilities for exploiting the latest technologies
for wave manipulations. Recently, the desired ultralow- and ultrabroadband wave suppressions have been
achieved by chaotic bands in NAMs [Nat. Commun. 8, 1288 (2017)]. This work describes a remote interac-
tion mechanism in NAMs: bridging coupling of nonlinear locally resonant band gaps. Theoretical studies
on a triatomic model containing two nonlinearly coupled resonances clarify the principle of bridging band
gaps. Bridging band gaps greatly change the nonlinear effective mass density and generate chaotic bands
between nonlinear local resonances. The bandwidth and the efficiency of the wave reduction in chaotic
bands can be effectively manipulated by modulating the frequency distance between the bridging pair.
NAM beams are created to experimentally demonstrate this mechanism by including the bifurcations of
periodic solutions. Our study extends the knowledge of NAMs, and more nonlinear effects are anticipated
based on this mechanism.
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I. INTRODUCTION

Acoustic metamaterials (AMs) provide unconventional
and unusual approaches for controlling subwavelength
elastic/acoustic waves [1]. In 2000, a sonic crystal with
embedded locally resonant (LR) objects [2] was demon-
strated featuring a negative effective mass (meff) at
subwavelength scales [3]. Since then, the characteris-
tics, underlying physics, and applications of AMs have
attracted extensive attention [4]. The negative meff, nega-
tive effective bulk modulus [5] (Eeff), and double-negative
parameter [6–9] have been realized using the LR mecha-
nism. LR band gaps induced by this regime suppress the
low-frequency wave propagations [1]. At present, the vast
majority of studies have focused on linear AMs (LAMs)
[10]. In the past decade, diverse functionalities of LAMs
have been explored, including sound insulation and sup-
pression [11–13], superabsorption [14], super-resolution
[15], negative refraction [16], cloaking [17,18], and phase
manipulation using space-coiling metasurfaces [19,20].

However, the LR band gap is narrow in nature [10] and
its generalized bandwidth γ (ratio of the bandwidth to its
start frequency) depends on the attached mass ratio [1].
Generally, γ � 1 for a single LR band gap. Moreover, the
passbands of finite LAMs consist of dense resonances that
amplify waves. These properties limit LAM applications in
fields such as vibration and noise control, where broadband
wave suppression is desired. A natural approach to expand
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the total width of a band gap is connecting an LR band
gap to a Bragg or other LR band gaps, that is, band-gap
coupling [21,22]. The connection is feasible using multiple
resonances [23,24]. The frequency distance between two
band gaps is �ω = ω

(h)
st − ω(l)

c ; herein, ω(l)
c (ω

(h)
st ) denotes

the cutoff frequency of the lower band gap (the start fre-
quency of the higher band gap). Band gap coupling in
LAMs implies �ω → 0+ or �ω < 0, so we define it as
adjacent coupling. Adjacent coupling overcomes the band-
width of a single LR band gap to a certain extent [21–26],
but the total widths are still narrow and resonances in
passbands may grow.

Nonlinearities can promote the development of differ-
ent methods for achieving wave manipulations. Exten-
sive studies on nonlinear elastic-periodic structures, such
as Fermi–Pasta–Ulam (FPU) chains [27,28] and granu-
lar crystals [29], have found interesting nonlinear physical
phenomena, including solitons [30], amplitude-dependent
band gaps [31], and acoustic diodes [29,32,33]. In weakly
nonlinear electromagnetic metamaterials, many nonlinear
effects such as nonlinear self-action, parametric inter-
actions, and frequency conversion have been demon-
strated [34–37]. However, nonlinear acoustic metamateri-
als (NAMs) are the topic of recent study. For the proposed
AMs made of side holes, Helmholtz resonators, or mem-
branes, weak nonlinearities arise when the intensity of the
sound field becomes extremely high [38–40]. These non-
linear acoustic fields in AMs lead to band-gap shifting and
the second-harmonic generation [41,42].

Recently, Fang et al. [43–45] studied the amplitude-
dependent dispersion properties, bifurcations, chaos, and

2331-7019/18/10(5)/054049(13) 054049-1 © 2018 American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.10.054049&domain=pdf&date_stamp=2018-11-21
http://dx.doi.org/10.1103/PhysRevApplied.10.054049


FANG, WEN, YU, and YIN PHYS. REV. APPLIED 10, 054049 (2018)

band manipulations in discrete strong NAM models. The
wave in the band gap of NAMs features a multistate
behavior, so the LR band gap becomes a nonlinear locally
resonant (NLR) band gap [45]. The authors found that
the passbands of finite NAMs become chaotic bands, in
which a periodic wave becomes a chaotic emerging wave
with greatly reduced wave transmission [43–45]. Fur-
thermore, by combing the narrow band gaps and broad
chaotic bands under a strongly nonlinear state, the desired
ultralow frequency, ultrabroadband (double-ultra effect)
and highly efficient wave suppressions were achieved
in the proposed NAM beam (γ = 21) and NAM plate
(γ = 39) [46]. The chaotic band opens new avenues for
the double-ultra control of waves. However, the mecha-
nisms giving rise to such a broad chaotic band, especially
the interactions between multiple nonlinear resonances in
the meta-cells [46], were not comprehensively explained.
Moreover, there is great demand for innovative approaches
to manipulate chaotic bands in practice. The behaviors and
bifurcations of a single NLR band gap in the infinite NAM
beam were reported very recently [47].

In this work, we study the influences of nonlinearly cou-
pled resonators in periodic cells on the wave propagations
in the NAMs with at least two LR band gaps. In contrast
to the adjacent couplings, we find a special remote inter-
action between NLR band gaps, bridging coupling, that
overcomes the limitation of the frequency distance �ω and
enables the effective manipulation of the chaotic band. The
bridging couplings of NLR band gaps give rise to a chaotic
band. The bandwidth and the efficiency for wave reduction
can be adjusted by the distance. Theoretical analyses of the
triatomic chain clarify the principle of bridging band gaps.
NAM beams are fabricated to demonstrate this mechanism
by including the bifurcations of periodic solutions.

