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The multiple scattering of light presents major challenges in realizing useful in vivo imaging at tissue
depths of more than about one millimeter, where many answers to health questions lie. Visible through
near-infrared photons can be readily and safely detected through centimeters of tissue; however, limited
information is available for image formation. One strategy for obtaining images is to model the photon
transport and a simple incoherent model is the diffusion equation approximation to the Boltzmann trans-
port equation. Such an approach provides a prediction of the mean intensity of heavily scattered light
and hence provides a forward model for optimization-based computational imaging. While diffuse optical
imaging methods have received substantial attention, they remain restricted in terms of resolution because
of the loss of high-spatial-frequency information that is associated with the multiple scattering of photons.
Consequently, only relatively large inhomogeneities, such as tumors or organs in small animals, can be
effectively resolved. Here, we introduce a superresolution imaging approach based on point localization
in a diffusion framework that enables over two orders of magnitude improvement in the spatial resolution
of diffuse optical imaging. The method is demonstrated experimentally by localizing a fluorescent inho-
mogeneity in a highly scattering slab and characterizing the localization uncertainty. The approach allows
imaging through centimeters of tissue with a resolution of tens of microns, thereby enabling cells or cell
clusters to be resolved. More generally, this high-resolution imaging approach could be applied with any
physical transport or wave model and hence to a broad class of physical problems. Paired with a suitable
optical contrast mechanism, as can be realized with targeted fluorescent molecules or genetically modified
animals, superresolution diffuse imaging should open alternative dimensions for in vivo applications.
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I. INTRODUCTION

The interaction of light with tissue has received intense
study due to a myriad of applications in biomedical science
[1–3]. Near the tissue surface, coherent methods are used
to image with spatial resolutions at the diffraction limit [4].
However, in deep tissue, where the propagation direction
of light is randomized due to optical scattering, the for-
mation of an image becomes a much greater challenge.
Coherent imaging is still possible, for example, through
feedback control of the amplitude and phase of the inci-
dent wave front, which has allowed focusing of light to
depths of about 1 mm in tissue [5]. Alternatively, the tissue
can be characterized through measurement and inversion
of a field transmission matrix, allowing image formation
[6–8]. These types of coherent methods can achieve high
resolution; however, they are generally less effective as the
amount of scatter increases, limiting their application in
deep (>1 cm) tissue. Coherent imaging through almost any
amount of scatter is possible using speckle-intensity corre-
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lations over object position [9,10]. However, this method
requires that the positional change of the object is known
or can be estimated.

Deep-tissue imaging is achievable with diffuse opti-
cal imaging (DOI), a computational imaging method in
which a model of light transport in scattering media allows
extraction of images from incoherent light [2,3,11,12]. For
example, in diffuse optical tomography (DOT) [3,13–15],
three-dimensional (3D) images of the spatially depen-
dent optical properties are iteratively reconstructed from
boundary measurements of highly scattered light. With the
addition of fluorescent contrast agents, fluorescence diffuse
optical tomography (FDOT) allows computational imag-
ing of targeted biochemical pathways [16,17]. FDOT has
proven especially useful for in vivo small animal studies of,
for example, targeted drugs [18] and misfolding of protein
aggregates [19]. However, the low resolution of DOI meth-
ods such as FDOT compared to coherent methods [20] has
restricted the applications.

Here, we present a method to circumvent previ-
ous DOI resolution limits. We use optical localization,
where information about the location of the centroid
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of an inhomogeneity is extracted. We call the method
superresolution diffuse optical imaging (SRDOI). The case
we consider is a small region embedded in a heavily
scattering background that contains fluorophores. Multi-
ple fluorescent regions could be similarly imaged at high
resolution when the emission from each region is separa-
ble, for example, through sufficient spatial, temporal, or
spectral separation, or a combination of these. The results
indicate that by localizing many inhomogeneities individ-
ually within a highly scattering medium and combining the
positions into a single image, high-resolution DOI can be
achieved.

Previous studies have localized fluorescent inhomo-
geneities in deep tissue [21–24]. For example, bound-
ary measurements of fluorescence emission have allowed
extraction of the location of fluorescing tumors [23,25].
In these studies, tumor masses were localized after inject-
ing mice with fluorescent contrast agents that targeted
specific cancer cells. However, the implications and lim-
its for high-resolution imaging have not been previously
examined.

In Sec. II, the diffusion model for light propagation is
described and the spatial resolution that has been achieved
by DOI in the literature is considered, as a compari-
son for SRDOI. In Sec. III, the fluorescent localization
method is presented, including the derivation of the for-
ward model and the optimization procedure. In Sec. IV,
the performance of SRDOI is characterized with numerical
simulation and experimental validation in a slab geometry.
The SRDOI results demonstrate two orders of magnitude
improvement in the spatial resolution compared to FDOT.

II. DIFFUSE OPTICAL IMAGING

Optical transport in tissue can be described by the
radiative transfer equation, and under restrictions on scat-
tering strength (weak), absorption (weak), and time (long
compared to the scattering time), and with sufficient scat-
ter, the diffusion approximation provides a simple model
[3,13]. In the frequency domain, the light source is mod-
ulated at angular frequency ω, i.e., we assume exp(−iωt)
variation. For a fluorescence source in a locally homoge-
neous medium, the coupled diffusion equations can then
be written in the form of wave equations as [17]

∇2φx(r) + k2
xφx(r) = −Sx(r), (1)

∇2φm(r) + k2
mφm(r) = −φx(r)Sf (r), (2)

where r denotes position; φ (W/mm2) is the photon flux
density; the subscripts x and m, respectively, denote param-
eters at the fluorophore excitation and emission wave-
lengths, λx and λm; k2 = −μa/D + iω/(Dv), where D =
1/[3(μ′

s + μa)] (mm) is the diffusion coefficient; μ′
s is the

reduced scattering coefficient; μa is the absorption coef-
ficient; v is the speed of light within the medium; Sx(r)
is the excitation source; and Sf (r) describes the fluores-
cence emission. In an infinite homogeneous space, the
frequency-domain diffusion equation (written as a lossy
wave equation) Green’s function is

g(r′, r) = eik|r−r′|

4π |r − r′| , (3)

where r′ is the position of a point source and the complex
wave number k is applied at λx or λm in Eqs. (1) or (2),
respectively.

Solutions to Eqs. (1) and (2) are called diffuse pho-
ton density waves (DPDWs) [2,26,27]. Here, we refer to
data formed through experimental detection of DPDWs as
measurements. In Sec. III. A, we derive a forward model
using Eqs. (1) and (2), which we treat as an estimate of the
expected values of the measurements. In contrast, images
recovered using an inversion method (an indirect imag-
ing method that extracts desired parameters (e.g., r′) from
measurement data (e.g., φ) through inversion of a forward
model) are referred to as reconstructed images. The res-
olution of a reconstructed image depends on the method
used (see, e.g., Refs. [28,29]). Of note, the treatment of the
nonlinear nature of the inversion process and the use of
constraints (or a prior model in a Bayesian sense) can be
of substantial consequence.

Even without absorption, the DPDW wavenumber is
complex, implying that there are always both propaga-
tion and attenuation at any spatial frequency [27]. The
wavelength of DPDWs for typical tissue and modulation
frequencies (10 MHz or so) is on the order of a few cen-
timeters. Measurements are therefore usually made within
distances less than about one wavelength from a source
location, placing them in the near field in this sense. How-
ever, the attenuation of high spatial frequencies is still
severe, causing a significant reduction in resolution with
depth. Here, we define resolution as the full width at half
maximum (FWHM) of the point-spread function (PSF),
where the PSF is the image of a point source located in the
scattering medium. Equivalently, the resolution is the dis-
tance between two identical point sources such that their
PSFs intersect at their FWHM.

