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Driven in part by the extreme requirements of gravitational-wave detection, recent research about inter-
ferometric phase estimation has focused on the use of nonclassical states of light in order to beat the
shot-noise limit, allowing further improvements in sensitivity once the detected optical power has been
maximized. Still, for a large class of interferometric applications, the efficient use of these states remains
prohibitively complicated. Seeking simple improvements to instruments illuminated by classical laser
light, we revisit the passive or unmodulated Mach-Zehnder interferometer by structuring the estimation
problem in the form of a linear model for which an unbiased estimator attaining the Cramér-Rao bound is
easily computed. This paper compares the performance of such linear and efficient estimators for several
detection schemes used with two-output and four-output (in-phase and quadrature) interferometers. We
find that the independent monitoring of all available output ports leads to an overall sensitivity that is,
in most cases, better than that of balanced detection and single-output detection. In addition, it allows the
cancellation of the technical amplitude noise contribution at all operating phases without resorting to mod-
ulation techniques. This seldom used but simple detection scheme should therefore be considered when

designing instruments for operation close to and perhaps below the shot-noise limit.
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L. INTRODUCTION

The precise measurement of phase fluctuations from an
already known or measurable operating phase is one of
the most common challenges in optical interferometry. For
instance, it is relevant in the fields of laser stabilization and
characterization [1,2], gravitational-wave detection [3,4],
rotational measurements using optical gyroscopes [5,6],
and, more generally, in the large family of applications
in which a physical effect can be transduced to an optical
path-length variation [7]. Optimizing the performance of a
phase estimator, that is, minimizing its variance or power
spectral density (PSD) in a given spectral band without the
introduction of a bias, is important as it often constitutes
the most straightforward way to improve the sensitivity of
a given instrument.

The ultimate performance of interferometers illuminated
by classical continuous-wave laser light is generally deter-
mined by the photon-counting error, commonly referred to
as shot noise [8]. In the semiclassical framework, the shot-
noise limit (SNL) for phase sensitivity can be expressed
through the variance A = 2hvyB/(nP,) rad” in the ideal
case, with & being Planck’s constant, vy the laser fre-
quency, B the equivalent noise bandwidth, n the detection
quantum efficiency, and P, the input laser power [9]. The
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use of nonclassical light at the interferometer’s inputs
is required to beat the SNL [10]. Although impressive
demonstrations have been made in this direction [11-13],
the efficient use of nonclassical light, even for modest
sensitivity improvements, still constitutes a considerable
technical challenge [13,14] that might not be reasonable to
take in a number of applications, especially when the SNL
itself is difficult to attain.

In search for easy-to-implement methods to optimize
the performance of standard instruments, we reinvestigate
common detection schemes by structuring the estimation
problem in the form of a linearized model. Even though
this constitutes an approximation that is only valid for
small phase excursions around the operating point, most
interferometers naturally work in this regime when the
SNL constitutes a concern. For each detection scheme,
the linearization allows direct identification of an efficient
minimum variance unbiased (MVU) estimator whose sta-
tistical behavior is fully defined [15]. Using this simple
process, we are able to confirm well-known facts about
the optimal operation of interferometers. We also find that
using as many photodetectors as there are output ports is
associated with significant benefits. This paper focuses on
the elements supporting these findings.

Section II is dedicated to the theoretical analysis of
the interferometric phase estimation problem based on the
semiclassical model of photodetection. Although internal
modulation [16] (similar to heterodyne readout [17]) and
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external modulation [18] (similar to homodyne readout
[19]) are often used to reduce the contribution of low-
frequency technical amplitude noise and avoid additive
flicker noise, they introduce other complications [20,21]
and require tailored modulation and demodulation wave-
forms to efficiently approach the SNL [22]. For this last
reason, a distinct theoretical framework would be required
to properly treat these cases. The analysis made here is
consequently restricted to fully passive interferometers
(this format could also be called “dc readout” or “direct
detection”). Several detection schemes which respect this
restriction are compared using the introduced theory.
Section III covers an experimental demonstration support-
ing the original conclusions of the theoretical analysis and
providing additional insights about its application.

II. THEORY

In this section, a series of approximations and assump-
tions is introduced, allowing the interferometric signals
to be put in the form of a linear model. The associated
MVU estimator is then presented along with its statistical
performance. This provides the theoretical tools required
for a comparison of the phase sensitivity of several detec-
tion schemes used with passive two-output and four-output
interferometers. The section concludes with a short com-
ment about the effect of typical imperfections found in
interferometric instruments.

