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Electrical manipulation and control of magnetic nanostructures could greatly reduce the power con-
sumption of spintronic devices. We theoretically describe the strain-mediated electric-field control of
ferromagnetic resonance (FMR) in thin-film nanomagnets integrated onto active substrates experienc-
ing voltage-induced piezoelectric deformations. To that end, we first consider the general problem of
FMR in ferromagnetic films and islands with nanoscale thicknesses mechanically coupled to much thicker
passive or active substrates. An analytic relation is derived for the resonance frequency of such nanomag-
nets, which takes into account the influence of both substrate-induced lattice strains and surface/interface
magnetic anisotropy. This general relation is valid for any equilibrium orientation of the magnetization
and renders possible to calculate the FMR frequency and resonance magnetic field with the account of
strain-driven and size-induced spin reorientation transitions (SRTs). Next, we quantitatively describe the
electrical tuning of FMR frequency in ultrathin Ni, Fe, and Fe60Co40 layers coupled to various piezo-
electrically active substrates, including conventional and relaxor ferroelectrics. The results of numerical
calculations are presented in the form of resonance frequency and electrical tunability maps, where the
thickness of the ferromagnetic layer and the electric field applied to the substrate are used as two param-
eters. It is shown that the FMR frequency strongly decreases near the SRT lines on the thickness–field
plane, whereas the tunability increases drastically at most SRTs driven by substrate-induced lattice strains.
This remarkable feature provides an efficient electric-field control of FMR, which is necessary for the
development of signal processing microwave devices with high tuning speed and low energy consumption.
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I. INTRODUCTION

The precessional motion of the magnetization vector
plays an important role in the dynamics of ferromagnets,
arising in the course of magnetization relaxation to an equi-
librium orientation, precessional magnetic switching, and
magnetization oscillations near the equilibrium direction
induced by a cyclic stimulus. The amplitude of magneti-
zation precession driven by a microwave magnetic field
increases drastically near the resonance frequency, which
constitutes the phenomenon of ferromagnetic resonance
(FMR). Experimental studies of the FMR provided fun-
damental information on the physical characteristics of
ferromagnetic crystals, thin films, and heterostructures,
including the magnetic anisotropy, interlayer exchange
coupling, and damping of magnetization precession [1–3].
Moreover, FMR is employed in a variety of signal process-
ing rf/microwave devices, such as phase shifters, tunable
band-stop filters, resonators, and signal-to-noise enhancers
[4–7].

The magnetic dynamics occurring at a temperature
well below the Curie point Tc can be described by
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the Landau-Lifshitz-Gilbert (LLG) torque equation of
motion for the time-dependent magnetization M(t) [3].
This equation involves a torque Teff = M × Heff created by
the effective magnetic field Heff defined by the relation
μ0Heff = −∂F/∂M, where μ0 is the vacuum permeability
and F is the Helmholtz free energy density of a ferro-
magnet. The precession of the vector M(t) = Ms + δM(t)
around the static magnetization Ms is usually excited by
a microwave magnetic field h(t) orthogonal to Ms [3].
However, any stimulus creating nonzero torque Teff(t) by
means of a periodic modulation of the energy density F
could be used to generate the magnetization precession
as well. For example, in ferromagnets exhibiting signif-
icant magnetostriction, magnetization oscillations can be
induced by elastic waves [8–10]. Furthermore, an elec-
trically driven magnetization precession in ferromagnetic
nanostructures with voltage-controlled interfacial mag-
netic anisotropy was observed and explained theoretically
[11–14]. Interestingly, the FMR can be created even by a
spin-polarized current flowing in a conductive nanostruc-
ture, because such a current exerts a spin-transfer torque
on the magnetization, which should be added to the LLG
equation [15–17].
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The tuning of FMR frequency is usually achieved with
the aid of a dc magnetic field [3], but this approach
suffers from slow tuning speed and high energy con-
sumption [18]. On the other hand, the LLG equation
suggests that resonance conditions can be controlled via
the magnetoelastic coupling between spins and static lat-
tice strains [3,18–21]. This feature renders possible to
tune the FMR by a dc voltage applied to a piezo-
electric material mechanically coupled to a ferromag-
netic one in a hybrid material system. As expected
from theoretical considerations, electrically induced
shifts of the FMR frequency and field were observed
in ferrite-piezoelectric composites and ferromagnetic
films deposited on ferroelectric substrates [18,20,22–25].
The experimental and theoretical studies demonstrated that
ferromagnetic-piezoelectric hybrids are promising for the
development of next-generation rf/microwave devices and
communication systems [18,24].

In this paper, we theoretically study the FMR in thin-
film nanomagnets – ferromagnetic films and islands with
nanoscale thicknesses, which are coupled to piezoelectri-
cally active substrates (Fig. 1). First, the FMR frequency
is calculated as a function of substrate-induced lattice
strains for (001)-oriented ultrathin epitaxial layers of cubic
ferromagnets with the account of the surface/interface
magnetic anisotropy. To this end, general analytic rela-
tions are derived for the energy derivatives involved in the
Smit-Beljers formula, which makes it possible to deter-
mine the resonance frequency and field for any equilib-
rium direction of the magnetization. Second, the tuning
of FMR frequency by a voltage applied to a piezoelec-
trically active substrate is described with the account of
spin reorientation transitions (SRTs) occurring in ultrathin
ferromagnetic layers. Numerical calculations of the reso-
nance frequency and its electrical tunability are performed
for Ni, Fe, and Fe60Co40 films coupled to various piezo-
electric materials – simple piezoelectric crystals, conven-
tional ferroelectrics, and relaxor ferroelectrics. It is shown
that the tunability of the FMR frequency increases dras-
tically at most SRTs driven by substrate-induced lattice
strains.

II. STRAIN AND SURFACE/INTERFACE EFFECTS
ON FMR IN FERROMAGNETIC FILMS

We first consider the general problem of FMR in a fer-
romagnetic (FM) film or island mechanically coupled to
a much thicker homogeneous passive or active substrate.
At such geometry, the film appears to be under mixed
mechanical boundary conditions, which involve fixed in-
plane strains u1, u2, u6 controlled by the substrate and
zero stresses σ 3, σ 4, σ 5 at the film free surface [26].
(We use the Voigt matrix notation and a Cartesian refer-
ence frame with the x3 axis orthogonal to the film plane.)

