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We propose a free-electron-beam (FEB)-driven frequency mixer for generating terahertz-wave radia-
tion. It employs an initial steady-current FEB to drive two cascaded gratings. On the first grating, the
FEB is macrobunched by interacting with the self-stimulated backward slow waves. On the second grat-
ing, which operates at high harmonics of the first grating, it is further microbunched at high frequencies,
producing mixed bunching components within the FEB. The multibunched FEB then generates a series
of superradiant Smith-Purcell radiations from the second grating, achieving multicolor radiations in the
terahertz region. The radiation can be tuned by adjusting the beam energy, covering the frequency range
from 0.8 to 1.8 THz. It is a promising broad-tunable and multicolor terahertz source.
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I. INTRODUCTION

Electromagnetic waves in the terahertz spectral range
(from 0.1 to 10 THz) are very attractive to worldwide
researchers since they have tremendous applications in
modern science and technologies [1,2]. Yet, because of
the lack of compact, high-power, and broad-tunable tera-
hertz sources, many applications have been greatly limited
[3,4]. The development of desirable terahertz sources has
still been a challenge.

The solid-state electronic devices (SEDs) are efficient
sources in the radio-frequency region, yet they are not
capable of generating terahertz radiation directly because
of material limitations. In practice, the frequency multi-
pliers or mixers have to be applied to get radiation with
frequency reaching the terahertz region. Yet, the output
power is undesirable due to the low efficiency of traditional
multipliers and mixers [5,6].

Compared with SEDs, the free-electron-beam (FEB)-
driven radiation sources, the so-called vacuum electronic
devices (VEDs), can achieve higher output power at
microwave and millimeter-wave regions. Unfortunately,
the VEDs also meet great challenges in the terahertz
region: the radiation power and efficiency decrease dra-
matically as the frequency increases. One of the primary
obstacles is the requirement of high beam current density
[7,8], which is beyond the emission capability of available
cathodes [9]. Applying a frequency multiplier to the VEDs
seems to be a feasible solution since it could reduce the
required beam current. Several attempts have been tried by
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using closed slow-wave structures (SWSs) [10,11]. How-
ever, the applications of closed SWSs have been greatly
limited by the low power capacity and manufacturing
difficulties.

Recently, the radiation sources based on the well-known
Smith-Purcell radiation (SPR) from open periodic struc-
tures [12–14], which avoid the disadvantages of closed
SWSs, have gained increasing attention for generating ter-
ahertz radiation [15]. For example, the Orotron [16,17]
(stimulated SPR within an open cavity) and the Smith-
Purcell free-electron laser (SPFEL) [18–21] (coherent SPR
from the harmonics of a self-bunched FEB) have achieved
higher radiation frequency than the traditional VEDs. Yet,
it is still difficult for them to reach high-frequency tera-
hertz regions (such as higher than 0.5 THz). Using two
cascade gratings has been proved to be an effective way to
improve the performances of SPFEL. It can either enhance
the radiation intensity by emitting the fundamental bunch-
ing component [22] or increase the frequency [23] by using
higher harmonics.

In the present paper, we propose a type of frequency
mixer, using the multibunching of a FEB on two cascade
gratings to generate terahertz radiation. Its operation mech-
anism is essentially different from that of previous SPFELs
with two cascade gratings and can be described as follows.
The initial direct-current (dc) FEB is macrobunched by
the first grating and further microbunched by the second
one, producing frequency-mixed bunching components,
which then generate coherent SPR from the second grating.
The intense starting current density required in traditional
VEDs and SPFELs is greatly reduced by setting the sec-
ond grating to operate at the harmonics of the first one.
Compared with the frequency-mixing methods used in tra-
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ditional SEDs and VEDs, it could simultaneously generate
coherent radiation with a series of frequencies (multi-
color). Also, its radiation frequency can be tuned from 0.8
to 1.8 THz by adjusting the electron energy of the FEB.
Thus, it affords an efficient way for developing compact,
multicolor, and broad-tunable terahertz sources.