A. Linearized form of the estimation problem

When illuminated by laser light of average power Py, the
lossless 50:50 interferometer illustrated in Fig. 1(a) outputs
two time-varying power signals that take the following
forms:

P = 11 a] (1~ Veos [0 + 000+ m,
(1a)

P
Py = 70 [1 4 a@®)]{1 + Veos [6y + 6()]} + na (D),
(1b)

where «(f) represents a zero-mean relative power signal
that can be related to amplitude modulation of the laser
field [23] and V is the fringe visibility, a power ratio that
takes value 1 only in an ideal interferometer. Here, the vis-
ibility 7 is modeled so that it can naturally account for a
polarization mismatch in the interferometer; other imper-
fections such as losses and imperfectly balanced coupling
have to be modeled in a slightly different manner, as we
later discuss. The total interferometric phase is the sum of
two terms: 6y, the mean phase or operating point, which
is determined by the laser’s carrier frequency vy and the
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FIG. 1. (a) Passive two-output interferometer. (b) Passive four-

output interferometer based on a2 x 4 optical 90° hybrid coupler
[25]. Only shot noise is considered in the displayed power sig-
nals; additive noise is introduced at a later stage, represented
by the black dots. Although fiber interferometers are illustrated
here, the treatment of this paper is also valid for free-space
interferometers.

average interferometric delay 7y (6p = 27 vy19), and 6(7),
the zero-mean phase signal of interest that is typically pro-
duced through delay modulation of the interferometer or
phase modulation of the input laser field [24]. The term
“modulation” is used here in its broadest sense: it can rep-
resent a deterministic or stochastic signal without loss of
generality.

The terms n;(f) and n,(¢) account for all measurement
noises expressed in units of optical power. This includes
shot noise, which is the most fundamental contributor,
but also all forms of additive noise, for instance, thermal
noise and amplifier noise in the photodetector’s electron-
ics. These measurement noises are assumed to be zero
mean and Gaussian, an accurate model even for Poissonian
shot noise as long as more than approximately ten photons
are measured during the system’s effective integration time
[26,27], a condition that is most often respected in practical
contexts. Quantization noise is notably non-Gaussian, but
it is rarely dominant in typical analog-to-digital converter
(ADC) designs. We thus consider its small contribution
to the overall noise to be Gaussian, when it is not simply
negligible.

The use of the Gaussian model allows the zero-mean
measurement noises to be fully defined using a single
covariance matrix. Each element of this matrix can include
a contribution from shot noise and a contribution from
additive noise. Since our treatment is based on the semi-
classical model of photodetection, we assume that shot
noise at one output of the interferometer is statistically
independent from shot noise at the other output, with a
variance that is proportional to the average output power.
The exact variance can be computed from the mean
photocurrent and the detector’s quantum efficiency. The
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additive noise in each detection channel is also assumed
to be independent from that in the other channel, although
in this case we consider the two variances to be equal and
known. In practice, this information is obtained by mea-
suring the noise level in the absence of illumination. To
simplify the theoretical results, we introduce the dimen-
sionless parameter y, which we define as the ratio between
the additive-noise variance and the shot-noise variance that
would be measured at the input of the interferometer using
a detector with the same quantum efficiency 7. In units
of optical power, this “total” shot-noise variance is given
as 2hvoBPy/n = AP(%. Using this definition, it is under-
stood that only shot noise contributes to the measurement
noise when y = 0, while additive noise has the potential
to be the dominant contributor when y > 0, depending on
the average power that is measured at the output under
consideration.

When 6 (#) < 1, that is, when the unknown phase fluctu-
ations can be assumed to be sufficiently small, it is possible
to linearize Eq. (1) around the known operating point
6y. This linearization leads to the following approximate
expressions:

/ Py
P ()~ > (1 ="Vcosby) [1+ a(®)]

Py .
+ (7 Vsin 90> 6(t) + ny (1), (2a)

’ Py
Py~ 5 (14 Vecosby) [1 + a(h)]

- (% Vsin 90) 0(1) + na (), (2b)

where the cross terms are neglected under the addi-
tional assumption that the relative power signal is small
[a(f) « 1]. Since all time-varying signals are modeled to
be zero mean [28], the mean part of each power signal in
Eq. (2) can be removed or filtered out without loss of infor-
mation. This leads to a natural description of the observed
data in matrix form:

P=Gy +n, 3)

in which P is the mean-subtracted measurement vector
(or data vector), G is the observation matrix (or sen-
sitivity matrix or Jacobian matrix), ¥ is the parameter
vector, and #n is the noise vector having statistical prop-
erties defined by C,, which can represent a variance or
covariance depending on context. Note that optical power
signals without the prime symbol implicitly have their
mean subtracted and that the explicit time dependence is
dropped from this point on. Equation (3) constitutes the
linear model; the exact structure of the variables it con-
tains depends on the detection scheme used to conduct the

interferometric experiment and on assumptions about the
relative contribution of 6 versus «.

For a two-output interferometer [Fig. 1(a)], the three
detection schemes we consider are as follows: “single
detection,” where the power is measured at only one of
the two output ports (P; or P,), “balanced detection,” for
which the difference between the powers incident on both
detectors is recorded (P, — P;), and “double detection,”
where both output ports are monitored independently (P,
and P,). For single detection and balanced detection, the
linear model is set to estimate 6 assuming « has negligible
contribution, regardless of the validity of this assump-
tion. We call this method “individual estimation” since the
available information is insufficient to separately estimate
both parameters. However, double detection does provide
sufficient information for this to be achieved, in which case
the method is called “simultaneous estimation.” Still, if «
is considered to be negligible, double detection can be set
for individual estimation through a proper organization of
the linear model. The structure of the model for each of
these detection schemes is detailed in Table I.

