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Active Microwave Cloaking Using Parity-Time-Symmetric Satellites
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In this paper, we present and study the dynamics of an active microwave cloaking technique that allevi-
ates the trade-offs between loss, bandwidth, and size inherent in passive approaches. The presented cloak
consists of a finite number of satellite antennas loaded with parity-time-symmetric lumped admittances,
which, without external control, can track in real time the amplitude, frequency, and phase variations of
the impinging signals and generate the required current distributions at the antennas to totally suppress
the scattered waves, including reflections and shadows. We analytically derive the optimal density and
frequency dispersion of the antenna satellites surrounding the object in order to achieve substantial reduc-
tion in the scattering crosssection over a wide bandwidth. We also investigate the conditions necessary to
maintain the cloak stability and study its transient response for excitation with pulsed signals.
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I. INTRODUCTION

The possibility of minimizing the scattering from an
object and making it undetectable to external observers
has intrigued the imagination of mankind for centuries.
This process, known in the scientific literature as cloak-
ing [1–10], is not only of fundamental significance from
a basic research standpoint, but it can also enable new
applications in different portions of the electromagnetic
spectrum, including microwaves and optics, and even in
other physical domains, namely, acoustics, mechanics,
and thermodynamics. In the microwave regime, which
is the main focus of this paper, potential applications
include reducing the interference between multiantenna
radio systems as in next-generation massive multiple-input
multiple-output (MIMO) wireless communication systems
[11–13], advancement of stealth technology in radar sys-
tems to suppress the shadow of hidden objects [14,15], and
improving the efficiency of radio-frequency energy har-
vesting by eliminating the loss due to scattering [16–18].
Research in this area has seen different breakthroughs since
the advent of metamaterials and numerous approaches
to cloaking have been explored, including transformation
optics [1,2], carpet cloaking [3], mantle cloaking [4,5],
plasmonic cloaking [6,7], and a few others [8–10]. Yet,
several challenges hinder all these approaches, includ-
ing the loss that inevitably accompanies the dispersion of
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metamaterials [19] and the difficulty of achieving large
scattering suppression over a sufficiently wide bandwidth
(BW), especially for arbitrarily shaped large objects [20,
21]. Overcoming these limitations without compromising
other specifications of the target application is a necessity
for cloaking technologies to become relevant in practical
scenarios. For example, covering an object with an elon-
gated hard surface [22] may provide broadband scattering
reduction for one polarization of interest, thus overcom-
ing the bandwidth problem, but the increase in size may
be unacceptable in mobile communication systems. Con-
sequently, these challenges have cast doubts on whether
cloaking can really escape the realm of basic research and
become a technological reality.

Interestingly, a common assumption in the vast majority
of cloaking techniques proposed to date is the use of only
passive materials. In Ref. [21], it was shown that indepen-
dent of the adopted scheme, passive and linear cloaks are
always subject to stringent upper bounds on the operational
bandwidth, which become more and more stringent as the
object size increases. These bounds suggest that practical
broadband cloaking can only be feasible with the adoption
of active devices. A few attempts toward this goal have
been investigated in the last few years [23–27]. In particu-
lar, [23] proposed the idea of using an array of sensors to
measure the fields around the object being concealed, then
processing the measured values to calculate the required
signals that need to be applied to a set of radiating sources
to cancel the scattered waves. The main challenge with
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this approach, however, is that the delay related to sens-
ing and postprocessing of the measured signals needs to be
small compared to the time taken for the wave to propagate
through the cloaked volume. As explained in Ref. [23], this
may be possible for slowly propagating waves, as in acous-
tics, for which information can be transmitted at higher
speeds around the cloaked volume via electrical or optical
networks, but it may be quite challenging for electromag-
netic waves. This problem can be overcome to some extent
in applications where the angle of incidence is restricted
within a particular range, a situation commonly referred to
as unidirectional cloaking [28–30]. In such a case, it would
be sufficient to have a local and separate feedback net-
work for each source, instead of a nonlocal joint feedback
network between all sources, as is necessary in the case
of omnidirectional cloaking. Toward this direction, [24]
proposed and experimentally demonstrated unidirectional
cloaking at microwave frequencies through a finite number
of sources externally driven by independent signal gener-
ators. However, this process required prior knowledge of
the incident wave characteristics, i.e., amplitude, phase,
and frequency information, which, for realistic scenarios
where the incident wave is modulated in time, implies the
necessity of advanced sensors in front of the object that can
track the rapidly changing incident wave.

In order to overcome this problem, [25] presented an
active cloaking technique inspired by the concept of parity-
time (PT) symmetry. This special form of symmetry,
originally introduced in quantum mechanics [31–33] and
recently extended to optics and electromagnetics [34–36],
concerns structures that are symmetric upon a concurrent
inversion of spatial and time coordinates. In optics, this
situation corresponds to systems with spatially balanced
loss and gain. Applying this concept to electromagnetic
(EM) scattering problems has led to a new class of uni-
directional cloaks in which PT symmetry implies covering
the object with a surface having a balanced distribution of
loss and gain. The impedance of this surface is appropri-
ately selected to absorb the incident wave from one side,
as in conventional stealth devices, and then reemit it on the
other side, thus cancelling the shadow that always exists in
passive stealth devices and achieving total invisibility. To
introduce this concept, [25] explored a rather unrealistic
metasurface model with a continuously varying admittance
profile, which cannot be implemented in practice.

