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We simultaneously observe the Larmor precession of rubidium atoms in both the temporal and spectral
domains using an electro-optically generated frequency comb. Rubidium vapor is optically pumped on the
F = 2 → F ′ = 1 hyperfine transition of the 87Rb D1 manifold, while its response is observed with a fre-
quency comb that spans 8 GHz of the spectrum with a temporal resolution of 9.78 μs. The frequency comb
modes experience optical rotation by interacting with the F = 2 → F ′ = 1, 2 transitions. The spectral and
temporal resolution of the comb allows us to observe that there are two separate channels for polarized
atoms to appear in the probe beam: one pathway where atoms travel directly from the pump to the probe
region, and a secondary pathway that involves interaction of the polarized atoms with the cell walls. The
unique features of the comb allow a direct estimate of the relative density of polarized atoms in the vapor
cell, as well as a measurement of the quality of the antirelaxation coating on the cell walls. We show that
rotation measurements with the comb approach the limits set by photon shot noise.
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I. INTRODUCTION

The ability to measure magnetic fields with high
sensitivity is important for a myriad of applications,
including medical diagnoses and imaging [1–5], mea-
surements of geomagnetism [6], and fundamental physics
research [7–10]. One approach to highly sensitive mag-
netometry exploits nonlinear magneto-optical effects in
which a polarized medium undergoes temporal evolu-
tion due to interactions with external electromagnetic
fields. This temporal evolution results in measurable mod-
ulation of the optical parameters of light transmitted
through the medium [11]. Through the use of antire-
laxation coatings, ultranarrow magneto-optical resonances
on the order of approximately 1 Hz can be observed
[12], which enables ultrasensitive magnetometry to be
performed.

Nonlinear magneto-optical effects are conventionally
observed using a continuous-wave (CW) probe laser,
which naturally interacts with the medium at just a single
optical frequency. This observation frequency is usually
chosen to be at the center of a Doppler-broadened tran-
sition in order to obtain the highest interaction strength
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[13]. However, in this paper we use an electro-optic fre-
quency comb (EOFC) [14–21] as the probe, which allows
real-time observations at multiple optical frequencies. This
alternative approach has the capability of exploring phys-
ical processes such as collisional transfer of higher-order
polarization moments between alkali atoms [22], as well
as the processes that lead to polarization of the atomic
population.

The comb is generated using an electro-optic modula-
tor and enables spectroscopy with temporal and spectral
resolutions that approach the limits set by the Fourier
transform [16,17]. The ability to simultaneously resolve
both temporal and spectral domains provides deep insight
into physical processes and can allow observation of pre-
viously unobserved effects such as the role of radiation
reabsorption in nonlinear spectroscopy [17].

Here, the unique features of the comb are used to show
that there are multiple pathways to produce polarized
atoms in the medium, that these pathways have different
temporal evolutions, and that the fraction of pumped atoms
within the vapor cell is approximately 4.4%. Furthermore,
a comparison is made between the noise of optical rotation
measurements made with a frequency comb and the noise
that arises in the conventional approach of a continuous-
wave laser. We show that both techniques are compatible
with photon shot-noise-limited performance.

2331-7019/18/10(3)/034012(11) 034012-1 © 2018 American Physical Society

https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevApplied.10.034012&domain=pdf&date_stamp=2018-09-07
http://dx.doi.org/10.1103/PhysRevApplied.10.034012


NATHANIAL WILSON et al. PHYS. REV. APPLIED 10, 034012 (2018)

II. EXPERIMENTAL SETUP

The experimental setup is shown in Fig. 1. The magneto-
optical effects are generated in a 50-mm-long rubid-
ium vapor cell that has a paraffin coating on the cell
walls to extend the spin-relaxation time to approximately
100 μs. The vapor density is set to approximately 7 ×
1010 atoms/cm3 [23] by heating the cell to 315 K (42 ◦C),
where the temperature is accurately measured using the
Doppler width of the optical transitions [24]. The cell is
housed within a three-layer cylindrical μ-metal magnetic
shield with a measured shielding factor of approximately
1800 to provide a quiet magnetic environment. Within the
innermost shield, a constant-bias magnetic field of approx-
imately 0.8 μT is generated along the longitudinal axis
using a Helmholtz coil.

Both pump and probe light propagate through the rubid-
ium vapor parallel to the magnetic field in a conventional
Faraday geometry [13], with a beam displacement of
approximately 10 mm. The pump beam originates from
an external cavity diode laser (ECDL), which is stabi-
lized to a frequency that is 175 MHz red-detuned from the
87Rb F = 2 → F ′ = 1 hyperfine transition using saturated
absorption spectroscopy. The pump is amplitude modu-
lated via an acousto-optic modulator (AOM) to produce
either a single pulse for the free-induction decay (FID)
measurements or a continuous train of pulses for the syn-
chronously pumped measurements. The pump beam has a
1/e2 diameter of 1.5 mm with a peak power of 15 mW
input to the cell and is linearly polarized along the vertical
using a Glan-Thompson (GT) prism.