Under certain experimental conditions, it can be bene-
ficial to replace the interferometer’s 50:50 output coupler
with an optical 90° hybrid coupler [Fig. 1(b)]. This has an
effect analogous to splitting the laser signal in two parts of
equal power Pj/2, sending one part to the interferometer,
and sending the other part to a second interferometer that
is identical to the first one except for an extra differential
delay that ideally corresponds to a 7 /2 phase shift at the
laser’s carrier frequency [2]. An interferometer based on
such a coupler outputs four signals instead of two:

P

P = TO (1+a)[1 —Vcos (6o +0)]+m,  (4a)
/ PO

P, = T A+ a)[1+ Vcos(@y+0)]+ na, (4b)

. P
P, = 70 (1+a)[1—Vsin@ +)]+n,  (4c)

P .
P, = TO (I4+a)[1+Vsin(@+60)]+ny,  (4d)

where Py still represents the average laser power at the
overall system’s input. For such a four-output interferom-
eter, the previous approximations can also be applied in
order to obtain a linear model. The main difference with the
case of the two-output interferometer resides in the avail-
able detection schemes. Here, we consider two of them:
“double balanced detection,” for which the in-phase I sig-
nals (P; and P;) and quadrature Q signals (P3 and Py)
are each treated as in balanced detection, and “quadruple
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TABLE I. Elements of the linear model and MVU phase estimator variance for the three detection schemes studied in a passive
50:50 two-output interferometer. A is the SNL, y is the ratio between the additive-noise variance in one detection channel and the
total shot-noise variance measured at the input, and V7 is the fringe visibility. In double detection with simultaneous estimation, & can
be estimated concurrently with 6 and the SNL for relative power, also expressed as A, can be reached when y — 0 and V' — 1. In all

cases of individual estimation, a non-negligible o instead contaminates the phase estimate 6.

Detection scheme Single Balanced Double Double
Estimation method Individual Individual Individual Simultaneous
P P
i g (7] [#]
VPy : . VPy sin Oy Py | (1—=Vcosby) (Vsinbp)
G = sinfp —VPysin6y 2 [—sineo] 2 [(1+Vcos90) (7Vsin90)]
4 0 0 0 [5]
2 1 1| 2y+1—Vcosby 0 1| 2y+1—Vcosby 0
Co/(APD) Joy+1-veosa) v+l F0 ] T s ]
2 22y +1—Vcos 6p) y+1 Qy+1)2—¥2 cos? 6y 2y+1+Qy—1) V2 cos? 6y
% /A (any y, V) V2 sin? 6 V2 sin2 6, Qy+1)V2sin? g, V2 sin2 4
2 _ _ 2 1
O’(;/A()/—O,V—l) T+cos g sin? 6y ! !

detection,” where the four output ports are monitored inde-
pendently. The structure of the linear model for each of
these cases is presented in Table II.

estimator and it makes full use of the recorded information.
Since the last equation represents a linear transformation of
a Gaussian noise vector, the statistical performance of the

estimator v is also completely specified, i.e.,
B. Minimum variance unbiased estimator

When the observed signals can be put in the linear form v~ N, ), (6)
of Eq. (3), it can be shown [15] that the MV U estimator is
given by where
N _ -l
b =("c'6) " G, 5) ¢y =(¢"C,'G) ™)

provided that GTC; G is invertible. Moreover, this MVU
estimator is efficient in the sense that it attains the Cramér-
Rao bound (CRB). It is thus the best possible unbiased

can either represent the estimation variance o éz if ¢ is mod-
eled to contain only 8 or the estimation covariance under
simultaneous estimation of « and 6. In the latter case, the

TABLE II. Elements of the linear model and MVU phase estimator variance for the two detection schemes studied in a passive
50:50 four-output interferometer. A is the SNL, y is the ratio between the additive-noise variance in one channel and the total
shot-noise variance measured at the input, and V is the fringe visibility.

Detection scheme Double balanced Double balanced Quadruple Quadruple
Estimation method Individual Simultaneous Individual Simultaneous
Py—P Py—P T T
P [PZ—P;] I:Pi_P;] [P1 PPy P4 [P1 P2 P3Py ]
sin O (1—=Vcosby) (Vsinby)
G VPy | —sinfy VP | (cosBp) (—sinfy) VPy | —sinfy Py | (14+Vcosby) (—Vsinby)
"2 | coséy "2 | (sinfpy) (cosby) 4 | —cosfy 4 | (1-Vsinfy) (—Vcosby)
cos 6y (14+Vsin6y) (Vcosby)
14 0 [51] 0 (9]
Wil o o 7? wig 0 0 0 7%
2 1|2y+1 0 1|2y+1 0 1 0 wyy 0 0 1 0 wyp 0 0
Cn/(APo) 2 [ 0 2y+1] 2 [ 0 2y+1] 4 0 0 wiz 0 4 0 0 wiz 0
0 0 0 wgq 0 0 0 wqq
. b
2 2Q2y+1) 2Q2y+1) 2[(4y+1)2—V2 cos? 6y |[(4y+1)2— V2 sin2 6]
o5/A (any y, V) Z 2 V2 (y+ DIy + 12— (sin* 6y +<os? 6)]
aé/A(y:O,V: 1) 2 2 1 1

awl,l =4y 4+ 1 —Vcosby, Wyo = 4y 4+ 14 Vcos b, w33 = 4y + 1 — Vsiné,, Wag4 = 4y + 1 4 Vsiné,.