II. MODEL DESCRIPTION

A diagram of the proposed scheme is illustrated in
Fig. 1. A continuous dc FEB successively passes over two
rectangular conductor gratings with different sizes. The
first grating with a big size is to prebunch the FEB, which
is self-bunched (macrobunched) by interacting with back-
ward surface waves (BSW) on the grating [24], just like
the backward wave oscillator (BWO). The dominant (fun-
damental) bunching frequency (ω1) is exactly the operation
frequency of the BSW. Along with the self-bunching pro-
cess, a train of electron bunches are produced within the
FEB [10]. Besides the fundamental bunching components,
high harmonics are also generated. Thus, the bunching
factor of the self-bunched FEB could be expressed as

F0 = F1ej ω1t + F2ej 2ω1t + F3ej 3ω1t + · · · , (1)

in which Fm (m = 1, 2, 3, . . .) signifies the bunching factor
of the mth harmonic component.

When passing over the second grating, which operates
at one of the high harmonics of the fundamental bunching
frequency (ω2 = mω1), the FEB further interacts with the
BSW on the second grating at a higher frequency (ω2) and
be further bunched (microbunched). As the beam-wave
interaction reaches saturation, the microbunched compo-
nent (ω2), together with its harmonics, becomes signifi-
cant. These microbunched components then mix with the
macrobunched ones, generating a series of mixed bunched
components in the FEB. The bunching factor under this
condition can be expressed as

F =
∑

Fsej ωst =
∑∑

Fp ,qej (pω1+qω2)t, (2)

FIG. 1. Diagram of the proposed scheme. Here, CSPR denotes
coherent Smith-Purcell radiation and θ signifies the radiation
angle relative to the beam velocity. The inset shows the coor-
dinates and the field regions used in theoretical analyses.

where ωs = pω1 + qω2 (p and q are integers) denotes the
frequency of the mixed bunching component. Note that,
here, the mixing is obtained by linear combinations of the
fundamental component and its high harmonics.

The multibunched FEB generates coherent radiation in
the upper space of the second grating via the superradiant
Smith-Purcell effect [25]. The radiating wavelength and
direction satisfy the SPR relation:

λ = L(1/β − cos θ)/|n|, (3)

in which λ denotes the wavelength in the space, L is the
structure period of the grating, n is a negative integer,
β = ve/c, ve is electron velocity, c is the speed of light
in the vacuum, and θ signifies the radiation angle relative
to electron velocity as shown in Fig. 1. We note that only
the mixed bunching components with frequencies being
higher than the fundamental frequency of the second grat-
ing (ω2) can satisfy Eq. (3) and generate superradiant SPR
from the second grating, which actually works as a mod-
ified SPFEL driven by prebunched FEB. Compared with
that of the dc beam, the required start current density of
the prebunched beam is much lower, since the beam-wave
interaction starts from the coherent radiation from a train
of macrobunches, rather than from the incoherent radiation
of a dc beam.

It should be noted that the mechanism of the pro-
posed scheme is essentially different from that of previous
SPFELs with two cascade gratings presented in Refs. [22]
and [23]. In Ref. [22], the first double grating was to pre-
bunch the initial dc beam, which is similar to the first
grating used in our present scheme. Yet, on the second grat-
ing of that model, the prebunched beam was not further
microbunched and there was no remarkable mixed bunch-
ing component in the radiation. Instead, the prebunched
beam generated spontaneous coherent SPR from the sec-
ond grating. The purpose of the second grating is either to
change the radiating order [n in Eq. (3)] from |n| > 1 to
|n| = 1 or to radiate the fundamental prebunching compo-
nent, by which the radiation intensity could be enhanced.
As for the scheme of [23], the second grating operates
in the radiative region; namely, there is no surface wave
excited by the FEB on the second grating, such that the
prebunched beam cannot be further microbunched by the
beam-wave interaction. The main function of the second
grating with small size in Ref. [23] is to radiate one of the
higher harmonics of the prebunching frequency via spon-
taneous coherent SPR and there are no mixed components
for radiating, similarly to that in Ref. [22].

III. FORMULA DERIVATION

In this section, we derive the equations describing
the beam-wave interactions and the dispersion relation
governing the electromagnetic waves propagating along
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the gratings. For the two-dimensional model consid-
ered in the present paper, the whole space could be
divided into four regions according to boundaries; see the
inset of Fig. 1. We write down the field expressions in
each region and then apply them to the mode-matching
method.