The atomic vapor is probed with an EOFC, which is
generated by passing 795-nm radiation from a titanium-
sapphire laser through a high-bandwidth, high-index
electro-optic modulator (EOM). The EOM is driven
between two phase states in accordance with a pseudoran-
dom binary sequence (PRBS). The modulation generates
an optical spectrum consisting of a comb of sidebands with
a frequency separation of 39.37 MHz, set by the repeti-
tion rate of the PRBS. The comb has an approximate sinc2

power envelope with its first zeros ±5 GHz away from
the seed laser’s frequency. The generation of the EOFC,
as well as its temporal and spectral profile, is presented in
further detail in Ref. [16].

At the input to the vapor cell, the comb is linearly
polarized at 45◦ from vertical by a GT prism. A total
comb power of 500 μW reaches the cell, corresponding
to approximately 4 μW per mode near the center of the
comb. Analysis of the comb’s polarization rotation through
the vapor cell is achieved using a vertically aligned Wol-
laston prism (WP), which separates the two orthogonal
polarization components. Each of these components is then
coupled into single-mode optical fibers.

In parallel, a fraction of the titanium-sapphire light is
frequency shifted by an AOM to generate a local oscillator

(LO) signal. This LO is then combined with the two out-
puts of the Wollaston prism, and the resulting mixing
products are detected by separate high-bandwidth pho-
todetectors. The photodetector signals are simultaneously
recorded on two channels of a high-speed oscilloscope
(2.5-GHz bandwidth, with a sample rate of 20 GS/s).

A total of 500 μs of data is recorded in order to observe
the temporal evolution of the rubidium spectrum. The data
is sliced into 9.78-μs-long segments by integrating 385
consecutive binary sequences. Each segment is individu-
ally Fourier transformed, producing time-resolved spectra
with both a high temporal (�t = 9.78 μs) and spectral
(�ν = 39.37 MHz) resolution. To improve the signal-to-
noise ratio, the data presented here consist of 400 averages.
The spectral shape of the comb is measured using a refer-
ence path (cf. Fig. 1) that bypasses the vapor cell, enabling
calibration of the optical and electrical transfer functions.

The transmission Texp(ω, t) and optical rotation φexp(ω, t)
experienced by each mode of the EOFC can be calculated
using the powers measured on the two photodetectors P1
and P2, together with the total incident comb power P0,
via

Texp(ω, t) = P1 + P2

P0
, (1)

φexp(ω, t) = 1
2

arcsin
(

P1 − P2

P1 + P2

)
, (2)

where the incident power is measured using the reference
path. Figure 2 displays the measured rubidium transmis-
sion spectrum Texp(ω), along with a nonlinear fit of the
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FIG. 1. Simplified experimental setup, showing the exter-
nal cavity diode laser (ECDL), titanium-sapphire laser (Ti:S),
acousto-optic modulator (AOM), Glan-Thompson prism (GT),
Wollaston prism (WP), photodetector (PD), beam stopper (BS),
polarization controller (PC), electro-optic modulator (EOM), and
digital pattern generator (DPG).
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FIG. 2. Rubidium D1 spectrum as measured by the EOFC with
an integration time of 400 × 9.78 μs (dots), with a fit using Eq.
(3). The inset shows the Zeeman sublevels of 87Rb involved in
the nonlinear magneto-optical effects observed with the comb,
with one possible transition that is connected by the probe radi-
ation shown using red arrows. The shaded features in the trans-
mission spectrum correspond to the optical transitions between
the levels shown in the inset, while the unshaded features are
associated with the 85Rb isotope (F = 3 → F ′ = 2, 3).

form

Tfit (ω) = exp

(
−
∑

i

αi exp

[
(ω − ωi)

2

2σ 2

])
, (3)

where the sum is performed over all hyperfine transitions.
Here, σ is the Doppler width, while αi and ωi are the
optical depth and frequency detuning of the ith allowed
transition, respectively.

III. THEORETICAL ANALYSIS

The observation of the atomic vapor with a frequency
comb provides insight into the production and relaxation
of optically polarized atoms. This section of the paper aims
to provide a clear theoretical framework for discussion of
the experimental observations.

We measure the temporally and spectrally dependent
polarization changes that are imposed on the probe beam in
order to track the response of the medium to both optical
pumping and the influence of an external magnetic field.
The optical rotation of the transmitted probe, φth(ω, t), is
calculated by decomposing the incident optical probe into
right- and left-circularly polarized components (σ+ and
σ−, respectively) and determining the influence on each
of these by their associated complex refractive indices,
η+(ω, t) and η−(ω, t) [25]:

φth (ω, t) = ωl
2c

Re [η+(ω, t) − η−(ω, t)] , (4)

while the optical depth of the probe, under the condi-
tion that Im[η+(ω, t)] = Im[η−(ω, t)] (valid for symmetric

ground-state distributions), is given by [26]

αth (ω, t) = 2ωl
c

Im [η±(ω, t)] , (5)

where l is the sample length, ω is the angular frequency of
the probe radiation, and c is the speed of light.