FIG. 1. Ultrathin ferromagnetic film mechanically coupled to
a piezoelectrically active substrate. A microwave magnetic field
h(t) induces precession of the magnetization vector M around the
equilibrium direction. The resonance frequency of the magneti-
zation precession can be tuned by an electric field E created in
the substrate sandwiched between the top and bottom electrodes
connected to a voltage source. Such electrical tuning is provided
by the substrate piezoelectric deformations that modify lattice
strains in the film.

In the case of a single-crystalline FM film with a thick-
ness tf smaller than the exchange length and nanoscale
in-plane dimensions L1, L2 � tf , spatial distributions of
the magnetization M and lattice strains u may be assumed
uniform. Indeed, although the magnetoelastic coupling
could lead to a nonhomogeneous magnetic ground state
under certain circumstances [27–29], a single-domain state
is expected to form in nanolayers with in-plane dimen-
sions, which do not strongly exceed the width w of FM
domain walls. Since domain walls in the considered fer-
romagnets have thicknesses about 50–100 nm [30], the
upper limit of L1, L2 ≤ w should be of the order of 100
nm. Furthermore, at L1, L2 � tf the edge effects may be
neglected, and the magnetic state of the FM nanolayer can
be defined by the direction cosines mi (i = 1,2,3) of the unit
vector m = M/Ms, because the magnetization magnitude
|M| = Ms at a given temperature T � Tc can be regarded
as a fixed quantity.

To describe the energetics of a homogeneously mag-
netized ultrathin film, we employ the effective volumetric
energy density F(tf ) given by the sum of the bulklike con-
tribution independent of the film thickness tf and the total
specific energy of two film surfaces divided by tf [26,31].
At temperatures T � Tc, both contributions to F can be
described by polynomials in terms of the direction cosines
mi defined in the crystallographic reference frame of the
prototypic paramagnetic phase [3]. For our purposes, it is
necessary to take into account the influence of substrate-
induced lattice strains [21,26] and to allow for both the
second-order and fourth-order terms in the series expan-
sion of the surface/interface magnetic anisotropy [32,33].
A suitable polynomial has recently been reported for
(001)-oriented epitaxial films of cubic ferromagnets [34].
Adding to this polynomial the Zeeman energy accounting
for the influence of external magnetic field H, we obtain
the magnetization-dependent part �F(mi) of the energy
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density in the form
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where K1||, K1⊥, and K2 are the coefficients of the fourth-
and sixth-order terms defining the bulklike magnetocrys-
talline anisotropy at fixed strains u, Ks , Ks||, Ks⊥ are the
coefficients of the second- and fourth-order terms in the
polynomial expansion of the surface or interfacial mag-
netic anisotropy, B1, B2 are the magnetoelastic coupling
constants [35], c11, c12 are the elastic stiffnesses at fixed
magnetization, and Nij are the demagnetizing factors (N 13
and N 23 can be set to zero for films with in-plane dimen-
sions L1, L2 � tf ). The presence of a strain-induced con-
tribution to the surface/interface magnetic anisotropy can
be taken into account by introducing thickness-dependent
magnetoelastic coefficients B1 and B2, which may be
written as B1 = Bb

1 + Bs
1/tf and B2 = Bb

2 + Bs
2/tf [36].

The differentiation of Eq. (1) with respect to mi yields
the components H eff

i = −(μ0Ms)
−1∂F/∂mi of the effective

field acting on the magnetization. The equilibrium magne-
tization orientation in the absence of the microwave field
h(t) can be found either using the equation M × Heff = 0
or by direct numerical minimization of the energy density
�F under the condition m2

1 + m2
2 + m2

3 = 1. Such a proce-
dure implies determination of all local minima of �F and
selection of the orientation that corresponds to minimum
minimorum.

Equation (1) shows that the effect of lattice strains u1, u2,
u6, which should be measured from the prototypic cubic
phase with M = 0, is mathematically equivalent to the
renormalization of the film’s demagnetizing factors Nij .
Introducing the effective anisotropy constants K|| = K1|| +
Ks||/tf , K⊥ = K1⊥ + Ks⊥/tf and the effective demagne-
tizing factors N ∗

11 = N11 + 2B1u1/(μ0M 2
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effects, we cast Eq. (1) into a compact form
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Next, using the relations m1 = cos ϕ sin θ , m2 = sin ϕ sin θ ,
and m3 = cos θ , one can write the energy density �F
as a function of the polar angle θ and the azimuth
angle ϕ defining the magnetization direction in the spher-
ical coordinate system. Then the FMR frequency νres
can be calculated via the Smit-Beljers formula νres =
γ

√
�Fθθ�Fϕϕ − �F2

θϕ/(2πMs sin θ), where γ is the elec-
tron’s gyromagnetic ratio, and the quantities under the
square root are the second derivatives of �F with respect
to the angles θ and ϕ [3]. It should be emphasized that this
formula implies the substitution of equilibrium orientation
angles, which satisfy the system of equations ∂�F/∂φ =
0, ∂�F/∂θ = 0, and well-known inequalities imposed on
the second derivatives of �F. In addition, it ignores the
effect of damping on the FMR frequency; however, esti-
mates using the available analytical relation allowing for
the Gilbert damping [13] show that this effect is usually
negligible.