II. PRINCIPLE OF THE BRIDGING COUPLING
OF NLR BAND GAPS

A periodic triatomic chain is the fundamental model fea-
turing the nonlinear couplings of two resonant band gaps.
As shown in Fig. 1(a), the triatomic cell consists of a
linear primary oscillator M -k0, and two local resonators

m1-k1 and m2-k2. The masses of the three oscillators are
M, m1, and m2. The stiffness of the spring connecting the
primary mass M is denoted as k0. The resonators, m1 and
m2, connect to M through the linear stiffnesses, k1 and k2,
respectively. Moreover, m1 and m2 are coupled through
a linearly viscous damping cu̇ and an intrinsic nonlinear
spring knu3. In a cell, the displacements of M, m1, and m2
are x, y, and z, respectively, and u = z-y.

A. Theories of effective parameters

In the triatomic chain, the motion equations for the
individual masses of the nth cell are

⎧
⎪⎪⎨

⎪⎪⎩

Mẍn = k1(yn − xn) + k2(un + yn − xn) + F(t),

m1ÿn = −k1(yn − xn) + cu̇n + knu3
n,

m2(ün + ÿn) = −k2(un + yn − xn) − cu̇n − knu3
n.

(1)

When calculating the responses of the whole chain,
F(t) = k0(xn−1 + xn+1-2xn) in Eq. (1). The effective mass,
meff, describes interesting properties of acoustic meta-
materials undergoing forced harmonic oscillations. To
derive meff, only the motion of a single cell is necessar-
ily considered. In this case, by specifying F(t) = F·sin ωt,
xn = X ·sin ωt, yn = Y·sin ωt, and un = U·sin ωt in Eq. (1),
neglecting the damping effect and adopting the first-order
harmonic-balance approach, one obtains

⎧
⎪⎪⎨

⎪⎪⎩

−ω2MX = k1(Y − X ) + k2(U + Y − X ) + F ,

(ω2
1 − ω2)Y = ω2

1X + 3knU3/(4m1),

(ω2
2 − ω2)(U + Y) = ω2

2X − 3knU3/(4m2).

(2)

Here, ω denotes the driving angle frequency; ωi = √
ki/mi,

i = 1, 2, are the natural frequencies and it is specified that
ω1 <ω2. With a transformation of this equation, X, Y, and
F can be expressed as functions of the variable U. The
dynamic effective mass satisfies Newton’s second law in
the form F = meff(ω)ẍ. Then, the meff of the nonlinear
triatomic cell is given by

meff = F
ẍ

= F
−ω2X

= k1α2 + k2α1 + Mα1α2 + k̂N U2[(m1 + m2)(k1 + k2) + β]

α1α2 + k̂N U2β
, (3)

where αi = ω2
i − ω2, i = 1, 2; β = M (m1α1 + m2α2);

k̂N = 3kn/(4m1m2). If kn = 0, one obtains the effective
mass of the linear triatomic cell, m(L)

eff , as

m(L)

eff = M + k1

ω2
1 − ω2

+ k2

ω2
2 − ω2

(4)

At ω1 and ω2, we have

meff(ωi) = ki

k̂N U2Mmj
+ (m1 + m2)(k1 + k2)

Mmj αj
+ 1 (5)

Here, if i = 1, j = 2; if i = 2, j = 1. Therefore, if k̂N U2 �= 0,
meff(ωi) is not infinite.
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(a) (b)

FIG. 1. (a) The triatomic cell. (b) The linear diatomic model
whose inner resonator, m1 + m2, is coupled to M through a spring
k1 + k2.

By repeating the process above, one obtains the linear
effective mass when considering the viscous dissipation. It
is expressed as

m(L)

eff,d = M

+
k1(ω

2
2 − ω2) + k2(ω

2
1 − ω2) − ic

(
k1
m2

+ k2
m1

+ ω2
1 − ω2

2

)

(ω2
1 − ω2)(ω2

2 − ω2) − ic
(

ω2
2−ω2

m1
+ ω2

1−ω2

m2

) .

(6)

Therefore, Re[m(L)

eff,d] = m(L)

eff .
For the monoatomic chain consisting of the periodic

oscillator M -k0, the motion equation of the nth oscillator
is Mẍn = k0(xn−1 + xn+1 − 2xn). This equation describes
the relation between the applied force to the cell and the
acceleration of the mass center of the cell, and it can be
rewritten as a difference formula, which models this chain
as a continuum medium whose wave equation is given by

M
∂2x
∂t2

= k0
∂2x
∂s2 . (7)

Here, s denotes the propagation direction. Under the long-
wave approximation, replacing M with m(L)

eff,d leads to the
wave equation of the effective continuum LAM. Then, we
obtain the effective wave vector κeff of this LAM,

κeff = ω

√

m(L)

eff,d/k0 (8)

The imaginary part of κeff, Im(κeff), approximately shows
the dissipative characteristic of the effective LAM. A larger
Im(κeff) leads to a stronger attenuation of the wave.

Moreover, if the stiffness between m1 and m2 approaches
infinity, they behave as single resonator whose mass and
stiffness are m1 + m2 and k1 + k2, respectively. In this limit
case (Lc), the triatomic model becomes the diatomic model
shown in Fig. 1(b). The motion equation of the nth cell in
this diatomic model is

{
Mẍn + (m1 + m2)v̈n = F(t),
v̈n = −ω2

Lc1(vn − xn),
(9)

where the natural frequency ωLc1 = √
(k1 + k2)/(m1 + m2),

and F(t) = k0(xn−1 + xn+1 − 2xn). Similar with Eq. (1),

when considering the property of the local resonance, the
steady response of M driven by F(t) = F sinωt is

X = F · (ω2
Lc1 − ω2)

−ω2M (ω2
Lc2 − ω2)

, ωLc2 = ωLc1

√

1 + m1 + m2

M
.

(10)

Therefore, the steady response features a peak at the fre-
quency ωLc2 when a force is specified. This limit case helps
explain the properties of the nonlinear triatomic model.