Within an atomic vapor at thermal equilibrium, the pop-
ulation distribution over the Zeeman sublevels leads to
η+ = η− and hence φth(ω, t) = 0, while αth(ω, t) is pro-
portional to the number density. In an atomic population
that has been optically pumped by linearly polarized light,
coherences appear between the Zeeman sublevels with
�mF = 2, which leads to η+ �= η− (see Appendix A). In
this case, the absorption is modified and a rotation of the
polarization angle of the transmitted probe is observed.

In the presence of a longitudinal magnetic field, the
energies of the ground-state Zeeman sublevels are split
by the Larmor frequency, 	L = mFμBgFB/�, where mF
is the magnetic quantum number, μB is the Bohr magne-
ton, gF is the hyperfine Landé g factor, B is the magnetic
field strength, and � is the reduced Planck constant. If an
initially polarized medium is allowed to freely relax (i.e.,
free-induction decay), then the coherences between states
with �mF = 2 will evolve at a frequency of 2	L [27,28].
In this case, Re[η+(ω, t) − η−(ω, t)] contains a component
that oscillates at a frequency of 2	L (see Appendix A),
resulting in modulation of the plane of polarization of the
probe laser at the same frequency.

In order to maximize the polarization of the medium
at a nonzero magnetic field, one can optically pump the
medium with a laser that is amplitude modulated at a
frequency 	m ∼ 2	L. In this case, the probe beam will
show a modulation of the plane of polarization at the
driving frequency 	m and will be resonantly enhanced if
	m = 2	L [29].

The narrow spectral width of the pump means that
it can only directly optically pump atoms that reside
in a relatively narrow spectral window (set by the
power-broadened width of the pump-atom interaction).
At first sight, one might expect that the probe will only
observe a relatively narrow peaked spectrum of polarized
atoms. However, in a cell with an antirelaxation coat-
ing, atoms may bounce from the wall while maintaining
their ground-state coherence. This process produces a ther-
malization of their longitudinal velocity so that typical
experiments observe polarization across the full Doppler-
broadened spectrum. However, these temporally and spec-
trally resolved frequency-comb observations allow us to
directly observe two different populations of polarized
atoms contributing to the optical rotation of the probe—the
atoms that have taken a direct pathway from the pump to
the probe, as well as those that have bounced from the cell
wall in the time between those two interactions.
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These two atomic populations are distinguishable by
their spectral distributions. Polarized atoms that have taken
the direct pathway between pump and probe regions show
a narrow spectral peak that rapidly disappears, while atoms
that have bounced from the cell wall exhibit a longer-lived
Gaussian-shaped spectrum:

φth (ω) =
∑

i

φi exp

[
− (ω − ωi)

2

2σ 2

]
, (6)

characterized by the Doppler width σ and a center fre-
quency ωi and where φi is the peak optical rotation of
the ith transition. The sum in this case is performed over
all hyperfine transitions. The probe absorption also shows
a typical thermal velocity distribution because the atomic
vapor is in thermal equilibrium with the cell walls:

αth (ω) =
∑

i

αi exp

[
− (ω − ωi)

2

2σ 2

]
, (7)

where αi is the peak optical depth on the ith resonance and
all other terms are defined as per Eq. (6). Our measure-
ments show that the Doppler width of the optical rotation
spectrum in Eq. (6) and the width in Eq. (7) are identical
within experimental error.

The unique ability of the frequency comb to isolate the
two polarized atomic populations enables us to make two
independent estimates of the fraction of polarized atoms
within the cell. The first approach recognizes that unpolar-
ized atoms make no contribution to the optical rotation,
while making the predominant contribution to the opti-
cal absorption. This approach gives us the opportunity to
directly measure the fraction of the polarized atoms by
taking the ratio of Eqs. (6) and (7). Employing the three-
level density matrix model detailed in Appendix A, we
can simplify the ratio of the optical rotation amplitude to
the optical depth for the two 87Rb hyperfine transitions
spanned by the frequency comb:

φi (ω)

αi (ω)
= 0.63ε, (8)

where i corresponds to the ith hyperfine transition and
ε = Nφ/N is the fractional density of polarized atoms,
where Nφ is the density of optically pumped atoms which
generate optical rotation and N is the total atomic number
density. The prefactor originates from averaging the ratio
over a given observation time based on the experimental
parameters used below.

IV. RESULTS

A. Free-induction decay

The capability of the EOFC to resolve the spectral
and temporal evolution of the optical rotation is demon-
strated by observing the free-induction decay of the atomic

polarization. A CW laser optically pumps the F = 2 →
F ′ = 1 hyperfine transition of the 87Rb D1 manifold to cre-
ate a steady-state atomic polarization. The evolution of the
decay is then observed with the EOFC after the pump light
is switched off (cf. Fig. 3).