In order to satisfy the periodic boundary conditions,
the fields above the grating should be expanded into infi-
nite space-harmonics according to the Floquet’s theorem.
Thus, the fields in region I (the upper vacuum region; see
Fig. 1) should be expressed as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

EI
z =

∞∑

n=−∞
Ane−kI

xnxe−j kznz,

EI
x =

∞∑

n=−∞
An

−j kzn

kI
xn

e−kI
xnxe−j kznz,

H I
y =

∞∑

n=−∞
An

−j ωε

kI
xn

e−kI
xnxe−j kznz,

(4)

where kI
xn

2 = k2
zn − k2

0, kzn = kz + 2nπ/L, k0 = ω/c is the
wave number in the vacuum, ω is the angular frequency,
and ε is the permittivity of vacuum. An, Bn, Cn, Dn, Fn,
and G in Eqs. (4)–(8) are the coefficients to be determined
by boundary conditions. Note that, here, we only con-
sider the transverse-magnetic (TM) waves in the z direc-
tion since they are the operation modes interacting with
the FEB.

According to previous studies [24], the continuous FEB
could be treated as a linear, isotropic, and moving plasma
dielectric with relative dielectric function expressed by

εb = 1 + χ = 1− ω2
p

γ 3(ω − βckzn)
2 , (5)

where χ is the effective polarization function, γ =
1/

√
1 − β2 is the Lorentz factor of the electron beam,

ω2
p = neq2/εme is the effective plasma frequency, q is

the electron charge, me is the electron mass, ne = Je/qve
is electron density, and Je is the current density of the
FEB. Thus, the fields in the FEB (region II) can be
expressed as

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

EII
z =

∞∑

n=−∞
(Bne−kII

xnx + CnekII
xnx)e−j kznz,

EII
x =

∞∑

n=−∞

(
Bn

−j kzn

kII
xn

e−kII
xnx + Cn

j kzn

kII
xn

ekII
xnx

)
e−j kznz,

H II
y =

∞∑

n=−∞

(
Bn

−j ωεεb

kII
xn

e−kII
xnx + Cn

j ωε

kII
xn

ekII
xnx

)
e−j kznz,

(6)
where kII

xn
2 = k2

zn − εbk2
0.

Similarly, the fields in the gap between the beam and
grating (region III) can be expressed as
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

EIII
z =

∞∑

n=−∞

(
Dne−kIII

xn x + FnekIII
xn x

)
e−j kznz,

EIII
x =

∞∑

n=−∞

(
Dn

−j kzn

kIII
xn

e−kIII
xn x + Fn

j kzn

kIII
xn

ekIII
xn x

)
e−j kznz,

H III
y =

∞∑

n=−∞

(
Dn

−j ωε

kIII
xn

e−kIII
xn x + Fn

j ωε

kIII
xn

ekIII
xn x

)
e−j kznz,

(7)
where kIII

xn
2 = k2

zn − k2
0 = kI

xn
2. For simplicity, we write

both kIII
xn and kI

xn as kxn hereafter.
Considering that the groove width of the grating is much

less than the operation wavelength (d � λ), the fields
in the rectangular grooves (region IV) can be treated as
transverse-electromagnetic (TEM) waves in the x direction
[26], which is the lowest mode within the grooves:

⎧
⎪⎪⎨

⎪⎪⎩

EIV
z = G

sin[k0(h + x)]
sin(k0h)

,

H IV
y = G

−j ωε

k0

cos[k0(h + x)]
sin(k0h)

.
(8)

The tangential fields should satisfy the following continu-
ity conditions at interfaces of adjacent regions:

⎧
⎨

⎩
EI

z

∣∣
x=t = EII

z

∣∣
x=t,

H I
y

∣∣∣
x=t

= H II
y

∣∣∣
x=t

,
(9)

⎧
⎨

⎩
EII

z

∣∣
x=s = EIII

z

∣∣
x=s,

H II
y

∣∣∣
x=s

= H III
y

∣∣∣
x=s

,
(10)

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

EIII
z

∣∣
x=0 =

{
EIV

z

∣∣
x=0, −d/2 < z < d/2,

0, d/2 < z < L − d/2,
∫ d/2

−d/2
H III

y

∣∣∣
x=0

dz =
∫ d/2

−d/2
H IV

y

∣∣∣
x=0

dz.