Differentiating Eq. (2), we derive explicit expres-
sions for the second derivatives of �F involved in the
Smit-Beljers formula. Using the equilibrium conditions
to get rid of the denominator in this formula, after
some mathematical manipulation, we obtain the follow-
ing general relations for the derivative �Fθθ and the
ratios �Fϕϕ/sin2θ and �Fθϕ/sinθ governing the FMR
frequency:
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where ϕH , θH are the angles defining the direction of the
static magnetic field H in the spherical coordinate system.
Importantly, Eq. (3) makes it possible to calculate the
resonance frequency for any equilibrium orientation of
the magnetization M, being valid even at θ = 0. In the
particular case of θ = θH = 0, the calculation yields

(
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The dependence of νres on the angle θ at ϕ =ϕH = 0
(requiring N ∗

12 = 0) is defined by the relation
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while at ϕ = ϕH = 45° (requiring N ∗
11 = N ∗

22), this depen-
dence takes the form
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For in-plane equilibrium magnetization orientations
(θ = θH = 90°), the general relation for the FMR frequency
reads

(
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γ
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At N ∗
11 = N ∗

12 = N ∗
22 = 0, N ∗

33 = 1, and K2 = 0, Eqs.
(4)–(7) reduce to formulas which agree with the previous
results obtained for some particular magnetization orien-
tations [3,33] provided that one allows for the difference
between Eq. (1) and the expression used for the film energy
density in Refs. [3,33]. The validity of our analytic calcu-
lations is confirmed by computer simulations performed in
the macrospin approximation via the numerical solution of
the LLG equation. It should be noted that the resonance
magnetic field Hres(ν) corresponding to a given frequency
ν of the microwave excitation field h = hmax sin(2πνt) can
be calculated using Eq. (3) as well. The derived analytical
relations provide the basis for theoretical calculations of
the strain and size effects on the resonance frequency and
field of single-domain FM films and islands.

III. STRAIN-MEDIATED ELECTRIC-FIELD
CONTROL OF FMR IN THIN-FILM

NANOMAGNETS

In general, the substrate-induced strain u in a FM over-
layer is the sum of initial misfit strain u0 and additional
contribution δu created by an external electric or mag-
netic field applied to an “active” piezoelectric or mag-
netostrictive substrate [26,37]). The field-induced strains
δu result from the substrate deformations and their trans-
fer to the overlayer owing to the interfacial mechani-
cal coupling. In the case of the piezoelectrically active
substrates considered in this work, electrically generated
substrate deformations may either linearly depend on the
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TABLE I. Material parameters of ferromagnetic films used in numerical calculations.

Ni Fe Fe60Co40

Ms (A m−1) 4.2 × 105 [33] 1.7 × 106 [48] 1.8 × 106 [50]
K1|| (J m−3) −1.44 × 105 [33] 105 [48] −104 [51]
K1⊥(J m−3) −7.26 × 104 [33] 105 [34,48] −104 [51]
K2 (J m−3) −0.23 × 104 [41] 1.5 × 104 [41] 0 [34]
Ks (J m−2) 6 × 10−4 [40] −9 × 10−4 [34,48] −10−3 [52]
Ks|| (J m−2) 1.98 × 10−4 [33] −4.5 × 10−5 [34] 10−5 [51]
Ks⊥(J m−2) 1.02 × 10−4 [33] −4.5 × 10−5 [34,48] 10−5 [51]
B1 (J m−3) 9.2 × 106 [41] −3.3 × 106 [41] −30 × 106 [49]
c11 (N m−2) 2.465 × 1011 [42] 2.42 × 1011 [42] 2.8 × 1011 [42]
c12 (N m−2) 1.473 × 1011 [42] 1.465 × 1011 [42] 1.4 × 1011 [42]

field intensity E or vary in a nonlinear and hysteretic
manner, as happens in ferroelectric crystals experiencing
phase transformations or ferroelastic domain switching
[23,28,38,39]. For clarity, we restrict further analysis by
linear variations of piezoelectric deformations and focus
on the most advantageous hybrid structure, where the sub-
strate is sandwiched between the top and bottom electrodes
(Fig. 1). Accordingly, we may write in-plane film strains
involved in the effective demagnetizing factors N ∗

ij as u1 =
u0

1 + ξ1d31E3, u2 = u0
2 + ξ2d32E3, and u6 = u0

6 + ξ6d36E3,
where din are the substrate piezoelectric coefficients in
the matrix notation defined in the film reference frame,
and ξ n ≤ 1 are the strain transfer parameters depending
on the quality of interfaces [34,39]. Calculating N ∗

ij with
the account of these relations and substituting them into
Eqs. (2) and (3), one can determine dependences of the
equilibrium magnetization orientation and the FMR fre-
quency on the electric field E3 created in the piezoelectric
substrate.

To quantify the efficiency of strain-mediated electric-
field control of FMR, we perform numerical calculations
for (001)-oriented Ni, Fe, and Fe60Co40 films coupled to
piezoelectric substrates not inducing in-plane shear strains
in FM overlayers (u0

6 = 0 and d36 = 0). Theoretical results
are presented in the form of FMR maps, where the reso-
nance frequency νres is plotted as a function of the electric
field E3 in the substrate and film thickness tf . Such maps
are developed with the account of the equilibrium mag-
netization orientation, which is calculated by numerical
minimization of the energy density �F(θ , ϕ) and deter-
mined as a function of tf and E3. To comply with typical

FMR measurements, we assume that the film is subjected
to a nonzero static magnetic field H.

When the substrate creates isotropic biaxial strain
u1 = u2 in the film plane (u0

1 = u0
2, d31 = d32, ξ 1 = ξ 2), the

electric-field effect on the energy density �F(mi) is gov-
erned by the term δFE = −B1(1 + 2c12/c11)ξ1d31E3m2

3.
Hence, the (tf , E3)–diagram of equilibrium magnetization
orientations [34] and the FMR map can be constructed
without specifying the substrate piezoelectric constants
and strain-transfer parameters by using the normalized
field intensity E3/E∞ with E∞ ∼ 1/(ξ1d31). Such general-
ized orientational diagrams and FMR maps are calculated
for Ni and Fe films coupled to piezoelectric substrates
of the discussed type. To demonstrate the role of a
size-induced polar SRT between the perpendicular-to-
plane (PP) and in-plane (IP) magnetization directions, we
employ the proximity parameter (tf − t∗∗

001)/tf instead of
the absolute film thickness tf . Here,

t∗∗
001 = (Ks − Ks⊥)

[
1
2
μ0M 2

s (N11 + N12 − N33)