The dependence of the resolution on depth is nonlinear
and has been estimated using the FWHM of the propaga-
tion transfer function in a homogeneous infinite medium
[27]. The resolution is unrelated to the diffraction limit
because DPDWs have a complex wavenumber and are
measured in the near field. The resolution depends primar-
ily on μ′

s, μa, and the distance from the source to detectors.
In practice, however, the resolution depends on many
other factors, including the measurement signal-to-noise
ratio (SNR), the medium geometry, the source-detector
diversity, the contrast between the inhomogeneity and the
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FIG. 1. The resolution of diffuse optical imaging as reported in
the literature. Red symbols are image reconstructions, where �,
�, •, �, �, �, and � correspond to Refs. [28–34]. Blue sym-
bols are direct measurements (no inversion performed), where
�, �, and � correspond to Refs. [35–37]. The background μ′

s
and μa used in each paper vary, but their average values are 0.85
and 0.0063 mm−1 (close to those of tissue-simulating Intralipid),
where μ′

s is between 0.5 and 1.0 mm−1 and μa is between 0
and 0.01 mm−1. The blue curves are theoretical resolution lim-
its for continuous wave (CW) (ω = 0) direct measurements, as
calculated by Ripoll et al. [27]. The dashed blue curve is calcu-
lated using breast-tissue parameters, where μ′

s = 1.5 mm−1 and
μa = 0.0035 mm−1. The solid blue curve is calculated using the
average values from the literature. The black long-short-dashed
curve is half the depth.

background, and the experimental setup. For the case of
reconstructed images, the resolution will also depend on
the computational method used for reconstruction.

As a comparison for the work presented here, Fig. 1
shows a plot of the resolutions achieved based on both
measured data (without reconstruction of an image) and
image reconstructions (through a computational imaging
procedure). The red symbols are reconstructed image res-
olutions (without prior information) and the blue symbols
are direct measurement resolutions. The blue curves are
analytic resolution limits of direct measurements for μ′

s
and μa typical of tissue, as calculated by Ripoll et al. [27].
From Fig. 1, we find that for optical properties similar
to tissue and beyond a depth of about 1 cm, the reported
reconstructed image resolution is typically about half the
depth, as represented by the dashed black line.

The resolution in Fig. 1 can be improved with the incor-
poration of prior information that constrains the inverse
problem. When combined with other imaging modalities,
such as MRI [38,39], the resolution can be improved to
that of the higher-resolution method. Here, we show that
the resolution of DOI can be greatly improved through
localization, where the problem becomes one of finding the
position of a point source [21–23]. The prior information
that is incorporated into the inversion is that a measure-
ment data set contains information about only a single
fluorescent inhomogeneity. In practice, such measurements
could be made, for example, if the inhomogeneities have
sufficient separation in space, time, and/or emission spec-
trum. Furthermore, we model every inhomogeneity as

a point source, an assumption that has been shown to
be valid numerically and experimentally for fluorescent
inhomogeneities with diameters up to 10 mm at depths
of 10–20 mm in tissue-simulating 1% Intralipid [23].
This assumption holds because of the rapid attenuation
of high spatial frequencies within the scattering medium.
Here, the efficacy of localizing a cylindrical fluorescent
inhomogeneity with 1 mm diameter and 2 mm height
is demonstrated. With sufficient SNR, smaller inhomo-
geneities could be localized and previous work [23] sug-
gests that larger inhomogeneities with diameters of at least
10 mm could also be localized. If needed, the forward
model could be modified for structured or larger inhomo-
geneities [40], extending localization beyond a single point
in space.

III. LOCALIZATION FOR SUPERRESOLUTION

We propose localization as a means for finding fluores-
cent inhomogeneities embedded within a highly scattering
medium with great precision. The method estimates the
location of an inhomogeneity by fitting measured inten-
sity data to a diffusion equation forward model for a
point emitter, allowing extraction of the 3D position of
the inhomogeneity. For the forward model, we use an
analytic solution to the diffusion equation in an infinite
slab geometry [1] and we note that analytic solutions
can be derived for more complicated geometries [41], or
the forward model could be solved using a numerical
method [42].

A. The forward model

Equations (1) and (2) can be used to derive a forward
model for comparison with measured data. For experi-
mental simplicity, we set ω = 0, so that the data are an
integration over the measured temporal response at each
measurement location. As seen in Fig. 2, a single point-
excitation source corresponding to the laser excitation is
positioned at rs. In this case, Sx(r) = Soδ(r − rs), where
So is the laser-excitation power density (W/mm3) and δ

is the Dirac delta function. Furthermore, N point detectors
at λm that correspond to camera pixels behind an emission
bandpass filter are placed at positions ri, where i is an index
from 1 to N . Finally, in the example we consider, a single
fluorescent point source is located at rf , such that Sf (r) =
ημaf δ(r − rf ), where η is the fluorophore’s quantum yield
and μaf is its absorption. The estimation of rf constitutes
localization. Under these conditions, we let gx(rs, rf ) rep-
resent the Green’s function for Eq. (1) at λx (the excitation
wavelength) and we let gm(rf , ri) be the Green’s function
for Eq. (2) at λm (the emission wavelength), assuming an
infinite slab geometry. Then, the ith element of the for-
ward model vector, describing the fluorescence emission

034021-3



BENTZ, LIN, and WEBB PHYS. REV. APPLIED 10, 034021 (2018)

x

z

y

ls

r1
r2

rs

ri
η(rf)

slab

air

φ = 0

φ = 0

ls
air

d

FIG. 2. The model geometry for an infinite slab of thickness d,
where r = (x, y, z) and the y axis is going into the page. An exci-
tation source (X) at rs and a fluorescence-emission detector (O)
at ri are placed one mean-free-path length, l∗ = 3D, away from
the slab boundaries, as shown. A fluorescence inhomogeneity
(•) is at the unknown position rf . Zero-flux (φ = 0) boundary
conditions with ls = 5.03D are used to simulate an infinite slab
geometry [23].

measured at ri, f̃i, is

f̃i(rf ) = w[gm(rf , ri)gx(rs, rf )], (4)

≡ wfi(rf ), (5)

where w is a multiplicative constant that incorporates η, So,
and the efficiency of light coupling into the medium, and
fi(rf ) depends nonlinearly on rf . The excitation laser light
incident upon the medium is approximated in the model
as an isotropic point source located one mean-free-path
length (l∗ = 3D) into the medium [1,13,23], where l∗ is the
distance for photon momentum randomization. Similarly,
the light collected by the detectors—in our case, each pixel
of a camera—is modeled as that given by a diffusion model
at points located l∗ into the medium. We derive fi using the
extrapolated zero-flux boundary conditions shown in Fig. 2
to simulate an infinite homogeneous slab geometry [1].
The extrapolated boundary condition can accommodate
mismatched background refractive indices at the surface.
We set the extrapolated boundary ls = 5.03D away from
the physical surface, analogous to an interface between
air and scatterers in water [43] and useful in our earlier
experiments [23], to approximately model the physical
boundary for the experimental results that we present.
Four pairs of excitation and fluorescent image sources are
placed to approximately enforce φ = 0 at the extrapolated
boundary. Superposition of the physical and image sources
allows analytic expressions for gx(rs, rf ) and gm(rf , ri) to
be obtained that have the form given in Eq. (3).

B. Position estimation

If a fluorescent inhomogeneity is present, which can be
determined subject to some probability of detection [23],
in order to localize it we must estimate rf . This can be
accomplished through minimization of the cost function

c(rf ) = min
w

‖y − wf(rf )‖2
ϒ−1 , (6)

over all rf of interest, where y is a vector of N measure-
ments, f(rf ) is a vector of N forward calculations fi(rf ),
from Eq. (5), ϒ = αdiag[|y1|, . . . , |yN |] is the noise covari-
ance matrix, for which we assume a Gaussian noise model
characterized by α [13], a constant determined by the
modulation depth and the physical characteristics of the
detector, and for an arbitrary vector v, ‖v‖2

ϒ−1 = vHϒ−1v,
where H denotes the Hermitian transpose. A two-step pro-
cedure can be used to solve this optimization problem
[23,40,44], where the minimization in Eq. (6) with respect
to w leads to

w̃(rf ) = fT(rf )ϒ
−1y

fT(rf )ϒ−1f(rf )
, (7)

found by taking the derivative with respect to w and set-
ting the result equal to zero, and this estimate results in the
modified cost function

c(rf ) = ‖y − w̃(rf )f(rf )‖2
ϒ−1 . (8)

The maximum likelihood estimates are then

r̂f = arg min
rf

c(rf ), (9)

ŵ = w̃(r̂f ), (10)

where Eq. (8) is minimized over a set of values for rf
bounded by the slab geometry. Therefore, the estimate
r̂f in Eq. (9) is the position within the slab that returns
the lowest value of the cost function given in Eq. (8). In
our illustrative example of a homogeneous scattering slab,
this minimization can be computed quickly because the
Green’s functions from Eq. (4) used to calculate f(rf ) are
closed-form and given by Eq. (3). However, the forward
model data could also be generated using finite-element or
related numerical methods [42], at the cost of increased
computational time.