(11)

In Eq. (11), the average matching condition for the tangen-
tial magnetic field is used [26]. Substituting Eqs. (4)–(8)
into Eqs. (9)–(11) and after complicated but straightfor-
ward arithmetical operation, we can obtain the following
dispersion equation:

d
L

∞∑

n=−∞

1 − Qn

1 + Qn

1
kxn

[
sin(kznd/2)

kznd/2

]2

= 1
k0 tan(k0h)

, (12)

in which

Qn = −
(εbkxn + kII

xn)e
−kxns

[
1 + εbkxn−kII

xn
kII

xn+εbkxn
e2kII

xn(s−t) − 2εbkxn
εbkxn+kII

xn

]

(εbkxn − kII
xn)ekxns

[
1 + εbkxn−kII

xn
kII

xn+εbkxn
e2kII

xn(s−t) − 2εbkxn
εbkxn−kII

xn

] .

(13)
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FIG. 2. Dispersion curves of both gratings and electron-beam
lines. The shaded region indicates the SPR region for the 40-keV
FEB on the second grating.

When the FEB is absent, the dispersion equation of grat-
ing can be obtained by letting Qn = 0. The calculated
dispersion curves of the lowest (primary) TM modes of
two gratings are shown in Fig. 2, in which the structure
parameters of two gratings are L1 = 0.4 mm, d1 = 0.2 mm,
h1 = 0.3 mm and L2 = 0.08 mm, d2 = 0.04 mm,
h2 = 0.06 mm, respectively. Namely, all parameters of
the second grating are reduced by a factor of 5 com-
pared to the first grating. It shows that when the electron
energy of the FEB is 40 keV, the operating points (inter-
sections of electron-beam lines with dispersion curves) of
both gratings are located in the BSW regions, where the
group velocities of surface waves are negative. Thus, the
beam-wave interaction (bunching) can be self-stimulated
(without external feedback) when the beam current of the
FEB exceeds the start current on both gratings [13]. The
operation frequency of the first grating (the macrobunching
frequency) is 0.173 THz and that of the second grating (the
microbunching frequency) is 0.865 THz, being the fifth
harmonics of the macrobunching frequency (ω2 = 5ω1).
Thus, the start current on the second grating is reduced
according to previous analyses.

When interacting with the FEB, the self-excited BSW
(operation modes) on the grating are amplified exponen-
tially, which then leads to the bunching of the FEB in
return. The growth rate is a key factor representing the
beam-wave interaction and can be derived as follows. The
dispersion equation of Eq. (12) has two variables: ω and
kz, the solutions of which are complex numbers. The imag-
inary part of one of the solutions indicates the growth rate
[24]. To derive it, we rewrite Eq. (12) to be

f (ω, kz) = 0 (14)

and then expand it about the synchronization (operation)
point (ω0, kz0) on the dispersion curve:

f (ω, kz) = f (ω0, kz0) + fωδω + fkzδkz+fχχ = 0, (15)

in which fω = ∂f /∂ω, fkz = ∂f /∂kz, and fχ = ∂f /∂χ are
the partial derivatives at the synchronization point; δω =
ω − ω0; and δkz = kz − kz0. Considering f (ω0, kz0) = 0 at
the synchronization point and the following relation along
the dispersion curve,

df
dkz

= 0 = fkz+
∂ω

∂kz
fω = fkz+vgfω, (16)

in which vg is the group velocity, Eq. (15) can be simpli-
fied:

f (ω, kz) = fω(δω − veδkz) + fχχ = 0. (17)

Substituting the polarization function χ in Eq. (5) into
Eq. (17), we can get the following cubic equation:

(δω − veδkz)
2(δω − vgδkz) = � = −ω2

p fχ
γ 3fω

. (18)

The growth rate can then be obtained:

τ = Im(δkz) =
√

3
2

∣∣∣∣
�

v2
e vg

∣∣∣∣
1/3

. (19)

The growth rate expressed by Eq. (19) holds true for both
dc beams and prebunched beams, the difference of which
lies in the initial condition. For the dc beam, the self-
amplification starts from noise (incoherent spontaneous
radiation), while for the prebunched beam, it starts from a
seed (one of harmonics of the prebunching) with enhanced
intensity [25], which exactly accounts for the reduce of
start current.