A number of strong features are evident in Fig. 3. In
the time domain, the optical rotation shows an exponen-
tially damped sinusoidal modulation. This modulation is a
result of the applied approximately 0.8-μT magnetic field
producing a Larmor frequency of 	L/2π = 5.7 kHz. The
exponential decay has a time constant of 100 μs, which
reflects the relatively poor quality of the antirelaxation
coating in this particular cell [30–32]. Additionally, the
optical rotation for the two hyperfine transitions, F = 2 →
F ′ = 1, 2, is observed to evolve out of phase due to a
sign difference between their respective Clebsch-Gordan
coefficients (cf. Appendix B).

The pump laser is red detuned 175 MHz from the center
of the Doppler profile of the F = 2 → F ′ = 1 transition
and hence can only polarize atoms within a narrow veloc-
ity class. However, as described earlier, the line shape of
the optical rotation spectrum (cf. Fig. 3(b) for detailed
cross sections) is much broader than the spectral width
of the pump and exhibits predominantly a Gaussian line
shape, particularly for measurements greater than 20 μs
after the pump beam is switched off. As described earlier,
the Gaussian line shape arises due to the atomic velocities
of the polarized atoms that have been thermalized by one
or more wall collisions prior to entering the probe region
[33]. This is in line with previous experiments, which show
that only a small number of collisions with the cell walls
is sufficient to reproduce the full Doppler profile for a
gas [34].

A closer examination of the initial time steps in Fig. 3(b)
reveals a peaked structure that differs from the Gaussian
line shape but decays within approximately 20 μs. We
postulate that this anomaly is associated with a small num-
ber of atoms that are optically polarized by the pump and
then travel directly into the probe beam without interacting
with the cell walls [35]. The timescale for the rapid decay
is consistent with the typical time for an atom to transit
from the pump to the probe beam (τtr ∼ 33 ± 14 μs, where
the errors are from the uncertainty in the pump and probe
separation). To analyze this feature in more detail, we gen-
erate a significantly enhanced atomic polarization using a
synchronous-optical-pumping technique.

B. Synchronously pumped optical rotation

The synchronous-optical-pumping technique achieves a
large steady-state atomic polarization by modulating the
pump amplitude at the second harmonic of the Larmor
frequency, 	m = 2	L. In this experiment, we generate
a 100% amplitude modulation of the pump with a 25%
duty cycle at a rate of 	m/2π = 10 kHz. The atomic
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FIG. 3. (a) Three-dimensional surface plot of the optical rotation of the electro-optic frequency comb using the free-induction decay
technique for the 87Rb F = 2 → F ′ = 1, 2 transitions at a relative detuning of −0.82 and 0.0 GHz, respectively. The temporal and
spectral resolutions are �t = 9.78 μs and �ν = 39.37 MHz, respectively. The data are averaged 400 times, with the atomic-linear-
polarization response removed in postprocessing. (b) Spectra for the first five time steps indicated by the dashed lines on the surface
plot. Each spectrum is fit using Eq. (10), where the fitting parameters have been held fixed using those obtained from fitting Eq. (3) to
Fig. 2.

response in the temporal and spectral domains (cf. Fig. 4)
exhibits similar features to the FID data; however, the
synchronous optical pumping allows us to average over
multiple pumping cycles.

The time-domain optical rotation φexp(t) for the central
comb modes of the two hyperfine transitions is displayed
in Fig. 4(b). A relatively nonsinusoidal optical rotation
is observed in these data due to a combination of inad-
vertently detuning from the resonance condition (	m =
2	L) by one resonance width (approximately 1.5 kHz)

and ground-state relaxation between pumping pulses. As a
result, each comb mode’s optical rotation is only fitted dur-
ing the period in which the pump beam is switched off. In
this case, the optical rotation signals exhibit the following
form:

φfit (t) = a sin (ωt + ϕ) exp
(

− t
τ

)
+ c, (9)

where ω is the angular frequency; a is the optical rotation
amplitude; ϕ is the phase; τ is the spin-relaxation time,
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FIG. 4. (a) Three-dimensional surface plot of the optical rotation of the electro-optic frequency comb using the synchronous-optical-
pumping technique for the 87Rb F = 2 → F ′ = 1, 2 transitions at a relative detuning of −0.86 and 0.0 GHz, respectively. Dashed lines
indicate the central comb mode for each hyperfine transition. The temporal and spectral resolutions are �t = 9.78 μs and �ν = 39.37
MHz, respectively. The data are averaged 400 times with the atomic-linear-polarization response removed in postprocessing. (b)
Optical rotation measured by the center comb modes of the hyperfine transitions (dashed lines on the surface plot) when pumped at
a modulation frequency of 	m ∼ 2	L. Blue markers (crosses) correspond to the F = 2 → F ′ = 1 hyperfine transition, while the red
markers (circles) correspond to the F = 2 → F ′ = 2 transition. A sinusoidal fitting function, Eq. (9), is applied to the comb data, with
the pump-beam modulation shaded in gray.
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which is held fixed at τ = 100 μs, obtained from fitting the
FID data presented in Fig. 3; and c is an offset that accounts
for the nonuniform optical rotation due to the optics over
the span of the broadband comb.