This expression is only valid for individual estimation, although it constitutes a good approximation in simultaneous estimation for
which the true expression is significantly more elaborate. At worst, the displayed and nondisplayed expressions differ by 0.5% when
y = 0.1; they become identical for y = 0 and y — o0. The displayed expression is thus sufficiently accurate in most practical cases.
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individual estimation variances are found on the diagonal
of the matrix Cv;. These variances, 00% and O’éz, are typi-
cally used to define the sensitivity of an interferometric
measurement in relative power and in phase, respectively,
although relative power estimation is seldom done this way
since it can easily be performed without an interferometer.

The advantage of simultaneous estimation rather lies
in the absence of crosstalk between the two param-
eters. This property can be recognized by switching
the mean-subtracted measurement matrix containing the
power signals in Eq. (5) for Gy, which is the same minus
the measurement noise contribution (i.e., P — n = Gy).
This produces the following expression:

(G"c;'6)” 6'c;' Gy, (8)

in which the premultiplier for ¢ can be identified as
the identity matrix of size 2 if simultaneous estimation
is performed. The presence of null off-diagonal elements
confirms there is no crosstalk on average between the two
estimates. For most applications, the important implica-
tion is that simultaneous estimation allows phase to be
estimated without contamination from technical relative
intensity noise (RIN) regardless of the level of the phase
signal relative to RIN and the point of operation, but
provided the linear approximation remains valid.

C. Performance comparison in a two-output
interferometer

The variances of the phase estimates obtained by linear
MVU analysis of a two-output interferometer are compiled
in Table I and illustrated in Fig. 2 for a few insightful
combinations of y and V. One apparent conclusion is that
all detection schemes can theoretically reach and practi-
cally approach the SNL at a minimum of one operating
point 6y per 2z range (one complete fringe cycle) in the
regime of small additive noise and high visibility. For sin-
gle detection, this occurs close to the dark fringe (6 = 0
for P)), at a phase offset which depends sharply on y and
V. This property was recognized in [16] and it is consid-
ered in the design of LIGO [20]. For a nonzero offset from
the dark fringe, the contribution from the relative power
o is not canceled and can be dominant at low frequen-
cies. In balanced detection, the SNL is reached halfway
between the bottom and the top of the balanced fringe
(6p = {m/2,3m/2}), a fact that is also well known in the
interferometry community. This is a convenient property
since it is also where the relative power « is naturally can-
celed when balancing, or significantly attenuated in the
presence of imperfections. This remains true for all val-
ues of y and V. Finally, in double detection, whether it is
based on individual or simultaneous estimation, all operat-
ing points are optimal in the asymptotical sense (y — 0,
V' — 1). Far from one asymptote, however, the minimum

@ 10
Single ind. ~_
~ Balanced ind.
1
®) 10
< 4
=
= i
“Double ind.
1 4 — Double sim. —
B U
1 h T T T 1
0 0.5 1 1.5 2
9[) (7T rad)
FIG. 2. (a) Theoretical ratio between the phase estimator vari-

ance and the SNL in the absence of additive noise for a two-
output interferometer displaying perfect visibility. (b) Same for
perfect visibility with additive noise. (¢) Same for imperfect
visibility without additive noise.

variance is reached at the same operating points as bal-
anced detection, that is, 6y = {7 /2,37 /2}. Just like in
balanced detection, the relative power o is canceled at
those points (individual estimation). This scheme is almost
never used in interferometry and we believe that its inter-
esting properties are not well known. Wider recognition of
these properties would likely lead to broader usage.

The optimal detection scheme ultimately depends on
various application-dependent factors, but we can draw
several general conclusions from the linear MVU estima-
tion analysis. Single detection is the simplest in terms of
hardware and implementation, but its performance suf-
fers from the largest penalty for higher y and/or lower V.
Balanced detection is the most robust under all experimen-
tal conditions with a variance that reaches (y + 1)A/V?
at the optimal point of operation. This corresponds to
the absolute minimum that is achievable for a two-output
interferometer fed with a classical state of light, a condi-
tion that occurs for this scheme because we assume that
additive noise is introduced after balancing [Fig. 1(a)] as
is typically the case in practice. Double detection requires
more hardware than balanced detection for the same total
shot-noise variance, which implies a larger additive noise
contribution and thus higher estimation variance at the
optimal operating point when y is increased [see Fig. 2(b)].
However, it offers a better overall performance when shot
noise is dominant (y < 1), as can be recognized by the
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fact that its estimation variance remains closer to the
SNL over a large range of operating phases. This feature
can be explained by the fact that the two signals con-
tain more information in total than what remains in their
difference. This can provide some advantages for nonsta-
tionary phase measurements (phase drift) [29,30], when
there is no prior knowledge about 6, and the overall esti-
mation fidelity has to be maximized [31,32], or when
active stabilization of 6y through actuation of the laser
or the interferometer is impractical or undesired [33,34].
Double detection is also the only passive scheme that
permits independent and simultaneous measurement of «
and 0 in a two-output interferometer, a convenient property
when both parameters convey useful information or when
crosstalk is problematic. However, simultaneous estima-
tion implies a penalty with respect to individual estimation
[see Fig. 2(b)], a phenomenon that becomes more apparent
for higher y, so it should only be used if the advantages
outweigh this penalty.