+ B1

(
1 + 2

c12

c11

)
u0

1 + K1⊥ + B2
1

6c11

]−1

(8)

is the critical film thickness at which the PP magnetiza-
tion orientation becomes unstable with respect to rotations
toward 〈110〉 directions in the absence of electric and
magnetic fields [34]. Since the critical electric field E∗∗

cr
inducing such instability at H = 0 is defined by the relation
E∗∗

cr = E∞(tf − t∗∗
001)/tf with

E∞ = − (1/2)μ0M 2
s (N11 + N12 − N33) + B1(1 + 2c12/c11)u0

1 + K1⊥ + B2
1/(6c11)

B1(1 + 2c12/c11)ξ1d31
, (9)

the characteristic field E∞ governing the normalized field
intensity E3/E∞ is set equal to the quantity given by
Eq. (9). In the numerical calculations, we disregard the

anticipated thickness dependence of the magnetoelastic
coefficient B1 = Bb

1 + Bs
1/tf [36], because, in the consid-

ered case of thickness-independent strains u1 = u2, the
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introduction of the term Bs
1/tf just modifies the meaning

of the surface/interface anisotropy constant Ks involved in
Eq. (1).

We considered Ni films epitaxially grown on a thick
(001)-oriented Cu buffer layer (u0

1 = u0
2

∼= 2.58%) because
the magnetic anisotropy constants of Ni(001)/Cu(001)

heterostructures were measured experimentally [33,40].
The full set of material parameters [33,40–42], which is
employed for Ni films in the numerical calculations, is
given in Table I. Figure 2(a) shows the (tf , E3)–diagram
of equilibrium magnetization orientations in strained Ni
films subjected to the static magnetic field H 1 = 100 Oe.
This diagram differs from the previously reported one [34]
because we introduce a nonzero magnetic field and dis-
regard the metastable states. The magnetic field applied
along the [100] crystallographic direction enlarges the sta-
bility range of the [100] magnetization orientation and
induces deviations from the [110] and [001] directions
stable at H = 0 (see Appendix for the critical thicknesses
of FM films subjected to external magnetic fields). As a
result, four different orientational states appear in the orien-
tational diagram, which are denoted by the letters a (direc-
tion cosines m1 = 1 and m2 = m3 = 0), ab (m1 �= m2 �= 0,
m3 = 0), ac (m1 �= 0, m2 = 0, m3 �= 0), and abc (m1 �= 0,
m2 �= 0, m3 �= 0) for brevity. The stability ranges of these
states are separated by lines of continuous (second-order)
or abrupt (first-order) SRTs. As seen from Fig. 2(a), both IP
and polar SRTs appear upon changing the film thickness,
whereas the electric field can induce only polar SRTs in
the considered case of a piezoelectric substrate creating
isotropic biaxial strain u1 = u2 in the film.

The generalized FMR map of ultrathin Ni films calcu-
lated with the account of their orientational diagram is
shown in Fig. 2(b). Remarkably, the FMR map clearly
demonstrates the presence of SRTs, which manifest
themselves in dark streaks indicating drastically reduced
resonance frequency. On the other hand, FMR frequency
νres strongly increases at negative electric fields E3 and
thicknesses tf > t∗∗

001, exceeding 7 GHz under certain con-
ditions. To evaluate the efficiency of electric-field control
of νres, we calculate the tunability ∂νres/∂E3 of the res-
onance frequency. Figure 3 shows the tunability map of
Ni films together with representative dependences of the
normalized tunability ∂νres/∂(E3/E∞) on the proximity
parameter (tf − t∗∗

001)/tf and the normalized field E3/E∞.
As can be seen from Fig. 3(a), absolute values of tun-
ability increase drastically near the lines of polar SRTs,
which border the stability range of the abc magnetic state.
At the first-order ab↔abc transition, the normalized tun-
ability increases up to about 1000 GHz/E∞, whereas at the
second-order abc↔ac transition, it diverges in our approx-
imation while the FMR frequency goes to zero [see panels
(b) and (c) in Fig. 3].

The actual tunabilities ∂νres/∂E3 of the FMR frequency
in Ni films coupled to various piezoelectric and

(a)

(b)

FIG. 2. Diagram of equilibrium magnetization orientations (a)
and FMR frequency map (b) calculated for ultrathin Ni films
coupled to piezoelectrically active substrates creating isotropic
biaxial strain u1 = u2 in the film plane. The application of a static
magnetic field H 1 = 100 Oe along the [100] crystallographic
direction is assumed in the calculations. The electric field inten-
sity E3 is normalized by the quantity E∞ given by Eq. (9), and
the film thickness tf is counted from the critical value t∗∗

001 defined
by Eq. (8). The demagnetizing factors and initial lattice strains
are assumed to be N 11 = N 22 = N 12 = 0, N 33 = 1, and u0

1 = u0
2 =

0.0258. Continuous (second-order) and abrupt (first-order) SRTs
are denoted by thin and thick lines, respectively.

ferroelectric substrates can be evaluated using the val-
ues of the characteristic field E∞ given in Table II,
which are calculated from Eq. (9) at N 11 = N 12 = 0,
N 33 = 1, u0

1 = 2.58%, and ξ 1 = 1. In these calcula-
tions, we employ the measured piezoelectric constants
d31 = d32 of representative piezoelectric crystals AlN
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(a)

(b)

(c)

FIG. 3. Electrical tunability of FMR frequency calculated for
ultrathin Ni films coupled to piezoelectric substrates creating
isotropic biaxial strain in the film plane. Panel (a) demonstrates
the map of normalized tunability ∂νres/∂(E3/E∞), which corre-
sponds to the FMR map presented in Fig. 2(b). Panel (b) shows
the dependences of FMR frequency νres and normalized tunabil-
ity on the film thickness at zero electric field, while panel (c)
presents variations of νres and ∂νres/∂(E3/E∞) with the intensity
E3 at the proximity parameter (tf − t∗∗

001)/tf = 0.02. The electric
field E3 is normalized by the intensity E∞ given by Eq. (9).

