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We propose, analyze, and experimentally verify an optimized gradient-index (GRIN) phononic-crystal
lens (PCL) for increased focusing efficiency. The proposed GRIN PCL is formed from a nonsquare lattice
of void inclusions in a host plate with transverse variations of the inclusion diameters. With use of a
Bloch-based multiple-scattering approach, the refractive index of the lens is made to satisfy a sech profile
for flexural waves and then optimized for enhanced harvesting. Under harmonic-plane-wave excitation,
the resulting wavefield is analyzed with a ray approximation to characterize the focal points of the lens,
followed by representative experiments that demonstrate the validity and effectiveness of the optimized
GRIN structure. Furthermore, a piezoelectric energy harvester, located at the first focus of the GRIN PCL,
is used to illustrate increases in power gain compared with baseline harvesting.
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I. INTRODUCTION

Controlling and directing elastic waves in thin plates
has received increased attention in the past few years,
driven in part by applications such as flexural lenses
[1,2], cloaking devices [3,4], wave-bending structures [5],
hyperlenses and enhanced imaging sensors [6], and wave-
energy harvesting via piezoelectric transduction [7]. Of
primary interest herein is wave-energy harvesting, which
aims to convert propagating elastic energy into electri-
cal energy for use in low-powered electronic devices and
sensors, for applications such as structural health mon-
itoring and wearable electrical components [8]. In con-
trast to the vast literature on vibrational-energy harvesting
(i.e., standing waves), few studies have considered har-
vesting of propagating elastic waves. The first studies to
appear used Helmholtz resonators [9] for harvesting in-air
acoustic waves, and sonic crystals [10] and polarization-
patterned piezoelectric solids [11] to harvest elastic waves.
Recently, metamaterial-inspired energy-harvesting (MEH)
approaches have appeared consisting of periodic arrange-
ments of stubs, inclusions, and voids within a matrix
material. The MEH concepts proposed to date have har-
vested elastic wave energy with use of (i) defect resonators,
(ii) funnel-shaped waveguides, (iii) lens-shaped mirrors, or
(iv) gradient-index (GRIN) devices [12–16]. Improving on
the latter is a primary aim of this work.

GRIN lenses are pass-through devices that focus waves
along the propagation axis. The requisite refractive-index
gradient has been achieved in phononic devices with use
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of variations in inclusion diameter and height [17–20],
or more recently with use of plate-thickness variations
[21]. Lin et al. [17] presented the first device based
on a GRIN phononic-crystal lens (PCL) by arranging
solid cylinders embedded in an epoxy medium into a
square two-dimensional lattice. The group velocity (and
hence refractive index) transverse to the propagation axis
assumes a hyperbolic secant gradient distribution through
variations of the cylinder density and elastic moduli. An
alternative approach to designing a phononic GRIN device
consists in forming an array of inclusions with different
radii in the transverse direction. Wu et al. [22] demon-
strated numerically that the lowest asymmetric Lamb wave
in a silicon plate can be focused with an array of void
inclusions, which was then further studied both numeri-
cally and experimentally by Zhao et al. [2]. Other designs
then followed, including one by Kurt et al. [20] that uses a
triangular lattice composed of graded voids in a dielectric
host material. A later numerical and experimental study
by Wu et al. [23] used an AT-cut quartz-plate microlens,
and a rectangular-unit-cell study by Zhao et al. [24] used
constant hole radii in the transverse direction. In all of
the aforementioned studies, the GRIN PCLs were config-
ured for high-frequency Lamb waves, which makes the
designs unsuitable for use in energy harvesting. To address
this concern, Jin et al. [18] proposed a flat GRIN device
for focusing low-frequency S0 and A0 Lamb modes and
a circular Luneburg lens by means of simultaneous vari-
ations of the inclusions’ radii and plate thickness. Most
recently, Tol et al. [25] presented a GRIN harvesting
system incorporating blind holes of differing radii to form
a hyperbolic secant refractive index.
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In all GRIN-PCL studies reviewed with the exception
of the study by Zhao et al. [24], the lattices have assumed
square dimensions, presumably because the quantity being
varied is the radius of a cylindrical inclusion. In the case
of Zhao et al. [24], rectangular unit cells were used with
constant transverse radii without formal optimization.