C. Noise model

A Gaussian noise model is implied by Eq. (6) and the
use of nonzero elements only on the diagonal of ϒ is a con-
sequence of the assumption of independent measurements.
The model assumes that each measurement is normally
distributed with a mean equal to the noiseless measurement
and a variance that is proportional to the dc (ω = 0) com-
ponent of the noiseless measurement [13]. Simulated noisy
data can therefore be numerically generated as

Re[ yi] = Re[ f̃i(rf )] + [α| f̃i(rf )|]1/2N (0, 1), (11)

Im[ yi] = Im[ f̃i(rf )] + [α| f̃i(rf )|]1/2N (0, 1), (12)

where N (0, 1) is a zero-mean Gaussian random variable
with unit variance. The signal-to-noise ratio (SNR, in dB)
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at the ith detector is then

SNRi = 10 log10

(
1
α

| f̃i(rf )|
)

. (13)

This noise model assumes that the uncertainty in the
estimated position of the fluorescent inhomogeneity (r̂f)

is dominated by measurement noise. This would not be
the case, for example, if the fluorophores changed position
or diffused significantly during the integration time of the
measurement [45,46].

IV. RESULTS

A. Simulation and localization uncertainty

We first generate 50 noisy independent measurements
for an assumed 30 dB SNR using Eq. (11) (for ω = 0) to
demonstrate the localization of a fluorescent inhomogene-
ity in a highly scattering slab. Figure 3 shows the geometry
that we consider, where the positions of an excitation
source, a fluorescent inhomogeneity (which is modeled
as a point fluorescent source), and N = 400 detectors are
shown as red, green, and blue points, respectively. The true
location of the fluorescent inhomogeneity is rft and the slab
is 18 mm thick, with μa = 0 and μ′

s = 0.9 mm−1. A region
of interest of size 2 × 2 × 1.8 cm3 is discretized into a 3D
grid. Following the localization procedure of Sec. III. B,
w̃(rf ) from Eq. (7) and then c(rf ) from Eq. (8) are eval-
uated at each grid point. Values for r̂f and ŵ are then
calculated using Eq. (9) and then Eq. (10). Example simu-
lation results are presented in the Appendix, along with a
multiresolution method that proves to be computationally
efficient. We use this multiresolution approach to localize
the fluorescent inhomogeneity and achieve SRDOI.

Because the measurements are noisy, each localized
position r̂f falls within an underlying probability distribu-
tion function p(rf ), with mean μ and standard deviation
σ . The performance of the localization can therefore be
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FIG. 3. The slab problem geometry with rs = (8.09, 9.07, 1.11)

mm plotted as the red point, rft = (12.77, 10.79, 5.0) mm plot-
ted as the green point, and N = 400 detector locations ri plotted
as blue points. These positions are used so that the simulation
and experimental results can be compared. The slab has the
same dimensions (18 mm thick) and properties as used in the
experiment.

evaluated by estimating σ , the localization uncertainty
[45–47]. By the central limit theorem, σ can be esti-
mated from a sufficient number of samples of p(rf ) [48].
Therefore, σ̂x, σ̂y , and σ̂z can be calculated, which are the
estimates of σ corresponding to each of the (x, y, z) coor-
dinates of rf . The same geometry, optical properties, rs,
ri, and rf as in Fig. 3 are used to obtain numerical sam-
ples of p(rf ) as follows. Each simulated measurement data
set is used to determine r̂f , using Eq. (9) with multireso-
lution. Then, σ̂x, σ̂y , and σ̂z are calculated from 50 values
of r̂f . The results of this statistical analysis are shown in
Fig. 4. The detector plane is located 3D into the top of
the medium (z = 18- 3D mm). The depth of the fluores-
cent inhomogeneity, or its distance below the top surface,
is 13 mm, as shown in Fig. 3. Figure 4(a) gives plots of
σ̂x, σ̂y , and σ̂z versus SNR, and Fig. 4(b) shows a subset of
this data as ellipses, where the major and minor axes have
dimension 4σ̂x or 4σ̂y . We choose 4σ̂x and 4σ̂y to indicate
the space containing 95% of the localized points. Figure
4(c) presents plots of σ̂x, σ̂y , and σ̂z versus depth for a con-
stant SNR of 30 dB, and Fig. 4(d) shows plots of ellipses
for different depths. It is clear that σ̂z is consistently larger
than σ̂x and σ̂y . This occurs because the detectors are on a
constant z plane. The value of σ̂z could be reduced to the
levels of σ̂x and σ̂y by placing additional detectors in the
x-z or y-z planes. Thus, σ̂x and σ̂y are better indicators of
the achievable localization uncertainty for the geometry in
Fig. 3. The reason why σ̂x does not equal σ̂y and the ellipses
are not perfect circles may be due to only 50 samples being
used or the fact that the detector locations are not symmet-
ric with respect to the inhomogeneity. We note that even
though we use the same equation for the forward model
that is used to generate the simulated data, it is not guaran-
teed that the localization will work due to the addition of
simulated noise. In the next section, we will validate our
localization scheme with experimental data and demon-
strate that the simulated results closely match those from
the experiment.

B. Experiment

We present the results of an experimental study of the
accuracy of SRDOI with measurement data collected using
the arrangement shown in Fig. 5(a). A highly scattering
slab of thickness d = 18 mm is created by stacking three
pieces of white plastic (Cyro Industries, Acrylite FF; a
clear acrylic with 50 nm TiO2 scatterers) with dimensions
140 × 140 × 6 mm3. A hole with a diameter of 1 mm
and a depth of 2 mm is drilled into the top center of
the bottom slab. The size of this hole is large relative to
the expected localization uncertainty; however, it is small
enough to be well approximated by a fluorescent point
source in a heavily scattering medium [23]. A 10 mM stock
of the fluorophore Maleimide ATTO 647N (peak λx = 646
nm, peak λm = 664 nm) in dimethyl sulfoxide (DMSO)
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(a)

(d)

(b)

(c)

FIG. 4. Uncertainty in the numerical localization of a fluorescent inhomogeneity in the slab geometry shown in Fig. 3. The standard
deviations are estimated using 50 noisy independent measurements that are generated using Eqs. (11) and (12). (a) A plot of the
standard deviation of the localization distribution in each direction, σ̂x, σ̂y , and σ̂z versus the SNR, plotted as red, green, and blue
curves, respectively. The depth of the fluorescent inhomogeneity is 13 mm, as shown in Fig. 3. σ̂z is larger than σ̂x and σ̂y because
the detectors are only in the x-y plane. (b) Plots of the localization distribution ellipses in the x-y plane with major and minor axes of
lengths 4σ̂x or 4σ̂y and means given by their center points. Red, green, and blue ellipses correspond to SNRs of 15, 25, and 40 dB,
respectively. (c) The localization distribution standard deviations, σ̂x, σ̂y , and σ̂z versus depth, plotted as red, green, and blue curves,
respectively, with a 30 dB SNR. (d) The localization distribution ellipses in the x-y plane with major and minor axes of length 4σ̂x or
4σ̂y and means given by their center points. Red, green, and blue ellipses correspond to depths of 13, 8, and 5 mm, respectively. This
shows that uncertainty increases as depth increases.

is used to prepare a 10 μM diluted solution of the fluo-
rophore. This fluorophore solution is carefully placed into
the drilled hole in the bottom highly scattering slab, using
a pipette, and a needle allows removal of the air bubbles.