It is worth noting that double detection has already been
recognized by Pezzé et al. to perform better than balanced
detection for operation close to the SNL in classical-light
interferometry [35]. Besides the general form of the math-
ematical model, notable differences between our works
include the initial assumptions (linearity and Gaussian
noise, mainly), which are more restrictive here but lead
to simple analytical expressions even under explicit con-
sideration of additive noise and various interferometric
imperfections, the capacity of our model to properly take
technical RIN into account if required, and our following
treatment of four-output interferometers. Still, our conclu-
sions about the sensitivity of a two-output interferometer
are similar, suggesting that the formalism described here
could be successfully translated to interferometers fed by
squeezed-vacuum light, as was done by Pezzé et al. in a
following paper [36].

D. Performance comparison in a four-output
interferometer

The results of the linear MVU estimation analysis for a
four-output interferometer are compiled in Table II. Once
again, the phase estimate variances for three selected com-
binations of y and V are illustrated in Fig. 3. By inspection
of Table II, it is apparent that double-balanced detection
produces measurements that are in quadrature. This allows
independent and simultaneous extraction of amplitude and
phase, even when the phase signal cannot be linearized
[2]. Here, however, our interest still lies in cases where
0 < 1 and for which the estimation problem can be put in
the linear form of Eq. (3). The quadrature relation implies
there are no optimal operating points even when y > 0 and
V < 1. In other words, the variance of the phase estimate
is always constant, which means that active stabilization is
not required for optimal estimation. Moreover, individual

(@ 3
5 Double balanced
1 Quadruple
vy=0,V =1
0 T T r 1
b) 3

b

0 T T T 1
() 13-
2 4
1 4

0 T T T !

(0] 0.5 1 15 2

0(] (71' rad)
FIG. 3. (a) Theoretical ratio between the phase estimator vari-

ance and the SNL in the absence of additive noise for a four-
output interferometer displaying perfect visibility. (b) Same for
perfect visibility with additive noise. (c) Same for imperfect vis-
ibility without additive noise. Individual estimation and simulta-
neous estimation give almost identical results, so only one case
is displayed.

and simultaneous estimation always yield the same per-
formance since crosstalk is directly eliminated. The only
disadvantage of the double-balanced detection scheme is
that the SNL cannot be reached: a 3-dB penalty arises even
in the ideal case because the total input power is effectively
split between two interferometers (I and Q) that both rely
on balanced detection, an operation that leads to a loss of
useful information as recognized in the previous section.
In contrast, the SNL can be reached in theory if the
quadruple detection scheme is used. This means that the
3-dB penalty of double-balanced detection can be elim-
inated at most but not all operating points. To benefit
from this improvement, it might thus be necessary to rein-
troduce active stabilization. Of course, this constitutes a
net advantage only when the increased hardware com-
plexity is tolerable, when additive noise is small, and
when fringe visibility is high. As y increases, the perfor-
mance of quadruple detection becomes worse than that of
double-balanced detection, first at certain operating points
and eventually over the full 27 range, because the extra
detection channels add their own noise. As was the case
for a two-output interferometer, there are advantages and
disadvantages to the independent measurement of all out-
put signals. The trade-offs are, however, different in the
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two cases since crosstalk is rarely problematic in a four-
output interferometer, regardless of the detection scheme
that is used, whereas the 3-dB penalty is not an issue for
the two-output interferometer based on single or balanced
detection as long as the operating point is controlled. Still,
for best overall performance close to the SNL, monitoring
all output ports is preferable in all cases.

E. Impact of imperfections in the interferometer

At this point, only the imperfect fringe visibility due to
polarization mismatch has been considered. It is, however,
easy to model other imperfections such as losses and
imperfectly balanced input and output couplers by adjust-
ing the matrix G and the shot-noise level in C,. It should be
stressed that any imperfection or departure from the ideal
case implies some form of penalty with respect to the esti-
mation variances given in Tables I and 11, although the final
effect may be neutral in some occurrences. Since it can
be difficult to accurately model all interferometric imper-
fections, it is preferable to characterize the instrument in
a prior measurement. This calibration can be easily per-
formed through controlled modulation of the laser phase,
laser frequency, or the interferometric delay, provided that
a full 27 range of 6 is explored over the spectral range of
interest.