In contrast, this paper proposes a GRIN PCL with non-
square unit cells to achieve stronger foci and shorter focal
lengths, ultimately resulting in smaller devices. The main
insight used to configure the lens stems from recogniz-
ing the need to increase the refractive-index gradient from
unit cell to unit cell, which is accomplished by nonsquare
lattices, yielding a larger ratio of inclusion to matrix mate-
rial. This results in larger bending and tighter foci com-
pared with existing lenses. These ideas are explored with
use of a Bloch-based multiple-scattering technique cou-
pled with optimization. Such high-efficiency, high-fidelity
modeling of GRIN harvesting concepts is absent in prior
GRIN energy-harvesting studies, but is critical for achiev-
ing optimized, high-performing refractive-index-gradient
distributions. Using a line source to form a plane incident
wave, we assess a model of a GRIN-based MEH structure
for its ability to focus and harvest wave energy. Finally,
an experimental setup is used to verify the model predic-
tions and demonstrate the enhanced harvesting capabilities
of the GRIN-PCL design.

II. INTRODUCTION OF THE PROPOSED GRIN
PCL

A GRIN lens focuses plane waves by varying its refrac-
tive index in the direction transverse to the propagation.
Figures 1(a) and 1(b) depict a typical GRIN PCL incorpo-
rating holes of transversely differing diameter in an array

of equal-sized square unit cells with lattice constant a. In
such GRIN structures, the goal is to find an appropriate
refractive-index profile that enables strong focusing and
collimation. The classic GRIN distribution is character-
ized by a hyperbolic secant refractive-index profile, which
results in minimum aberration [26]. Other functions with
the same second-order Taylor-series approximation (i.e.,
strictly quadratic with zero linear participation) can also
be used, but ray theory predicts nonzero aberration. The
GRIN proposed herein [Figs. 1(a) and 1(c)] differs from
previously studied structures in that it uses nonsquare lat-
tice cells. This straightforward, but important, change is
inspired by the need to increase the refractive-index gra-
dient, which in turn results in (i) stronger foci, (ii) shorter
focal lengths, and (iii) smaller devices.

III. GRIN-PCL MODELING

The approach taken to model the GRIN PCLs con-
sidered relies on multiple subanalysis techniques. First,
an appropriate refractive-index profile must be specified,
which ultimately determines the location and spread of
the GRIN foci. This profile adheres to the refractive-index
range achievable by the chosen unit-cell type. Since a dis-
crete lens is considered herein, the profile then specifies
a finite number of refractive indices located by each unit
cell, which in turn specifies the cell’s group velocity, as
follows. For small anisotropy, a unit cell’s refractive index
at a given frequency, ω, can be approximated as [22]

n = n�X = ν0

ν�X
= ν0

dω
dk�X

, (1)

where ν0 is the speed of sound in the host matrix material,

(a)

(b) (c)

FIG. 1. (a) The GRIN medium
with the coordinate axes, (b) pre-
viously studied discretized GRIN
PCL obtained by varying the
inclusions’ radii with square unit
cells, and (c) proposed discretized
GRIN-PCL obtianed by varying
the inclusions’ radii with non-
square unit cells.
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k the wavenumber, and ν�X the group velocity along the
�X direction (i.e., wave-propagation direction). A small
anisotropy exists in the chosen lattice; for example, at a
45◦ angle, the matrix material between scatterers is of the
largest extent, while for 0◦ or 90◦ the extent is the small-
est. The rotational symmetry associated with cylindrical
inclusions prevents any further anisotropy, and thus the
assumption is made that consideration of the group veloc-
ity along the �X direction is sufficient (this assumption
is discussed in Sec. V). In this work, the requisite group
velocities are calculated with use of a multiple-scattering
technique (described in Sec. III A), and the hole diameter
and the unit cell’s transverse dimension are varied. After
group velocities and refractive indices are determined, a
ray-tracing approach (Sec. III B) predicts the locations of
the foci and the performance of the as-designed GRIN
PCL.