In this paper, we present practical designs of PT sym-
metric microwave cloaks, consisting of arrays of antenna
satellites that surpass the passive metamaterial approaches
proposed to date in performance and provide several
advantages compared to the available active cloaks, such
as increased operational BW and automatic generation of
the required signals at the radiating antennas through a fast
and stable “analoglike” feedback. Our approach is based
on surrounding the scattering object with a finite number
of antennas loaded with PT symmetric circuits [26], which

can be implemented using discrete or integrated circuits.
We rigorously derive the optimal parameters of these ele-
ments, including their number and frequency dispersion,
to achieve a set of given specifications that include the
level of scattering reduction and operational bandwidth,
making sure that the system is stable. We apply the pro-
posed approach to objects with sizes of the order of the
wavelength and show that the achieved bandwidth satis-
fies the requirements of various microwave applications
involving realistic digitally modulated signals. Further-
more, we show that the bandwidth of our approach can be
significantly larger than the bandwidth of most common
passive cloaks based on azimuthally symmetric covers,
opening a new venue in the quest toward practical cloaks
for broadband signals and large scatterers.

II. FREQUENCY-DOMAIN ANALYSIS

Although the proposed technique can be applied to
objects of any shape, for simplicity, our analysis will
focus on circularly symmetric perfectly electric conduct-
ing (PEC) cylinders with translational invariance along the
z axis. A general discussion about how the analysis can
be extended to any object and considering any kind of
parasitics is provided in the Conclusions. Figure 1 shows
the geometry of the problem, a PEC cylinder with radius
a, surrounded by N discrete thin wires (satellites), peri-
odically loaded with lumped admittances YL,k at radius rc
and equidistantly distributed at angles φk = (k − 1)2π/N ,
where k = 1 : N is an integer that represents the wire
index. If the distance d between adjacent lumped admit-
tances is much smaller than the wavelength, the loaded
wires can be modeled through the homogenized bound-
ary condition Ik = YkEk, where Ik is the current flowing
through the kth wire, Ek is the z directed electric field
(the electric field parallel to the wires) at the site of the
kth wire, and Yk = YL,kd is defined as the loaded wire
admittance. The unit for Yk is (� m)−1. For short-circuited

(a) (b)

FIG. 1. TMz plane-wave incidence on a circular PEC cylin-
der surrounded by N satellite antennas with wire admittance
Yk. (a) Geometry of the problem. (b) Implementation of the
satellite antennas as thin wires periodically loaded with lumped
admittance YL,k.
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wires, i.e., for YL,k → ∞, this boundary condition becomes
Ek = 0, which is simply the boundary condition for a per-
fectly metallic surface. The satellites play the joint role of
sensor/source pairs, where the wire admittance provides a
feedback mechanism that is necessary to create signals that
cancel the scattered field by the cylinder, as we will explain
in the next section. It is worth mentioning at this point
that the cross-coupling between all elements, particularly
between the active and passive sides, is not only taken into
account in the following analysis, but it is also essential
to maintain the system’s stability, as will be explained in
Sec. III.

Now consider an impinging transverse-magnetic (TMz)
wave with an electric field along the z axis propagating
along the +x axis with a center frequency f0, free-space
wavelength and wavenumber λ0 and β0, respectively, and
electric field amplitude E0, as follows:

Einc(ρ, φ) = E0e−j β0x = E0

∞∑
n=−∞

j −nJn(β0ρ)ejnφ , (1)

where Jn(x) is the Bessel function of the first kind and nth
order and the unit vector ẑ is omitted for simplicity. Our
goal is to find the number of satellites N and the optimal
values of the wire admittances Yk, which, for a given fre-
quency f 0, minimize the normalized scattering coefficient
RCS = σ c/σ b, defined as the ratio between the scatter-
ing crosssections of the cloaked structure σ c and the bare
cylinder σ b, respectively, given by

σ c = 1
2π

∫
lim

ρ→∞
|Es,c(ρ, φ)|2

|E0|2
2πρdφ, (2)

σ b = 1
2π

∫
lim

ρ→∞
|Es,b(ρ, φ)|2

|E0|2
2πρdφ, (3)

where Es,b and Es,c are the scattered fields from the bare
cylinder and the cloaked structure, respectively. These
fields can be found as [37]

Es,b(ρ, φ) = E0

∞∑
n=−∞

j −n Jn(β0a)

H (2)
n (β0a)

H (2)
n (β0ρ)ejnφ , (4)

Es,c(ρ, φ) = E0

∞∑
n=−∞

j −n Jn(β0a)

H (2)
n (β0a)

H (2)
n (β0ρ)ejnφ

− β0η0

4

N∑
k=1

Ik

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∞∑
n=−∞

H (2)
n (β0rc)

[
Jn(β0ρ) − Jn(β0a)

H (2)
n (β0a)

H (2)
n (β0ρ)

]
ejn(φ−φk), a ≤ ρ ≤ rc,

∞∑
n=−∞

H (2)
n (β0ρ)

[
Jn(β0rc) − Jn(β0a)

H (2)
n (β0a)

H (2)
n (β0rc)