We plot the optical rotation amplitude a for each of the
comb modes in Fig. 5, which shows an improved signal-
to-noise ratio when compared to the FID data presented in
Fig. 3(b). The optical rotation spectrum φ(ω) is modeled as

φfit (ω) =
∑

i

Li
(
ω − ωi − ωp

)+ Gi (ω − ωi) , (10)

where ω is angular frequency; ωi is detuning relative to
the F = 2 → F ′ = 2 transition; ωp is the pump detun-
ing from resonance; and the sum is performed over the
F = 2 → F ′ = 1, 2 hyperfine transitions. As described in
Sec. III, atoms that travel directly from the pump to the
probe region should reflect the velocity-selective nature of
the atom-light interaction and should therefore give rise to
a Lorentzian spectral signature, Li(ω − ωi − ωp). A sec-
ond group of atoms enters the probe region following one
or more wall collisions and produces a Gaussian spectral
profile Gi(ω − ωi) due to the thermalization of the atoms’
velocity along the probe-beam propagation vector.

The optical rotation spectrum presented in Fig. 5 has
been fit using Eq. (10), with the Doppler width fixed at
the value extracted from the transmission spectrum (cf.
Fig. 2). Only three free parameters are allowed in the fitting
algorithm: the amplitude of the two Gaussian components

-2

0

2

O
pt

ic
al

 r
ot

at
io

n 
(m

ra
d)

-1.5 -1.0 -0.5 0.0 0.5
Detuning (GHz)

-0.4

-0.2

0.0

0.2

0.4

O
ptical depth

-0.5

0.0

0.5

R
es

.

FIG. 5. Spectral dependence of the optical rotation amplitude
a (blue markers) and average optical depth of the two polariza-
tion components (red dots) of each comb mode. The red line is
a fit to the red dots using Eq. (3), while the blue line is a fit to
the blue markers using Eq. (10). Also presented are the spectral
contributions to the optical depth from each hyperfine transition
(gray lines), along with Lorentzian contributions to the opti-
cal rotation amplitude (dashed gray line) that have been scaled
by a factor of 2 for visibility. Two 85Rb hyperfine transitions
(F = 3 → F ′ = 2, 3) extend off the graph at positive detuning.

and the amplitude and width of the two Lorentzian features
(which are assumed to be the same for the two resonances).
The Lorentzian detuning ωp is found to be consistent
with the known pump frequency, while the fitted width
of approximately 100 MHz is consistent with the power
broadening expected from a pump beam with an input
intensity that is around 200 times above the saturation
intensity.

The extracted amplitude of the Gaussian component of
the rotation spectrum in Fig. 5 is φ = 3.06 mrad, while the
optical depth in Fig. 2 is α = 0.11. As outlined in Sec. III,
these two values, along with Eq. (8), can be used to esti-
mate that the fraction of polarized atoms within the vapor
is approximately 4.4%. An approximate estimate of the
expected number of polarized atoms can be derived from
the knowledge that the pump can only interact with about
20% of the atoms in the thermal distribution (as shown
in Fig. 5), that the pump has an effective pumping vol-
ume of around 36% of the cell (2-cm diameter) in a single
pump interaction of 25 μs duration with a typical thermal
velocity of rubidium (245 ms−1 at 42 ◦C), and that the spin-
relaxation time is approximately 100 μs. This combination
of effects leads to an expected polarized population aver-
aged over the pump cycle of around 5%, which is in good
agreement with the experimental observation.

The comb also allows an estimate of the quality of
the antirelaxation coating by considering the relative frac-
tion of optically polarized atoms that enter the probe via
the two possible routes: either directly from the pump to
the probe regions or through one or more wall collisions.
The amplitude of the Lorentzian component shown in Fig.
5 is about 30% of the Gaussian component, which indi-
cates the relative density of atoms arriving via the two
pathways. On the other hand, Monte Carlo modeling using
the size of the two beams (1.5- and 3.5-mm 1/e2 diam-
eter) and their separation (6–10 mm) suggests that only
about 3%–9% of the atoms leaving the pump beam should
directly pass through the probe region. This result suggests
that about 75% of atoms bouncing from the cell wall main-
tain their ground-state coherence, which is consistent with
the spin-relaxation time of this cell (approximately 100 μs,
corresponding to a few bounces before relaxation).

C. Noise comparison between EOFC and CW probing

A key determination is whether the additional informa-
tion that is extracted by the EOFC comes at the cost of a
noise penalty. For these purposes, we made a careful com-
parison to a conventional single-frequency probe beam on
the same experiment.