and ZnO [43,44], classical ferroelectrics PbTiO3 and
BaTiO3 [45], lead zirconate titanate (PZT) solid solu-
tion [46], and relaxor-based ferroelectric single crys-
tals Pb(Mg1/3Nb2/3)O3–30%PbTiO3 (PMN-30%PT) and
Pb(Zn1/3Nb2/3)O3–8%PbTiO3 (PZN-8%PT) [47]. Since
the actual tunability is given by the normalized tunabil-
ity ∂νres/∂(E3/E∞) divided by E∞, the data presented
in Table II demonstrate that ∂νres/∂E3 is maximal for
Ni films integrated onto relaxor ferroelectrics and mini-
mal for those coupled to conventional piezoelectrics AlN
and ZnO. At the ab↔abc transition line, for instance, the
tunability of Ni films grown on the Cu-buffered PMN-
30%PT or PZN-8%PT crystals reaches values above 8
GHz/(kV/cm), which greatly exceeds the maximal tunabil-
ity |∂νres/∂E3| ≈ 0.23 GHz/(kV/cm) predicted for thick Ni
films [21].

For the PP magnetization orientations (θ = θH = 0), an
analytic expression for the tunability can be derived via
the differentiation of Eq. (4). The calculation shows that
such an expression is generally very cumbersome, but in
the particular case of N ∗

11 = N ∗
22 and N ∗

12 = 0 it reduces to
a simple formula

∂νres

∂E3
= γ

πMs

(
1 + 2c12

c11

)
ξ1B1d31, (10)

which, at ξ 1 = 1, coincides with the relation obtained ear-
lier [21]. The tunabilities calculated from Eq. (10) for
perpendicularly magnetized Ni films coupled to various
piezoelectric substrates are given in Table II. It can be
seen that |∂νres/∂E3| remains below 0.4 GHz/(kV/cm)
even for Ni films integrated onto relaxor ferroelectrics
PMN-30%PT and PZN-8%PT.

The generalized orientational diagram and FMR map
are also computed for ultrathin Fe films epitaxially grown
on a thick, fully relaxed MgO buffer layer (u0

1 = u0
2

∼=
3.9%). Here, we use the material parameters of Fe films
[41,42,48] listed in Table I, some of which are extracted
from the experimental data available for MgO/Fe/MgO
heterostructures [48]. Figure 4(a) demonstrates the (tf ,
E3)–diagram of equilibrium magnetization orientations in
strained Fe films subjected to the static magnetic field of
100 Oe applied along the [110] crystallographic direc-
tion. The diagram comprises stability ranges of the aa
(m1 = m2 �= 0, m3 = 0), ab (m1 �= m2 �= 0, m3 = 0), and aac
(m1 = m2 �= 0, m3 �= 0) orientational states only, because
the c state (m1 = m2 = 0, m3 = 1) existing at H = 0 [34]
transforms into the aac one in the presence of a mag-
netic field with H 1 = H 2 �= 0. As in the case of Ni films,
the isotropic biaxial strain δu1(E3) = δu2(E3) created by a
piezoelectric substrate can induce only a polar SRT. How-
ever, this SRT is always of the first order in Fe films, as
demonstrated by Fig. 4(a). The corresponding FMR map
shown in Fig. 4(b) displays regions of strongly reduced
resonance frequency, which are located at the SRT lines.
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TABLE II. Characteristic electric fields of Ni/Cu and Fe/MgO heterostructures coupled to piezoelectric and ferroelectric substrates
creating biaxial isotropic strain in the overlayer and electrical tunabilities of FMR frequency calculated for perpendicularly magnetized
(pm) Ni and Fe films.

Substrate d31 = d32 (pm/V)
E∞ of Ni/Cu

(MV/cm)

E∞ of
Fe/MgO
(MV/cm)

∂νres/∂E3 of
pm-Ni

(GHz/kV/cm)

∂νres/∂E3 of
pm-Fe

(GHz/kV/cm)

AlN −2 [43] 84 1370 −5 × 10−4 5 × 10−5

ZnO −5 [44] 33 550 −1.3 × 10−3 1.2 × 10−4

PbTiO3 −28 [45] 6 98 −7.5 × 10−3 6.7 × 10−4

BaTiO3 −36 [45] 4.6 76 −9.7 × 10−3 8.7 × 10−4

PZT-5H −274 [46] 0.6 10 −7.4 × 10−2 6.6 × 10−3

PMN-30%PT −1395 [47] 0.12 2 −0.38 3.4 × 10−2

PZN-8%PT −1455 [47] 0.115 1.9 −0.39 3.5 × 10−2

Far from these lines, the FMR frequency varies in the GHz
range, increasing up to 20 GHz at thicknesses tf < 0.95t∗∗

001
and strong positive electric fields E3 > 0.2 E∞.

The tunability map of ultrathin Fe films is shown in
Fig. 5 together with representative dependences of the
normalized tunability ∂νres/∂(E3/E∞) on the proximity
parameter (tf − t∗∗

001)/tf and the normalized electric field
E3/E∞. As can be seen from Fig. 5(a), the tunability
∂νres/∂E3 is comparatively high and practically constant
inside the stability range of the aac orientational state,
exceeding 60 GHz/E∞ far from the aac→aa transition
line. In contrast, absolute values of the tunability are rather
small within the stability ranges of the aa and ab states,
except for the region near the aa→aac transition line,
where ∂νres/∂E3 reaches −70 GHz/E∞ [see Figs. 5(b) and
5(c)]. It should be noted that the aa state is distinguished
by a nonmonotonic variation of the FMR frequency with
the film thickness, which is illustrated in Fig. 5(b). Fur-
thermore, no significant enhancement of the tunability
magnitude |∂νres/∂E3| takes place at the aa↔ab transi-
tion line, because this SRT occurs at a critical thickness
independent of the electric field E3 [see Fig. 4(a)].