A. Multiple-scattering model

In this section a multiple-scattering approach (see
Fig. 2), together with enforcement of a Bloch waveform, is
used to calculate the band diagrams, group velocities, and
refractive indices associated with each unit cell. The same
formulation, without use of Bloch boundary conditions, is
used to compute the steady-state response of GRIN-PCL
systems. The application of multiple scattering to phononic
crystals was introduced in Refs. [27,28]; most recently,
multiple scattering was developed for flexural waves [29].
For band diagrams, a single unit cell is assumed to repeat
indefinitely in two lattice directions. The scattering coeffi-
cients associated with each void are related to a reference
unit cell by Bloch’s theorem. Truncation of the scattering
problem is then performed such that the number of cells N

FIG. 2. The multiple-scattering problem to calculate the band
structure with use of the Bloch-wave method.

FIG. 3. Geometry for computing the scattered response
between two scatterers.

included in each direction is determined by a convergence
study.

For the necessary optimization performed herein,
multiple-scattering approaches have several advantages
over more commonly used numerical approaches (finite
element, finite difference, etc.). They do not require
discretization of the host medium or need specialized
absorbing boundary treatments to mitigate reflections from
computational edges. Most importantly, they require many
fewer computational degrees of freedom and consume less
memory, and thus execute quickly and scale to very large
problem sizes. Figure 3 depicts the necessary geometry to
compute the incident field from scatterer j scattered by
scatterer i. The operating assumption is that an incident
wavefield (presumably from a source) and all waves gen-
erated by scatterers (except those due to self-scattering)
are incident on scatterer i and then subsequently rescat-
tered. This scenario holds for each scatterer j in the system.
As shown in Fig. 3, scatterer i with radius ai is located
at (dsi , θsi) with respect to a global-coordinate system.
A local-coordinate system (ri, θi), attached to the center
(Xi, Yi) of the ith scatterer, locates any point on the plate.
This latter coordinate system is used with a transformation
matrix (T matrix) that relates incident- and scattered-wave
coefficients for each scatterer. Before application of the
T-matrix transformation to each scatterer, all waves must
be expressed in the ith scatterer’s local-coordinate system.
An overview of the method and the formulation of the
required T matrix is given next. Full details of the method
can be found in Refs. [16,29]
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The governing equation for flexural waves in a thin,
infinite plate is given as

D�4w + ρh
∂2w
∂t2

= f (r, θ , t), (2)

where w denotes the out-of-plane plate displacement,
f (r, θ , t) denotes the distributed external forces, h and
ρ denote the thickness and mass density, respectively,
and D denotes the plate’s flexural stiffness, defined as
Eh3/12(1 − ν2), where E represents Young’s modulus
and ν represents Poission’s ratio. All incident and scat-
tered waves considered herein satisfy Eq. (2). The incident
wavefield in the plate is represented in Bessel form as

winc = [{Ap}T{J(r, θ)} + {Ae}T{I(r, θ)}]eîωt, (3)

and the wavefield scattered by the j th individual cylindri-
cal scatterer with radius aj is represented as

wscr
j = ({Bp

j }T{H(rj , θj )} + {Be
j }T{K(rj , θj )})eîωt, (4)

where for any �, {�(r, θ)}n = �n(kBr)eînθ , n denotes the
order of the Bessel function and kB denotes the flexu-
ral wave number related to excitation frequency ω by
k2

B = ω
√

ρh/D. {Ap} and {Ae} denote arrays containing
the expansion (or wave) coefficients of the propagating and
and evanescent incident waves, respectively; see Ref. [29]
for full expressions for plane waves and point sources.
Similarly, {Bp

j } and {Be
j } hold expansion (or wave) coef-

ficients for propagating and evanescent scattered waves,
respectively. In addition, {J(r, θ)}, {I(r, θ)}, {H(r, θ)}, and
{K(r, θ)} denote arrays holding Bessel functions of the first
kind, modified Bessel functions of the first kind, Hankel
functions of the first kind, and modified Bessel functions
of the second kind, respectively. Bessel functions J(r, θ)

and I(r, θ) represent incident waves due to their finite value
at the origin, while H(r, θ) and K(r, θ) represent scattered
waves due to their boundedness at infinity.