The filtered output of a pulsed supercontinuum source
(EXR-20 NKT Photonics, 5 ps seed pulse width, 20 MHz
repetition rate, VARIA tunable filter) was used to gen-
erate the excitation light at λx = 633 nm with a 10 nm
bandwidth, as shown in Fig. 5(a). With this bandwidth,
the average excitation power is approximately 15 mW.
Measurements at λm = 676 nm are made through an OD6
bandpass filter having a bandwidth of 29 nm (Edmund
Optics 86-996), to reject the excitation light. Measure-
ments at λx are performed by removing the bandpass
filter. All measurements are pseudo-CW [corresponding to
unmodulated light data and ω = 0 in Eqs. (1) and (2)], with
the CCD camera (PIMAX, 512 × 512 pixels) integration

time being long compared to the pulsed laser repetition rate
(20 MHz). A λx measurement result with an integration
time of 30 ms is shown in Fig. 5(b).

All λm measurements are calibrated by subtracting
corresponding measurements of the filter bleed-through,
according to yi = yslab

i − ybleed
i , where yi is the ith com-

ponent of y, yslab
i is the ith experimental datum captured

from the slab, and ybleed
i is the ith experimental datum from

the slab without the fluorescent inhomogeneity present. A
calibrated λm measurement with an integration time of 1
s is shown in Fig. 5(c). We select N = 400 detector loca-
tions (pixels) around the maximum value, as shown by the
blue dots. The values (indicated by the color bar) at these
positions are used to construct the data vector y in Eq. (6).

In order to calculate the forward solution in Eq. (4), μ′
s,

μa and ri for each detector along with rs, must be known.
To determine these, first the positions of all pixels in
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(a)

(d)(b) (c)

FIG. 5. (a) The experimental setup for localization of a fluorescent inhomogeneity (green point). The fluorescent inhomogeneity
(ATTO 647N) is embedded in a highly scattering slab that is 18 mm thick. The laser source is a filtered pulsed supercontinuum source
(EXR-20 NKT Photonics, 5 ps seed pulse width, 20 MHz repetition rate, VARIA tunable filter). The laser source is tuned to λx and
detection is by a CCD camera with or without a bandpass filter at λm. (b) Light at λx detected by the CCD camera without the bandpass
filter. The excitation light must be attenuated by 106 using a bandpass filter in order to measure the fluorescent emission, therefore the
fluorescent signal is considered to be negligible. (c) Light at λm (after background subtraction) detected by the CCD camera with the
bandpass filter. The positions of the 400 detectors are shown as blue dots. (d) A CCD image of a ruler, showing the field of view (about
22.02 × 22.02 mm2). Images of the ruler are used to convert pixels to millimeters.

Figs. 5(b) and 5(c) are found in millimeters, using images
of a ruler like that shown in Fig. 5(d). Care is taken in
the alignment of the experimental components so that the
distance between each detector point in the x and y dimen-
sions is approximately the same (0.043 mm). The xi and yi
coordinates of the vector ri can then be determined from
the positions of the chosen 400 detector points and the z
coordinate is (18- 3D) mm, to satisfy the zero-flux bound-
ary condition at the top of the scattering medium [1]. The
point directly below the maximum intensity in Fig. 5(b)
indicates the source position, rs. This position of maxi-
mum intensity is estimated by fitting a two-dimensional
(2D) Gaussian function [45] to Fig. 5(b). This procedure
results in rs = (8.09, 9.07, 3D) mm, where the z compo-
nent is 3D to satisfy the boundary condition at the bottom
of the scattering medium [1]. The 2D Gaussian fit is also
used to estimate the true location of the fluorescent inho-
mogeneity using a data set with 50 times the integration
time of that used for Fig. 5(c), resulting in a much higher
SNR than that of Fig. 5(c). The true location is estimated as
the centroid with coordinates rft = (12.77, 10.79, 5.0) mm,

where the z component at the center of the drilled hole is
found from the thickness of the white plastic slabs (6 mm)
and the depth of the drilled hole (2 mm). We note that
the 2D Gaussian fit does not provide depth information,
motivating the use of the localization method in Sec. III
even in this simple example.

The optical parameters of the slab, μ′
s and μa, estimated

by fitting gx(rs, ri) to the data, shown in Fig. 5(b), where
in this case, r′ = rs, r = ri, and the z components of rs
and ri depend on μ′

s and μa. The data in Fig. 5(b) are
captured with the fluorescent inhomogeneity present, but
because the bandpass filter used in the experiment attenu-
ates the excitation light by a factor of 106, the fluorescent
signal in Fig. 5(b) is assumed to be negligible compared
to the transmitted excitation light. It is also assumed that
the scattering medium background exists throughout the
small volume occupied by the fluorophore. The scatter-
ing slabs used have very low absorption in the wavelength
range for these experiments, so we set μa = 0. The esti-
mated μ′

s of the slab (at 633 nm) is found to be 0.9
mm−1, giving 3D = 1.11 mm. These values are within the
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FIG. 6. The experimental localization uncertainty for the flu-
orescent inhomogeneity embedded in the highly scattering slab
of Fig. 5. Experimental values for σ̂x, σ̂y , and σ̂z are estimated
using 50 independent experimental measurements. (a) A plot of
the (x,y) components of the localized positions as blue points.
These points are used to calculate the major and minor axes of the
red ellipse, which has dimensions 4σ̂x or 4σ̂y , as well as its center
red point, which is the mean. The black point is the true location
that is estimated with a 2D Gaussian fit. (b) Comparison of the
experimental uncertainty to the numerical uncertainty. The blue
ellipse is generated from numerical data with mean SNR = 28.9
dB to match the experimental value and the red ellipse is the same
as in (a). See Table I for the numerical values.

uncertainty of previous estimates using the same method
[49]. The positions rs, ri, and rft, are those indicated in
Fig. 3, and are used for the corresponding numerical sim-
ulations in the Appendix and Fig. 4, so that the simulation
and experimental results can be compared.

The forward solution calculated in Eq. (4) using the
experimental parameters, along with the experimental
measurement vector y, allow localization of the fluorescent
inhomogeneity embedded in the highly scattering slab. In
order to characterize the experimental localization uncer-
tainty, the λm measurement shown in Fig. 5(c) is repeated
50 times. Localization using these 50 measurements then
allows calculation of the experimental σ̂x, σ̂y , and σ̂z. The
resulting values are shown plotted as an ellipse in Fig. 6(a),
with an axial ratio of σ̂y/σ̂x = 0.0232/0.0229 (i.e., close to
circular), and presented in Table I.

In order to validate the SRDOI method, the experimen-
tal results in Fig. 6(a) can be compared to the numerical
data in Fig. 4. These results are all generated using the
same rs, ri, and rft, and identical scattering medium opti-
cal parameters, μ′

s and D. In order to estimate the SNR of
the experiment, we calculate the ML estimate of the noise

parameter α from the full form of Eq. (6) [50], giving

α̂ = 1
N

‖y − ŵf(r̂f )‖2
ϒ̃−1 , (14)

where ϒ̃ = diag[|y1|, . . . , |yN |] uses measured data. The
SNR of the ith detector is then estimated, using Eq. (13),
as

SNRi = 10 log10

(
1
α̂

|ŵfi(r̂f )|
)

. (15)

The SNR is calculated for all 400 detectors, using Eq. (15)
and one of the 50 experimental data sets and its corre-
sponding values for ŵ and r̂f . The mean experimental SNR
is found to be 28.9 dB, its standard deviation across detec-
tors is 0.62 dB, and its maximum is 29.9 dB. We use this
mean SNR to generate the blue ellipse in Fig. 6(b), which
is plotted with the red ellipse from Fig. 6(a). The values
for the numerical localization uncertainties are also pre-
sented in Table I. Note that the experimental and numerical
uncertainties are close, signifying that Eq. (13) describes
the noise process well. The difference between the exper-
imental mean and the true location is likely due to the
fit approximation used to determine the true location and
estimation error.

C. Resolution

A natural way to compare the localization uncertainties
to the resolution of diffuse optical imaging is to calculate
the FWHM of the density function p(rf ) that describes the
localized positions. For a localization uncertainty σi, cor-
responding to the spatial components of σ , and a Gaussian
spread of localized points, we can write the resolution as

Resolution = 2
√

2 ln 2 σi ≈ 2.36σi, (16)

corresponding to the FWHM. The numerical and experi-
mental results are summarized in Table I for the case of
depth = 13 mm, as shown in Fig. 3, and a mean SNR of
28.9 dB, found for the experiment. The μ̂x, μ̂y , and μ̂z are
the mean of the localized position components. The FDOT
resolution is estimated as half the depth.