IV. SIMULATION RESULTS

The start-to-end two-dimensional (2D) simulations of
the proposed scheme are performed by applying the
finite-difference-time-domain-(FDTD-)based fully electro-
magnetic code CHIPIC-2D [27]. In simulations, the con-
ductivity of gratings is set to 2 × 107 S/m. The number
of periods of the first grating is 40 and the second grating
has 90 periods. The FEB is a sheet beam with a rectan-
gular cross section, in which the y-directional width is
much larger than the x-directional width. In 2D simula-
tions, the y-directional widths of the FEB and of the grating
are assumed to be infinite. The beam thickness in the x
direction is 0.1 mm and the beam-to-grating distance is
0.01 mm. The initial beam current density is 50 A/cm2,
which is assumed to be uniformly distributed in the cross
section of the FEB. An external uniform longitudinal mag-
netic field Bz = 0.5 T is used to transversely confine the
FEB. We note that such sheet electron beams have been
approximately achieved in experiments by several research
groups [28–30].
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Figure 3(a) illustrates the simulation-obtained phase-
space distribution of the FEB when the beam-wave inter-
action is started. We note that the beam energy (velocity)
is modulated by the first grating at a low frequency and
then is further modulated by the second grating at a high
frequency. Figure 3(b) further shows the particle distri-
butions of the FEB, which is first macrobunched on the

(a)

(b)

(c)

FIG. 3. (a) Simulation obtained phase-space distribution of the
FEB with modulations. (b) Snapshot of the particle distribution
of the FEB on both gratings. (c) Frequency spectra of the beam
current density.

first grating and then microbunched on the second grat-
ing, agreeing well with theoretical predictions. We note
that five microbunches are generated within each mac-
robunch. Figure 3(c) illustrates the frequency spectra of
the beam current density (equivalent bunching factor) of
the FEB. On the first grating, the bunching factor reaches
peaks at the harmonics of the macrobunching frequency
and the magnitude decreases quickly with the harmonic
order. The intensities of harmonics higher than fifth order
are so weak (the bunching factor is less than 0.1) that they
cannot generate the desirable radiation power. After inter-
acting with the second grating, the fifth harmonic (with
microbunching frequency ω2) is obviously enhanced; see
the bottom subplot of Fig. 3(c). Also, other high harmonics
(from sixth to tenth) are greatly (about five times) ampli-
fied because of the multibunching effect. Note that the
tenth harmonic is enhanced more significantly than the
eighth and ninth harmonics, which is because that it is
the second harmonic of the microbunching frequency on
the second grating. As illustrated in Fig. 2, the fifth har-
monic is the surface wave propagating along the second
grating, while the sixth to tenth harmonics are radiation
waves since they are in the SPR region, and they are coher-
ent radiations (superradiances) from the train of electron
bunches [24,25].

To observe the radiation fields generated by the multi-
bunched FEB, two detectors are placed at 4 mm above the
second grating; see probe A (top left) and probe B (top
right) in Fig. 4(a). Figure 4 presents the radiation spectra
detected by two probes. It shows that the multicolor coher-
ent radiation with a series of frequencies—from 0.865

FIG. 4. Radiation spectra detected by probe A and probe B in
the upper space of the second grating.
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THz (fifth harmonic) to 1.73 THz (tenth harmonic)—is
obtained. Note that, here, the probes can simultaneously
detect the radiation at different directions since they are not
infinitely far from the grating. It is different from the ideal
case, where the observer is infinitely far from the grating
and could only see the radiation from a single direction
(radiation angle). For probe A, the radiations of the sev-
enth to ninth harmonics are dominant, while for probe B,
that of the eighth to tenth harmonics become dominant.
This is because the radiation directions of different fre-
quencies (harmonics) differ from each other according to
the SPR relation: the radiation with a higher frequency has
a smaller radiation angle (θ ) when the radiation order (n) is
the same according to Eq. (3). We note that the sixth har-
monic is relatively weak, which is because its radiation is
almost parallel to the grating and has not been effectively
detected. The fifth harmonic component is radiated by the
surface wave through both ends of the grating. Figure 5
further illustrates the field patterns (Ez component) above
the second grating for different radiation harmonics in the
frequency domain. The radiation angles of the sixth to
ninth harmonics are, respectively, θ = 158.5◦, θ = 115◦,
θ = 92◦, and θ = 74◦, all of which agree with the SPR
relation of Eq. (3).