]
ejn(φ−φk), ρ ≥ rc,

(5)

where H (2)
n (x) is the Hankel function of the second kind

and nth order, η0 = 120 π� is the free-space intrinsic
impedance, and Ik is the current flowing through the kth
wire. The first term in the right-hand side of Es,c is the
scattered field from the bare cylinder, while the second
term is the radiated field of the cloaking satellites in
the presence of the cylinder. The total fields Etot,b and
Etot,c with and without cloaking, respectively, can be cal-
culated using a simple superposition of Eqs. (1), (4),
and (5):

Etot,b = Einc + Es,b, (6)

Etot,c = Einc + Es,c. (7)

In the far-field (FF) region, Eq. (5) can be simplified into

Es,c
FF(ρ, φ) =

∞∑
n=−∞

(
ln + Xn

N∑
k=1

Ike−jnφk

)
ejnφ e−j β0ρ

√
ρ

,

(8)
where ln and Xn are two constants given by

ln = −E0

√
2j

πβ0

Jn(β0a)

H (2)
n (β0a)

, (9)

Xn = −β0η0

4

√
2j

πβ0
j n
[

Jn(β0rc) − Jn(β0a)

H (2)
n (β0a)

H (2)
n (β0rc)

]
.

(10)
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Then the total scattered power is given by

Ps =
∫ 2π

0

|Es,c
FF|2

2η0
ρdφ =

∞∑
n=−∞

Ps
n

= π

η0

∞∑
n=−∞

∣∣∣∣∣ln + Xn

N∑
k=1

Ike−jnφk

∣∣∣∣∣
2

, (11)

where Ps
n is the scattered power corresponding to the nth

harmonic. Before calculating the optimal Yk, we calcu-
late the values of Ik that minimize Ps and subsequently
RCS. Knowing Ik, the optimal wire admittances can be
calculated with Yk = Ik/Ek.

In order to minimize Ps, we take the derivative of Eq.
(11) with respect to the real (I ′

k) and imaginary (I ′′
k ) parts

of Ik to be equal to zero,

∂Ps

∂I ′
m

=
∞∑

n=−∞

∂Ps
n

∂I ′
m

= 2 Re

{ ∞∑
n=−∞

lnX ∗
n ejnφm

+
N∑

k=1

lk
∞∑

n=−∞
|Xn|2ejn(φm−φk)

}
= 0,

∂Ps

∂I ′′
m

=
∞∑

n=−∞

∂Ps
n

∂I ′′
m

= −2j Im

{ ∞∑
n=−∞

lnX ∗
n ejnφm

+
N∑

k=1

lk
∞∑

n=−∞
|Xn|2ejn(φm−φk)

}
= 0. (12)

Equation (12) can be formulated into the linear system of
equations G I = −F , where I |N×1 is a column vector of
the currents Ik and the elements of G|N×N and F|N×1 are,
respectively, given by

gmk =
∞∑

n=−∞
|Xn|2ejn(φm−φk), (13)

fm =
∞∑

n=−∞
lnX ∗

n ejnφm . (14)

Solving this linear system of equations numerically, we
find the optimal currents Ik that minimize the scattered
power and scattering crosssection at f 0. As an example,
Fig. 2 presents Ik for a cylinder with a = λ0/2, rc = a +
0.05λ0, and N = 10, which, as we will see later, leads to

FIG. 2. Optimal current distribution at f0 to achieve RCS =
−30 dB for a = λ0/2, rc = a + 0.05λ0, and N = 10.

a scattering reduction of 30 dB. By substituting the values
of Ik into Eq. (11), we can calculate Ps and subsequently
RCS. Figure 3 shows RCS vs the number of elements N for
different radii of the PEC cylinder. As we can see, a larger
size requires more satellites to maintain the same level of
scattering reduction. Figure 3 also shows that, for a cylin-
der of a particular size, the scattering reduction improves
as the number of satellites increases. However, there are
two distinct regions with different slopes of RCS vs N. The
transition between the two regions happens approximately
when the distance between neighboring satellites is λ0/2,
as seen in Fig. 3.

This interesting behavior can be understood through the
properties of planar surfaces consisting of periodic arrays
of particles, which can locally approximate the cloak under
study. In particular, if the distance between elements is
larger than λ0/2, there is a range of incident angles, close to
grazing, for which the satellites scatter multiple diffraction
orders, making full absorption of the incident wave from
one side and reemission from the other one impossible,

FIG. 3. Normalized scattering coefficient RCS vs the number
of satellites N for different sizes of the PEC cylinder.

054040-4



ACTIVE MICROWAVE CLOAKING . . . PHYS. REV. APPLIED 10, 054040 (2018)

FIG. 4. Uncloaked scattering crosssection σ b and the required
number of satellites N to achieve RCS = −30 dB vs the size of
the PEC cylinder.

since a portion of the incident power will be distributed
to diffraction orders other than the one associated with
the incident plane wave. This problem disappears for a
distance smaller than λ0/2. In such a case, the higher
diffraction orders are evanescent, and the cloak can be
designed to perfectly absorb incident waves from a given
direction. Perfect invisibility can be achieved only with a
continuous impedance profile, i.e., for N → ∞, but past
the λ0/2 density threshold adding more satellites becomes
less crucial.