A total comb power of 500 μW is incident on the vapor
cell, which corresponded to around 4 μW of optical power
per mode for modes near the center of the comb. The cell
transmission, polarization splitting at the Wollaston prism,
and coupling to the photodetectors reduces the detected
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power per mode to around 0.3 μW. The signals from each
comb mode are detected using a heterodyne read-out with
a local oscillator of much higher power, in which case
the shot noise of each comb mode is the dominant noise
source [36]. The calculated shot-noise-limited sensitivity
for a single comb mode is approximately 26 μrad (cf.
Appendix C). The fit residuals presented in Fig. 4(b) have
a standard deviation of approximately 150 μrad, around a
factor of 6 above the shot-noise limit. The current perfor-
mance limit is set by electronic noise of the photodetectors
as confirmed by a dark-current measurement.

We compare the EOFC measurements with a CW probe
measurement. In this case, the magnetic field and cor-
responding pump modulation frequency are 2.9 μT and
	m/2π = 40 kHz, respectively. The probe beam had an
optical power of 100 μW and is tuned to the center of the
F = 2 → F ′ = 1 hyperfine transition of the 87Rb D1 man-
ifold. The optical rotation signal measured by this probe
beam is presented in Fig. 6, along with a fit using Eq. (9).
The fit residuals have a standard deviation of 3 μrad.
Using a similar approach to that detailed in Appendix C,
the shot-noise-limited optical rotation is readily calculated
from the power on the photodetector along with Eq. (2)
to be 0.5 μrad in the measurement bandwidth. This mea-
surement is therefore a factor of 6 from the shot-noise
limit and is consistent with the electronic noise of the
photodetectors.

In the particular conditions here, photodetector noise set
the limit because we chose to use relatively low probe
powers to minimize the perturbation of the ground-state
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FIG. 6. Optical rotation measurements using a conventional
CW laser tuned to the center of the F = 2 → F ′ = 1 hyperfine
transition of the 87Rb D1 manifold. The data presented (blue
markers) are averaged 2048 times and fitted (blue line) using
Eq. (9). The pump-beam modulation is shaded in gray. An off-
set due to misbalancing the polarimeter has been removed in
postprocessing.

atomic coherence. A change in experimental conditions
is likely to yield shot-noise-limited EOFC measurements.
The perhaps surprising observation here is that there is no
significant introduction of noise arising from the use of a
comb-based probe despite the additional information that
is acquired from the atomic system.

V. CONCLUSION

We demonstrate the ability of an electro-optic frequency
comb to simultaneously observe the Larmor precession
of rubidium atoms in the temporal and spectral domains.
The free-induction decay of the atomic vapor is observed
on both the F = 2 → F ′ = 1, 2 transitions, which shows
the optical rotation of the two manifolds oscillating out
of phase due to sign differences of the Clebsch-Gordan
coefficients between the two transitions. We also observe
the exponential decay of the atomic polarization due to
collisions with the cell walls. The comb observations
allow us to distinguish two groups of polarized atoms:
those that have undergone one or more wall collisions,
which exhibit a Doppler-broadened spectral profile, and
those that have followed a direct path between the pump
and probe regions, which show a much narrower spectral
feature that rapidly relaxes.

We compare the rotational sensitivity performance of
the comb measurement with that of a continuous-wave
measurement and show that both techniques can approach
the shot-noise limit. The comb technique thus allows rapid
temporally and spectrally resolved measurements to be
performed without introducing a significant amount of
noise with respect to a continuous-wave measurement.
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APPENDIX A: DENSITY MATRIX THEORY

The dynamics of the 87Rb atoms in the pump and probe
beams are independent as there is no cross-sectional over-
lap between the two beams. The interaction between the
pump and probe is therefore mediated by atoms traversing
these two beams. In order to model the observed opti-
cal rotation signals, it is necessary to incorporate both the
pumping and probing processes, as well as the kinetics
that lead to atoms traversing through two separate optical
fields.

The 87Rb atoms are initially optically pumped by the
pump beam, which is tuned to the F = 2 → F ′ = 1
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hyperfine transition with a Rabi frequency of 	 ≈ 56
MHz—much larger than the decay rate of the excited state,
� = 5.75 MHz. A strongly driven optical transition such
as this, 	 � �, results in the F = 2 ground state being
rapidly optically pumped into a population distribution,
which forms a dark state, established on a timescale of
�−1. This dark state exhibits negligible absorption and
thus slows the optical pumping of atoms into the uncou-
pled F = 1 ground state. Since the atomic population is
“trapped” in the F = 2 ground state during the pumping
process, with little population dynamics, this enables the
system to be simplified into a three-level model to better
understand the pumping and probing processes.

The simplified energy-level diagram used in these cal-
culations is shown as red arrows in the inset of Fig. 2. The
quantization axis is defined to be in the direction of the
magnetic field, which is parallel to the pump and probe
beams. The linearly polarized pump and probe beams can
be decomposed into two circularly polarized components,
leading to our simple model using only three energy lev-
els: two ground states |m1〉 and |m−1〉 and a single excited
state |e〉. The excited-state decay rate is given by �, while
the relaxation of the ground states due to dephasing colli-
sions is given by γ . A first-order approximation to the full
model of the 87Rb atoms can be reproduced by summing a
number of these simplified models together that cover all
of the ground and excited states.