V. DISCUSSION

In this work, we develop a localization method that
allows imaging of fluorescent inhomogeneities deep in

TABLE I. Estimated numerical and experimental localization uncertainties, means, and the resulting resolution (mm). The resolution
of FDOT is assumed to be half the depth.

SRDOI numerical SRDOI experimental FDOT

(σ̂x, σ̂y , σ̂z) (0.0225, 0.0222, 0.1301) (0.0229, 0.0232, 0.1089) —
(μ̂x, μ̂y , μ̂z) (12.769, 10.793, 4.972) (12.809, 10.802, 4.875) —
Resolution (0.0530, 0.0523, 0.3064) (0.0539, 0.0546, 0.2564) 6.5

034021-8



SUPERRESOLUTION DIFFUSE OPTICAL IMAGING... PHYS. REV. APPLIED 10, 034021 (2018)

heavily scattering media with unprecedented spatial res-
olution. The method is validated numerically and exper-
imentally, demonstrating an improvement of two orders
of magnitude in resolution compared to DOI. An analytic
forward solution in an infinite slab geometry is used, but
analytic solutions could be derived for arbitrary geome-
tries using the Kirchhoff approximation [41]. Alternatively,
numerical methods such as the finite-element method
could be used to solve the forward problem for inhomoge-
neous media, where DOT could be employed to determine
μ′

s and μa [51,52]. However, the limited resolution to
which μ′

s and μa could be estimated with DOT in inhomo-
geneous media might increase the localization uncertainty.
The localization constraints could be incorporated into
the FDOT framework [17,53], potentially allowing recon-
struction of superresolution images. Also, Eq. (6) could be
minimized using alternative optimization methods, such as
a gradient search.

The diffusion model presented in Eqs. (1) and (2)
assumes that the photon current density does not change
over one transport mean free path, l∗ = 3D. For the white
plastic slab used here, l∗ = 1.11 mm at 633 nm, which is
much larger than the localization uncertainties in Table I.
Therefore, SRDOI can find a fluorescent inhomogeneity
with a resolution that is much less than the minimum
length described by the physics in the diffusion model. This
is possible because of the prior information that has been
incorporated into the localization. The results suggest that
the localization uncertainty is dominated by measurement
noise and not inaccuracies in the model. Therefore, a more
accurate model, such as the radiative transfer equation
(RTE), is not required unless the combination of the dif-
fusion equation forward model and the prior information
is insufficient for accurate localization. This could be the
case with weak scatter or high absorption, for example.

We find that a single excitation source position, rs, is
sufficient for the situation considered, which is practical
for experimentation. However, multiple excitation source
positions or expanded beam excitation may increase the
fluorescence emission and reduce the localization uncer-
tainty. A low-pass spatial filter could be applied to the
experimental data before estimating rf in order to further
reduce the localization uncertainty (results not shown).
This would smooth the noisy experimental data prior to the
localization. The computational time could be reduced and
the experiment simplified by using fewer detectors [23].
A few sensitive photodetectors placed at the surface of a
scattering medium should be sufficient to localize an inho-
mogeneity with higher SNR than can be achieved with a
CCD camera. Figure 5(a) shows a transmission measure-
ment, but a reflection measurement could be performed.
Also, the localization uncertainty may be reduced through
the use of modulated light (nonzero ω). For in vivo appli-
cations, longer wavelengths may improve the SNR due to
lower light absorption in tissue.

Practical application of SRDOI requires access to flu-
orescent light data that can be assumed to originate from
single fluorescent inhomogeneities. This could be accom-
plished through known variations in space, time, the flu-
orescence emission spectrum, or a combination of these.
Variation in space could simply be fluorescent inhomo-
geneities separated by distances greater than the FWHM
of the PSF. Variation in time could be a unique temporal
delay for each inhomogeneity, where measurements with
short integration times (and sufficient SNR) could allow
separation of the temporal responses. Finally, if each inho-
mogeneity emits photons at different energies, a spectral
measurement can allow separation of each response. All of
these variations are possible with blinking quantum dots of
different diameters [54], where each quantum dot can then
be localized in deep tissue.

Localization techniques have also been developed in
microscopy for improving resolution [55,56]. For example,
in stochastic optical reconstruction microscopy (STORM)
[57], a subset of fluorescent molecules that are sepa-
rated by a distance greater than the diffraction limit are
switched between fluorescent and nonfluorescent states.
Each molecule is then located with an uncertainty that
is much less than the diffraction limit. With multiple
measurements, a superresolution image is formed by
combining many localized positions. However, this is a
fundamentally different class of problem, in which scat-
ter is largely ignored and the imaging system objective
function is incorporated into the localization framework.
In our case, a model for the heavily scattering domain
is used in an optimization-based localization framework.
Interestingly, the improvement in spatial resolution that is
achieved with superresolution in microscopy is compara-
ble to that achieved by SRDOI. For example, a diffraction-
limited resolution of 200 nm is improved to a few nanome-
ters when imaging single fluorescent molecules [58], an
improvement of about two orders in magnitude.

The localization technique presented here enables super-
resolution imaging in other physical imaging problems
that use forward models, such as photoacoustic tomogra-
phy [59], electrical impedance tomography [60], seismic
waveform tomography [61], and microwave imaging [62].
While the experiments differ, the premise that we present
should apply.

One potential application of SRDOI is brain imaging
[63–65]. Signaling between neurons is accompanied by
an increase in the local concentration of calcium, which
can modulate the emission of fluorophores within the
brain [66,67]. Each neuron can be treated as a fluorescent
inhomogeneity that, for example, emits photons when the
neuron fires. In this case, measurements by a CCD cam-
era or a fiber array with an appropriate integration time
could provide data from individual neurons to allow each
neuron or a set of neurons to be localized. In principle,
this could provide an image of a whole animal brain or the
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brain surface in vivo at a resolution of tens of micrometers.
These images would provide information on how the brain
encodes perceived information into chemical and electrical
neural activity, and how local neural circuits interact with
different areas of the brain. Correlation maps with such
data should prove useful for studying neurological diseases
and developing treatments [68].

VI. CONCLUSION

In this work, we introduce a diffuse optical imaging
modality where the positions of inhomogeneities embed-
ded in highly scattering tissuelike media are estimated
in order to achieve high spatial resolution through local-
ization. Examples of inhomogeneities include biological
structures such as cells that are stained with targeted fluo-
rescent contrast agents. Therefore, the SRDOI localization
approach enables designed fluorescent studies of biochem-
ical processes in deep tissue and in vivo. Alternatively,
absorbing inhomogeneities that do not fluoresce could be
localized [40,44]. We demonstrate the capability of SRDOI
numerically and experimentally by localizing a fluorescent
inhomogeneity at a depth of 13 mm in a highly scatter-
ing slab. The localization uncertainty is characterized in
order to understand the limits to which the location of the
inhomogeneity can be estimated. From this uncertainty, we
find that SRDOI can achieve a spatial resolution better than
tens of microns, an improvement of over two orders of
magnitude compared to DOI methods such as FDOT. This
superresolution optical imaging method has a potential for
deep in vivo imaging and can be applied to a broad class
of physical problems that use forward models, address-
ing a critical need in biomedical imaging for deep-tissue
high-resolution optical imaging.
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APPENDIX: LOCALIZATION WITH A
MULTIRESOLUTION APPROACH