Now we consider the frequency tunability of the
proposed scheme. According to the dispersion curves
shown in Fig. 2, the operation frequencies of the first
(macrobunching) and second (microbunching) gratings
can both be changed by adjusting the beam energy. Their
harmonic relationship (ω2 = mω1) is kept in a certain
region, which sets the base for the tunability of the radi-
ation. For the present mode, the macrobunching frequency
ranges from 0.15 to 0.18 THz as the electron energy of
the FEB changes from 20 to 50 keV and the microbunch-
ing frequency is from 0.75 to 0.89 THz, being the fifth
harmonics of the macrobunching (ω2 = 5ω1). The fre-
quencies of mixed components are then changed accord-
ingly. Figure 6(a) shows the simulation-observed radiation
frequency of different harmonics as a function of beam
energy. We note that the radiation frequency covers the
region from 0.8 to 1.8 THz as the beam energy varies from
20 to 50 keV, indicating that it is a broad tunable tera-
hertz source. Figure 6(b) presents the evaluated radiation
power (by integrating the whole grating) versus frequency
as the beam energy is being tuned (here, the grating width
in the y direction is assumed to be 1 mm). It shows that
the radiation power ranges from 10 to 60 mW within the
frequency region of 0.8–1.8 THz. The relative maximum
power is obtained at about 1 THz, which is from the sixth
harmonic when the beam energy is about 50 keV. It can
be explained that the beam-wave interaction reaches the
highest efficiency when the operation point is close to the
brag point (kzL1,2/2π = 0.5 in Fig. 2). It is worth not-
ing that these are average powers since the dc beams are
used and this average power level is higher than that of

(a)

(b)

(c)

(d)

FIG. 5. Field patterns of the Ez component above the second
grating for different radiation harmonics. (a)–(d) The sixth, sev-
enth, eighth, and ninth harmonics, respectively. Points A and B in
subplot (a) are the positions of the detectors.

most available compact terahertz sources. Here, we only
consider properties (frequency and power) of the radiator
(source), while the receiving scheme is still important for
the radiation actually obtained in practice. Since the radi-
ation direction of SPR changes with the energy of FEB
and with frequency, one cannot get all the radiations with
different frequencies from the whole grating by using a sin-
gle detector located far from the grating in experiments. In
practice, reflection mirrors need to be used to collect the
radiation from the whole grating [31,32]. Also, the radia-
tions with different frequencies at different directions can
be received by adjusting the angles of mirrors. To con-
firm the advantages of the present scheme, we would like
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Simulation
Fitting

(a)

(b)

FIG. 6. (a) Dependencies of radiation frequencies on the elec-
tron energy of the FEB. (b) Radiation power versus frequency as
the beam energy is being tuned.

to compare the simulation results of the present model
with those of single-grating models. First, we look at the
case that the first grating is absent. Simulations show that,
without prebunching, the starting current density should be
higher than 200 A/cm2 on the second grating for the same
model. According to previous theories on the SPFEL, the
starting current could be reduced by increasing the period
number [33,34]. Simulation results indicate that it could be
reduced to be less than 150 A/cm2 when the period number
is more than 150, which is still beyond the emission capa-
bility of available cathodes. Then, we consider the case that
the second grating parameters are replaced by that of the
first grating; namely, the second grating is absent. Figure
7(a) presents the spectra of the beam current density of the
FEB in the downstream of this model. Compared with the
results in Fig. 3(c), the bunching factors of high harmon-
ics are enhanced by interacting with the first grating for
a longer distance; yet, they are still much less than that

(a)

(b)

(c)

FIG. 7. (a) Frequency spectra of the beam current density of
FEB modulated by the first grating. (b),(c) The radiation fields
(Ez) of the seventh and eighth harmonics, respectively.

in the multibunching case. Figures 7(b) and 7(c) show the
radiation fields (Ez) in the time domain, respectively, from
the seventh and eighth harmonics for two models. Here,
the fields are filtered to get the objective harmonic compo-
nent. We note that the radiation field intensity is enhanced
by about ten times in the multibunching model, indicating
that the radiation power is 2 orders of magnitude increased.
Note that the radiation intensity of the SPR is not linearly
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proportional to the bunching factor of the FEB. Even the
same electron beam generates different radiation intensi-
ties, which depend equally on the grating parameters. One
of the critical factors is the radiation order (n) given in Eq.
(3): the radiation intensity decreases as the radiation order
(|n|) increases. For the present model, the radiation order of
the seventh and eighth harmonics from the second grating
is |n| = 1, which is the dominant part of the SPR, while
those from the first grating are |n| ≥ 3 and |n| ≥ 4 [35],
respectively.