B. Properties of the effective mass

To study the properties of the effective mass meff/M and
the responses of the finite chain, we specify the param-
eters M = 1, m1 = 0.3, m2 = 0.3, ω0 = (k0/M )1/2 = 6, and
ω1 = 2. The distance between two band gaps is controlled
by ω2. ω2 = 4 and ω2 = 8 are taken as examples. In this
case, ωLc2 ≈ω2. As illustrated in Figs. 2 and 3, two narrow
bands of negative meff/M are generated near the resonant
frequencies ω1 and ω2 in LAMs. This regime results in
two LR band gaps, LR1 and LR2.

Equation (3) implies that the meff of a NAM relates to
the quadratic term of the relative displacement, U2. There-
fore, the meff/M near a resonant frequency, as indicated
by Eq. (5), depends on the motion of the other resonator.
The phase of U does not affect meff. There are two differ-
ent ways to calculate meff with Eq. (2): specifying (i) the
input force, F, or (ii) the displacement, X. In the analy-
ses below, S(F) or S(x) denotes the symbol S in case (i) or
(ii), respectively. Values of m(L)

eff in the two cases are identi-
cal. However, meff of the nonlinear model features different
behaviors for the two cases.

As shown in Figs. 2(a) and 2(c), the curve of a non-
linear resonance consists of three branches, branches 1,
2 and 3, in which branches 2 and 3 are connected by a
saddle-node bifurcation ωJi, i = 1, 2. ω1 < ωJ 1 < ω2. ωJ 1
and ωJ 2 depend on each other attributing to the coupling
of the two resonances. As is well known, branch 2 corre-
sponds to unstable solutions, thus its effects are negligible.
As clarified recently [47], ωJi greatly influences the wave
propagation in NAMs.

The first nonlinear resonance characterizes a peak at
ω(F)

p or ω(x)
p , where U →∞. Analyses indicate that ω(F)

p =
ωLc2 and ω(x)

p = ωLc1, demonstrating that the triatomic
model acts as a diatomic model [see Fig. 1(b)] at ωp if
U is large: here, m1 and m2 behave as a single resonator
although they are separated in space. This property shows
there are strong couplings between m1 and m2 on branch
1 of the first nonlinear resonances. Their mass and stiff-
ness are shared through this interaction, and this coupling
enables the energy transfer.

A branch of meff matches the corresponding branch of
the nonlinear resonances (see Fig. 2), so the bifurcation
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(a)

(b)

(c)

(d)

Color

FIG. 2. (a),(c) Resonant curves of U and (b),(d) the corresponding effective mass meff/M of the triatomic model. ω2 = 4. (a),(b)
Solved by specifying F = 0.02; (c),(d) solved by specifying X = 0.005 in Eq. (2). The dashed black curves represent linear results. The
colored curves are the nonlinear results for kn = 500k1, in which the dash-dot curves denote branch 2 (unstable solutions).

point of meff is still ωJi. Strong couplings between the non-
linear resonances give rise to the strong couplings of NLR
band gaps. Branch-3 of a nonlinear resonance nearly coin-
cides with the linear results, as does meff. ω∞i symbolizes
the frequency for meff →−∞, i = 1, 2. For LAMs, Eq. (4)
indicates ω∞i =ωi.

When the force, F, is specified [see Figs. 2(a) and 2(b)],
the band for meff/M < 0 in the LAM relates to the left
part of a resonant peak, and the deformation of this part
becomes branch 1 of a nonlinear resonance. Thus, the band

(a)

(b)

FIG. 3. Effective mass meff/M of the triatomic model by speci-
fying (a) F = 0.02 and (b) X = 0.005 for the case ω2 = 8.

for the negative meff/M in the NAM originates from branch
1. Moreover, there are still two bands for meff/M < 0 near
ω1 and ω2 in the NAM model. However, the nonlinearity
shifts the first negative meff/M band near ω∞1 to higher
frequencies, and a stronger nonlinearity brings a larger
deviation to ω1. As is well established, this is also the pro-
cess by which LR1 becomes the NLR band gap, NLR1, in
this NAM model [45]. LR2 will also become NLR2 when
the giant nonlinearity appears. On branch 1, meff monotoni-
cally approaches 0 at ω(F)

p = ωLc2. Accordingly, meff/M < 0
in the interval (ω∞1, ωLc2). Thus, branch 1 greatly expands
the first negative mass region and connects the two neg-
ative mass bands, indicating that the nonlinear coupling
between the two resonators m1 and m2 shares the neg-
ative meff between NLR1 and NLR2 through the energy
transmission.

In contrast, when specifying X in Eq. (2), solving U and
Y becomes a two-degrees-of-freedom problem where F
acts as the boundary condition. In this case [see Figs. 2(c)
and 2(d)], the linear resonances peak at ωi, and meff/M < 0
corresponds to the right part of the resonances. For the
NAM, meff is always positive on branch 1, and the negative
meff depends on branch 3. ω

(x)
J initiates a near-field NLR

gap (if it exists) in the NAM [47]. As ω
(x)
J > ωi, the NLR

gaps arising from the negative meff become narrower and
disappear in conditions of strong nonlinearities. However,
between the two resonances, meff(ω

(x)
p ) → +∞ for branch

1, meff(ω
(x)
p ) → −∞ for branch 2, and ω(x)

p = ωLc1 � ω2,
which is different from the linear case and the nonlinear
properties above ω2.

Therefore, both cases show that the nonlinear coupling
of two local resonators greatly changes the properties of
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(a)

(b)

FIG. 4. Responses of the finite chain composed of 20 cells. (a)
ω2 = 4; (b) ω2 = 8. The legend of (a) is identical to (b).

meff and thus influences the wave propagation in NAMs. As
illustrated in Fig. 3, the frequency distance, �ω, between
the two resonances has little effect on the coupling between
NLR1 and NLR2. Therefore, this interaction is indepen-
dent of �ω in theory, indicating that it works in the situ-
ation with a remote frequency distance. Its properties are
essentially different from those of the adjacent coupling.