If we express the incident and all scattered waves in the
ith scatterer’s coordinate system, the scatterer’s T matrix
([τi]) yields an expression relating the wave coefficients at
i to those at all other scatterers j �= i, j ∈ {1, 2, . . . , z}:

{Bi} = [τ i]

⎛
⎝{Ai} +

z∑
j =1,j �=i

[RRR ji]T{Bj }
⎞
⎠ , (5)

where z is the number of scatterers in the multiple-
scattering problem and

RRR ji =
[

[Rp
ji] 0

0 [Re
ji]

]
(6)

transforms wave coefficients from the j th scatterer’s local-
coordinate system to the ith scatterer’s local-coordinate

system with elements

[Rp
ij ]nm = eî(n−m)θij Hn−m(kBdij ), (7)

[Re
ij ]nm = (−1)meî(n−m)θij Kn−m(kBdij ). (8)

In all cases, {Ak} = { {Ap
k }

{Ae
k} } and {Bk} = { {Bp

k }
{Be

k} } denote
the generalized expansion coefficients in the kth scat-
terer’s local-coordinate system. Collecting all z instances
of Eq. (5) results in the following relationship for the
unknown coefficients of the scattered waves:

{BBB} = [LLL ]{AAA }, (9)

where

{BBB} =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

{B1}
{B2}

.

.

.
{BZ}

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

, {AAA } =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

[τ 1]{A1}
[τ 2] {A2}

.

.

.
[τ Z] {AZ}

⎫⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎭

, (10)

and the elements of [LLL ] hold transformation matrices. To
compute the steady-state response of the field, a plane-
wave source located at xs from the first column of scatterers
is used to generate an incident wavefield. Similarly to
what was done in Ref. [29], the incident plane wave is
modeled for each single scatterer as per Eq. (3), and a
Hankel transformation is applied to find the incident-wave
coefficients:

{Ap
i }n = eîkBXi în, (11)

{Ae
i }n = 0, (12)

where Xi is the distance between the location of the plane-
wave source and the ith scatterer.

Next, the multiple-scattering approach is specialized for
computing dispersion and group velocities using Bloch’s
theorem. First, the incident-wave coefficients are removed
from Eq. (5) and the system is reduced to an N × N array
of scatterers:

{Bi} = [τ i]
N 2∑

j =1,j �=i

[RRR ji]T{Bj }. (13)

Then, a Bloch solution is sought of the form {Bj }(ω) =
{B0}(ω)eîλj μx eîγj μy such that

{B0} =
N 2∑

j =1,j �=i

[τ j ][RRR j 0]T{B0}eîλμx eîγμy , (14)
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where μ = μxex + μyey is the dimensionless wavevector
such that μx ≡ kxax and μy ≡ kyay ; λ and γ denote inte-
gers locating the j th unit cell away from the reference unit
cell S0; and kx and ky are the wavenumbers in the x direc-
tion and the y direction, respectively. Note that λ = γ = 0
for the reference unit cell (S0). For this substudy, the wave
propagates in the x direction such that kx = kB and ky = 0.
Placing all the coefficients {B0B0B0} on one side results in the
following relationship for the unknown coefficients of the
scattered wave:

[LLL 0(kB, ω)]{B0B0B0} = �0, (15)

where the elements of LLL 0 contain kB and the T and trans-
formation matrices. Setting the determinant of the LLL 0
matrix to zero yields the desired dispersion relationship
relating k�X (i.e., kB) to ω. This is done numerically due
to the complexity of matrix LLL 0 by specifying kB and then
finding the frequencies ω yielding the determinant zeroes.
Finally, with use of Eq. (1), the refractive index of the
corresponding unit cell can be calculated. A convergence
study of the band structure is performed by inclusion of
successive levels of neighboring scatterers (nearest neigh-
bors, next-nearest neighbors, etc.), together with the Bloch
theorem. This can be observed from Eq. (13), where λ

and γ locate scatterers away from the reference unit cell,
in the x direction and the y direction, respectively, and a
Bloch form of the solution has been invoked. The num-
ber of scatterers included is truncated in each direction
when the band structure converges to within 5% for any
frequency.