To verify our main results, we further carried out the
three-dimensional (3D) simulations by using the commer-
cial simulation code CST particle studio [36]. Some of
the results are shown in Fig. 8, in which the y-directional
widths (ignored in the 2D simulations) of grating and of
the FEB are both set to be 1.2 mm, without loss of gener-
ality, and all other parameters follow that given in Fig. 3.

(a)

(b)

(c)

FIG. 8. Simulation results obtained by using CST particle studio. (a) Phase-space distribution of the FEB with modulations. (b)
Density and energy distributions of particles within the FEB in the 3D space. (c) Field pattern of the Ez component in x-z cut plane.

Figure 8(a) shows the phase-space (energy-z) distribution
of the FEB, which is first modulated on the first grat-
ing and then further modulated at high harmonics on the
second grating, agreeing well with that in Fig. 3(a). The
energy and density distributions of particles within the
FEB are presented in Fig. 8(b), which shows the bunch-
ing processes on both gratings. Figure 8(c) illustrates the
field pattern of the Ez component (in the middle x-z cut
plane) after the multibunching is achieved. Here, the fields
are shown in the time domain (t = 1.2 ns), rather than
in the frequency domain as given in Fig. 5. We can see
that the superradiant SPRs with planar wavefronts are
obviously achieved from the second grating. The sixth
and seventh harmonics are most remarkable since they
are major parts in the radiation. Their radiation directions
agree well with that shown in Fig. 5 and theoretical results
based on Eq. (3). We also note that the fifth harmonic,
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which is the surface wave on the second grating, radi-
ates into space through the end of the grating due to the
abrupt change of boundary, agreeing with our previous
predictions.

V. DISCUSSION AND CONCLUSION

In this section, we discuss several critical factors that
affect the operation of the proposed scheme. We first look
at the effects of the FEB properties, which are essential for
any FEB-driven devices. Figure 9(a) illustrates the depen-
dencies of the simulation-obtained surface-wave intensity
(Ez) and of the theoretically calculated growth rate [based
on Eq. (19)] on the initial beam-to-grating distance s (here
other simulation parameters follow that given in Fig. 3). It
shows that the field intensity decreases exponentially as s
increases, so it can be understood that the incident fields of
the FEB decrease exponentially in the transverse direction
of beam velocity [24]. The growth rates on both gratings
decrease almost linearly with s, which also indicates that
the beam-wave interaction decreases exponentially with
s, since the growth rate is in the exponent part of the
field expressions. We find that when s is larger than 0.03
mm, the self-bunching cannot be achieved on the second
grating. It should be noted that here s denotes the initial
beam-to-grating distance. When the beam-wave interac-
tion is started, some electrons transversely deflect due to
the self-excited electromagnetic fields and even strike on
(scrape) the gratings since the initial beam-to-grating dis-
tance (s) is so small. In all our simulations, these effects
are considered and the electrons hitting on the gratings are
killed. The results show that the scraping of the FEB on
gratings does not significantly affect the beam-wave inter-
actions for the considered models. We note that, in some
circumstances, the scraping is not necessarily harmful and
it may even be helpful for the beam-wave interaction, as
illustrated in Refs. [37,38]. Since the beam power (energy
and current) considered here is relatively low compared
with accelerator-based particles, the scraping does not
cause substantial damage to the grating.