C. Responses of the finite chain

A finite chain made of 20 (or 12) cells is adopted to
describe the response properties. The left boundary (the
driving displacement) of the chain is x0 = A0 sin ωt, and
the right is free. To make the comparison more rigorous, a
dissipation c = 0.01 is considered. The numerical integra-
tion method is employed to directly solve the responses.
The integration time is 1000 s. Aav(ω) denotes the aver-
age displacement of the last oscillator M in 800–1000 s
(steady response). By specifying A0 = 0.005, the nonlin-
ear strength is modulated by the coefficient kn. Here, A0 is
equal to X, as specified in Eq. (2).

As shown in Fig. 4, the passbands of a finite LAM
consist of dense resonances, although their amplitudes are
limited by the damping. In the case ω2 = 4, the maxi-
mum amplitude in the second passband is smaller than
that in the first and the third passbands. For the given
parameters, kn = 100k1, 500k1, and 1000k1 simulate the
weak, moderate, and moderate (but stronger) nonlineari-
ties, respectively. In contrast with the linear case, weak
nonlinearity can reduce Aav at the resonances in the sec-
ond passband and the lower part of the third passband.
Enhancing the nonlinear strength leads to larger ampli-
tude reductions and a broader reduction band. Moreover,

kn = 500k1 makes NLR1 and the lower part of NLR2 close
when ω2 = 4, which agrees with the laws illustrated in
Fig. 2(d). Waves inside the NLR band gaps are relevant
to the bifurcations of the fundamental waves and the high-
order harmonics [47]. The frequency range in which the
resonances are suppressed is the chaotic band. If other
parameters are constant, increasing ω2 to ω2 = 8 broadens
the second passbands and the LR2. The interesting phe-
nomenon is that the chaotic band is also expanded under
the same nonlinear strength. Moreover, at the resonances in
the chaotic band, further strengthening kn to 1000k1 results
in larger reductions of Aav for ω2 = 8, but it has little influ-
ence on Aav for ω2 = 4, as 500k1 has already attenuated the
value greatly.

Let us define A2,max = max[Aav(ω)] in the second pass-
band ω ∈ (ω

(1)
c , ω(2)

st ), where ω
(1)
c is the cutoff frequency

of NLR1 and ω
(2)
st denotes the start frequency of NLR2.

Here, “max(·)” is a function for the maximum value.
Similarly, A3,max = max[Aav(ω)] for ω > ω

(2)
c . Therefore,

G = AL
2,max/AN

2,max indicates the influences of the nonlin-
earity on the responses in the second passband, where the
superscripts L and N correspond to the linear and non-
linear cases, respectively. If G > 1, a larger G indicates
a higher efficiency for wave attenuation. As shown in
Fig. 5(a), when modulating ω2 in 3 <ω2 < 9 under mod-
erate nonlinearity, kn = 500k1, we have AL

2,max ∝ �ω and
AL

3,max ∝ 1/�ω, where �ω = ω2-ω1. This principle reveals
that the dissipative effect of LAMs can also be modulated
by �ω. Im(κeff), evaluated from Eq. (8), demonstrates
this feature. As indicated by Fig. 6, Im(κeff) 
 c = 0.01
inside the band gaps; as �ω increases, Im(κeff) in the sec-
ond passband decreases, but Im(κeff) in the third passband
increases. The dissipative effects of the linear resonances
follow the same regular trend as Im(κeff), leading to the
behaviors of AL

2,max and AL
3,max characterized in Fig. 5(a).

Moreover, the width of LR2 also increases with �ω.
For the NAM model, on the whole, AN

2,max ∝ �ω and
AN

3,max ∝ 1/�ω. However, due to the chaotic band effect,
AN

j ,max < AL
j ,max, j = 2, 3, and AN

2,max increases more slowly
than does AL

2,max with �ω. Accordingly, when ω2 increases
from 3 to 7.5, the efficiency G increases from 1.48 to
5.75 for the chain composed of 20 cells, as shown in
Fig. 5(b). However, G obviously decreases if we further
increase ω2 to ω2 > 8 attributing to the amplified responses
near NLR2 [see Fig. 4(b)]; the NAM remains G ≈ 5 if
this effect is neglected. Moreover, G for kn = 1000k1 is
approximately equal to that in the case kn = 500k1. These
principles indicate that increasing the distance between
two NLR band gaps to a certain extent can broaden the
chaotic band and enhance its efficiency to suppress the res-
onances. Further increasing the nonlinear strength provides
higher suppressing efficiencies [43–46]. With the combina-
tion of the features in the second and the third passbands
with the width of NLR2, the total bandwidth for wave
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(a) (b)

FIG. 5. Response amplitudes of the finite triatomic chain. A0 = 0.005. (a) A2,max and A3,max in linear (“L”) and nonlinear (N :
kn = 500k1) cases. (b) The ratio AL

2,max/AN
2,max for chains composed of 20 cells (20c) and 12 cells (12c), respectively.

attenuation and suppression is significantly expanded by
increasing �ω. It is noteworthy that these chaotic band
effects manipulated by the distance of NLR band gaps
depend little on the damping, though the damping can also
attenuate the wave. This type of interaction between band
gaps arises from the nonlinear effect in nature. In addition,
for the chain with 12 cells [see Fig. 5(b)], the trend of the
curve G-ω2 is consistent with that for the chain composed
of 20 cells. The max[G(12c)] at ω2 = 6.5 even reaches 6.3
and max[G(12c)] > max[G(20c)], although G(12c) < G(20c) for
ω2 ≤ 4; herein, the superscript “nc” denotes the number
of cells. Therefore, the regularity depends weakly on the
length of the finite chain.

When a finite NAM has two or more NLR band gaps,
the analyses above clearly demonstrate that these band
gaps exhibit remote (�ω 
 0) couplings by generating
the chaotic band together to significantly suppress the
resonances; increasing �ω to a certain extent under a
finite nonlinear strength promotes the suppression effi-
ciency and bandwidth. Moreover, the size of the NAM
does not notably change these laws. In this coupling, the
band gaps behave as bridge piers, and the chaotic band acts
as the bridge floors supported by piers, so we refer to this
situation as bridging coupling. Two coupled-NLR band
gaps are a bridging pair. Bridging coupling is essentially

FIG. 6. The imaginary part of the wave vector Im(κeff) of the
linear triatomic model under damping case. ω1 = 2, c = 0.01.

different from the adjacent couplings. Because the nonlin-
ear strength, particularly the coefficient kn, realized in a
real structure is generally limited by the scale, the ampli-
tude, and manufacturing technologies, it is of paramount
importance to use bridging couplings to manipulate the
chaotic band effect in practice.