The actual tunabilities ∂νres/∂E3 of the FMR frequency
in Fe films coupled to different piezoelectrically active
substrates can be evaluated using the values of the elec-
tric field E∞ listed in Table II, which are calculated from
Eq. (9) at N 11 = N 12 = 0, N 33 = 1, u0

1 = 3.9%, and ξ 1 = 1.
The inspection of Table II demonstrates that the char-
acteristic fields E∞ of Fe films are much higher than
those of Ni films coupled to the same substrate. This fea-
ture is due to the four times larger magnetization Ms of
iron and the smaller absolute value of its magnetoelastic
constant B1 (see Table I). Owing to higher characteris-
tic fields E∞, tunabilities of Fe films appear to be rather
low in comparison with those of Ni films. For instance,
the normalized tunability of −70 GHz/E∞ predicted above
for the region near the aa→aac transition line yields
only ∂νres/∂E3 ≈ −3.5 × 10−2 GHz/(kV/cm) for Fe films
coupled to PMN-30%PT or PZN-8%PT. Similarly, the

tunabilities of perpendicularly magnetized Fe films cal-
culated from Eq. (10) are about 10 times smaller than
|∂νres/∂E3| of Ni films on the same substrate (see Table II).

To exemplify the case of piezoelectric substrates cre-
ating anisotropic strains δu1(E3) �= δu2(E3) in the FM
overlayer, we calculate the orientational diagram and
the FMR map for ultrathin Fe60Co40 layers coupled to
the (011)-cut PZN-6%PT single crystal poled along the
[011] pseudocubic direction. At this orientation, the PZN-
6%PT substrate has very different piezoelectric coefficients
d31 = −3000 pm/V and d32 = 1100 pm/V [23], which ren-
der it possible to generate anisotropic IP strains even by an
electric field orthogonal to the substrate surface (Fig. 1).
In the numerical calculations, we use the set of material
parameters given in Table I, which characterizes the prop-
erties of Fe60Co40 films at room temperature [42,49–52].
Figure 6(a) presents the (tf , E3)–diagram of equilibrium
magnetization orientations in initially unstrained (u0

1 =
u0

2 = 0) Fe60Co40 layers subjected to a static magnetic field
H 1 = 100 Oe parallel to the [100] crystallographic axis.
The diagram involves stability ranges of the a, ab, and
ac orientational states, which are separated by the lines of
first-order SRTs. Since an electrically biased PZN-6%PT
substrate generates unequal strains δu1(E3) �= δu2(E3) in
the Fe60Co40 overlayer, even magnetization reorientations
in the layer plane could be induced by the applied voltage.
Importantly, at Fe60Co40 thicknesses close to the critical
thickness t∗∗

001, both IP and polar SRTs arise at weak electric
fields of a few kV/cm, which do not lead to the polarization
reversal and phase transitions in the relaxor ferroelectric
PZN-6%PT [23].

The FMR map of Fe60Co40 layers demonstrates strong
variations of the resonance frequency within the consid-
ered region of the (tf , E3)–plane [see Fig. 6(b)]. The
FMR frequency reduces down to 0.16 GHz at the triple
point in the orientational diagram shown in Fig. 6(a) and
increases up to 2–3 GHz far from the SRT lines. The cor-
responding tunability map and representative dependences
of ∂νres/∂E3 on the proximity parameter (tf − t∗∗

001)/tf
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(a)

(b)

FIG. 4. Diagram of equilibrium magnetization orientations (a)
and FMR frequency map (b) of ultrathin Fe films coupled to
piezoelectrically active substrates creating isotropic biaxial strain
u1 = u2 in the film plane. Films are subjected to a static magnetic
field of 100 Oe applied along the [110] crystallographic direc-
tion. The electric field intensity E3 is normalized by the quantity
E∞ given by Eq. (9), and the film thickness tf is counted from the
critical value t∗∗

001 defined by Eq. (8). The demagnetizing factors
and initial lattice strains are assumed to be N 11 = N 22 = N 12 = 0,
N 33 = 1, and u0

1 = u0
2 = 0.039.

and electric field intensity E3 are presented in Fig. 7. It
is seen that the tunability is positive within the stability
ranges of the ab and ac states and negative for the a
state [Fig. 7(a)]. On crossing the a↔ac and a↔ab tran-
sition lines, ∂νres/∂E3 experiences steplike changes and
may significantly increase in magnitude in the vicinity
of these lines [see Figs. 7(b) and 7(c)]. Remarkably, the
tunability magnitude |∂νres/∂E3| exceeds 1 GHz/(kV/cm)
near the a↔ab transition line at the [100] magnetization
orientation, which is five times larger than the value of
0.18 GHz/(kV/cm) predicted for thick Fe60Co40 films [21].

(a)

(b)

(c)

FIG. 5. Electrical tunability of FMR frequency calculated for
ultrathin Fe films coupled to piezoelectric substrates creating
isotropic biaxial strain in the film plane. Panel (a) demonstrates
the map of normalized tunability ∂νres/∂(E3/E∞), which corre-
sponds to the FMR map presented in Fig. 4(b). Panel (b) shows
the dependences of FMR frequency νres and normalized tunabil-
ity on the film thickness at the electric field E3 = 0.05 E∞, while
panel (c) presents variations of νres and ∂νres/∂(E3/E∞) with
the field intensity E3 at the proximity parameter (tf − t∗∗

001)/tf =
0.05. The electric field E3 is normalized by the intensity E∞
given by Eq. (9).
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(a)

(b)

FIG. 6. Diagram of equilibrium magnetization orientations (a)
and FMR frequency map (b) calculated for ultrathin Fe60Co40
layers coupled to the (011)-cut PZN-6%PT single crystal poled
along the [011] pseudocubic direction. The static magnetic field
H 1 = 100 Oe is parallel to the [100] crystallographic axis. The
film thickness tf is counted from the critical value t∗001 defined by
Eq. (8). The demagnetizing factors and initial lattice strains are
assumed to be N 11 = 0.005, N 22 = 0.01, N 12 = 0, N 33 = 0.985,
and u0

1 = u0
2 = 0, while the strain transfer parameters ξ 1 and ξ 2

are set to unity.

In contrast, the tunability remains below 0.1 GHz/(kV/cm)
near the ab↔ac transition line, along which the criti-
cal thickness rather weakly varies with the electric field
[Fig. 7(a)].