III. EXPERIMENTAL DEMONSTRATION

This section starts with a description of the essential
elements of the laboratory setup. We then provide an
overview of the signal processing steps before presenting
the sensitivities measured experimentally for all detec-
tion schemes studied in the previous section, first for a
two-output interferometer and then for a four-output inter-
ferometer. Instead of working with the phase variance,
we consider the integrated PSD between 350 kHz and
1 MHz since it is difficult to reach a satisfying value
of y (for the purpose of this demonstration) when inte-
grating over lower frequencies. With trivial adaptations,
the conclusions of the theoretical section remain valid
when integrating quantities over a restricted spectral range.
Note that the SNL is simply 2Avy/(nPo) rad’/Hz when
expressed in PSD.

A. Setup and equipment

The laser used in the experiment (OEWaves, WGM
Gen3) outputs continuous-wave light at 194.7 THz (1540
nm) and provides enough optical power to simulta-
neously saturate all the detectors. A RIN PSD level
that is well approximated by the expression [(4 X
107"/ +3 x 10717] 1/Hz is measured above 1 kHz,
where f is the frequency (shot noise is subtracted for
this PSD measurement). The same is performed for the
frequency-noise PSD, with a measured level of roughly
(4 x 10%)/f Hz?/Hz. An electro-optic modulator (EOM,

from EOspace) is used at the interferometer’s input, allow-
ing the generation of a sinusoidal phase-modulation signal
at 300 kHz for verification purposes.

We assemble a fiber interferometer similar to the one
illustrated in Fig. 1(b) and set a small differential delay
79 ~ 3 ps (corresponding to approximately 600 um in sil-
ica) in order to minimize losses, phase drift, and unwanted
contribution from the laser’s frequency noise [37]. How-
ever, a small gain for frequency noise also implies a small
gain for laser phase modulation (PM). This explains why
we observe a significant residual amplitude modulation
(AM) at 300 kHz when using the EOM, as the interfero-
metric gain for AM is rather close to unity. It is necessary
to consider the contribution of this residual AM, display-
ing a phase shift of 2.6 radians and a —15-dB level with
respect to the phase component (units of o versus 6), in
order to explain the results presented later. Since our goal
is to expose the ultimate noise floor that lies under the ver-
ification signal at 300 kHz, the laser’s frequency noise is
undesired in our experiment; however, it would constitute
the signal of interest in many applications.

Instead of implementing all detection schemes in suc-
cession, we simply perform quadruple detection, record the
data, and emulate the action of other schemes through sig-
nal processing; to study the two-output interferometer, we
discard the two signals of the interferometer’s Q branch.
This shortcut is associated with one important difference
with respect to our previous theoretical treatment: it intro-
duces more additive noise than strictly possible in balanced
detection, since a typical balanced detector would add
negligible additive noise prior to the subtraction step, as
assumed in the theoretical analysis (see Fig. 1). However,
this has a small impact in our chosen regime of opera-
tion and our conclusions remain the same (the theoretical
model could, however, be adapted in cases for which y is
closer to 1).

Amplified InGaAs detectors are designed to minimize
y, the ratio between additive-noise variance and shot-noise
variance. The first step in this direction usually consists
in maximizing the output voltage, given by the product
of the transimpedance gain R and the photocurrent /.
Here, a maximum value of Rly ~ 18 V is possible. This
figure determines the ratio between the thermal-noise vari-
ance associated to the feedback resistor and the shot-noise
variance. With R/, fixed, what remains is the adjustment
of R so that other forms of additive noise, namely ADC
noise, are not contributing too much to the overall noise.
With this objective in mind, we chose a value R = 39
k2. Considering the properties of the photodiode (Thor-
labs, FGAO1FC), circuit board, and operational amplifier,
this value of R sets the detection bandwidth to roughly 1
MHz (resonance at 1.4 MHz with an OP-27 operational
amplifier) and the maximum photocurrent to Iy = 450 pA.

The maximum value of Py is also determined by these
design choices since the power that can reach a single
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FIG. 4. (a) Theoretical relation between y and the tran-

simpedance gain R for n = 0.79, Py = 865 uW, T'= 300 K (the
effective temperature is 7'~ 550 K considering the operational-
amplifier current noise) and vy = 194.7 THz, and for an acqui-
sition noise of density 15 nV/Hz'/2. (b) Measured frequency
response’s modulus normalized by the transimpedance gain at
the detector’s output and at the HP filter’s output. (c) Samples of
the calibration data (blue points) and constrained least-squares
elliptical fit (orange line). Four of the five extracted parameters
are displayed in units of uW. The fifth parameter is an angle
which has to be combined with the angles provided by the two
other fits (not displayed) to extract the four x;. Samples of the
LP signals associated to the eighth sensitivity measurement are
superimposed in yellow. (d) Time-resolved values of Bg extracted
using Eq. (9). The value of 6 is taken as the mean of this signal.

detector in a four-output interferometer is Py/2 at most in
the absence of imperfections. For one of the four detec-
tors to output its maximum voltage at one operating point,
Py ~ 1 mW would be needed at the interferometer’s input.
In the experiment, the laser signal is instead attenuated
down to 865 wW in order to maintain an acceptable level
of nonlinearity. Taking all design parameters into account,
we calculate and measure y ~ 0.003 [Fig. 4(a)], a value
that could have been reduced further at the expense of
a lower detection bandwidth. However, in spite of these
design efforts, the final performance of the interferometer
is in large part determined by the fringe visibility, mea-
sured at I = 0.986 (the geometric mean of the four slightly
different visibilities).