In this Appendix, simulation examples of the localiza-
tion methods used to generate the results are presented.
Consider a region of interest of size 2 × 2 × 1.8 cm3, as
defined in Sec. IV. A. The localization procedure described
in Sec. III. B is performed on the discretized region of
interest with Nx = 17 points in the x dimension, Ny = 17
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FIG. 7. The numerical localization of a point fluorescent inho-
mogeneity embedded in a highly scattering slab with the same
dimensions and properties as used in the experiment. The slab
problem geometry is illustrated in Fig. 3. Measurements are sim-
ulated using Eq. (4) with w = 10 and a 30 dB SNR, and w̃(rf )

from Eq. (7) and c(rf ) from Eq. (8) are evaluated over the region
of interest with dimensions 2 × 2 × 1.8 cm3. (a) Plot of w̃(rf)

slice and (b) plot of c(rf) slice for fixed y calculated from a grid
of Nx = Ny = Nz = 17, such that the plots contains the point that
minimizes c(rf). The values of fixed y (mm) are shown above
the plots and the color bars have log scales with arbitrary units.
Using Eq. (9), r̂f = (12.94, 10.59, 5.29), and using Eq. (10), ŵ =
10.07. The localization errors in the x, y, and z dimensions are
1.37%, 1.85%, and 5.88%, respectively. The coarse discretization
of the region of interest is a primary contributor to the estimation
error. (c) Localization with multiresolution. Cost is calculated
and minimized in the region of interest with the same dimension
as before, but with a grid of Nx = Ny = Nz = 5. Plots of c(rf )

slices for fixed y are shown for multiresolution iterations 1, 2, 3,
and 13. At iteration 13, from Eq. (9), r̂f = (12.77, 10.78, 4.98),
and from Eq. (10), ŵ = 10.02. The localization errors in the x, y,
and z dimensions are 0.05%, 0.05%, and 0.19%, respectively.

points in the y dimension, and Nz = 17 points in the z
dimension. Figures 7(a) and 7(b) show plots of w̃(rf ) and
c(rf ) for a fixed y such that the plots contain the mini-
mum of c(rf ). The estimated location of the fluorescent
point source r̂f can then be determined. The localization
error is calculated as [(rft − r̂f )/rft × 100]%, and the error
in Figs. 7(a) and 7(b) is relatively high because of the
discretization of the spatial grid over the region of interest.

In order to achieve high resolution, the grid spacing of
the points within the region of interest must be reduced
from that used in Figs. 7(a) and 7(b). However, this
presents a computational problem when evaluating w̃(rf )

and c(rf ), because Eq. (4) must be calculated for each com-
bination of ri and rf within the region of interest. For this
reason, we apply a multiresolution method to simultane-
ously reduce the computational time and the discretization
error of the localization. This multiresolution approach is
similar to multigrid in the general sense that it incorpo-
rates a hierarchy of discretization grids into the localization
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[50,69,70]. However, multigrid algorithms propagate solu-
tions back and forth between coarse and fine grids to
reduce errors, whereas our multiresolution approach iter-
ates strictly in one direction, from coarse to finer grids.
Therefore, we use the term multiresolution to describe
the method, as demonstrated in Fig. 7(c). First, the cost
c(rf ) is calculated and minimized in the region of inter-
est with dimensions 2 × 2 × 1.8 cm3, as before, but with
a grid of Nx = Ny = Nz = 5. The cost is then iteratively
calculated on successively smaller regions of interest, each
of which encompasses the point of minimum cost found
from the previous iteration. At each iteration after the first,
the region of interest extends a distance equal to the grid
spacing of the previous iteration along each dimension,
around the point of minimum cost, and the grid contains
the same number of grid points (5 × 5 × 5). This proce-
dure is repeated until convergence, which we define as two
grids where the change in the minimum cost is less than
0.1%, but not equal to zero. In Fig. 7(c), the first three iter-
ations are shown. It is observed that successive iterations
appear to close in on the point of lowest cost. After 13
iterations, the convergence condition is satisfied and r̂f is
calculated using Eq. (9). The localization error is much less
than that of Figs. 7(a) and 7(b), because multiresolution
effectively minimizes the discretization error. Multiresolu-
tion is important in achieving the results in Sec. IV because
it substantially reduces computational times.

[1] Michael S. Patterson, Britton Chance, and Brian C. Wilson,
Time resolved reflectance and transmittance for the non-
invasive measurement of tissue optical properties, Ann.
Phys. 28, 2331 (1989).

[2] M. A. OLeary, D. A. Boas, B. Chance, and A. G. Yodh,
Refraction of Diffuse Photon Density Waves, Phys. Rev.
Lett. 69, 2658 (1992).

[3] A. P. Gibson, J. C. Hebden, and Simon R. Arridge, Recent
advances in diffuse optical imaging, Phys. Med. Biol. 50,
R1 (2005).

[4] Ernst Abbe, Beiträge zur theorie des Mikroskops und der
mikroskopischen Wahrnehmung, Arch. Mikr. Anat. 9, 413
(1873).

[5] Roarke Horstmeyer, Haowen Ruan, and Changhuei Yang,
Guidestar-assisted wavefront-shaping methods for focusing
light into biological tissue, Nat. Photon. 9, 563 (2015).

[6] S. M. Popoff, G. Lerosey, R. Carminati, M. Fink,
A. C. Boccara, and S. Gigan, Measuring the Transmission
Matrix in Optics: An Approach to the Study and Control
of Light Propagation in Disordered Media, Phys. Rev. Lett.
104, 100601 (2010).

[7] Matthieu Davy, Zhou Shi, and Azriel Z. Genack, Focusing
through random media: Eigenchannel participation number
and intensity correlation, Phys. Rev. B 85, 035105 (2012).

[8] Thomas Chaigne, Jérôme Gateau, Ori Katz, Emmanuel
Bossy, and Sylvain Gigan, Light focusing and two-
dimensional imaging through scattering media using the

photoacoustic transmission matrix with an ultrasound array,
Opt. Lett. 39, 2664 (2014).

[9] Jason A. Newman and Kevin J. Webb, Imaging Optical
Fields Through Heavily Scattering Media, Phys. Rev. Lett.
113, 263903 (2014).

[10] Jason A. Newman, Qiaoen Luo, and Kevin J. Webb, Imag-
ing Hidden Objects with Spatial Speckle Intensity Corre-
lations over Object Position, Phys. Rev. Lett. 116, 073902
(2016).

[11] C. P. Gonatas, Masaru Ishii, John S. Leigh, and John C.
Schotland, Optical diffusion imaging using a direct inver-
sion method, Phys. Rev. E 52, 4361 (1995).

[12] Jorge Ripoll, Ralf B. Schulz, and Vasilis Ntziachristos,
Free-Space Propagation of Diffuse Light: Theory and
Experiments, Phys. Rev. Lett. 91, 103901 (2003).

[13] J. C. Ye, K. J. Webb, C. A. Bouman, and R. P. Mil-
lane, Optical diffusion tomography by iterative coordinate
descent optimization in a Bayesian framework, J. Opt. Soc.
Am. A 16, 2400 (1999).

[14] David L. Everitt, S. P. Wei, and X. D. Zhu, Analysis and
optimization of a diffuse photon optical tomography of
turbid media, Phys. Rev. E 62, 2924 (2000).

[15] Vadim A. Markel and John C. Schotland, Symmetries,
inversion formulas, and image reconstruction for optical
tomography, Phys. Rev. E 70, 056616 (2004).

[16] Vasilis Ntziachristos and Ralph Weissleder, Charge-
coupled-device based scanner for tomography of fluores-
cent near-infrared probes in turbid media, Med. Phys. 29,
803 (2002).

[17] A. B. Milstein, S. Oh, K. J. Webb, C. A. Bouman, Q.
Zhang, D. A. Boas, and R. P. Millane, Fluorescence optical
diffusion tomography, Appl. Opt. 42, 3081 (2003).

[18] Esther H. R. Tsai, Brian Z. Bentz, Venkatesh Chelvam,
Vaibhav Gaind, Kevin J. Webb, and Philip S. Low, In
vivo mouse fluorescence imaging for folate-targeted deliv-
ery and release kinetics, Biomed. Opt. Express 5, 2662
(2014).

[19] Wouter Peelaerts, Luc Bousset, Anke Van der Perren,
Anastacia Moskalyuk, Rocco Pulizzi, Michele Giugliano,
Chris Van den Haute, Ronald Melki, and Veerle Baeke-
landt, α-synuclein strains cause distinct synucleinopathies
after local and systemic administration, Nature 522, 340
(2015).

[20] Vasilis Ntziachristos, Jorge Ripoll, Lihong V. Wang, and
Ralph Weissleder, Looking and listening to light: The evo-
lution of whole-body photonic imaging, Nat. Biotechnol.
23, 313 (2005).

[21] Edward L. Hull, Michael G. Nichols, and Thomas H. Fos-
ter, Localization of luminescent inhomogeneities in turbid
media with spatially resolved measurements of CW diffuse
luminescence emittance, Appl. Opt. 37, 2755 (1998).