(a)

(b)

(c)

FIG. 7. Electrical tunability of FMR frequency calculated for
ultrathin Fe60Co40 films coupled to the (011)-cut PZN-6%PT sin-
gle crystal poled along the [011] pseudocubic direction. Panel
(a) shows the map of tunability ∂νres/∂E3, which corresponds to
the FMR map presented in Fig. 6(b). Panel (b) demonstrates the
dependences of FMR frequency νres and tunability on the film
thickness at zero electric field, while panel (c) presents variations
of νres and ∂νres/∂E3 with the field intensity E3 at the proximity
parameter (tf − t∗∗

001)/tf = 0.06.
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IV. CONCLUSIONS

In this paper, we theoretically describe the strain effects
on the FMR of thin-film nanomagnets, which result from
the magnetoelastic coupling between spins and lattice
deformations. The FMR frequency of a strained nanomag-
net is calculated analytically with the account of second-
order and fourth-order terms in the series expansion of the
surface/interface magnetic anisotropy. The derived general
relation is valid for ultrathin FM films and islands homo-
geneously magnetized in an arbitrary direction, as con-
firmed by numerical simulations performed in macrospin
approximation. Importantly, this analytical relation, which
allows for both the size and strain effects on the reso-
nance frequency and field, facilitates analysis of FMR
data measured for thin-film nanomagnets coupled to sub-
strates of any type (passive or active). The theoretical
results obtained for the strain and size effects on the FMR
frequency are used to quantify the strain-mediated electric-
field control of FMR in thin-film nanomagnets mechan-
ically coupled to piezoelectrically active substrates. This
converse magnetoelectric effect is described by calculat-
ing the FMR frequency νres and its electrical tunability
∂νres/∂E3 as a function of the nanomagnet thickness tf and
the electric field E3 created in the substrate by a voltage
source.

The numerical calculations are performed for ultra-
thin Ni, Fe, and Fe60Co40 layers integrated onto AlN and
ZnO wurtzite crystals, classical ferroelectrics PbTiO3 and
BaTiO3, ferroelectric solid solution PZT, and relaxor fer-
roelectrics PMN-PT and PZN-PT. In these calculations,
the substrate-induced strains in the FM overlayer are
assumed to vary linearly with the field intensity E3 in
accordance with the substrate piezoelectric coefficients d31
and d32. The results are presented in the form of two-
dimensional maps showing variations of the energetically
most favorable magnetization orientation, resonance fre-
quency, and its electrical tunability in the (tf , E3)–plane
(Figs. 2–7). Such maps can be constructed for thin-film
nanomagnets coupled to ferroelectric substrates experienc-
ing nonlinear and hysteretic piezoelectric deformations as
well. This can be achieved by using electric-field depen-
dences of the IP film strains corresponding to experi-
mentally measured variations of substrate deformations
[23,28,38,53]. It should be emphasized that, using the data
given in Table II and the generalized orientational dia-
grams, which were constructed for magnetically biased
Ni and Fe films coupled to piezoelectrically active sub-
strates creating isotropic biaxial strain in the film plane
[Figs. 2(a) and 4(a)], it is possible to compare the efficiency
of different substrates for the strain-mediated electrical
control of magnetic states.

The developed (tf , E3)–maps demonstrate that the FMR
frequency and its electrical tunability are highly sensi-
tive to both nanomagnet thickness and substrate-induced

lattice strains. This feature is due to the presence of
size-induced and strain-driven SRTs in ultrathin FM
layers. Indeed, the FMR frequency diminishes in the vicin-
ity of SRT lines on the (tf , E3)–plane, which is accom-
panied by the drastic increase in the tunability at most
SRTs driven or shifted by lattice strains. The numerical
estimates further show that multiferroic heterostructures
involving relaxor ferroelectrics with ultrahigh piezoelec-
tric coefficients are most efficient for the strain-mediated
electrical tuning of FMR. For instance, Fe60Co40 lay-
ers coupled to the (011)-cut and [011]-poled PZN-6%PT
single crystal have |∂νres/∂E3| > 1 GHz/(kV/cm) at the
IP SRT induced by anisotropic strains u1 �= u2. More-
over, the tunability of FMR frequency in Ni films grown
on the Cu-buffered PMN-30%PT or PZN-8%PT crys-
tals exceeds 8 GHz/(kV/cm) at the polar first-order
SRT. These theoretically predicted tunabilities are com-
parable with the experimental values obtained for the
(Fe100−yGay)1−xBx/PZN-6%PT hybrid, which exhibits a
mean tunability of about 1 GHz/(kV/cm) and a rise of
∂νres/∂E3 up to 15 GHz/(kV/cm) at the electric-field-
induced phase transition occurring in the PZN-6%PT
single crystal at E3 ≈ 6 kV/cm [23].

Regarding the strain-mediated electrical tuning of FMR,
it should be also noted that the field-induced substrate
deformations are limited by two factors. First, the electric
field in any substrate cannot exceed the dielectric break-
down field Eb. Second, if the electric field in ferroelectric
material is directed against the spontaneous polarization,
the substrate deformations stop to develop monotonically
when the field intensity reaches the coercive field Ec, at
which the polarization reversal takes place. In the case
of PMN-PT and PZN-PT crystals, the breakdown field is
rather high (Eb > 100 kV/cm), but the coercive field is
only approximately 2 kV/cm [54]. These limits are sat-
isfied in the (tf , E3)–maps shown in Figs. 6 and 7, and
similar restrictions should be taken into account when
applying the generalized maps presented in Figs. 2–5
to Ni and Fe films coupled to particular ferroelectric
substrates.