For the Bloch-wave multiple-scattering technique
described above, Fig. 4 depicts the band structure cal-
culated for an example unit cell. The band structure is
computed by our sweeping the dimensionless wavenum-
ber from 0 to π along the propagation direction (i.e., �X )
for the case of an aluminum plate (thickness 3.175 mm).

FIG. 4. Computed band structure for an example unit cell.
All wavenumbers correspond to waves propagating in the �X
direction.

FIG. 5. (a) Refractive-index profile and (b) ray propagation in
a GRIN medium with a desired profile.

The example nonsquare unit cell contains a centered hole
(diameter 4 mm) and has size of 8 × 6 mm2. Since only
transverse plate motions are modeled, all branches belong
to the first-asymmetric-mode type (i.e., A0 Lamb waves).
The presence of the void, together with repetition of the
unit cell, leads to a Bragg-scattering band gap. This band
gap limits the working range of the GRIN PCL since
frequencies in the band gap result in purely reflected
waves.

B. Ray-tracing analysis

The refractive-index profile of a two-dimensional GRIN
medium along the transverse direction (y-axis) is defined
as [26]

n(y) = nmaxf (y), (16)

where nmax is the refractive index along the center of
the axis of the medium (x-axis) and f is a function
with a convex shape with maximum value at y = 0 [see
Fig. 5(a)].

The ray equation [30] for the wave propagating through
the designed waveguide is obtained from the expression of
a differential arc length along a ray joining any two points
of the medium, as shown in Fig. 5(b):

d
ds

[
n(r)

dr
ds

]
= ∇n(r), (17)

where r(s) = x(s)î + y(s)ĵ denotes the position vector and
ds =

√
dx(s)2 + dy(s)2 denotes the arc length. The appro-

priate boundary conditions for an incoming plane wave are
x(0) = 0, dx/ds(0) = 1, y(0) = C, and dy/ds(0) = 0. In
the present application the refractive index is solely a func-
tion of y (i.e., dn/dx = 0). Equation (17) is then solved
numerically (e.g., with use of a finite-difference method)
for several choices of C, where each C prescribes a single
ray.

IV. GRIN-PCL OPTIMIZATION

The described modeling approaches, together with opti-
mization, are used to configure a nonsquare GRIN PCL
with increased focusing efficiency. The GRIN structure
uses through holes (i.e., scatterers) of differing diameter
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(a) (b)

(c)

FIG. 6. (a) Step-by-step algori-
thm describing the optimization
process for the proposed GRIN
PCL, (b) qualitative comparison
of the different refractive index
ratios (nmax/nmin), and (c) distri-
bution and size of the unit cells in
the GRIN medium.

constrained to a column of 11 holes evenly spaced in the y
direction (located at Yi = 0, ±ay , ±2ay , ±3ay , ±4ay , ±5ay
mm) and repeated every ax mm in the x direction. The hole
diameters are adjusted to achieve an appropriate refractive-
index profile of the form n(y) = nmaxsech(κy), where nmax
and κ represent optimization parameters. The third opti-
mization parameter is the y direction lattice constant, ay .
As depicted in Fig. 6(a), these three parameters drive an
ad hoc optimization procedure in which each candidate set
generates a refractive-index profile [see Fig. 6(b)] where
for fixed ay and nmax increasing κ both increases the cur-
vature of the profile and decreases the minimum index
of refraction nmin. Following specification of the three
optimization parameters, the profile is discretized [see
Fig. 6(c)] with use of ay as the discretization size to locate
the requisite refractive indices, ni = nmaxsech(κiay), i =
0, 1, 2, . . . , 5. Finally, the diameters necessary to achieve
these refractive indices are found with use of the Bloch-
wave multiple-scattering technique. For some choices of
ay , κ , and nmax, the diameters needed to achieve the req-
uisite refractive indices cannot be found, and thus this set
is determined to be infeasible. Any feasible combination is
assigned a cost fcost, described in more detail below, and
computed in part by steady-state multiple-scattering calcu-
lations. The optimized GRIN PCL is the one for which this
cost is driven close to a minimum.