Figure 9(b) presents the dependencies of the field inten-
sity (Ez) and of the growth rate on the beam current density.
As expected, both of them increase with the beam current
density. Also, the growth rates are largely in proportion to
the power of 1/3 of the beam current, agreeing with the
results given in Ref. [14]. We note that, in order to get the
same growth rate on two gratings, the beam current den-
sity of the FEB on the second grating should be at least
two times larger than that on the first grating. The gain
length, which is the reciprocal of the growth rate (Lg =
1/τ ), of the first grating is about 1.8 mm (4.5 periods)
when the beam current density is 50 A/cm2, while that
of the second one is about 2.4 mm (30 periods). Namely,
to get the same gain, the period number of the second

(a)

(b)

(c)

FIG. 9. Dependencies of the simulation-obtained surface-wave
intensity (Ez) and of the theoretically calculated growth rate on
the beam-to-grating distance s (a) and the beam current den-
sity (b). In subplot (a), the exponential fitting is used for the
simulation results. (c) Dependencies of the simulation-obtained
radiation-field intensities on the initial energy spread of the FEB.

grating should be six times more than that of the first
grating.

Another important factor is the initial energy spread
(IES) of the FEB. In simulations, we preset the initial
particle velocities of the FEB to follow the Maxwellian
distribution, which is according to actual properties of the
FEB from electron guns with thermionic cathodes [39,40].
Simulation-obtained radiation intensity versus IES is pre-
sented in Fig. 9(c), which shows that the field intensity
decreases steadily as the IES increases. Further simulations
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show that the self-bunching cannot be started as the IES
reaches 2%.

Additionally, in order to get a well-prebunched FEB,
which is of significance for the operation of the proposed
scheme, the FEB and the first grating should match well.
The first grating should not be too short; otherwise, the
prebunching cannot be achieved. It should not be too long
either; otherwise, the FEB is overbunched, which degrades
the performance. Besides overbunching, the increase of
beam energy spread after the saturation of the beam-wave
interaction on the first grating also greatly affects the oper-
ation of the second grating. For the present model with a
beam current density of 50 A/cm2 and beam-to-grating
distance of 0.01 mm, we find that the optimum length of
the first grating is about 45 periods (10Lg).

It is worth noting that the proposed scheme can also
be applied to cylindrical gratings with hollow electron
beams, similarly to the previous cylindrical SPFELs pre-
sented in Refs. [21] and [23]. Compared with the sheet
electron beam used in the planar model, the cylindrical
hollow electron beams are easier to control, since they are
axial symmetric. Yet, the cylindrical gratings are more dif-
ficult to manufacture in the terahertz region and the power
is relatively low. On the contrary, planar gratings are easier
to manufacture and their power capacity can be improved
by increasing the transverse (y-directional) widths of the
grating and of the electron beam. Yet, the sheet electron
beam is more difficult to form and sustain since the elec-
trons at fringes (lateral sides) of the beam encounter a more
significant space-charge effect and deflect more seriously,
resulting in the deformation of the beam. To avoid this sit-
uation, a stronger guiding magnetic field has to be used to
confine the sheet beams in practice.

Lastly, we would like to discuss the prebunching method
of the proposed scheme. As is known, many other tech-
niques could be used for prebunching the FEB, such as
using kickers and rf resonators. Yet, in the present model,
the prebunching frequency is as high as 0.17 THz, which
exerts a great challenge on the kickers, whose operating
frequency is usually less than several GHz. It is not easy
for the rf resonators to reach such a high frequency either
because of the manufacture difficulties of very small cavi-
ties. Comparatively, the planar grating used in the present
scheme is not difficult for fabrication. Another method of
generating a prebunched beam is using a train of laser
pulses to drive a photocathode, which could generate a
train of electron bunches with bunching frequency reach-
ing 1 THz [41]. Yet, this method can only generate tens of
bunches within a train, which is much less than the num-
ber of bunches in the present method. Also, the present
one is much more compact and easier to realize than this
mentioned method.

In conclusion, we propose and investigate a terahertz
frequency mixer by multibunching a free-electron beam
on two cascade gratings. The free-electron beam is first

macrobunched at a low frequency on the first grating and
then microbunched at a high frequency on the second grat-
ing, producing a series of frequency-mixed bunches within
the beam. The multibunched beam can generate multicolor
coherent terahertz radiation via the superradiant Smith-
Purcell effect. Also, the radiation frequency can be tuned
from 0.8 to 1.8 THz by changing the beam energy from 20
to 50 keV. It is an efficient way of generating multicolor
and broad-tunable terahertz radiation in practice.
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