III. VERIFICATION OF THE BRIDGING
COUPLING OF NLR BAND GAPS

A. Metamaterial design

To verify the bridging coupling of NLR band gaps, we
fabricated NAM beams made of periodic cells, as shown in

(a)

(b)

FIG. 7. Structure of the NAM beam. (a) Structure of a cell; the
right schematic is the supposed equivalent model. (b) Structure of
the NAM beam consisting of 12 cells and its measuring method.
Points E and R are the driving and measuring points, respectively.
Their positions are labeled in the box.
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FIG. 8. Nonlinear relations between the compression force F
and the deformation u of a pair of rubber pyramids.

Fig. 7(a). The primary structure is a uniform linear beam
and the lattice constant a = 80 mm. Two oscillators are
fixed on the primary beam through a stiff strut. Oscilla-
tor 1 consists of a cantilever thin beam and a tip mass m1.
Oscillator 2 consists of a cantilever tube (or a thick beam)
and a connector (acting as mass m2) fixed at the end of the
tube (or the beam). The first resonant frequency of oscil-
lator 2 is designed to be higher than that of oscillator 1.
There is a square hole in m1. A pair of small rubber pyra-
mids is attached to the connector and both of them are put
in the square hole. The rubber pyramids are undeformed at
rest. In theory, the clearance between the peak of the rub-
ber and the wall of the hole is zero. The relative motion
of the two oscillators will compress the pyramid rubble.
With a high-precision instrument, DMA Q800 (made by
TA Instruments), we measure the force, F, generated by
a pyramid rubber with the compression deformation, u, in
the quasistatic compression experiments at about 30 °C.

As depicted in Fig. 8, the relationship F-u induced by a
pair of rubber pyramids can be fit with a cubic nonlinear
function, F(u), accurately, as

F(u) = k0u + knu3. (11)

We realize that kn =β × 1010 N/m3 and β = 1∼4
in experiments. In theoretical analyses, we specify
kn = 1 × 1010 N/m3. This kn enables us to achieve moder-
ate nonlinearities with finite driving amplitudes. The linear

stiffness k0 of the rubber is negligible compared with the
stiffnesses of the oscillators.

The whole metamaterial beam consists of 12 cells,
as shown in Fig. 7(b). The total length of the beam is
1040 mm. In experiments, different levels of broadband
white-noise signals drive the beam at point E. A laser
Doppler vibrometer measures the responses at the right
end, R. The driving levels are modulated by the voltage
of the amplifier. We fabricated NAM1 and NAM2 to study
the influence of frequency distance on the wave transmis-
sion of NAMs. The first eigenfrequency of oscillator 2
in NAM2 is higher than that of NAM1. NAM1 is shown
in Fig. 7(b). NAM2 consists of the periodic cells shown
in Fig. 7(a). Their primary beams are the same, and the
width, thickness, density, and modulus of the beams are
bb = 20 mm, hb = 4 mm, ρ = 2700 kg/m3, and E = 70 GPa,
respectively. The concentrated mass and inertia at the fixed
point in a cell are m0 = 3 g and J 0 = 0, respectively. Param-
eters of oscillators 1 and 2 are listed in Table I. Their
definitions are ρ i is density, Ei is modulus, Ai is section
area, Ii is inertia moment, Li is length, mti is tip mass, and Jti
is tip inertia; herein, the subscript i = 1, 2 denotes parame-
ters relevant to oscillator 1 or oscillator 2, respectively. In
Fig. 7(a), inverting the connecter on oscillator 2 decouples
oscillator 1 and oscillator 2. In this situation, they become
the typical linear metamaterials, LAM1 and LAM2, with
multiple local resonances.

B. Dispersion and transmission properties

By considering the first and second flexural modes of
oscillator 1, and the first flexural mode of oscillator 2, this
manuscript establishes physical models of oscillators 1 and
2 with the mode superposition method (see Appendix).
Then, the finite element (FE) model of a periodic cell is
built based on the Bloch theorem [46]. The harmonic bal-
ance method is adopted to solve the dispersion curves of
this model [46]. As illustrated in Fig. 9, LAM1 and LAM2
have four band gaps below 1400 Hz. Their ranges are
listed in Table II. LR1 and LR3 are induced by the first
and the second flexural modes of oscillator 1, respectively.
LR2 is generated by the first flexural mode of oscilla-
tor 2. Both LAM1 and LAM2 have Bragg band gaps

TABLE I. Parameters of oscillator 1 and 2 in NAM1 and NAM2. The subscript i = 1, 2.

Oscillator 1 Oscillator 2

Symbol NAM1 NAM2 NAM1 NAM2

ρ i (kg/m3) 2700 2700 2700 7800
Ei (GPa) 70 70 70 200
Ai (m2) 8×10−6 1×10−5 1.6×10−5 5.37×10−6

Ii (m4) 4.27×10−13 8.33×10−13 3.41×10−12 1.75×10−11

Li (mm) 32 44.3 43.5 59.5
mti (g) 11.45 11.45 2.2256 4.5
Jti (kg m2) 2.56×10−7 2.05×10−7 1.8×10−7 5.25×10−7
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Bragg

LR1

LR2

LR3

Bragg

LR3

LR2

LR1

(a) (b) (c) (d)

× 10−6 × 10−5 × 10−5× 10−5

FIG. 9. Dispersion curves of lin-
ear and nonlinear metamaterials
for different amplitudes. (a),(b)
NAM1; (c),(d) NAM2. Differ-
ent wave amplitudes, A0, are
labeled on the panels. The solid
blue curves are linear dispersion
results, and all the red points
are nonlinear dispersion results.
The wave vector 0 <κ <π /a. The
shaded bands are linear band gaps.

near 1200 Hz. The generalized bandwidth of a band is
γ = (fcut−f st)/f st, where f st (fcut) denotes the start (cutoff)
frequency. LAM2-LR2 has the largest γ (γ = 0.295); how-
ever, γ � 1. Therefore, those band gaps are narrow. The
main difference between LAM1 and LAM2 lies in the posi-
tion of LR2: the distance between LR1 and LR2 in LAM2
is greater.