Figure 4 plots the required number of satellites N and the
scattering crosssection σ b of the bare object versus a for

RCS = −30 dB. As expected, N increases with a. Inter-
estingly, just as for σ b, this increase is perfectly linear,
showing that the number of satellites required to achieve
a particular level of scattering reduction increases in pro-
portion to the object size. This observation can be further
explained, shedding additional insights into the depen-
dence of RCS on N, by looking at the effect of cloaking
on the coefficients of the cylindrical harmonics of the scat-
tered field. The goal of any cloaking scheme is to cancel as
many of these coefficients as possible. For the case under
study, these coefficients are given by

Cn = ln + Xn

N∑
k=1

Ike−jnφk , (15)

consistent with Eq. (8). Figure 5 shows these coefficients
without and with cloaking satellites for a = λ0/2 and dif-
ferent N. In the case of the bare object, |Cn| decreases
rapidly as n increases beyond a particular value n∗. An esti-
mation of this value can be obtained from the asymptotic
formula of |Cn| for large n:

|Cn| ∼ E0

√
1

2πβ0

(
eβ0a
2n

)2n

. (16)

From this equation, we can see that for n > n∗ = eβ0a/2,
|Cn| decreases faster than exponentially with increasing

(a) (b)

(c) (d)

FIG. 5. Magnitude of the scat-
tering harmonics with and without
cloaking for a = λ0/2 and differ-
ent numbers of the satellites: (a)
N = 2, (b) N = 5, (c) N = 8, and
(d) N = 10.
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FIG. 6. Optimal values of the modified wire admittance Y′
k at f0

for a = λ0/2, rc = a + 0.05λ0 and N = 10.

n. For a = λ0/2, the critical value of n is 5, which is in
good agreement with the data in Fig. 5. If N, i.e., the
number of cloaking elements, is smaller than n∗, there
are not enough degrees of freedom to cancel all relevant
harmonics of the bare cylinder, as seen in Figs. 4(b) and
5(a). In fact, some of the higher-order coefficients actu-
ally increase, which is not surprising since the cancellation
is targeted in an average sense. This behavior results in
a slow decrease of RCS with increasing N for small val-
ues of N, also consistent with Fig. 3. On the other hand,
if N > n∗, we have enough degrees of freedom to cancel
the dominant harmonics and also several other harmon-
ics. Furthermore, since the amplitude of the less relevant
harmonics decreases quickly with their order, a larger N
results in a fast decrease of RCS, as observed in Fig. 3
for a large N. It is evident from the above discussion that
n∗ approximately provides the number of elements N ∗
at the kneepoint in Fig. 3. Indeed, it can be found from
Fig. 3 that n∗ = 0.68N ∗. This discussion shows the feasi-
bility of cloaking arbitrarily large objects with reasonable
complexity using the presented active cloak.

As already mentioned at the beginning of this section,
the loaded wires can be modeled through the boundary
condition Ik = YkEk, from which, having found Ik, we
can calculate Yk and subsequently the lumped admittances

(a) (b)

FIG. 7. Total electric field distribution (normalized to E0) for
the same parameters as in Fig. 6: (a) Without cloaking satellites.
(b) With cloaking satellites.

inc

inc

FIG. 8. Normalized scattering coefficient RCS versus the angle
of incidence φinc at f0 for the same parameters as in Fig. 6.

YL,k = Yk/d. Nevertheless, this boundary condition con-
tains an inherent difficulty: the induced electric field by
a line source itself, such as a thin wire, is singular at the
source location, thereby leading to a similar singularity for
Ek. This problem is similar to the singularity encountered
in the definition of polarizability of point dipoles, and it
can be resolved as follows. Consider Eind

k to be the induced
electric field by the kth wire on itself and Eloc

k to be the
local field on the kth wire due to the incident wave and
all the other radiating sources, where both are calculated
in the presence of the cylinder. Then, the total field on
the kth wire is given by Ek = Eind

k + Eloc
k and the required

admittance at this element can be calculated as

1
Yk

= 1
αk

+ Eind
k

Ik
, (17)

where αk = Ik/Eloc
k is defined as the polarizability of the

kth satellite, Ik is depicted in Fig. 2, and Eloc
k is

Eloc
k = Einc(rc, φk) + Es,b(rc, φk)

− β0η0

4

N∑
m=1
m
=k

∞∑
n=−∞

ImH (2)
n (β0rc)

[
Jn(β0rc) − Jn(β0a)

H (2)
n (β0a)

H (2)
n (β0rc)

]
ejn(φk−φm).

(18)

Equation (18) takes into account the interference at the kth
satellite from all other wires and it also shows that Eloc

k
is bounded, therefore, no problem exists in calculating αk.
On the other hand, Eind

k is singular and the term Eind
k /Ik

requires special care. The real part of this term can be
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(a) (b)

(c) (d)

FIG. 9. Cloaked scattering
crosssection σ c versus the
azimuthal angle φ for different
angles of incidence: (a) φinc = 0◦,
(b) φinc = 60◦, (c) φinc = 120◦,
and (d) φinc = 180◦. The parame-
ters of the structure are the same
as in Fig. 6.

calculated by writing it as

Re
{

Eind
k

Ik

}
= 2

|Ik|2
1
2

Re{Eind
k I∗

k } (19)

and noting that (1/2)Re{Eind
k I∗

k } is the opposite of the radi-
ated power by a line source with current Ik. This power is
essentially given by Eq. (11) with only a single term in the
sum with respect to k and without the term ln:

Re
{

Eind
k

Ik

}
= −2π

η0

∞∑
n=−∞

|Xn|2. (20)

In order to calculate the imaginary part of Eind
k /Ik, we

assume that the wire has a finite but small radius ρ0. Then,
on the surface of the wire, Eind

k is approximately equal to

Eind
k ≈ −β0η0

4
IkH (2)

0 (β0ρ0)