For a GRIN PCL with a large refractive-index ratio (i.e.,
nmax/nmin 	 1), the related focal spots are closer to the
lens, while for a smaller ratio, the foci are further from
the source of the incident wave. Figure 7 depicts ray paths
in a continuous-profile GRIN PCL for different refractive-
index ratios. As illustrated, for a GRIN PCL with foci
closer to the source (implying smaller device size), the
ratio of the refractive index at the center axis and edges

should be larger. Conversely, when the maximum refrac-
tive index is large compared with the host-layer refractive
index, more energy is reflected from the GRIN PCL due
to the discrete nature of the refractive-index profile, result-
ing in less focused energy. Consequently, a clear trade-off
exists when one is choosing a discrete refractive-index
profile, motivating the use of a weighted cost function.
Herein, the cost of any candidate profile is divided into
three considerations. The first is the average focal power
Pfocal (computed by multiplication of the averaged steady-
state velocity of sampled points in the focal spot by the
area of the focal spot), the second is the focal spacing
lfocal (computed by ray tracing and confirmed by steady-
state multiple-scattering calculations), and the third is the
operating band of the GRIN fmax (determined from the
Bloch-wave multiple scattering and the predicted band-gap
lower frequency). This leads to the weighted cost function

fcost = −w1Pfocal + w2lfocal − w3fmax, (18)

where w1, w2, and w3 denote weights.

FIG. 7. Ray-path trajectories for the wave propagating in a
GRIN medium with different refractive-index-ratio profiles.
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(a)

(b)

FIG. 8. Multiple-scattering predictions
of the normalized wavefield displacement
for (a) the GRIN PCL inspired by Tol et
al. and (b) optimized, nonsquare GRIN-
PCL. Dashed lines represent ray-path tra-
jectories.

The GRIN PCL considered by Tol et al. [25] is cho-
sen to highlight the proposed analysis procedures and
optimization approach. Their system represents the first
experimentally verified GRIN PCL used for the purposes
of harvesting wave energy. The goal herein is to use the
presented analysis tools and ad hoc optimization procedure
to improve the harvesting performance and decrease the
size of the GRIN-PCL system of Tol et al.

Tol et al. considered square lattice cells (ax = ay = 8
mm) with blind-hole diameters of 7.00, 6.93, 6.63, 5.99,
4.81, and 2.00 mm in an aluminum plate of thickness
3.175 mm to obtain a hyperbolic refractive-index distribu-
tion, n = 1.186 sech(14.5y). Rather than blind holes, we
consider through holes; this difference, however, has little
effect on the analysis procedures and optimization con-
clusions since it amounts to only a small change in the
T-matrix scattering efficiency. Figure 8(a) depicts the pre-
dicted steady-state wavefield response of the GRIN PCL
inspired by Tol et al. generated with multiple scattering
at 50 kHz. Also shown are the corresponding ray-path
trajectories. Note that displacement amplitudes are normal-
ized with respect to the source displacement. As shown,
the incident plane wave is gradually bent toward the cen-
ter axis, where the refractive index is the highest (or the
wave speed is the lowest), resulting in convergence at a
focal spot. The maximum amplitude of the wave appears at
x ≈ 21 cm, or xf ≈ 11 cm from the left edge of the GRIN
PCL. Ray tracing predicts this distance to be xf = 10.8 cm.

The optimization procedure is applied next to increase
the focal power while decreasing the device size. The
optimization weights are chosen as w1 = 400, w2 = 30,
and w3 = 2/1000. Since the most important parameter for
designing a GRIN PCL for energy-harvesting purposes is
the power of the foci, this parameter is chosen to have the
largest weight. The second-most-important parameter is
the length of the focal point, whereby shorter focal lengths
are more desirable. Finally, the operating band is chosen to
have the least weight. All weights are chosen after some
calculations to ensure one weight will not dominate all

others during the optimization process. Eight different val-
ues (from 4 to 8 mm in 0.5-mm increments) are chosen for
ay , with ax remaining at 8 mm. Then, for a fixed ay , the
refractive-index-profile parameters (i.e., nmax and κ) are
varied to optimize the refractive-index profile. The max-
imum refractive index nmax is varied from 1.1 to 2.5 in
increments of 0.1, while κ is varied from 10 to 24 in incre-
ments of 0.1. The parameter ranges for ay , nmax, and κ are
those obtained for the system of Tol et al.