The temporal evolution of the density matrix ρ, repre-
senting the simple model in both beams, is governed by the
Liouville equations [37]. The Liouville equations govern-
ing the dynamics of the simple model atom take the general
form

dρ

dt
= − i

�
[Hatom + Hint, ρ] + �(ρ), (A1)

where the atomic and light-atom interaction Hamiltonians
under the rotating wave approximation are given by

Hatom + Hint = �

⎛
⎝ 	L 0 	/2

0 −	L −	/2
	/2 −	/2 −�

⎞
⎠ , (A2)

where 	L is the Zeeman splitting of the ground states rel-
ative to the |m0〉 ground state, � is the optical detuning of
the laser field from the atomic transition frequency, and 	

is the Rabi frequency of the atom-light interaction given
by

	 = μE0

�
, (A3)

where E0 is the amplitude of the driving electric field and μ

is the electric dipole moment for the |m±1〉→|e〉 transition.

Relaxation is included via the � term which takes the form

�(ρ) = �

2

⎛
⎝ ρe,e 0 −ρm1,e

0 ρe,e −ρm−1,e
−ρe,m1 −ρe,m−1 −2ρe,e

⎞
⎠

+ γ

2

⎛
⎝ 1 0 0

0 1 0
0 0 0

⎞
⎠− γρ. (A4)

The first line is the contribution from spontaneous decay,
while the second line contains the contributions from
ground-state repopulation and relaxation, respectively.

The atomic system approaches a steady state on a
timescale of �−1, which is much shorter than both the time
taken for the atoms to cross the pump beam and the time
in which the pump beam is switched on. As a result, the
simplified atomic system leaves the pump beam having
been optically pumped to a steady state, with a population
distribution and coherences given by

ρm1,m1 = ρm−1,m−1 = 1/2, (A5)

ρm1,m−1 = ρm−1,m1 = −1/2, (A6)

with all other terms equal to zero when 	m±1,e � 	L, �, γ .
After the pump light is switched off, the atomic system
undergoes free evolution, which results in an oscillatory
response of the ground-state coherences given by

ρm1,m−1 = ρ∗
m−1,m1

= 1
2

e−γ tei2	Lt. (A7)

It can be seen that the coherences evolve at a frequency of
2	L, which is the frequency separation between the two
ground-state Zeeman sublevels, |m1〉 and |m−1〉, and decay
at a rate of γ due to ground-state relaxation.

The atomic interaction with the probe beam can be
greatly simplified under the assumption that the probe does
not significantly perturb the atomic populations. This is a
valid assumption given the relatively low optical power
of the probe beam. When the steady-state populations and
the freely evolving ground state coherences are substituted
into Eq. (A1), the resulting time-dependent coherences
between states |m±1〉 and |e〉 are given by

dρm±1,e

dt
= ± i	

4
(
1 − e−γ te∓2it	L

)

−
[
γ + �

2
+ i (� ± 	L)

]
ρm±1,e, (A8)

where 	 is the Rabi frequency of the probe light. Solving
this equation for t � �−1 yields the solution:

ρ±1,e ≈ A± + B±e−γ te∓i(2	Lt+θ±). (A9)

The first term, A, represents the dc atomic response, which
is present even when the pump beam is switched off, and
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corresponds to the typical two-level absorption. The sec-
ond term, which oscillates at a frequency of 2	L, is the
nonlinear magneto-optical rotation. This term is induced
by the pump beam generating coherence between the two
ground-state Zeeman sublevels and is observed experi-
mentally. The coefficients A± and B± and the phase of the
coherences θ± are given by

A± = ±	m±1,e

2
i (� + 2γ ) + 2 (� ± 	L)

(� + 2γ )2 + 4 (� ± 	L)
2 , (A10)

B± = 	m±1,e

2
1√

�2 + 4 (� ∓ 	L)
2

, (A11)

θ± = arctan [∓2 (� ∓ 	L) , �] , (A12)

The optical depth and optical rotation for an optically thin
media can be calculated from [37]

α = Nω�l√
2

	

I
Im
(
ρm−1,e − ρm1,e

)
, (A13)

φ = −Nφω�l√
2

	

I
Re
(
ρm−1,e + ρm1,e

)
, (A14)

where Nφ is the density of optically pumped atoms that
generate optical rotation; N is the total atomic number den-
sity; l is the optical path length through the 87Rb vapor; and
I is the optical intensity, which is given by

I = cε0|E0|2
2

, (A15)

where ε0 is the vacuum permittivity and c is the speed of
light. Taking the ratio of the oscillating optical rotation
to the steady-state optical depth when on resonance (i.e.,
� = 0) using the solution to the density matrix, Eq. (A9),
and noting that 	L  � leads to

φ

α
= Nφ

N
Re
(
ρm−1,e + ρm1,e

)
Im
(
ρm−1,e − ρm1,e

) ,

= Nφ

N
Re (B− + B+)

Im (A− − A+)
,

= Nφ

N
(2γ + �)2 + 4	2

L

(2γ + �)

√
�2 + 4	2

L

e−γ t,

≈ Nφ

N
e−γ t. (A16)

The second line follows from the fact that we are con-
sidering the amplitude of the oscillating optical rotation

at the resonant frequency, 2	L, while the measured opti-
cal depth is the dc component. The final line follows from
the excited-state decay rate being much faster than both
the Larmor frequency and the ground-state relaxation rate,
i.e., � � 	L, γ . As the optical rotation φ(t) decays due
to ground-state relaxation, the ratio between the optical
rotation and optical depth also exponentially decays with
time.