+ β0η0

4
Ik

∞∑
n=−∞

Jn(β0a)

H (2)
n (β0a)

[H (2)
n (β0rc)]

2
, (21)

which can be obtained from Eq. (5). In deriving Eq. (21),
we have used the identity

H (2)

0 (β0|ρ − ρ ′|) =
∞∑

n=−∞
H (2)

n (β0ρ)Jn(β0ρ
′)ejn(φ−φ′)

(22)

and assumed that ρ0 
 rc, so that the effect of the wire
radius can be neglected in the second term of Eq. (21),
which provides the scattered field of the dipole by the
cylinder. From this equation, we find that the domi-
nant term of Im{Eind

k /Ik} is −(β0η0/4)Y0(β0ρ0), where
Yn(x) is the Bessel function of the second kind and
nth order, which for ρ0 → 0 is approximately equal to
−[(β0η0)/(2π)] ln(β0ρ0). Therefore, we get

Eind
k

Ik
= i

β0η0

2π
ln(β0ρ0) − 2π

η0

∞∑
n=−∞

|Xn|2. (23)

The physical meanings of the real and imaginary parts of
Eind

k /Ik are the radiation resistance and the parasitic reac-
tance of a thin wire, respectively. Notice that the reactance
depends on the wire radius ρ0. In practice, this radius is an
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FIG. 10. (a) Closed-loop feedback MIMO model for the pro-
posed PT cloak. (b) Open-loop MIMO model for the active cloak
in Ref. [24].

effective quantity that depends on the actual shape and size
of the satellite antennas. Furthermore, the nonidealities of
the discrete or integrated components used in implement-
ing the lumped admittances YL,k will have an effect on Yk.
These parasitic effects can be absorbed in the design of
Yk. Hence, in order to simplify the analysis, we define a
modified wire admittance Y′

k as

1
Y′

k
= 1

Yk
+ i

β0η0

2π
ln(β0ρ0). (24)

From Eq. (23), it follows that

1
Y′

k
= Eloc

k

Ik
− 2π

η0

∞∑
n=−∞

|Xn|2. (25)

Figure 6 shows the real and imaginary parts of Y′
k for

the same parameters as in Fig. 2. It can be seen that the
admittance profile is indeed PT symmetric in the sense that
satellites at symmetric positions with respect to the y axis
(φ = 90◦) have the same imaginary part and opposite real
parts. As mentioned in the introduction, this PT symmet-
ric property can be intuitively understood as the operation
of a cloak that is ideally absorbing the incident wave on
the passive side of the object (like a stealth surface), and
re-emitting it on the active side through gain (operating
the time-reversed operation of an ideal stealth surface).
The lossy side can be implemented using passive elements,
which, in principle, is very similar to conventional stealth
technologies. The gain side, on the other hand, requires the
use of active circuits. Possible implementation for both the
lossy and gain sides will be provided in the next section.
Figure 7 shows the total electric field distribution at the

FIG. 11. Optimal dispersion (solid) for the gain element at
φ = 0◦ to maintain a flat 30-dB reduction compared to the actual
dispersion (dashed) achieved with the circuit implementation in
Fig. 12(b).

design frequency with and without cloaking for the case
study under consideration. These fields are analytically
calculated by substituting the current profile in Fig. 2, or
equivalently the admittance profile in Fig. 6, into Eqs.
(4) and (5). Clearly, the object becomes almost ideally
undetectable in the cloaked scenario for which all scat-
tering is suppressed, as opposed to conventional passive
stealth technologies for which only backward scattering
(reflection) is suppressed and a large shadow exists.

Although in this paper we focus on unidirectional cloak-
ing, it is still important from a practical perspective that the
cloak works well within a certain angular beam width. The
angular width is defined as the range of incident angles
where RCS stays above a particular value. For a −10 dB
threshold, the achieved angular width is 20o in this design,
as seen in Fig. 8, which depicts RCS vs the incidence angle
φinc. For |φinc| ≥ 25◦, RCS becomes larger than 0 dB,
meaning that the cloaked object scatters more than the
bare object. Maximum scattering occurs for φinc = 180◦,
when the structure is illuminated from its gain side. This
is also visible in Fig. 9, presenting the radiation pattern
of the structure for different incidence angles. However,
it is interesting to notice that backward scattering in the
−x direction is zero, regardless of the incident angle. As
explained in Ref. [38], this fundamentally lies in reci-
procity: since the scattered field for φinc = 0◦ is zero for
any observation angle, the same should hold for the scat-
tered field in the −x direction for any angle of incidence.
Notice the very different scales in the different panels of
Fig. 9.

III. STABILITY ANALYSIS AND TRANSIENT
RESPONSE

As for any feedback system incorporating active cir-
cuitry, the stability and transient dynamics of the proposed
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(a)

(b)

FIG. 12. Circuit implementation of the kth satellite. (a) Pas-
sive side. (b) Gain side. A simplified schematic (dc biasing is not
shown) for the NIC circuit is also shown using two cross-coupled
CMOS transistors [40,41].

cloak should be examined carefully. While the previous
results show that in steady-state at the design frequency
the scattering also stays finite for excitation from the
active side, stability cannot be firmly answered through
a frequency-domain analysis, but requires analyzing the
impulse response of the structure, i.e., excitation with a
short pulse in the time domain. Since the frequency con-
tent of such a pulse is infinite, it is necessary to consider the
frequency dispersion of the lumped admittance YL,k of the
wire satellites, or equivalently the frequency dispersion of
the modified wire admittances Y′

k defined in Eq. (24). Then,
the question of stability can be modified into whether there
is a physically realizable frequency dispersion for Y′

k that
makes the cloak inherently stable. Specifying the disper-
sion will also determine the cloaking bandwidth, showing

FIG. 14. Scattering coefficient RCS vs frequency for the same
parameters as in Fig. 13(b).

that, for active feedback systems, the ultimate limitation in
bandwidth is stability.