[22] Marcus Pfister and Bernhard Scholz, Localization of flu-
orescence spots with space-space MUSIC for mammog-
raphylike measurement systems, J. Biomed. Opt. 9, 481
(2004).

[23] Adam B. Milstein, Michael D. Kennedy, Philip S. Low,
Charles A. Bouman, and Kevin J. Webb, Statistical
approach for detection and localization of a fluorescing
mouse tumor in Intralipid, Appl. Opt. 44, 2300 (2005).

[24] Jean-Pierre L’Huillier and Fabrice Vaudelle, Improved
localization of hidden fluorescent objects in highly

034021-11

https://doi.org/10.1103/PhysRevLett.69.2658
https://doi.org/10.1088/0031-9155/50/4/R01
https://doi.org/10.1007/BF02956173
https://doi.org/10.1038/nphoton.2015.140
https://doi.org/10.1103/PhysRevLett.104.100601
https://doi.org/10.1103/PhysRevB.85.035105
https://doi.org/10.1364/OL.39.002664
https://doi.org/10.1103/PhysRevLett.113.263903
https://doi.org/10.1103/PhysRevLett.116.073902
https://doi.org/10.1103/PhysRevE.52.4361
https://doi.org/10.1103/PhysRevLett.91.103901
https://doi.org/10.1364/JOSAA.16.002400
https://doi.org/10.1103/PhysRevE.62.2924
https://doi.org/10.1103/PhysRevE.70.056616
https://doi.org/10.1118/1.1470209
https://doi.org/10.1364/AO.42.003081
https://doi.org/10.1364/BOE.5.002662
https://doi.org/10.1038/nature14547
https://doi.org/10.1038/nbt1074
https://doi.org/10.1364/AO.37.002755
https://doi.org/10.1117/1.1698981
https://doi.org/10.1364/AO.44.002300


BENTZ, LIN, and WEBB PHYS. REV. APPLIED 10, 034021 (2018)

scattering slab media based on a two-way transmittance
determination, Opt. Exp. 14, 12915 (2006).

[25] Y. Chen, G. Zheng, Z. H. Zhang, D. Blessington, M. Zhang,
H. Li, Q. Liu, L. Zhou, X. Intes, S. Achilefu, and B. Chance,
Metabolism-enhanced tumor localization by fluorescence
imaging: In vivo animal studies, Opt. Lett. 28, 2070
(2003).

[26] X. D. Li, M. A. O’Leary, D. A. Boas, Britton Chance,
and A. G. Yodh, Fluorescent diffuse photon density waves
in homogeneous and heterogeneous turbid media: Analytic
solutions and applications, Appl. Opt. 35, 3746 (1996).

[27] J. Ripoll, M. Nieto-Vesperinas, and Rémi Carminati, Spa-
tial resolution of diffuse photon density waves, J. Opt. Soc.
Am. A 16, 1466 (1999).

[28] Brian W. Pogue, Troy O. McBride, Ulf L. Osterberg, and
Keith D. Paulsen, Comparison of imaging geometries for
diffuse optical tomography of tissue, Opt. Exp. 4, 270
(1999).

[29] D. A. Boas, K. Chen, D. Grebert, and M. A. Franceschini,
Improving the diffuse optical imaging spatial resolution of
the cerebral hemodynamic response to brain activation in
humans, Opt. Lett. 29, 1506 (2004).

[30] Lingling Zhao, Vivian K. Lee, Seung-Schik Yoo, Guo-
hao Dai, and Xavier Intes, The integration of 3-D cell
printing and mesoscopic fluorescence molecular tomogra-
phy of vascular constructs within thick hydrogel scaffolds,
Biomaterials 33, 5325 (2012).

[31] Edward E. Graves, Jorge Ripoll, Ralph Weissleder, and
Vasilis Ntziachristos, A submillimeter resolution fluores-
cence molecular imaging system for small animal imaging,
Med. Phys. 30, 901 (2003).

[32] Samuel Bélanger, Maxime Abran, Xavier Intes, Christian
Casanova, and Frederic Lesage, Real-time diffuse optical
tomography based on structured illumination, J. Biomed.
Opt. 15, 016006 (2010).

[33] Guy Satat, Barmak Heshmat, Dan Raviv, and Ramesh
Raskar, All photons imaging through volumetric scattering,
Sci. Rep. 6, 33946 (2016).

[34] Xiaoqing Zhou, Ying Fan, Qiang Hou, Huijuan Zhao, and
Feng Gao, Spatial-frequency-compression scheme for dif-
fuse optical tomography with dense sampling data set,
Appl. Opt. 52, 1779 (2013).

[35] J. A. Moon, R. Mahon, M. D. Duncan, and J. Reintjes, Res-
olution limits for imaging through turbid media with diffuse
light, Opt. Lett. 18, 1591 (1993).

[36] X. D. Li, T. Durduran, A. G. Yodh, B. Chance, and D. N.
Pattanayak, Diffraction tomography for biochemical imag-
ing with diffuse-photon density waves, Opt. Lett. 22, 573
(1997).

[37] A. H. Gandjbakhche, R. Nossal, and R. F. Bonner, Res-
olution limits for optical transillumination of abnormal-
ities deeply embedded in tissues, Med. Phys. 21, 185
(1994).

[38] Brian W. Pogue and Keith D. Paulsen, High-resolution
near-infrared tomographic imaging simulations of the rat
cranium by use of a priori magnetic resonance imaging
structural information, Opt. Lett. 23, 1716 (1998).

[39] Vasilis Ntziachristos, A. G. Yodh, Mitchell D. Schnall, and
Britton Chance, MRI-guided diffuse optical spectroscopy
of malignant and benign breast lesions, Neoplasia 4, 347
(2002).

[40] Brian Z. Bentz, Timothy C. Wu, Vaibhav Gaind, and Kevin
J. Webb, Diffuse optical localization of blood vessels and
3D printing for guiding oral surgery, Appl. Opt. 56, 6649
(2017).

[41] Jorge Ripoll, Vasilis Ntziachristos, Remi Carminati, and
Manuel Nieto-Vesperinas, Kirchhoff approximation for dif-
fusive waves, Phys. Rev. E 64, 051917 (2001).

[42] Martin Schweiger and Simon Arridge, The Toast + + soft-
ware suite for forward and inverse modeling in optical
tomography, J. Biomed. Opt. 19, 040801 (2014).

[43] Richard C. Haskell, Lars O. Svaasand, Tsong-Tseh Tsay,
Ti-Chen Feng, Bruce J. Tromberg, and Matthew S.
McAdams, Boundary conditions for the diffusion equation
in radiative transfer, J. Opt. Soc. Am. A 11, 2727 (1994).

[44] Guangzhi Cao, Vaibhav Gaind, Charles A. Bouman, and
Kevin J. Webb, Localization of an absorbing inhomogene-
ity in a scattering medium in a statistical framework, Opt.
Lett. 32, 3026 (2007).

[45] Russell E. Thompson, Daniel R. Larson, and Watt W.
Webb, Precise nanometer localization analysis for individ-
ual fluorescent probes, Biophys. J. 82, 2775 (2002).

[46] Xavier Michalet, Mean square displacement analysis of
single-particle trajectories with localization error: Brown-
ian motion in an isotropic medium, Phys. Rev. E 82, 041914
(2010).

[47] Francisco Balzarotti, Yvan Eilers, Klaus C. Gwosch, Arvid
H. Gynn, Volker Westphal, Fernando D. Stefani, Johan
Elf, and Stefan W. Hell, Nanometer resolution imaging
and tracking of fluorescent molecules with minimal photon
fluxes, Science 355, 606 (2017).

[48] Athanasios Papoulis and S. Unnikrishna Pillai, Probabil-
ity, Random Variables, and Stochastic Processes (Tata
McGraw-Hill Education, Boston, 2002).

[49] Charles A. Thompson, Kevin J. Webb, and Andrew
M. Weiner, Diffusive media characterization with laser
speckle, Appl. Opt. 36, 3726 (1997).

[50] Jong Chul Ye, Charles A. Bouman, Kevin J. Webb,
and Rick P. Millane, Nonlinear multigrid algorithms for
Bayesian optical diffusion tomography, IEEE Trans. Image
Process. 10, 909 (2001).