The transfer function is H (ω) = 20 log10[XR(ω)/XE(ω)]
dB, where Xi(ω) is the frequency spectrum at point i. The
H (ω) of NAM1 and NAM2 at different excitation levels
are shown in Fig. 10. The band gaps, LR1, LR2, and LR3,
presented by H (ω) of the linear-decoupled cases agree
well with the dispersion curves. The dispersion solutions
of NAMs depend on the wave amplitude, A0 [43–46]. To
provide the values of A0 that are consistent with the exper-
iments, the average excitation displacements in 50–100 Hz
(near LR1) are adopted as references for A0. A0 also indi-
cates different driving levels. Therefore, we use A0 = 4 µm
and 10 µm for NAM1, and use A0 = 10 µm and 20 µm
for NAM2. The smaller A0 approximates the experimental
input wave. In addition to the five dispersion curves iden-
tical to those of the relevant LAMs, NAMs have multiple
dispersion solutions that will bifurcate (see Fig. 9). Most of
these multiple solutions have large imaginary parts, lead-
ing to rapid attenuations of the waves. For band gaps, the
nonlinearity first shifts the lower boundary of LR1 upward;
further enhancing the nonlinear strength can also shift the
lower boundary of LR2. However, their upper boundaries
remain almost constant, so that LR1 closes first. In this
process, LR band gaps become NLR gaps. These regimes
are consistent with the regularities shown by the triatomic
model in Fig. 2. A much stronger nonlinearity is required

TABLE II. Ranges of band gaps in LAM1 and LAM2.

LR1 (Hz) LR2 (Hz) LR3 (Hz) Bragg (Hz)

LAM1 75.2–90.8 275.8–299.3 851.9–896.1 1151–1286
LAM2 64.5–77.9 405.2–524.6 965.9–1027 1072–1270

to shift LR2 of NAM2 due to its higher frequency. This
situation is similar for LR3.

As shown in Fig. 10, for LAMs, the transmission in
the band gaps is reduced by 30 dB. However, the pass-
bands consist of dense resonances that amplify waves more

(a)

(b)

FIG. 10. Transfer function H (ω) for different excitation levels.
(a) NAM1. (b) NAM2. The shaded frequency ranges repre-
sent band gaps and chaotic bands. The average amplitude in
50–100 Hz (near LR1) is used to evaluate different excitation
levels. NAM1: {0.5 V, 0.7446 µm}, {2.0 V, 2.7458 µm}, {4.0 V,
5.4454 µm}, and {6.5 V, 8.7768 µm}; NAM2: {1.5 V, 0.8734 µm},
{4.0 V, 2.372 µm}, {6.0 V, 3.502 µm}, and {7.5 V, 11.7 µm}. Lin-
ear D.C. in legends represents the decoupled case, which is the
linear state of the metamaterial. N-xV denotes the voltage of the
amplifier used to drive the NAM.
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(a)

(b)

FIG. 11. Bifurcations of periodic solutions found by the perturbation continuation approach. (a) F = 1 N; (b) F = 5 N. All the
solutions are convergent. The solid black curves are solutions of LAM2; the solid blue (dashed magenta/green) curves represent stable
(unstable) periodic solutions of NAM2.

than 20 dB. As characterized by H (ω) of NAM1 [see
Fig. 10(a)], increasing the driving amplitude shifts LR1 to
higher frequencies, which is consistent with the dispersion
curves. Moreover, wave transmissions at the resonances in
the second passbands (LR1-LR2) decrease by 15–30 dB
when a strong nonlinearity appears (6.5 V). As clarified
[46], such significant wave attenuation is induced by the
chaotic band effect because the second passband becomes
a chaotic band. However, in the third passband, only the
resonances near LR2 are suppressed, and the maximum
values of H (ω) in NAM1 (for 6.5 V) and LAM1 reach 16
and 25 dB, respectively. As a result, the wave attenuations
of NAM1 in the strongly nonlinear regime mainly appear
in the 70–300 Hz range that consists of the chaotic band
and band gaps; its generalized width γ > 3.3. Those fea-
tures of NAM1 are consistent with the phenomena shown
in the short-frequency distance case of the triatomic model
[see Figs. 4(a) and 4(c)], which verifies that the wave
attenuations in the chaotic band are controlled by the
bridging-coupling pair NLR1-NLR2. The energy transfer
between oscillator 1 and oscillator 2 alters the negative
mass properties and generates the chaotic band to suppress
the nonlinear resonances. In theory, there are bridging cou-
plings between NLR3 and other band gaps. However, a
much stronger nonlinearity is required to generate obvious
interactions because of the long-frequency distances.

When the distance between NLR1 and NLR2 increases,
as predicted by the remote bridging couplings of the tri-
atomic model, the chaotic band suppressing nonlinear res-
onances becomes broader with the second passband; the

maximum H (ω) of LAM in the third passband decreases;
and the third passband of NAM can also suppress the
resonances. As shown in Fig. 10(b), the H (ω) of NAM2
features the same properties as the predictions above: in
the second passband (the chaotic band), the resonant trans-
missions in the strongly nonlinear state (7.5 V) decrease
by 15–35 dB relative to those in the decoupled linear
state; NLR1 is closed and shifted upward; the maximum
values of the H (ω) of NAM2 under 6.0 V and LAM2 are
just 6 and 13 dB, which are much lower than those of
NAM1. Therefore, NLR1 and NLR2 of NAM2 are bridg-
ing coupled. Moreover, different from the properties of
the third passband of NAM1, resonances far from NLR2
and near NLR3 in NAM2 are also suppressed. This effect
even spreads to the resonances (near 1250 Hz) above the
Bragg band gap [see the small panel in Fig. 10(b)]. Some
of this suppression arises from the farther bridging pair
NLR1-NLR2 in the strongly nonlinear state, but the bridg-
ing coupling between NLR2 and NLR3 also has an effect.
Therefore, the bridging couplings between multiple NLR
band gaps are desirable. Even if neglecting the Bragg
band gap and higher frequencies, those bridging cou-
plings in NAM2 bring wave suppressions/attenuations in
an ultralow frequency and ultrabroadband of 60–1000 Hz.
The generalized bandwidth reaches γ > 15.6, which is
approximately five times broader than that of NAM1.
Experimental phenomena demonstrate that increasing the
distance between bridging NLR band gaps can manipulate
the vibration suppression bandwidth and efficiency in their
common chaotic band.
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C. Bifurcations of periodic solutions