Following optimization at 50 kHz, the final GRIN PCL
is characterized by a lattice spacing of ay = 5.5 mm and

FIG. 9. Unit-cell dispersion curves for the optimized GRIN
PCL with ax = 8 mm and ay = 5.5 mm (top), and locations,
through -ole diameters, and resulting refractive indices computed
at 50 kHz (bottom).
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refractive-index profile n = 2.15 sech(19y). The device
contains through holes with diameters d = 5.45, 5.4, 5.35,
5.2, 4.5, and 3.90 mm, corresponding to refractive indices
of n = 2.15, 2.13, 2.10, 2.04, 1.97, and 1.88. Figure 9
shows the dispersion curves of the final lens for each of the
different unit cells. As shown, by increase of the filling fac-
tor (area of the hole to the area of the lattice), ν�X becomes
smaller, resulting in a larger refractive index for the cor-
responding hole [see Eq. (1)]. Accordingly, for smaller
through holes (i.e., smaller refractive index), an incident
plane wave travels faster in comparison with that in unit
cells with larger through holes.

Figure 8(b) presents the multiple-scattering-predicted
steady-state scattered displacement wavefield for the opti-
mized GRIN PCL at 50 kHz. Compared with the lens
inspired by Tol et al., the optimized lens results in a
shorter focal length due to the larger refractive-index ratio
nmax/nmin. The predicted focal distance is xF ≈ 9 cm,
which compares well with the ray-path-predicted value of
xF = 8.5 cm, and is 2 cm shorter than that of the unop-
timized lens for a plane incoming wave. In addition, at
the first focal point, the proposed design produces a higher
displacement concentrated over a smaller area. Moreover,
the second focal point is significantly more pronounced
(i.e., less aberration) than in the unoptimized case. Finally,
because of the decreased device size, a third focal point
begins to emerge, and continues past the right edge of the
GRIN PCL.

V. EXPERIMENTAL APPARATUS AND
VALIDATION

A set of experiments are performed to demonstrate
the performance of the optimized GRIN PCL. Figure 10

details the experimental setup. A Polytec PSV-400 scan-
ning laser Doppler vibrometer measures the out-of-plane
surface velocity field, while an oscilloscope measures the
harvester voltage. The GRIN PCL is formed with an alu-
minum plate of thickness hs = 3.175 mm. The scattered-
wavefield displacement is scanned over a 70 × 10 cm2

area, with use of the back side of the plate, with a 250 ×
250 grid resolution. Six epoxy-bonded piezoelectric trans-
ducers (Steiner Martins SMPL30W30T1121, 3M DP270
epoxy adhesive) with thickness hp = 0.2 mm, located 10
cm from the first unit cell, excite the system in response
to a generated 200-mV (peak-to-peak) voltage profile by
five cycles of a sinusoidal wave, with use of a function
generator (Agilent 33220A) coupled to a voltage amplifier
(B&K 1040L). Each rectangular piezoelectric transducer
measures 7 × 7 mm2 and has an effective capacitance of
Cp = 1.5 nF. The setup uses two circular harvesting trans-
ducers (Steiner Martins SMD03T04S311) with a radius of
1.5 mm and an effective capacitance of Cp = 3 nF. These
piezoelectric transducers are smaller than the size of the
focal area. All scatterers in the host plate have a depth of
3 mm (not 3.175 mm), which is used instead of through
holes to facilitate measurement with the scanning vibrome-
ter. Absorbing pitch tape is used on the plate’s perimeter to
prevent reflection of waves from boundaries. Proper trig-
gering of the laser measurements allows the reconstruction
of the out-of-plane velocity field, while time integration of
the recorded responses yields rms distributions.