Atoms that contribute to the optical rotation signal are
those that possess coherence between the ground-state
Zeeman sublevels upon being probed. On the other hand,
all available atoms contribute to the optical depth mea-
sured by the probe beam. Thus, the relative density of
polarized atoms, ε = Nφ/N , can be directly related to the
ratio of the optical rotation to the optical depth using
Eq. (A16). For the experimental parameters used here, i.e.,
a ground-state relaxation rate of γ ≈ 104 Hz and a pump-
ing period of t0 = 100 μs, the fraction of polarized atoms
is given by

φ

α
= 1

t0

∫ t0

0

Nφ

N
e−γ tdt,

= 0.63ε, (A17)

which is in good agreement with experimental observa-
tions. The validity of this simplified model is checked
against a numerical model that incorporated the full 87Rb
energy-level structure, with both models predicting a sim-
ilar result to Eq. (A17).

APPENDIX B: HYPERFINE PHASE SHIFT

The π phase shift between the two hyperfine transi-
tions observed in Fig. 4 is the result of a sign difference
of the Clebsch-Gordan coefficients between right- and
left-circularly polarized light for the two transitions. This
can clearly be seen when evaluating the simplified model
shown in Fig. 2. In order to model the F = 2 → F ′ =
1 hyperfine transition of the 87Rb D1 manifold, two of
the five ground states, |m±〉 = |F = 1, mf = ±1〉, and
one of the three excited states, |e〉 = |F ′ = 1, mf = 0〉,
are considered (cf. Appendix A). After implementing the
rotating-wave approximation, the light-atom interaction
Hamiltonian for this transition is given by

H2,1 = �	2,1

2

⎛
⎝ 0 0 1

0 0 1
−1 −1 0

⎞
⎠ , (B1)

where 	2,1 is the Rabi frequency for the F = 2 → F ′ = 1
transition. However, using the same approximations, the
interaction Hamiltonian for the F = 2 → F ′ = 2 hyperfine
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transition exhibits a sign change of two of the elements:

H2,2 = �	2,2

2

⎛
⎝ 0 0 1

0 0 −1
−1 1 0

⎞
⎠ . (B2)

The elements in question correspond to one of the cir-
cular components of the linearly polarized light. Chang-
ing the sign of these elements produces a π phase shift
between the observed optical rotation in the two hyperfine
transitions.

APPENDIX C: SHOT-NOISE CALCULATION FOR
THE EOFC

Provided that the power of the local oscillator (LO) is
significantly greater than the comb power (as is the case
here), the effective shot noise for each mode is independent
of the LO and is instead proportional to the power in the
mode [36,38]. To calculate the resulting shot-noise-limited
rotation noise, we substitute the shot noise of each of the
photodetectors into Eq. (2):

σφ =
√(

∂φ

∂P1
σP1

)2

+
(

∂φ

∂P2
σP2

)2

, (C1)

where P1 and P2 are the optical powers measured at the
two photodetectors, σP1 and σP2 are the shot-noise-induced
power fluctuations of the two photodetectors, and σφ is the
optical rotation noise. For a balanced polarimeter, the opti-
cal power on each photodetector is approximately equal
(P1 ≈ P2) and hence so is the shot noise σP1 ≈ σP2 . This
simplifies Eq. (C1) to

σφ =
√

2
∂φ

∂P1
σP1 . (C2)

Calculation of the partial derivative and subsequent sim-
plification yields

σφ = 1

2
√

2

σP1

P1
. (C3)

Since the optical power on the photodetector is linearly
proportional to the photocurrent I , Eq. (C3) can be rewrit-
ten in terms of current as

σφ = 1

2
√

2

σI1

I1
, (C4)

where I1 is the photocurrent of one of the photodetectors
and σI1 is the root-mean-square current due to shot noise.

The current shot noise can be calculated from

σI =
√

2eI
�tN

, (C5)

where e is the charge of an electron, I is the photocur-
rent, �t is the measurement time, and N is the number

of averages. For a detected power per mode of around
0.3 μW, we calculate that the photocurrent produced by
the photodetector (responsivity of 0.1 A/W at 795 nm) is
I1 = 0.03 μA. The total measurement time for a single
comb mode shown in Fig. 4 is 400 averages of a 9.78-μs
measurement, yielding an estimated rotational shot noise
of 20 μrad. In addition, we use a calibration spectrum that
increases this noise by a factor of

√
2, giving rise to a root-

mean-square rotation of σφ = 26.1 μrad on each comb
mode.
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