Interestingly, the proposed cloak can be precisely mod-
eled as a feedback system, which not only facilitates
its stability analysis through basic control theory princi-
ples, but also provides insights into its dynamics. Such
a feedback model is presented in Fig. 10(a), and can
be developed as follows. Consider an incident EM pulse
Einc propagating toward the object along the design direc-
tion. This pulse is scattered by the object, resulting in
a field Eb

k at the position of the kth wire. This scatter-
ing process can be described through a first-rank operator
(vector) A as E

b = AEinc, where E
b

is the column vector
with elements Eb

k . The fields Eb
k drive currents Ik = αkEb

k
through the wires, a process described through the diago-
nal polarizability tensor α, whose elements are the satellite
polarizabilities αk, as I = α E

b
, where I is the column vec-

tor of Ik. The induced currents on the wires start radiating,
leading to an additional electric field Eline

k at the position
of the wires, which are related to the currents through the
Green function operator G as E

line = G I , where E
line

is the
column vector of Eline

k . These additional fields should be
added to Eb

k when calculating Ik, highlighting the feedback

(a) (b) FIG. 13. Stability function
H(ω) as defined in Eq. (33)
where the bright spots corre-
spond to the poles of the system
for different values of Q: (a)
Q = 0.1 where unstable poles
can be found in the lower-half
plane. (b) Q = 0.5 where all
poles lie in the upper-half plane
indicating stability.
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KORD, SOUNAS, and ALÙ PHYS. REV. APPLIED 10, 054040 (2018)

(b)

t (nsec) t (nsec)

FIG. 15. Transient response of
the generated current in the gain
element at φ = 72◦ due to an
incident plane wave carrier, the
amplitude of which is digitally
modulated by an on-off pulse: (a)
Rising edge of the envelope. (b)
Falling edge of the envelope.

mechanism. Combining all these processes leads to the
closed-loop feedback model in Fig. 10(a). Notice that the
feedback action performed by this loop through the Green
function G and the polarizability tensor α is a combi-
nation of both positive and negative feedback responses,
through the active and passive elements, respectively. If
the phase accumulated by the signal radiated by any of
the gain elements as it propagates around the loop is 2mπ ,
where m is an integer, the system will oscillate. In order
to avoid this scenario and ensure the clock’s stability, the
cross-coupling between the active and lossy elements must
guarantee that the loop gain seen by the currents flowing
through the active satellites is slightly less than unity at all
frequencies, hence oscillations, if any, are not sustained. In
other words, the negative and positive feedback actions, or
the embodied loss and gain, must be balanced. From con-
trol theory, a necessary and sufficient condition to achieve
this goal is to make sure that all poles of the loop trans-
fer matrix fall in the upper half of the complex frequency
spectrum. This condition can be satisfied by engineer-
ing the dispersion of the satellite admittances properly as
we illustrate next. First, the currents through the wires
are calculated from the developed model in Fig. 10(a) as
follows:

I = (U − α G)−1α AEinc, (26)

where U is the identity matrix. From this equation, we
define the closed-loop transfer matrix

T = (U − α G)−1α. (27)

Since A is not part of the closed loop, it does not impact
stability, and for this reason it has not been included
in Eq. (27). Interestingly, the active cloak in Ref. [24]
is a special case of the one discussed here. In fact, it
is the open-loop scenario of our system, as shown in
Fig. 10(b), where the required currents (designated as Huy-
gen’s sources in Ref. [24]) are externally preset for a
particular, known a priori, excitation. As we explained
in the Introduction, this predetermined cloak is detectable

under illumination with pulsed or modulated signals. In
order to track the variations of the incident signal, should
they be amplitude, frequency, and/or phase modulation,
a control loop is required. Ref. [23] provides this loop
through an active sensing/feeding network and complex
signal processing, which makes it slow, and therefore, lim-
its the BW and operation frequency. On the other hand, in
the PT symmetric cloak proposed herein, this loop is auto-
matically achieved through the feedforward polarizability
tensor α, describing the lumped admittances loading the
satellites.

In the previous section, we showed how we can calcu-
late the admittance values in order to achieve a particular
scattering reduction (30 dB) at a given frequency f0. If we
follow the same procedure at different frequency points,
we can find the optimal dispersion of all elements to main-
tain the same level of scattering reduction over frequency.
As an example, Fig. 11 shows the optimal dispersion
(Z ′

k=1 = 1/Y′
k=1) for the gain element at φ = 0◦ in order

to obtain RCS = −30 dB over the entire band depicted in
this figure. A cloak with such a dispersion is very similar to
an ideal bandstop filter with flat isolation over frequency.
As in any practical filter design, there is a limitation on
the maximum bandwidth to maintain a certain level of iso-
lation, as imposed by the Bode-Fano criterion [39]. The
problem of cloaking is very similar, and Fig. 11 leads to the
same conclusion, since the required real part of the admit-
tances at the gain side has to be negative at all frequencies,
which is not physically possible. Therefore, the bandwidth
in this case is limited to the range over which a stable neg-
ative resistance can be realized. Nevertheless, this optimal
dispersion is still useful as a design guideline, i.e., we can
synthesize the admittance elements to be as close as possi-
ble to this profile in order to maximize the cloaking band-
width. Our realistic stable design, introduced next, synthe-
sizes the dispersion shown with dashed lines in Fig. 11.