Figure 11 displays the scattered wavefields obtained
experimentally for four operating frequencies chosen to
demonstrate the onset and loss of focusing, and clearly
demonstrates the existence of two foci along the centerline
of the aluminum plate. The measured wavefields in Fig. 11
resemble closely those predicted by multiple scattering.
Specifically, at the designed-for operating frequency of 50

(a) (b)

(c)

FIG. 10. Experimental setup:
(a) aluminum plate hosting
piezoelectric transducers to excite
waves and laser vibrometer
used to measure the back-side
transverse plate velocity, (b) func-
tion generator and amplifier for
generating the requisite voltage,
and (c) overall setup showing
the mounted plate and reflective
material on the back side.
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(a)

(b)

(c)

(d)

FIG. 11. Experimentally measured
normalized wavefield displacement
for (a) f = 40 kHz, (b) f = 50 kHz,
(c) f = 60 kHz, and (d) f =
70 kHz. In (b), the dashed black line
shows the theoretical ray path [see
also Fig. 8(b)].

kHz, the first focal point occurs at approximately 10 cm
from the leading edge of the GRIN PCL, and the second
occurs at 27 cm; this compares well with the multiple-
scattering predictions of 9 and 28.5 cm, respectively. Weak
leakage of wave energy is observed close to the foci due
to the imperfect depth of the holes. As expected, the
most-focused case is at the designed-for operating fre-
quency, where the frequency-dependent refractive-index
profile follows the sech shape. Here, the ratio of the max-
imum displacement to the minimum displacement (the
amplitude of the plane wave) is close to 3 (see Fig. 11).
For an excitation frequency of f = 40 kHz, the two foci
occupy a larger area due to longer wavelengths; conversely
these areas are smaller for f = 70 kHz due to a smaller
wavelength. On the basis of the band structure of the lens
(Fig. 9), for frequencies higher than f = 60 kHz, some of
the unit cells become inactive (i.e., the frequency is above
the cutoff frequency and pure reflection results). In sum-
mary, the optimized GRIN PCL operates over a 20-kHz
band starting at 40 kHz, resulting in broadband perfor-
mance. Anisotropy in the refractive index, at a frequency
of 50 kHz, is small as evidenced by the good agreement
between experimental and theoretical results.

FIG. 12. Experimentally measured peak voltage for various
values of load resistance.

Next, the harvesting potential of the optimized GRIN
PCL is assessed. A resistance substituter (IET Labs model
RS-200) is attached to the piezoelectric harvesters and
used to generate resistances from 10 � (close to short-
circuit condition) to 100 k� (close to open-circuit con-
dition). The first harvester is located 10 cm from the
leading edge (i.e., the first focal point), and the second
baseline harvester is located 20 cm from the leading edge
(i.e., where the plane wave is again reconstituted). With
use of an oscilloscope, the voltage across the resistor
is measured, and the average output power is calculated
accordingly. Figure 12 compares the experimentally mea-
sured peak voltage of the harvesters at the first focal point
and the baseline for different values of load resistance. The
piezoelectric voltage at the focal point is greater than the
baseline voltage for all values of load resistance. Similarly,
Fig. 13 documents the experimentally measured average
power output generated by the piezoelectric disks ver-
sus load resistance. The generated power obtained with
the focal harvester is 2 orders of magnitude greater than
the baseline power. The optimized output power repre-
sents an increase of approximately 12-fold compared with
the case with a near-open-circuit condition. Moreover, the
peak resistance of the power plot roughly conforms to that

FIG. 13. Experimentally measured average power for various
values of load resistance.
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predicted with use of a classical weakly coupled prediction
of (1/ωCp) = 1000.

VI. CONCLUSIONS

We present an optimized GRIN PCL and harvester sys-
tem using nonsquare unit cells. To support its analysis and
optimization, high-fidelity multiple scattering, ray tracing,
and an ad hoc optimization procedure are also detailed.
Starting from a previous GRIN PCL, we perform the anal-
ysis and optimization procedures to significantly increase
the focal power while decreasing the device size. Exper-
iments verify the optimized GRIN-PCL operation at the
designed-for frequency (50 kHz) and document broadband
performance out to ±10 kHz. Finally, a piezoelectric har-
vester located at the first focus of the GRIN PCL is shown
to yield an increase in power output of more than 1 order of
magnitude as compared with baseline energy harvesting.
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