The dynamic range of our digitizer (GaGe CSE8389)
is insufficient to reach this low value of y when mea-
suring small fluctuations on top of a dc signal that can
reach more than 15 V. Consequently, each signal is split
using a crossover network into a low-pass-filtered part

(LP) and high-pass-filtered part (HP) with cutoff at 6 kHz;
both parts are recorded independently. With their higher
signal-to-noise ratio, the HP signals are used for the final
noise analysis. However, the LP signals are required to
conduct the calibration and extract the average phase,
two operations that are based on the processing of dc or
low-frequency signals. The ADC’s voltage-noise PSD is
measured to be 120 nV/Hz'/? at 40 kHz, a value asso-
ciated to y(40 kHz) ~ 0.05, and decreasing towards a
white floor of level 15 nV/Hz!'/? from 300 kHz and up,
or y(f > 300 kHz) =~ 0.003. With the useful detection
bandwidth limited at 1 MHz, this explains why the analy-
sis is performed over a restricted spectral range. For a total
duration of 160 ms, all signals are sampled at 125 x 10°
samples/s, the available digitizer’s highest possible rate, in
order to minimize noise aliasing

B. Signal processing

Several offline measurements are performed in order to
obtain results as free of the effects of experimental imper-
fections as possible. First, the frequency response of each
detection channel is characterized through laser-power
modulation over the full detection bandwidth [Fig. 4(b)].
This allows the construction of an equalizing digital filter,
effective from the 6 kHz cutoff frequency up to 1 MHz (the
gain is also brought back to 1). This filter is applied to all
HP signals prior to further processing. Second, the mean
of the additive-noise PSD between 350 kHz and 1 MHz
is computed; the single figure obtained for each detec-
tion channel is used as the first part of the measurement
noise covariance (or variance) C,, the other part being shot
noise, which is modeled based on the results of the cal-
ibration procedure outlined in the theoretical section. As
stated before, this calibration is also required to obtain an
accurate estimate of the observation matrix G.

Since the calibration is performed using the same laser
and interferometer as in the final measurement, it is
affected by the same types of noise, leading to a lim-
ited sensitivity. However, this calibration is required to
characterize the average behavior of the interferometer;
therefore, aggressive averaging can be performed so as to
minimize the uncertainty. We thus start by modeling each
LP calibration signal in the following modified form:

P,; = by +aicos (B + xp) + i ©)

for k =1, 2, 3, and 4, where b; is the fringe bias, ay is
the fringe amplitude, and yx; is a phase offset. For a per-
fect interferometer, the parameters of the last expression
take values by = a; = Py/2 and x; = {7,0,—m/2,7/2}.
Of course, this is never exactly the case in practice, namely
because an optical 90° hybrid coupler does not produce
a perfect w/2 phase shift and because it can introduce
some crosstalk between its I and Q branches, but also
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because of the typical imperfections which are mentioned
in Sec. II. To estimate the value of each parameter, we per-
form a constrained least-squares elliptical fit [38] on the
three data sets P} (P}), P,(P}), and P,(P}), which is possi-
ble since B [analogous to the full phase 6y + 6(¢) outside
of calibration, but more affected by measurement noise]
is slowly varied over a full 27 range during the calibra-
tion run [Fig. 4(c)]. Three such fits provide a total of 15
ellipse parameters, of which four are redundant, in the con-
text of IQ interferometry; this is enough to estimate the 12
unknowns of Eq. (9), of which 11 are independent.

With these 11 parameters and the average additive-noise
level in hand, the matrices G and C, are calculated over
the full phase range and for all detection schemes, pro-
viding benchmarks to assess the performance of the MVU
estimates measured experimentally. Final sensitivity mea-
surements are carried out at 25 static operating points. In
each case, it is necessary to extract an accurate value of 6,
so as to compute the proper estimate from Eq. (5). This is
done by inverting a noiseless version of Eq. (9) in order
to isolate B, using the LP signals (P}) recorded for the
nth data set. The mean of §, is taken as the 6, value for
the nth measurement [Fig. 4(d)]; its standard deviation is
used to trace the x-axis error bar. Finally, each MVU esti-
mate’s PSD is computed and the sensitivity is calculated
as its integral between 350 kHz and 1 MHz, with y-axis
error bars given by the standard deviation of the associated
spectral noise.