The passive side of the cloak can be implemented
using a basic parallel RC circuit, as shown in Fig. 12(a).
The active side, on the other hand, requires the use of
resonant circuits in conjunction with a negative impedance
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(a) (b)

(c) (d)

FIG. 16. Snapshots for the total
electric field (normalized to E0) at
the rising edge of an amplitude-
modulated sinusoidal signal
impinging on a cloaked PEC
cylinder with radius a = λ0/2 .

converter (NIC) [40,41]. NICs are active circuits that
provide a non-Foster frequency dispersion. They were
applied in Ref. [42] to broaden the cloaking BW by syn-
thesizing a homogeneous metasurface cloak with negative
frequency dispersion that compensated the positive disper-
sion of the scattering from the object it concealed. Here,
on the contrary, we apply them to synthesize the proposed
PT symmetric cloak, with advantages in terms of stabil-
ity and overall dynamics of the response. Figure 12(b)
shows a first-order realization that employs a series RLC
resonant tank loading an NIC circuit consisting of two
cross-coupled CMOS transistors (dc biasing is not shown
for simplicity) in parallel with a constant resistance Rg =
100 � that provides a further degree of freedom to control
the overall dispersion. The details of the NIC circuit design
are beyond the scope of this paper, and we assume here
an ideal NIC with a transformation factor of −1 over the
cloaking BW. It should be stressed that the NIC will always
be dispersive in practice, and the transformation factor is
eventually expected to be positive far from the center fre-
quency. Yet, assuming that this occurs beyond the desired
cloaking BW, the assumption of an ideal inband NIC is rea-
sonable to simplify the analysis. The required values of the
lumped elements in Fig. 12 can be calculated as follows:
for the passive side, i.e., −90◦ < φk < 90◦,

Rk = 1/Re{YL,k}, (28)

Ck = Im{YL,k}/ω0, (29)

while for the active side, i.e., 90◦ < φk < 270◦,

Rk =
[

1 +
(

Rg − Re{ZL,k}
Im{ZL,k}

)2
]

Im{ZL,k}/Im{YL,k}
(R2,k − Re{ZL,k}) ,

(30)
Lk = Rk/(ω0Qk), (31)

Ck = 1
ω0

⎡
⎢⎣ 1

ω0Lk
− Im{YL,k}

1 +
(

Rg−Re{ZL,k}
Im{ZL,k}

)2

⎤
⎥⎦ , (32)

where ZL,k = 1/YL,k and Qk is the quality factor of the
kth resonance on the gain side. It is important to highlight
that the role of the NIC here is not to generate a nega-
tive capacitance or reactance, as in most of the cases where
bandwidth extension is sought, an operation which is noto-
rious for stability problems due to the fact that a negative
capacitance or reactance in the presence of any parasitic
resistance results in an unstable pole in the lower-half fre-
quency plane [43,44]. On the other hand, here, NIC inverts
the total admittance of a series resonant circuit without
affecting its poles. Also, thanks to the feedback action of
the loop in Fig. 10(a), any unstable pole that may arise due
to parasitics, which always exist in practical scenarios, can
still be stabilized. Therefore, we expect that the circuit in
Fig. 12(b), when used in the proposed feedback cloak, will
be immune to stability issues.

Having determined the dispersion of the circuit ele-
ments, we can now impose stability by requiring that all
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KORD, SOUNAS, and ALÙ PHYS. REV. APPLIED 10, 054040 (2018)

(a) (b)

(c) (d)

FIG. 17. Snapshots for the
total electric field (normalized
to E0) at the falling edge of an
amplitude-modulated sinusoidal
signal impinging on a cloaked
PEC cylinder with radius
a = λ0/2 .

poles of each element in the transfer matrix T lie in the
upper half of the complex frequency plane. To find these
poles, we define the stability function

H(ω) =
N∑

i=1

N∑
j =1

|Tij (ω)|, (33)

which contains the union of all poles, and we plot it in the
complex frequency. To simplify the next design steps, we
assume that all the resonant tanks on the gain side have
the same quality factor Q, and calculate the values of the
lumped elements accordingly.

Figure 13 shows H(ω) in the complex frequency plane
for two different values of Q. For values as small as 0.1, the
frequency range over which the active impedance is neg-
ative is excessively large, leading to an unstable system
with poles in the lower-half plane. Increasing Q reduces
the range where the real part of the impedance is negative
and it gradually pushes the operation into a stable regime.
As shown in Fig. 13(b), Q = 0.5 is sufficient to achieve this
goal and maintain stability. As one may expect, increasing
Q further can push the poles further away from the real
axis into the stable upper-half plane, thus providing larger
immunity against inevitable random variations in practi-
cal implementations. However, this comes at the expense
of reducing the cloaking BW. Therefore, it is a matter of
design to choose the appropriate value of Q depending on

the given specifications for a particular application. In this
paper, we use Q = 0.5 to maximize the cloaking BW.