To confirm that the responses at the nonlinear reso-
nances are chaotic, we find periodic solutions of the NAM2
FE model by combining the harmonic average method and
the perturbation continuation approach. The stability of a
periodic solution is determined by the eigenvalues of the
Jacobian matrix. A driving force, F, is applied at point
E. Dissipations of the rubber pyramids and the structural
damping are taken into consideration. These approaches
are detailed in the Appendix.

We find periodic solutions in three typical ranges in
the second passband: the lower (near LR1, 80–170 Hz),
the middle (210–245 Hz), and the upper (near LR2,
350–410 Hz) parts, as shown in Fig. 11. Under F = 1 N, the
nonlinear resonances characterize three branches bending
right, but all the resonant peaks are unstable (or the stable
and unstable ranges appear alternately), and their ampli-
tudes are much smaller than those of the linear resonant
peaks. In this situation, the root branches of the nonlinear
resonances are stable and coincide with the linear results,
which indicate quasiperiodic solutions. These phenomena
are similar to the studies on diatomic/tetratomic models in
Ref. [45]. Moreover, at the lower and the upper parts near
the band gaps, all solutions become unstable, indicating
that nonlinear effects are present in both oscillator 1 and
oscillator 2.

Upon further increases in the driving force to F = 5 N
[Fig. 11(b)], not only the resonant peaks but also their
roots become unstable; the unstable ranges enlarge, and
solutions of the middle part become unstable. For exam-
ple, in 80–170 Hz under F = 5 N, stable solutions can
only be found in some narrow frequency intervals; other
ranges consist of complex bifurcation branches formed
by unstable solutions. These frequency ranges consisting
of unstable periodic solutions or featuring the alternate
stable and unstable solutions lead to chaotic responses
[45]. Therefore, the whole second passband becomes a
chaotic band under a strongly nonlinear state of NAMs.
Furthermore, increasing the driving force decreases the
generalized amplitude, s/F, significantly. Accordingly, the
stronger nonlinearity results in greater transmission losses
in the chaotic band.

These analyses of periodic solutions confirm that the
passband between the bridging coupling pair NLR1-NLR2
is a chaotic band that suppresses wave transmissions.

IV. CONCLUSIONS

The chaotic band in a nonlinear acoustic metamate-
rial enables ultralow frequency, ultrabroadband, and highly
efficient wave reductions (the double-ultra effect) [46].
This work reports the remote bridging coupling of NLR
band gaps for efficient manipulations of the chaotic bands.

The triatomic NAM model, whose cell contains two
nonlinearly coupled resonators, is created to study the

couplings of NLR band gaps. The properties of nonlinear
resonances and nonlinear effective mass are reported, and
their relations are clarified by bifurcation analyses in differ-
ent regimes. This coupling greatly changes the nonlinear
effective mass density and features broadband sharing of
the negative mass through energy transfer between res-
onators. For the finite chain, we find numerically that the
passband between two NLR band gaps becomes a chaotic
band, and increasing the frequency distance between the
two NLR band gaps can enhance the efficiency while
expanding the bandwidth for wave suppression in the
chaotic band. Moreover, the size of NAM does not notably
change the modulating principle. This remote interaction is
essentially different from the adjacent band gap couplings,
so it is called as bridging coupling.

To demonstrate the bridging coupling of NLR band
gaps, two NAM beams with different NLR band gap dis-
tances are fabricated. We experimentally verify that the
transmission losses and the bandwidth of the chaotic band
(between and near NLR band gaps) can be modulated by
the distance between NLR band gaps. Ultralow frequency
and ultrabroadband wave suppressions/attenuations are
achieved again (the generalized bandwidth γ > 15.6). With
the nonlinear FE model of the NAM beam, periodic solu-
tions found by the continuation approach confirm that
the broadband responses become chaotic waves whose
transmissions are amplitude dependent. Therefore, bridg-
ing couplings of NLR band gaps are demonstrated to be an
efficient mechanism for manipulating the chaotic band in
conditions of limited nonlinear strength in practice.

The double-ultra wave suppressions enabled by chaotic
bands in NAMs are desired in wide applications, such as
vibration and noise control and broadband metadevices.
This work reports and demonstrates the remote bridging
coupling of nonlinear resonant band gaps for generating
and manipulating the chaotic band conveniently and effi-
ciently. Our study extends the content of NAMs and more
nonlinear effects are anticipated based on this mechanism.
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APPENDIX: NONLINEAR FINITE ELEMENT
MODEL

The modal superposition method is adopted to model the
flexural vibration of the oscillators. The first two modes
of oscillator 1 and the first mode of oscillator 2 are con-
sidered. Transverse displacements, w1(x) and w2(x), of
oscillator 1 and oscillator 2 are, respectively, expressed by

w1(x) = W11(x)q11(t) + W12(x)q12(t),

w2(x) = W21(x)q21(t).
(A1)
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Herein, x denotes the distance to the fixed point; qij is the
modal coordinate; Wij (x) represents the modal displace-
ment given by

Wij (x) = sin βij x − sinh βij x + cos βij Li + cosh βij Li

sin βij Li − sinh βij Li

× (cos βij x − cosh βij x), (A2)

where cos βij Li cosh βij Li = −1. Therefore, βi1Li = 1.875
and βi2Li = 4.694. The kinetic energy, Tr, and the strain
energy, Ur, of oscillators in a cell are given by

Tr = 1
2

m0ẇ2
0 + 1

2
J0θ̇

2
0 + 1

2

∫ L1

0
ρ1A1(ẇ0 + ẇ1 + xθ̇0)