[51] Martin Schweiger, Simon R. Arridge, and David T. Delpy,
Application of the finite-element method for the forward
and inverse models in optical tomography, J. Math. Imaging
Vision 3, 263 (1993).

[52] Jenni Heino, Simon Arridge, Jan Sikora, and Erkki Somer-
salo, Anisotropic effects in highly scattering media, Phys.
Rev. E 68, 031908 (2003).

[53] Vivian Pera, Eric Zettergren, Dana H. Brooks, and Mark
Niedre, Maximum likelihood tomographic reconstruction
of extremely sparse solutions in diffuse fluorescence flow
cytometry, Opt. Lett. 38, 2357 (2013).

[54] Ken T. Shimizu, Robert G. Neuhauser, Catherine A.
Leatherdale, Stephen A. Empedocles, W. K. Woo, and
Moungi G. Bawendi, Blinking statistics in single semicon-
ductor nanocrystal quantum dots, Phys. Rev. B 63, 205316
(2001).

[55] Eric Betzig, George H. Patterson, Rachid Sougrat, O. Wolf
Lindwasser, Scott Olenych, Juan S. Bonifacino, Michael
W. Davidson, Jennifer Lippincott-Schwartz, and Harald F.
Hess, Imaging intracellular fluorescent proteins at nanome-
ter resolution, Science 313, 1642 (2006).

034021-12

https://doi.org/10.1364/OE.14.012915
https://doi.org/10.1364/OL.28.002070
https://doi.org/10.1364/AO.35.003746
https://doi.org/10.1364/JOSAA.16.001466
https://doi.org/10.1364/OE.4.000270
https://doi.org/10.1364/OL.29.001506
https://doi.org/10.1016/j.biomaterials.2012.04.004
https://doi.org/10.1118/1.1568977
https://doi.org/10.1117/1.3290818
https://doi.org/10.1038/srep33946
https://doi.org/10.1364/AO.52.001779
https://doi.org/10.1364/OL.18.001591
https://doi.org/10.1364/OL.22.000573
https://doi.org/10.1118/1.597298
https://doi.org/10.1364/OL.23.001716
https://doi.org/10.1038/sj.neo.7900244
https://doi.org/10.1364/AO.56.006649
https://doi.org/10.1103/PhysRevE.64.051917
https://doi.org/10.1117/1.JBO.19.4.040801
https://doi.org/10.1364/JOSAA.11.002727
https://doi.org/10.1364/OL.32.003026
https://doi.org/10.1016/S0006-3495(02)75618-X
https://doi.org/10.1103/PhysRevE.82.041914
https://doi.org/10.1126/science.aak9913
https://doi.org/10.1364/AO.36.003726
https://doi.org/10.1109/83.923287
https://doi.org/10.1007/BF01248356
https://doi.org/10.1103/PhysRevE.68.031908
https://doi.org/10.1364/OL.38.002357
https://doi.org/10.1103/PhysRevB.63.205316
https://doi.org/10.1126/science.1127344


SUPERRESOLUTION DIFFUSE OPTICAL IMAGING... PHYS. REV. APPLIED 10, 034021 (2018)

[56] Samuel T. Hess, Thanu P. K. Girirajan, and Michael D.
Mason, Ultra-high resolution imaging by fluorescence pho-
toactivation localization microscopy, Biophys. J. 91, 4258
(2006).

[57] Michael J. Rust, Mark Bates, and Xiaowei Zhuang,
Sub-diffraction-limit imaging by stochastic optical recon-
struction microscopy (storm), Nat. Meth. 3, 793 (2006).

[58] Hans Blom and Jerker Widengren, Stimulated emission
depletion microscopy, Chem. Rev. 117, 7377 (2017).

[59] Minghua Xu and Lihong V. Wang, Universal back-
projection algorithm for photoacoustic computed tomogra-
phy, Phys. Rev. E 71, 016706 (2005).

[60] Margaret Cheney, David Isaacson, and Jonathan C. Newell,
Electrical impedance tomography, SIAM Rev. 41, 85
(1999).

[61] R. Gerhard Pratt, Seismic waveform inversion in the fre-
quency domain, part 1: Theory and verification in a physical
scale model, Geophysics 64, 888 (1999).

[62] Tonny Rubk, Paul M. Meaney, Peter Meincke, and Keith D.
Paulsen, Nonlinear microwave imaging for breast-cancer
screening using Gauss-Newton’s method and the CGLS
inversion algorithm, IEEE Trans. Antennas Propag. 55,
2320 (2007).

[63] Michael Scherg, Functional imaging and localization of
electromagnetic brain activity, Brain Topogr. 5, 103 (1992).

[64] Robert Prevedel, Young-Gyu Yoon, Maximilian Hoffmann,
Nikita Pak, Gordon Wetzstein, Saul Kato, Tina Schrödel,
Ramesh Raskar, Manuel Zimmer, Edward S. Boyden, and

Alipasha Vaziri, Simultaneous whole-animal 3D imag-
ing of neuronal activity using light-field microscopy, Nat.
Meth. 11, 727 (2014).

[65] Adam T. Eggebrecht, Silvina L. Ferradal, Amy Robichaux-
Viehoever, Mahlega S. Hassanpour, Hamid Dehghani,
Abraham Z. Snyder, Tamara Hershey, and Joseph P. Cul-
ver, Mapping distributed brain function and networks
with diffuse optical tomography, Nat. Photon. 8, 448
(2014).

[66] Ryohei Yasuda, Esther A. Nimchinsky, Volker Scheuss,
Thomas A. Pologruto, Thomas G. Oertner, Bernardo L.
Sabatini, and Karel Svoboda, Imaging calcium concentra-
tion dynamics in small neuronal compartments, Sci. STKE
2004, l5 (2004).

[67] Michael Lawrence Castanares, Vini Gautam, Jack Drury,
Hans Bachor, and Vincent R. Daria, Efficient multi-
site two-photon functional imaging of neuronal circuits,
Biomed. Opt. Express 7, 5325 (2016).

[68] Ed Bullmore and Olaf Sporns, Complex brain networks:
Graph theoretical analysis of structural and functional sys-
tems, Nat. Rev. Neurosci. 10, 186 (2009).

[69] A. Brandt, Multigrid Techniques: 1984 Guide, with Appli-
cations to Fluid Dynamics (GMD-Studien, Sankt Augustin,
Germany, 1984).

[70] Seungseok Oh, Charles A. Bouman, and Kevin J. Webb,
Multigrid tomographic inversion with variable resolution
data and image spaces, IEEE Trans. Image Process. 15,
2805 (2006).

034021-13

https://doi.org/10.1529/biophysj.106.091116
https://doi.org/10.1038/nmeth929
https://doi.org/10.1021/acs.chemrev.6b00653
https://doi.org/10.1103/PhysRevE.71.016706
https://doi.org/10.1137/S0036144598333613
https://doi.org/10.1190/1.1444597
https://doi.org/10.1109/TAP.2007.901993
https://doi.org/10.1007/BF01129037
https://doi.org/10.1038/nmeth.2964
https://doi.org/10.1038/nphoton.2014.107
https://doi.org/10.1364/BOE.7.005325
https://doi.org/10.1038/nrn2575
https://doi.org/10.1109/TIP.2006.877313

	I. INTRODUCTION
	II. DIFFUSE OPTICAL IMAGING
	III. LOCALIZATION FOR SUPERRESOLUTION
	A. The forward model
	B. Position estimation
	C. Noise model

	IV. RESULTS
	A. Simulation and localization uncertainty
	B. Experiment
	C. Resolution

	V. DISCUSSION
	VI. CONCLUSION
	ACKNOWLEDGMENTS
	A. APPENDIX: LOCALIZATION WITH A MULTIRESOLUTION APPROACH
	. References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile ()
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 5
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Average
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Average
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Average
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFX1a:2003
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    33.84000
    33.84000
    33.84000
    33.84000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    9.00000
    9.00000
    9.00000
    9.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV <>
    /HUN <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames false
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks true
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks false
      /BleedOffset [
        9
        9
        9
        9
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks true
      /IncludeHyperlinks true
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 6
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