The achieved cloaking bandwidth can be calculated
from Fig. 14, which shows the scattering reduction RCS
vs frequency for the synthesized dispersion in Fig. 12. By
using the same analogy with bandstop filters, the cloak-
ing bandwidth is defined as the frequency range where
scattering reduction stays above some percentage of the
peak value. For a −10 dB threshold, the fractional BW is
larger than 20%, and it can be potentially increased further
by employing well-established multiresonant techniques
commonly used in wideband filters and matching networks
[45], under the conditions of stability and causality [46].

Further insights into the cloaking mechanism can be
obtained by studying the transient response of the sys-
tem for an incident plane wave carrier, the amplitude of
which is digitally modulated by an on-off pulse. We first
calculate the transient response of the currents flowing
through the wires surrounding the object by finding the
Fourier transform Einc(ω) of the incident pulse, then cal-
culating the Fourier transform of the currents through Eq.
(26), and finally evaluating the inverse Fourier transform
of I(ω). Figure 15 presents the time-domain response for
the current through the gain element at φ = 72◦ on the
active side of the cloak, where the negative resistance at
f0 is maximum (Fig. 6). It can be seen that the response
is underdamped at the rising edge of the signal envelope,
i.e., the cloaked object initially scatters more than the bare
cylinder, until it settles at its steady state. This additional
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scattering, so-called overshooting, is less than 53% and the
settling time to reach less than 1% error is 13 cycles at
both the rising and falling edges. This fast underdamped
response at the gain side results from the small value of
Q of the RLC resonators. At the passive side (not shown
here), there is no overshooting and settling is even faster,
since there is neither gain nor resonance.

As with the currents, the total fields of the cloaked struc-
ture can be calculated first in the frequency domain by
using the Fourier transform of the incident pulse, and then
transforming the result to the time domain. Figures 16
and 17 show snapshots for the animated total electric field
with cloak at the rising and falling edges of the incident
modulated pulse, respectively. Figure 16(b) shows that
the incident pulse is initially scattered before the cloak-
ing feedback mechanism generates the required currents
through the satellites to conceal the object. Then, the pas-
sive side of the cloak starts to absorb the incident wave and
reduces the scattered power in a way similar to conven-
tional stealth as depicted in Fig. 16(c). Finally, the active
side also locks onto the incident wave and starts to re-emit
it with the same frequency, phase, and amplitude, can-
celling the shadow in a superstealth fashion, as shown in
Fig. 16(d).

Similarly, Fig. 17 shows that the active side does not
abruptly stop its radiation when the incident wave excita-
tion stops, but rather exponentially decays until the system
reaches its new steady state. More importantly, this also
proves the system stability, in agreement with our previous
results.

IV. DISCUSSION AND CONCLUSIONS

In this paper, we present a practically relevant unidi-
rectional active microwave cloak, inspired by the concept
of PT symmetry. The proposed cloak consists of a finite
number of thin antennas loaded with external circuits (so-
called satellites) that generate the required current profile
to cancel the scattered waves from the illuminated object
and achieve total invisibility. We establish a systematic
approach to optimize the cloak design in analogy with
other microwave devices such as bandstop filters. We also
develop a feedback model to study the cloak’s dynam-
ics and discuss the conditions to maintain stability. As an
example, we show how to use this procedure to conceal
a circularly symmetric PEC cylinder from an impinging
causal-modulated pulse with center frequency at 1 GHz
and transverse-magnetic (TM) polarization, resulting in
a scattering reduction of 10 dB over a fractional BW
larger than 20% and peak reduction of 30 dB at the center
frequency.

For simplicity, our analysis here focuses on the cloaking
of circular cylinders, but the presented design procedure
can be applied to arbitrarily shaped objects and account
for inevitable parasitics in actual implementations. We

note that the satellites can be realized using, for example,
conventional dipole antennas connected to optimal loads
in discrete or integrated form, mounted on printed cir-
cuit boards. In order to derive the optimal parameters of
these loads, one can follow an analysis analogous to the
one presented in this paper, yet based on full-wave sim-
ulations. More specifically, the scattering object and the
cloak are first simulated, replacing the loads with discrete
ports, then the S parameters at all ports are extracted. These
network parameters can be used to express the scattered
fields as a superposition of the currents flowing through
the discrete ports, and then, following a similar procedure
as in this paper, the scattered power is minimized to derive
the optimal admittances that should be connected at the
discrete ports to achieve the target scattering reduction.
An extension to also suppress the tranverse-electric (TEz)
polarization is viable by surrounding the scattering object
with in-plane circular loops loaded with another series of
lumped loads.

Compared to passive approaches, the presented cloak
offers the possibility of breaking the size bandwidth trade-
off of passive, linear metamaterial cloaks. Specifically, the
BW herein is only limited by stability on the gain side,
which is a less strict requirement than passivity, allow-
ing to achieve 20% fractional BW for a 10-dB scattering
reduction of a PEC cylinder with a diameter equal to one
wavelength. Such a BW is significantly larger than the
one that can be achieved with conventional passive cloaks,
based on azimuthally symmetric covers for the same object
size [21]. This BW can potentially be further increased
by employing well-established multiresonance approaches
commonly used in the design of wideband microwave
devices, making the proposed approach suitable for radar
and communication systems.
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