In general, the FMR frequency of a thin-film nano-
magnet integrated onto a biased ferroelectric substrate
should be additionally affected by electric-field-induced
variations in the interfacial magnetic anisotropy of the
FM overlayer. Such interfacial contribution to the electri-
cal tuning of FMR has been demonstrated experimentally
by comparing the FMR data obtained for NiFe/PMN-
PT and NiFe/Cu/PMN-PT multiferroic heterostructures
[55]. It appears in the case of direct contact between
FM layer and a ferroelectric or dielectric material hav-
ing voltage-dependent polarization along the normal to the
interface, being due to the polarization-dependent inter-
facial magnetic anisotropy [56]. Hence the FMR tuning
of interfacial origin is absent for the Ni/Cu bilayers dis-
cussed in this paper, but it should be considered for
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Fe/MgO and Fe60Co40 films if they are not separated
from the substrate surface by a conductive nonmagnetic
interlayer. The interfacial contribution to the electrical tun-
ing of FMR can be incorporated into the present theory
by introducing electric-field dependences of the coeffi-
cients Ks, Ks||, and Ks⊥ involved in Eq. (1), which are
controlled by the out-of-plane polarization P3(E3) in the
substrate.

Thus, our theoretical results demonstrate that multifer-
roic heterostructures in the form of thin-film nanomagnets
with strong magnetoelastic coupling integrated onto fer-
roelectric substrates are promising for the development
of electrically tunable linear and nonlinear rf/microwave
devices with high tuning speed and low energy con-
sumption. Possible device applications of such hybrids
include magnetoelectric bandpass filters, phase shifters,
resonators, delay lines [57–60], frequency-tunable reso-
nant antennas, parametric circuits, mixers, and frequency
multipliers [21].
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APPENDIX

Energetically most favorable magnetization orientations
in strained ultrathin layers of cubic ferromagnets can be
found via the minimization of the effective volumetric
energy density �F given by Eq. (1). When such orienta-
tion is parallel to one of the edges of the unit cell or to its
IP face diagonal, it is possible to derive analytical relations
for the critical layer thicknesses, at which the magnetiza-
tion vector loses stability against rotation toward another
spatial direction. The derivation involves the analysis of
the Hessian matrix of the function �F(θ , ϕ) written in
terms of polar angle θ and azimuth angle ϕ defining the
magnetization direction in the spherical coordinate sys-
tem. Analytical results obtained for the critical thicknesses
of ultrathin FM layers subjected to an external magnetic
field H and thickness-independent IP strains u are given
below.

(i) If the total magnetic anisotropy of the FM layer
favors IP magnetization orientation along the [100] crystal-
lographic axis, the magnetization retains such orientation
in the presence of a magnetic field provided that the vector
H is orthogonal to the (100) plane (H 1 �= 0, H 2 = H 3 = 0).
For critical thicknesses at which the [100] magnetiza-
tion orientation loses stability against IP and out-of-plane
rotations, the calculations yield the relations

t∗100 = − Ks||
(1/2)μ0M 2

s (N22 − N11) + B1(u2 − u1) + K1|| + (1/2)μ0MsH1
, (A1)

t∗∗
100 = Ks + Ks⊥

(1/2)μ0M 2
s (N11 − N33) + B1[u1 + (c12/c11)(u1 + u2)] − K1⊥ + (B2

1/6c11) − (1/2)μ0MsH1
, (A2)

which are valid at μ0M 2
s N11 + 2B1u1 ≤ μ0M 2

s N22 +
2B1u2 and μ0M 2

s N12 + B2u6 = 0 only.

(ii) When the total magnetic anisotropy of the FM
layer favors IP magnetization orientation along the [110]
direction, the magnetization has such orientation only if
the magnetic field H is also parallel to this direction

(H 1 = H 2 = H, H 3 = 0). The critical thicknesses at which
the [110] magnetization orientation loses stability against
IP and out-of-plane rotations are given by the formulas

t∗110 = − Ks||
μ0M 2

s N12 + B2u6 + K1|| − (1/
√

2)μ0MsH
,

(A3)

t∗∗
110 = Ks + Ks⊥ − (Ks||/2)

(1/2)μ0M 2
s (N11 + N12 − N33) + B1[u1 + (c12/c11)(u1 + u2)] + (B2/2)u6 + (K1||/2) − K1⊥ − (K2/4) + (B2

1/6c11) − (1/
√

2)μ0MsH
, (A4)

which imply that the conditions μ0M 2
s (N11 − N22)

= 2B1(u2 − u1) and μ0M 2
s N12 + B2u6 ≤ 0 are satis-

fied.

(iii) In the presence of magnetic field H parallel
or antiparallel to the [001] crystallographic direction
(H 1 = H 2 = 0, H 3 �= 0), the magnetization will be oriented
exactly along H if the total magnetic anisotropy of the

FM layer favors the PP magnetization orientation. The
critical thickness at which the PP orientation should lose
its stability against reorientation toward the energetically
most favorable IP direction depends on the IP magnetic
anisotropy. If such a direction is parallel to the [100]
axis, which may happen only at μ0M 2

s N11 + 2B1u1 ≤
μ0M 2

s N22 + 2B1u2 and μ0M 2
s N12 + B2u6 = 0, the critical

thickness equals
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t∗001 = Ks − Ks⊥
(1/2)μ0M 2

s (N11 − N33) + B1[u1 + (c12/c11)(u1 + u2)] + K1⊥ + (B2
1/6c11) + (1/2)MsH3

. (A5)

When the magnetization reorientation occurs toward the
[110] crystallographic direction, the critical thickness is
given by the formula

t∗∗
001 = Ks − Ks⊥

(1/2)μ0M 2
s (N11 + N12 − N33) + B1[u1 + (c12/c11)(u1 + u2)] + (1/2)B2u6 + K1⊥ + (B2

1/6c11) + (1/2)μ0MsH3
,

(A6)

which is valid at μ0M 2
s (N11 − N22) = 2B1(u2 − u1) and

μ0M 2
s N12 + B2u6 ≤ 0 only.

In the case of FM layers not subjected to a magnetic field
(H 1 = H 2 = H 3 = 0), the whole set of Eqs. (A1)–(A6) can
be used to predict the existence of SRTs and to determine
their order as described in Ref. [34]. If the magnetic field
is significant, only two of these equations remain valid at
best [e.g., Eqs. (A5) and (A6) at H 1 = H 2 = 0, H 3 �= 0]
so that SRTs cannot be located and characterized with-
out the numerical minimization of the free energy density
�F(θ , ϕ).
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