2dx

+ 1
2

mt1[ẇ0 + ẇ1(L1) + L1θ̇0]2 + 1
2

Jt1[θ̇0 + θ̇1(L1)]2

+ 1
2

∫ L2

0
ρ2A2(ẇ0 + ẇ2 + xθ̇0)

2dx

+ 1
2

Jt2[θ̇0 + θ̇2(L2)]2

+ 1
2

mt2[ẇ0 + ẇ2(L2) + L2θ̇0]2, (A3)

Ur = 1
2

∫ L1

0
E1I1(w1,xx)

2dx + 1
2

∫ L2

0
E2I2(w2,xx)

2dx

+ 1
2

k1�
2 + 1

4
kn�

4,

� = w1(L1, t) − w2(L2, t), θi = ∂wi/∂x, (A4)

where (·)x = ∂/∂x and Ẋ = ∂X /∂t; w0 and θ0 are the
deflection and angle displacements, respectively, of the pri-
mary beam at the fixed point. All parameters are listed in
Table I. By substituting Eq. (A2) into Eqs. (A3) and (A4),
we obtain

Tr = 1
2

¨̃qrm̃r ¨̃qT
r , Ur = 1

2
q̃rk̃rLq̃T

r + 1
4

kn�
4 (A5)

Here, the vector q̃r = [w0 θ0 q11 q12 q21]T; m̃r and k̃rL
are linear mass and stiffness matrices, respectively. The
derivation yields

m̃r =

⎡

⎢
⎢
⎢
⎣

mr,11 mr,12 mr,13 mr,14 mr,15
mr,22 mr,23 mr,24 mr,25

mr,33 mr,34 0
sym mr,44 0

mr,55

⎤

⎥
⎥
⎥
⎦

,

k̃rL =

⎡

⎢
⎢
⎢
⎣

0 0 0 0 0
0 0 0 0

kr,33 kr,34 kr,35
sym kr,44 kr,45

kr,55

⎤

⎥
⎥
⎥
⎦

.

(A6)

Elements in m̃r and k̃rL are not repeated here. The nonlin-
ear term in Eq. (A5) can be simplified by using the formula

� = W11(L1)q11 + W12(L1)q12 − W21(L2)q21

+ (L1 − L2)θ0 = qd.
(A7)

A transformation yields

q21 = (L1 − L2)θ0 + W11(L1)q11 + W12(L1)q12 − qd

W21(L2)

(A8)

Defining a new vector qr = [w0 θ0 q11 q12 qd]T, we obtain
q̃r = Arqr and

Ar =

⎡

⎢
⎢
⎢
⎢
⎣

1
0 1
0 0 1 0 0
0 0 0 1 0

0 L1−L2
W21(L2)

W11(L1)

W21(L2)

W12(L1)

W21(L2)
−1

W21(L2)

⎤

⎥
⎥
⎥
⎥
⎦

(A9)

With a vector transformation, the matrices for the
mass, the linear stiffness, and the nonlinear stiffness
coefficient are

mr = AT
r m̃rAr,

krL = AT
r k̃rLAr,

krN = 0 and krN ,55 = kn.

(A10)

If the dissipation arising from the rubber pyramid is
approximated as the linear viscous damping, the virtual
work done by it is

δWd = −c�̇δ� = − cq̇dδqd. (A11)

Therefore, the motion equation of the oscillators in a cell
is expressed as

mrq̈r + crq̇r + krLqr + krN q3
r = f, (A12)

where cr is the damping matrix of the oscillators, and only
the element cr,55 = c is nonzero.

As verified, the geometrical nonlinearity of the primary
beam is negligible [46]. Furthermore, we establish the FE
model of the whole NAM beam by following a standard FE
procedure. The motion equation of the whole NAM beam
is given by

Mq̈ + Kq + Cq̇ + Nq3 = F sin ωt, (A13)

where q and F are vectors for all nodes’ displace-
ment and force, respectively; ω denotes the driving fre-
quency at point E; M, K, C, N are the system’s mass,
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linear stiffness, damping, and nonlinear stiffness coefficient
matrices, respectively. Besides the damping from the
rubber pyramid, the weak dissipation arising from the
deformation of the structure is also considered, so matrix
C is superposed by two damping sources,

C = Cr + ηsK/ω. (A14)

Here, Cr is expanded with the damping matrix cr in
Eq. (A12); ηs symbolizes the damping coefficient of the
structure. In theoretical analyses, we specify c = 0.01 and
ηs = 1 × 10−5.

The harmonic average approach is adopted to solve the
approximate frequency responses (the periodic solutions)

of Eq. (A13) and to determine the stabilities of the solu-
tions. The steps of this algorithm are detailed in Ref. [45].
By defining

q = u cos ωt + v sin ωt, (A15)

the periodic solution is determined by the algebraic equa-
tions below:

{
(K − ω2M)v − ωCu + 3N((v2 + u2)v)/4 = 0,
(K − ω2M)u + ωCv + 3N((v2 + u2)u)/4 = F.

(A16)

The Jacobian matrix J used to analyze the stabilities of the
solutions is given by

J =
[

M−1 0
0 −M−1

] [ −ωC + 3N ◦ [[uv]]/2 K − ω2M + 3N ◦ [[3v2 + u2]]/4
K − ω2M + 3N ◦ [[3u2 + v2]]/4 ωC + 3N ◦ [[uv]]/2

]

(A17)

Here, {[x]} = [x x · · · x]T is the algebraic evaluation for
expanding a vector x into a square matrix {[x]}. A ◦ B =
[aij bij ] is defined as the element product of two matrices A
and B.

Moreover, the perturbation continuation algorithm is
adopted to find the convergent solutions of Eq. (A16). Sub-
stituting a solution into Eq. (A17) leads to matrix J. If there
are eigenvalues of J having positive real parts, the corre-
sponding solution is unstable; otherwise, it is stable. Due
to the inevitable numerical errors, we use a positive value
μc = 1 × 10−8 instead of μc = 0 as the critical value for the
real parts of eigenvalues to determine the stability.
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