2/A )

[

9[) (7T rad)

.43 | — Single ind., modeled
10 —— Balanced ind., modeled
—— Double sim., modeled

< —— Single ind., measured
jus) Balanced ind., measured
> ,~-14 | —— Double sim., measured
< 10 — - SNL (425 ;W)

o N

T w
f (Hz)

FIG. 5. (a) Comparison between the modeled and measured
phase estimate variances as a function of operating point in a
two-output interferometer. (b) Same for the phase estimate PSD,
but only at the operating point circled in the top panel.

|’y —0.003, V = 0.986

0 0.5 1 1.5 2
0() (7T rad)
3 —— Double balanced, modeled
—— Quadruple, modeled
Double balanced, measured

—— Quadruple, measured
| — - SNL (865 uW)

oS 1015 T -
10° 108
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FIG. 6. (a) Comparison between the modeled and measured

phase estimate variances as a function of operating point in a
four-output interferometer. (b) Same for the phase estimate PSD,
but only at the operating point circled in the top panel.

C. Results

The outputs of the processing procedure are shown in
Figs. 5 and 6. Since the results are nearly identical for
all schemes in which both individual and simultaneous
estimation is possible, we only display the latter to min-
imize clutter. By inspection of Fig. 6, it can be noticed
that the model curves are slightly asymmetric with respect
to 6y = m. This is caused by the crosstalk between the
I and Q branches of the 90° hybrid coupler, which pro-
duces a small phase offset measured at 0.02 rad. A similar
asymmetry is found in Fig. 5, but in this case it is artifi-
cial since these results are obtained by discarding the two
signals of the four-output interferometer’s Q branch, as
explained before. Therefore, this phenomenon could not
occur in a real two-output interferometer. It is worth noting
that the total power, the visibility, and the parameter y are
not perfectly identical in the I and Q branches, which jus-
tifies the different model parameters used in the two plots.
Other asymmetries can be explained by the 0.1 rad error in
the 1Q phase shift at 194.7 THz, the definition of the ref-
erence angle (6p = 0), and other imperfections visible in
Fig. 4(c).

For the two-output interferometer, the amplitude of the
calibration signal at 300 kHz is visibly different for the
three detection schemes. This arises since the input signal
is not pure PM, but rather contains AM as stated previ-
ously. At the operating point 8y = 0.217, AM (and iden-
tically RIN) are fully canceled only in double detection
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and simultaneous estimation: the theoretical interferomet-
ric gain for «a-type signals instead is —8.8 dB for single
detection and 2.1 dB (with a m phase shift) for bal-
anced detection, taking the interferometer imperfections
into account. These numbers are fully consistent with the
observed signal levels considering the phase shift and
relative contribution of AM versus PM in the verifica-
tion tone. The AM-to-PM crosstalk also explains why the
curve for balanced detection is significantly higher than
the two others below 100 kHz: it is much more contam-
inated by technical RIN. Finally, we note that these effects
are not visible in Fig. 6 primarily because a four-output
interferometer is largely immune to such crosstalk.

Starting from 300 kHz and going down, the value of y
increases progressively by roughly one order of magnitude.
Obviously, this increases the total measurement-noise vari-
ance, which in turn raises the phase-noise floor in this
region. However, the main reason why the PSDs are seen
to rise significantly below 70 kHz is because the estima-
tor is built assuming a value of y that is invalid below
300 kHz. Therefore, the estimator is not optimal since the
model is inaccurate in this spectral range, which means the
CRB cannot be reached. Nevertheless, in the range of inter-
est for this demonstration between 350 kHz and 1 MHz,
the experimental results are in excellent agreement with
the model, a fact which confirms the conclusions of our
theoretical treatment.

IV. CONCLUSION

For phase estimation in passive classical-light interfer-
ometry, that is, the common problem of precisely mea-
suring a phase shift from a known operating point, our
linearized analysis based on minimum variance unbi-
ased estimation theory shows that the best direct-detection
scheme when operating close to the shot-noise limit (SNL)
is the one in which all output ports are independently mon-
itored. Used in a two-output interferometer, this allows a
cancellation of technical laser amplitude noise and broad-
ens the phase range over which the SNL is approached
with respect to other passive detection schemes. Used in
a four-output interferometer, this almost fully removes
the 3-dB sensitivity penalty of the more common double-
balanced detection scheme. In both cases, an intuitive
explanation for the improved performance is that the opti-
mal detection scheme maximizes the ratio of recorded to
available information, provided that the level of additive
noise introduced by the supplemental detection hardware
remains sufficiently low. Otherwise, more conventional
detection schemes may be preferable, depending on the
application. We have presented a conclusive experimental
demonstration that supports these theoretical findings.

For a large class of instruments, the optimal detection
scheme presented here can be implemented in a straight-
forward manner and its benefits can be reaped with modest

signal processing that can be easily performed offline or
online using modern digital electronics. This claim can be
justified by recognizing that many instruments are based
on relatively simple setups illuminated by unmodulated
classical light and reach their best performance when oper-
ating close to the SNL. Therefore, the demonstration made
in this paper should be relevant to a large number of
scientists and engineers working on interferometric instru-
ments such as fiber-optic sensors and laser gyroscopes.
In the near future, the simple detection scheme may also
be applied in order to beat the shot-noise-limited phase
sensitivity using an interferometer fed with nonclassical
light.
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